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He thought he saw a Royal Beast 
Cavorting with a Mate: 

He looked again, and found it was 
A P. Chem. Text sedate. 

“The choice is clear,” he said, “to whom 
The book to dedicate!” 


with apologies 




PREFACE 

This second edition retains the basic pedagogy, philosophy, and structure of 
the first. These are described in the Preface to the first edition (which follows). 
There is substantial revision in detail, however, with many sections deleted or 
curtailed, and new topics added. There are many new problems, generally at a 
level similar to that of the Exercises. All numerical calculations and answers 
have been reworked. In addition, a number of display figures have been added. 
These are largely self-contained and are designed to illustrate a topic and to 
make it more interesting. 

A major area of revision is that of the material on wave mechanics, chemical 
bonding, and spectroscopy. The entire topic sequence is rearranged for better 
continuity. There is a new chapter on molecular orbital theory. The solutions 
for the H 2 + molecule, now given in detail, provide a good introduction to the 
concept of molecular orbitals, just as hydrogen-like atomic orbitals provide the 
basis for valence and hybrid bond treatments. 

The internationally recommended SI units are used more conspicuously in 
this edition. The use is restrained, since the writer does not regard SI units as 
particularly relevant or convenient to physical chemistry (see J. Chem. Ed., 55, 
634 (1978)]. The intention is to lead the SI-prepared student into the needed 
familiarity with conventional units and, on the other hand, to acquaint the 
cgs-oriented student with how to use SI. 

The preparation of this edition was largely carried out during a visit at the 
University of Regensburg, a visit made possible by an award from the Alex¬ 
ander von Humboldt Foundation. Virginia and I are deeply appreciative of the 
warm and efficient hospitality of our hosts, Professor and Mrs. A. Vogler. I 
acknowledge with much gratitude the departmental courtesies extended by 
Professor J. Barthel, and the many useful discussions, especially on SI units. 


xix 



PREFACE TO 
THE FIRST EDITION 

It might seem that there are only a limited number of ways in which the 
contents of the first course in physical chemistry can be presented to the 
student, and that all have already been tried. The pedagogical problem is a 
complex one, however; it is also one that shifts with time. We have seen the 
appearance of a great deal of traditional first year physical chemistry in begin¬ 
ning general chemistry texts, usually in curtailed form. At the same time, 
material which in the past was more commonly found in graduate courses is 
now appropriate for the undergraduate. The problem is that it is very easy to 
add new material to a course, and very difficult to avoid making it just an 
addition. 

The older physical chemistry texts gradually evolved a coherent, integrated 
presentation in which the student progressed steadily through an accepted 
sequence of material, with each subject building on the previous one. The 
attempt here has been to achieve something comparable in the contemporary 
vein. 

The traditional physical chemistry course performed a second function—one 
with which I think we dare not dispense. This was the function of indoctrinating 
the student, by practice as well as by precept, in scientific thinking. The student 
was asked to develop at least the beginnings of a critical understanding of the 
principle and of the approximations that go into each physical chemical rela¬ 
tionship. He could be expected to know something about the limitations of a 
treatment and thus to have a real appreciation of its scope. The better student 
would acquire the ability to vary the principle or the assumptions to produce 
modified derivations. I have felt it to be essential that the newer material that is 
added be presented in reasonable depth so that the same demands can be made 
on the student as with the traditional topics. The effort has been to avoid letting 
physical chemistry become a descriptive course in which the student is asked to 
accept the results of advanced treatments but is not afforded the basis for being 
critical of them. 

The order as well as the philosophy of presentation of material in this text 
deserves some explanation. An immediate problem is that which arises from 
the presence of two aspects of modem physical chemistry. One aspect is mac¬ 
roscopic and phenomenological in nature; it is exemplified by the topics of 
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thermodynamics, phase equilibria, and electrochemistry. This is the classical 
aspect; the traditional textbook devoted itself almost exclusively to it. The 
second aspect is molecular and theoretical, exemplified by statistical ther¬ 
modynamics and wave mechanics. The contemporary course gives about equal 
emphasis to these two main streams of physical chemistry, but there are differ¬ 
ences of opinion as to their best order of presentation and the various existing 
texts differ noticeably in this respect. To be blunt, the choice has seemed to be 
whether to cover wave mechanics in the first or in the second half of the book. 
On the one hand, the theoretical approach provides great insight and it may 
therefore seem proper that it precede the classical material. On the other hand, 
phenomenology comprises that which we know as scientific, that is, experi¬ 
mental truth. It seems logical, for example, that the great concepts of ther¬ 
modynamics precede theories about molecular details. An important practical 
point is that the macroscopic approach provides an entree to physical chemis¬ 
try which is easier on the student than is an initial burst of wave mechanics. The 
scientific maturity of students increases noticeably during the year course in 
physical chemistry and wave mechanics is a difficult subject. 

I have adopted an order of presentation which attempts to be responsive to 
each of the above considerations. The first half of the book follows the general 
macroscopic stream, but with a great deal of the molecular approach presented 
at the same time. Thus Chapter 2 on kinetic molecular theory follows the 
opening one on gases; and Chapter 2 introduces the Boltzmann principle. Chap¬ 
ter 3 continues the emphasis of the molecular level with a discussion of 
polarizability, and of dipole and magnetic moments; it applies the Boltzmann 
principle to the treatment of molar polarization. (Chapter 3 includes the 
phenomenology of light absorption since this topic is too useful as a tool to be 
deferred to the much later chapter on molecular spectroscopy; the chapter also 
provides an early opportunity to discuss systems of units.) 

The next group of chapters takes up thermodynamics. Classical and statisti¬ 
cal thermodynamics are given almost equal emphasis—the two aspects should 
be together. The pedagogical problem of an early introduction of statistical 
thermodynamics is met as follows. First, the repeated use of the Boltzmann 
principle in the preceding chapters prepares the student for the formal de¬ 
velopment of partition functions. It is assumed that the modern student enters 
his physical chemistry course well aware that molecules have translational, 
rotational, and vibrational energy states, and it is straightforward to then derive 
the detailed statistical expressions for the various thermodynamic properties of 
ideal gases. The wave mechanical equations for the spacings of energy states 
must, of course, be used; however, their derivation (which comes later in the 
text) is not essential to the understanding of the thermodynamic concepts. 

Chapters 7-13 complete the traditional sequence of chemical and phase 
equilibria, and electrochemistry. The early introduction of statistical ther¬ 
modynamics allows a good deal of reference to the molecular point of view. 

Chapters 14 and 15 are innovative in that they divide chemical kinetics be¬ 
tween gas phase and solution phase aspects. It seems to me that quite different 
emphases are involved and that such division is overdue. In gas kinetics, theory 
is concerned with the kinetic molecular treatment of collisions or, alternatively, 
with the statistical thermodynamics of the transition state (treated as an ideal 
gas). Solution kinetics seem better understood in terms of diffusional encoun¬ 
ters, with the encounter complex generally requiring activation energy if reac- 
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tion is to occur. The role of the solvent cannot be ignored. Also, of course, the 
mechanisms proposed for gas phase and for solution phase reactions often draw 
on rather different chemistries. 

Surface chemistry is too often relegated to a dispensable chapter in the 
physical chemistry text. It seems better to spread surface chemical topics 
among various chapters, according to where their inclusion is most appro¬ 
priate. For the same reason, the methods of colloid chemistry for molecular 
weight determination have been included in the chapter on colligative 
properties. 

Chapters 16-18 carry the student through wave mechanics and its applica¬ 
tions. The subject presents the problem that all but the very simplest results 
require so extensive a mathematical approach that their presentation could 
easily transform the course into one on mathematical methods. Fortunately, 
these simpler results do in fact provide the basis for the great majority of 
applications outside of serious chemical physics. Thus the solutions for the 
hydrogen atom supply the language of chemical bonding as well as the basis 
functions for many first order calculations. Hydrogen-like wave functions are, 
accordingly, discussed in considerable quantitative detail. Further, the treat¬ 
ment of chemical bonding rests to a high degree on the use of the symmetry 
properties of molecules. The central role that group theory plays in this respect 
makes it an appropriate and again overdue subject in the physical chemistry 
course. I have found that group theory used in conjunction with hydrogen-like 
wave functions provides students with a better appreciation of chemical bond¬ 
ing than does the usual approach. Knowledge of some formal group theory is 
also necessary to the treatment of electronic and vibrational excited states. 
Finally, much time is lost in certain senior courses if the student is not reason¬ 
ably well acquainted with group theoretical methods. For these various rea¬ 
sons, the topic receives the attention of a full chapter. 

The chapter on molecular spectroscopy and photochemistry takes a some¬ 
what broader view than is usual. The excited state is presented as a chemical 
species which differs from the ground state in structure as well as in energy, and 
which can undergo various chemical and physical processes. Vibrational 
spectra can be discussed in terms of normal modes because of the group 
theoretical background supplied by the preceding chapter. 

Crystal structure, colloid and polymer chemistry, and radio and nuclear 
chemistry are placed at the end. The material is not terminal with respect to any 
pedagogical scheme, of course. The situation is simply that these three subjects 
are not prerequisite to any others in the text and therefore have no unique 
logical positioning. 

An explanation should also be given of the manner in which the text is 
structured. As usual, there is more material than can be covered in the normal 
year course in physical chemistry. I have felt that some distinction is needed 
between that which is essential, that which is important, and that which is 
interesting but merely descriptive. To assist both the instructor and the student 
in making such distinction, each chapter is divided into three parts. 

The first portion of every chapter is deemed essential to the topic; collec¬ 
tively, these portions comprise a coherent core. The second part of each chap¬ 
ter is called Commentary and Notes. In this section we look back over the 
chapter in terms of commentaries on one aspect or another; also, additional 
material may be presented, but generally without detailed derivation. The 
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Commentary and Notes sections are intended to be descriptive in nature and to 
be helpful, rather than a burden to the student. With a few exceptions, no 
problems are written on these sections. 

The last part of each chapter is called Special Topics. As the name suggests, 
various specific topics are presented; these are given in the same detail as is 
material in the core. Certain topics are placed in this section because, although 
they are standard, they are judged to be of lower priority than core material, 
and not to be prerequisite to it. Examples are: magnetochemistry, the Joule- 
Thomson effect, the Hittorf method in transference measurements, 
heterogeneous catalysis, and blackbody radiation. Other special topics cover 
advanced material whose study should be valuable, time permitting. Examples 
are: use of the Lennard-Jones potential function in the treatment of nonideal 
gases, the statistical thermodynamic treatment of equilibrium constants, first 
order perturbation theory, ligand field theory, the Hiickel method. The core 
does not draw appreciably on any special topic; assignment of a special topic is 
therefore entirely optional (occasionally a special topic will refer to a preceding 
one). 

The problems at the end of each chapter consist of Exercises (with answers 
given). Problems, and Special Topics Problems. Some are in the style of those 
in my study-aid book, “Understanding Physical Chemistry,” Benjamin, 1969; 
others are of the longer, calculational type. Especially long ones are marked as 
requiring the use of a calculator or desk type computer. I do feel that many 
aspects of physical chemistry cannot properly be appreciated unless the rele¬ 
vant calculations are actually made in detail. 

Some acknowledgments are in order. Much of this book was written while 
the author was a guest at the University of Western Australia. I am greatly 
indebted to the hospitality extended by Professor N. Bayliss as Chairman of the 
Department of Chemistry, and by all members of the department individually. 
My thanks go to D. W. Watts both as a friendly critic and for his many special 
efforts on our behalf. I sincerely appreciate the assistance of E. Leffler, whose 
proofreading included reworking many problems, and the efforts of colleagues 
at the University of Southern California and elsewhere, who helped greatly in 
their reviewing of various chapters. I should mention J. Aklonis, R. Bau, 
T. Dunn, and G. Segal, among others. The physical chemistry class of 1970- 
1971 was unmerciful in its discovery of errors (at 500 apiece), as were my 
graduate students; their contribution was a major one. My daughter Jean 
spent an Australian summer typing much of the manuscript; M. Beverly and S. 
Cutri, secretaries, and the late M. Reinecke, draftswoman, were indispensable. 
C. Bruce proofread the entire book, as did Vida Slawson, whose overall con¬ 
tributions I deeply appreciate. Last and not least the many hours spent by 
Virginia my wife, from reading galleys to indexing, has made the book (if not 
the subject) partly hers. Finally, I wish to acknowledge my appreciation of a 
“can do” publisher and of the competence and efficiency of its editorial staff. 

I know from experience that errors and maladroit passages inevitably remain 
in spite of all efforts. I sincerely hope that readers will freely call such to my 
attention. 
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A Note to the Reader 

Many of the topics are sufficiently involved that I have used a spiral ap¬ 
proach to them. By this I mean that the initial presentations sometimes are 
made on the most direct basis, with certain sidelights or elegancies deferred un¬ 
til later in the chapter. I suggest that the core portion of each chapter be read 
in its entirety before detailed study is undertaken. Because of this aspect and 
also because of the structuring of the chapters into divisions, I have tried to 
make the Index unusually complete. It is intended to be used routinely. 



CHAPTER ONE 


IDEAL AND NONIDEAL GASES 


1-1 Introduction 

Physical chemistry comprises the quantitative and theoretical study of the 
properties of the elements in their various states of combination. The definition is 
a sweeping one—it includes the behavior and the structure of individual molecules 
as well as all the various kinds of intermolecular interactions. At one time physical 
chemistry was considered to be a part of physics; and physics, yet earlier, lay 
within the formal discipline of natural philosophy. This historical relationship is 
reflected in the name “doctor of philosophy” for the highest degree in science. 
The name should not be considered as a purely archaic one, however; the chemist 
and other scientists are philosophers in that they inquire into the underlying 
causes of natural behavior. 

Science, or the second philosophy as it is sometimes called, has progressed far 
indeed; moreover, its development shows no signs of slackening. For example, we 
need not go back very far in time—say thirty years—to observe that many topics 
in this book were once either unknown or at the research frontier. During this 
thirty year period an avalanche of facts has been compressed by the physical 
chemist into tables of standard data and into far-reaching empirical relationships, 
and the great theories of physics and chemistry have been made more precise and 
more capable of treating complex situations. New phenomena—the natural 
world is still full of surprises—have been discovered, measured, and then fitted 
within a theoretical framework. The same processes are going on today—the 
student thirty years from now will no doubt be confronted with much material not 
to be found in present texts. 

The textbook of physical chemistry has never been easy to assimilate (or to write!) 
—there is so much to cover and there are so many important things to emphasize. 
The major empirical laws must be described and the great theories of molecular 
dynamics, statistical thermodynamics, and wave mechanics must be treated in 
sufficient detail to provide both a real appreciation and a foundation for more 
advanced work. Furthermore, throughout the book the tone of the writing should 
be quantitative, not descriptive; the student should experience the scientific 
method at work. 

The material that follows has been written in as plain and direct a way as this 


1 




2 CHAPTER 1: IDEAL AND NONIDEAL GASES 


writer knows. Much attention has been given to its organization. The student 
should read the preface carefully; it describes the philosophy of the book, its 
structure, and various practical aspects of its use. One point should be mentioned 
here. It is assumed that the student has taken a modern course in introductory 
college chemistry and that he is reasonably familiar with the gas laws, simple 
thermodynamics and the concept of chemical equilibrium, and the elements of 
chemical kinetics. Such background material is generally reviewed briefly early in 
each chapter. The student is also assumed to be comfortable with the qualitative 
language of wave mechanics and chemical bonding, although no detailed 
background in these subjects is required. 

Both cgs (centimeter-gram-second) and SI (Systeme Internationale or meter- 
kilogram-second-ampere) units will be used. The former system is the traditional 
one in chemistry. However, the better features of the newer SI system are gaining 
use in the United States. As discussed more fully in Chapter 3 (Section 3-CN-l), 
the differences become substantial mainly in the area of electrical units. Some 
conversion tables are given on the inside of the front cover. 

We proceed now to the topic of this chapter. In keeping with the above assump¬ 
tions, we will not belabor the ideal gas law or its simple applications. We do show, 
in Section 1-3, how the law is obtained, but with the purpose of demonstrating 
how it is used to define a temperature scale. The procedure provides a beautiful 
illustration of the scientific method; a quantity such as temperature is a very 
subtle one in its ultimate “meaning,” yet we are able to define it exactly and 
unambiguously. 

The barometric equation receives a good deal of attention in this chapter. This 
is partly because of its own usefulness and partly because the equation serves to 
introduce a principle of far-reaching importance—the Boltzmann principle. 
The rest of the chapter deals with the behavior of nonideal gases and with critical 
phenomena. Some previous experience with this subject is assumed and the material 
is therefore covered rather briefly. The main emphasis is on the van der Waals 
equation because it is so widely used for the qualitative treatment of real gases. 
A glimpse of the more rigorous, modern approach is given in the Special Topics 
section. 


1-2 Equations of State 

A system at equilibrium may be described by the macroscopic properties of 
volume v, pressure P, and temperature t. (Temperature is defined for the moment by 
means of some arbitrarily chosen thermometer, and we neglect the need to specify 
what magnetic, electric, or gravitational fields are present.) That is, all other 
properties of the system are determined if these variables are specified. The equation 
of state of a system is just the functional relationship 

v = mf(P, 0, (1-1) 

where m is the mass present and f(P, t) is some function of pressure and 
temperature. If V denotes the molar volume, an alternative form of Eq. (1-1) is 

V=f{P,t). (1-2) 

As a matter of convenience, an equation of state usually is written for a pure 
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chemical substance; if a mixture is involved, then composition is added as a 
variable. 

Note that P, t, V, and density p = m/v are intensive quantities. That is, their 
value does not depend on the amount of material present. Total volume v and 
mass m are extensive quantities. The latter gives the amount of the system and the 
former is proportional to m as indicated by Eq. (1-1). It is customarily assumed that 
an equation of state can always be written in a form involving only intensive 
quantities as in Eq. (1-2). This expectation is more a result of experience than a 
fundamental requirement of nature. We know, for example, that if a sufficiently 
small portion of matter is sampled, then its intensive properties will depend on 
its mass. In fact, one way of taking this aspect into account is by adding a term for 
the surface energy of the system. Such a term is ordinarily negligible and will not 
be considered specifically until Chapter 8. 

To resume the original line of discussion, an equation of state describes a range 
of equilibrium conditions for a substance. That is, we require Eq. (1-2) to be 
obeyed over an appreciable range of the variables and that its validity be inde¬ 
pendent of past history. Suppose, for example, that some initial set of values 
( P , t) determines a molar volume V 1 , and that P and t are then varied arbitrarily. 
It should be true that if they are returned to the original values, then V returns to V 1 . 

An equation such as Eq. (1-2) is a phenomenological one; it summarizes empirical 
observation and involves only variables that are themselves experimentally defined. 
Such relationships are often called laws or rules. In contrast, theories or hypotheses 
draw on some postulated model or set of assumptions and may not be and in fact 
usually are not entirely correct. A phenomenological relationship, however, 
merely reflects some aspect of the behavior of nature, and must therefore be correct 
(within the limits of the experimental error of the measurement). 


1-3 Development of the Concept of 
an Ideal Gas; the Absolute Temperature Scale 

The first reported reasonably quantitative data on the behavior of gases are 
those of Robert Boyle (1662). Some of his results on “the spring of air” are given 
in Table 1-1; they show that for a given temperature, the Pv product is essentially 
constant. Much later, in 1787, Charles added the observation that this constant 


TABLE 1-1. 

"The Spring of Air" 

' (Boyle, 1662)' 

V 

P (in. Hg) 

Pv 

48 

29 A 

1400 

44 

31« 

1405 

40 

35* 

1412 

28 

50* 

1409 

16 

87^ 

1406 

12 

117* 

1411 


Note Fig. 1-1. 
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Robert Boyle: 1627-1691 

As the son of the Earl of 
Cork, he was born to wealth 
and nobility. While residing 
at Oxford, he discovered 
“ Boyle's law," methyl alco¬ 
hol, and phosphoric acid, 
and noted the darkening of 
silver salts by light. In “The 
Sceptical Chymist," he at¬ 
tacked the alchemical no¬ 
tion of the elements, giving 
an essentially modern defi¬ 
nition. A founder of the 
Royal Society. (From H. M. 
Smith, “Torchbearers of 
Chemistry," Academic 
Press, New York, 1949.) 


FIG. 1-1. On the left •' A 
demonstration that a paddle 
wheel of feathers fell rapid¬ 
ly in a vacuum, and without 
turning. Boyle was seeing if 
air had some “subtle”com¬ 
ponent that could not be re¬ 
moved. On the right: How 
Boyle obtained the data of 
Table 1-1. (From ",Robert 
Boyle's Experiments in 
Pneumatics" J. B. Conant, 
ed„ Harvard Univ. Press, 
1950.) 



Two of Boyle’s Experiments 


Mercury column 
increased by 
pouring mercury 
in at T „ 
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was a function of temperature. At this point the equation of state for all gases was 
observed to be 

PV=f(t ). (1-3) 

Very accurate contemporary measurements add some important refinements. 
A selection of such results is given in Table 1-2, and we now see that not only does 
the PV product depend on pressure at constant temperature, but it does so in 
different ways for different gases. The data can be fitted to the equation 

PV = A(t)+b(t)P + c(t)P *+~• (1-4) 

where t in parentheses is a reminder that the coefficients A, b, c, etc., are tempera¬ 
ture dependent. The important observation is that while b, c, and so forth depend 
also on the nature of the gas, the constant A does not. As /* -> 0, Eq. (1-4) becomes 

PV = A(t), (1-5) 

where, at 0°C, A(t ) = 22.4140 for V in liter mole -1 and P in atmospheres. Note 
that Eq. (1-5) is a limiting law, that is, it gives the behavior of real gases in the limit 
of zero pressure. 

If now the value of A(t ) is studied as a function of temperature, one finds the 
approximate behavior to be (as did Gay-Lussac around 1805) 

A=j + kt. (1-6) 

The values of j and k depend on the thermometer used; moreover, the temperature 
dependence of A is not exactly linear. Specifically, the results obtained using a 
mercury thermometer are not quite the same as those obtained using an alcohol 
thermometer. It is both arbitrary and inconvenient to have a temperature scale tied 


TABLE 1-2. Isothermal P-V Data for Various Gases at 0°C 


V 

(liter mole -1 ) 

P 

(atm) 

PV 

(liter atm mole -1 ) 




o 2 




___ O, 

22.3939 

1.00000 

22.3939 

1*. 


■ 

29.8649 

0.75000 

22.3987 




44.8090 

0.50000 

22.4045 




89.6384 

0.25000 

22.4096 



P, aim 

Ne 

Ne 



22.40 

r*“ 


22.4280 

1.00000 

22.4280 

ft. 



33.6360 

0.66667 

22.4241 

22.30. 



67.6567 

0.33333 

22.4189 


) 

1.0 

P, aim 

co 2 



22.40 

\ 


22.2643 

1.00000 

22.2642 



N. CO, 

33.4722 

0.66667 

22.3148 

^ 22.30 



44.6794 

0.50000 

22.3397 



\ 

67.0962 

0.33333 

22.3654 

22.20 



89.5100 

0.25000 

22.3897 



P, atm 
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to the way some specific substance, such as mercury or alcohol, expands with 
temperature. The constant A, however, is a universal one, valid for all gases and 
we therefore use Eq. (1-6) as the defining equation for temperature. 

The limiting gas law thermometer, or, as it is usually called, the ideal gas thermom¬ 
eter is commonly based on a centigrade scale; the specific defining statements 
are as follows: 

(1) t — 0 at the melting point of ice, at which temperature A = 22.4140; 

(2) t = 100 at the normal (1 atm) boiling point of water, at which temperature 
A = 30.6197; 

(3) intervening t values are defined by A = j + kt. 

On combining these conditions, we have 

j = 22.4140, k = 0.082057 

(using liter mole -1 and atmosphere units). Equation (1-6) then becomes 

A = 22.4140 + 0.082057* = 0.082057(273.15 + t), (1-7) 

where t is now the familiar temperature in degrees Centigrade (or Celsius). 

The next step is obvious. Clearly Eq. (1-7) takes on a yet simpler and more 
rational form if a new temperature scale is adopted such that T = 273.15 + *°C. 
We then have 

A = 0.082057 T, (1-8) 

or, inserting the definition of A into Eq. (1-5), we obtain 

lim PV = RT. (1-9) 

P ->0 


T is.called the absolute temperature and R is the gas constant, whose numerical 
value depends on the choice of units. Some useful sets of units and consequent R 
values are given in Table 1-3. 

The procedure for obtaining Eq. (1-9) has been described in some detail not 
only because of the importance of the equation, but also because the procedure 
itself provides a good example of the scientific method. We have taken the pheno¬ 
menological observation of Eq. (1-5), noticed the approximate validity of Eq. 
(1-6),and then defined our temperature scale so as to make Eq.(l-9)exact.In effect, 
the procedure provides an operational, that is, an unambiguous experimental, 


TABLE 1-3. 


Units 0 

R 

liter atmosphere mole -1 K -1 

0.082057 

cubic centimeter atmosphere mole -1 K -1 

82.057 

joule mole -1 K -1 

8.3143 

erg mole -1 K -1 

8.3143 x 10 7 

calorie mole -1 K -1 

1.987 


Degree absolute is denoted by K. 








1-4 THE IDEAL GAS LAW AND RELATED EQUATIONS 7 


definition of temperature. At no point has it been in the least necessary to under¬ 
stand or to explain why gases should behave this way or what the fundamental 
meaning of temperature is. 

To summarize, Eq. (1-9) is an equation obeyed (we assume) by all gases in the 
limit of zero pressure. As Boyle and Charles observed, it is also an equation of 
state which is approximately obeyed by many gases over a considerable range of 
temperature and pressure. 

At this point it is convenient to introduce the concept of a hypothetical gas which 
obeys the equation 

PV = RT (1-10) 

under all conditions. Such a gas we call an ideal gas. It is important to keep in mind 
the distinction between Eq. (1-9) as an exact limiting law for all gases and Eq. 
(1-10) as the equation for an ideal gas or as an approximate equation for gases 
generally. This type of distinction occurs fairly often in physical chemistry, such as, 
for example, in the treatment of solutions. 


1-4 The Ideal Gas Law and Related Equations 


Equation (1-10) can be put in various alternative forms, such as 


Pv = nRT 

(n — number of moles); 

(1-11) 

Fi 

s|s 

II 

(M = molecular weight); 

(1-12) 

PM = P RT 

(p = density). 

(1-13) 


Equation (1-13) tells us, for example, that the molecular weight of any gas can be 
obtained approximately if its pressure and density are known at a given tempera¬ 
ture. Furthermore, since the ideal gas law is a limiting law, the limiting value of 
Pip as pressure approaches zero must give the exact molecular weight of the gas. 
In effect, by writing Eq. (1-4) in the form 


P _ Pv _ RT j3P yP 2 

p~ M + M + M + 


(1-14) 


one notes that the intercept of Pv/m (or P/p) plotted against P must give RT/M for 
any gas. Such a plot is illustrated schematically in Fig. 1-2. 


Example. The density of a certain hydrocarbon gas at 25°C is 12.20 g liter" 1 at P = 10 atm 
and 5.90 g liter" 1 for P = 5 atm. Find the molecular weight of the gas and its probable formula. 

At 10 atm, P/p is 10/12.20 = 0.8197, and at 5 atm, it is 5/5.90 = 0.8475. Linear extrapolation 
to zero pressure gives P/p = 0.8753. Hence M = RT/{P/p) = (0.082057)(298.15)/(0.8753) = 
27.95 g mole" 1 . The probable formula is C 2 H 4 . 

Example. Convert the data above to SI units and rework the problem. 

The SI unit of force is the newton, N; this force gives an acceleration of 1 m sec" 8 to 1 kg. 
The SI unit of pressure is the pascal, Pa; 1 Pa is 1 N per m a . Thus 

1 atm = (0.760 m Hg)(13.5981 g cm'^lO"* kg g"^(lO® cm* m"’) 
(9.80665 m sec" 2 ) = 1.01325 X 10 5 PaorNm"’. 

Also, 

1 g liter" 1 = 1 kgm"’. 

The problem now reads that the density is 12.20 kg m"’ at P = 1.01325 x 10® Pa and is 
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5.90 kg m' 8 at P = 5.06625 x 10 5 Pa. The respective P/p values are 83,053 and 85,870 Pa m* 
kg -1 , and the value extrapolated to zero pressure is 88,690 Pa m* kg -1 . The molecular weight 
is thus 

M = (8.31433X298.15)/(88690) = 0.02795 kg mole" 1 . 

Note that in the SI system, molecular weights are a thousandfold smaller in numerical value 
than in the cgs system. This is because the unit of mass is the kilogram, while Avogadro’s 
number remains the same. 



FIG. 1-2. Variation of Pip with P for a hypothetical nonideal gas. 


It is generally useful to have an accepted standard condition of state for a sub¬ 
stance. Often this is 25°C and 1 atm pressure. In the case of gases, an additional, 
frequently used condition is that of 0°C and 1 atm pressure. This state will be 
referred to as the STP state (standard temperature and pressure). 


1-5 Mixtures of Ideal Gases; Partial Pressures 

So long as the discussion about gases deals with a single chemical species it is 
immaterial whether volume is put on a per mole or a per unit mass basis. If the 
amount of gas, expressed in either way, is doubled at constant temperature and 
pressure, the volume must also double. Suppose, however, that a container holds 
1 g of hydrogen at STP, and 1 g of oxygen is added. The STP volume of the mixture 
will not be doubled; it would be, however, if 16 g of oxygen were added. (This last 
statement is strictly true only if the condition is the limiting one of zero pressure 
rather than 1 atm.) 

We are involved at this point with another observation, embodied in the state¬ 
ment known as Avogadro’s hypothesis, which says that equal volumes of gases at 
the same pressure and temperature contain equal numbers of moles. Again this is 
really a limiting law statement, exact only in the limit of zero pressure, but approxi¬ 
mately correct for real gases. In effect, the constant A of Eq. (1-4) is a universal 
constant only if V is volume per mole, and not, for example, per gram of gas. A 
more general form is thus 


Pv = nA + nbP + ncP 2 + — . 


(1-15) 
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Since A is independent of the nature of the gas, n is simply the total number of 
moles of gas, irrespective of whether there is a mixture of species present. The 
corresponding ideal gas law is given by Eq. (1-11). 

We now define the partial pressure of the ith species in a mixture of gases by the 
equation 

P t v = ni RT. (1-16) 

Dividing Eq. (1-16) by Eq. (1-11) gives 

P± = n<_ 

P n 
or 

Pi = xf, (M7) 

where x t denotes the mole fraction of the ith species. Since the sum of all mole 
fractions must by definition equal unity, it further follows that 

I P t = P, (1-18) 

that is, the total pressure of a mixture of ideal gases is given by the sum of the partial 
pressures of the various species present. This is a statement of Dalton's law. 

A useful quantity which can now be defined is the average molecular weight of 
a gas, given by 

A/av = ~ , (1-19) 

where m and n are respectively the total mass and number of moles present. 
Further, we have 

Mav = ^ = £ xMi . (1-20) 

n n 

It also follows, on combining Eqs. (1-13) and (1-18), that 

FM av = pRT. (1-21) 

Thus the procedure illustrated by Fig. 1-2 will, for a mixture of gases, give the 
average molecular weight. 

A complication may now arise. In order to determine the exact average molecular 
weight of a gas mixture, it is necessary to extrapolate P/p to the limit of zero 
pressure, yet it can happen that the composition of the mixture is itself dependent 
on the pressure. Thus, gaseous N 2 0 4 will actually consist of a mixture of N0 2 
and N 2 0 4 in amounts given by the equilibrium constant for the process N 2 0 4 = 
2N0 2 : 

= ( 1 - 22 ) 

The proportion of N0 2 present will increase as the total pressure decreases, so 
that Mav now varies with pressure. In effect, one now knows the species and hence 
their molecular weight and K P is the unknown. Equation (1-22) for K P is exact 
only for ideal gases, however, and the following procedure is necessary. One first 
determines Afav for a series of total pressures using Eq. (1-21). Each determination 
provides a value for K P , assuming ideal gas behavior, and these values are then 
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plotted against pressure. The true K P is given by the intercept at zero pressure. 
See Problem 1-17. 


1-6 Partial Volumes; Amagat’s Law 


The partial volume v t of a component of a gaseous mixture is defined as the volume that com¬ 
ponent would occupy were it by itself at the pressure and temperature of the mixture: 


Since Z «, = n, it follows that 


and, further, that 


_ riiRT 

’* P~ 

£ Vi = v 
Vi — XiV. 


(1-23) 

(1-24) 

(1-25) 


Equation (1-24) is a statement of Amagat’s law of partial volumes , and although its derivation 
assumes ideal gas behavior, the equation is often more closely obeyed by real gases than is its 
counterpart involving partial pressures, Eq. (1-17). 


1-7 The Barometric Equation 


It was mentioned in Section 1-2 in discussing equations of state that initially 
we were neglecting to include as variables any magnetic, electric, or gravitational 
fields present. Ordinarily all three are present in any laboratory, but the first two 
are so small that they occasion only a negligible variation in intensive properties 
from one part of the system to another. The earth’s gravitational field is large 
enough, however, that it cannot always safely be neglected. In the case of liquids the 
variation of hydrostatic pressure with depth can be quite significant. The same is 
true for gases if a long column of gas is involved, as in dealing with the atmosphere. 
Not only is the gravitational field occasionally important, but the derivation of its 
effect that follows leads to an important new type of equation. 

Consider a column of fluid of unit cross section as illustrated in Fig. 1-3. The 
pressure, or force per unit area, at level h must be just the total weight of the column 
above that level. The change in pressure dP between h and h + dh is then just the 
weight of fluid contained in the unit cross section in the column between the two 
levels: 

dP = —pg dh, (1-26) 


where g is acceleration due to gravity. Equation (1-26) is general. If the fluid is a 
liquid which is assumed to be incompressible, then p is independent of h and 
integration gives 

Pi — Pi = ~pg Ah, (1-27) 


which is just a statement of the variation of hydrostatic pressure with height. 

If, however, the fluid is taken to be an ideal gas, then use of Eq. (1-13) or (1-21) 
gives 


dP = - 


PM 


gdh 


RT 
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[It is common to write d (In x) for dx/x or —d(\jx) for dxjx 2 , and so on, as an anti¬ 
cipation of integration.] 

Equation (1-28) cannot be integrated unless something is known about how 
M, g, and T vary with h; one simple case is that in which these quantities are taken 
to be constant. The result, known as the barometric equation, is then 


or 



P h = P 0 g-M9MRT 


(1-29) 

(1-30) 


Example. As an application of Eq. (1-29) consider a column of atmosphere of M a „ = 
29 g mole - \ T = 298 K, g = 980 cm sec - J , and P 0 = 1 atm at h = 0. The exponential term 
must be dimensionless, so R must now be in ergs K -1 mole -1 and h in centimeters. One then 
finds 

r - - “» Urif’iSy - * ,0 "»- 

Thus if h — 1 km, or 10 6 cm, 

P k = e -0 - 1148 = 0.892. 

Note that in the SI system, M av = 0.029 kg mole -1 , g = 9.8 m sec -a , h is in meters, and R 
should be in joules K -1 mole -1 . 

It is worth taking a moment to discuss some of the mathematical aspects of an exponential 
equation such as Eq. (1-30). In the example here a plot of P versus h appears as shown in Fig. 1-4. 
Note that at h = 6.04 km, PJP 0 = 1/2 or P = 0.5 atm. The “half-height” or /q/ 2 (the height 
for the pressure to decrease by a factor of one-half) is independent of the actual value of P 0 . 
Thus, starting at 6.04 km, the pressure will decrease by half again in another 6.04 km, and so 
will be 0.25 at h = 12.1 km, and so on, as illustrated in the figure. 

Equation (1-30) is of the general form 

y = y 0 e~ kx (1-31) 

and the value of x for y/y 0 = 1/2, or the “half value” of x, x 1/2 , is related to k as 
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FIG. 1-4. Decrease of barometric pressure with altitude for air at 298 K. 


follows: 

y 1 1 

if — = -r , then In 7 ; = ~kx 1/2 

To 2 2 

or (1-32) 

kx 1/2 = —In ^ = 0.6932. 

Thus, in the example just given h 1/2 = 0.6932/0.1148 = 6.04 km. 

A further point is as follows. In view of the previously discussed laws for mixtures 
of ideal gases, Eq. (1-30) applies separately to each component of a mixture. 
Thus each component of the earth’s atmosphere has its own barometric distri¬ 
bution, with the consequence that the pressures and hence concentrations of the 
lighter gases decrease less rapidly with altitude than do those of the heavier ones. 
As a result the proportion of, for example, helium in the atmosphere increases 
with altitude. 

Equation (1-30) may be expressed in yet a different way, and one which is very 
instructive. Under the assumed condition of constant temperature it follows from 
the ideal gas law that concentration C is proportional to pressure: 



Hence 

C h = C 0 e- M ° h / RT = C Q e~ mah l kr , (1-34) 

where m is now the mass per molecule and k is the gas constant per molecule, 
known as the Boltzmann constant. The quantity mgh is just the potential energy of 
a molecule at height h in the gravitational field, and Eq. (1-34) is a special case of 
the more general equation 

p = (constant )e~ € l kT , (1-35) 

where p is the probability, here measured in terms of the concentration or pressure, 
of a molecule having an energy €. Equation (1-35) is a statement of the Boltzmann 



1-8 DEVIATIONS FROM IDEALITY-CRITICAL BEHAVIOR 13 


principle and is of central importance in dealing with probability distributions, as 
in gas kinetic theory and in statistical thermodynamics. 


1-8 Deviations from Ideality—Critical Behavior 

The equation of state of an actual gas is given in one form by Eq. (1-4), 


PV = A(T) + b(T)P + c{T)P 2 + •••, 

where b(T), c(T), and so on are not only functions of temperature, but also are 
characteristic of each particular gas. A form that is more useful for theoretical 
purposes is the following: 


or 


PV=A{T)[\+ W+-^2+...] 

pv = 1 I B(T) c(t) 

RT V ' l ‘ K 2 ^ ‘ 


(1-36) 

(1-37) 


This type of equation is known as a virial equation , and B(T) and C(T) are called 
the second and third virial coefficients, respectively. This form is more useful than 
Eq. (1-4) because molar volume is a measure of the average distance between 
molecules and an expansion in terms of V is thus an expansion in terms of inter- 
molecular distance. The virial coefficients can then in turn be estimated by means 
of various theories for intermolecular forces of attraction and repulsion. 

The left-hand term of Eq. (1-37), PV/RT, is called the compressibility factor Z 
and its deviation from unity is a measure of the deviation of gas from ideal behavior. 
Such deviations are small at room temperature for cryoscopic gases, that is, low- 
boiling gases such as argon and nitrogen, until quite high pressures are reached, 
as illustrated in Fig. 1-5, but can become quite large for relatively higher-boiling 
ones, such as carbon dioxide. Figure 1-6 shows that for nitrogen at t 3 = 50°C 
(curve 2), the plot of the compressibility factor Z against P increases steadily 
with increasing pressure, but at a lower temperature, it first decreases. At one 



i_i-1 

0 50 100 


P, atm 

FIG. 1-5. Variation of compressibility factor 
with pressure. 



FIG. 1-6. Variation of compressibility factor 
with temperature and pressure for nitrogen. 



14 CHAPTER 1: IDEAL AND NONIDEAL GASES 

particular temperature, the plot of Z versus P approaches the Z = 1 line 
asymptotically as P approaches zero. This is known as the Boyle temperature. The 
analytical condition is 

(H) r -*° “ p ^°- « i - 38 > 

The partial differential sign, 8, and the subscript, T, mean that the derivative of Z 
is taken with respect to P with the temperature kept constant. A gas at its Boyle 
temperature behaves ideally over an exceptionally large range of pressure essentially 
because of a compensation of intermolecular forces of attraction and repulsion. 

The gas of a substance which can exist in both the gas and liquid states at a 
given temperature is often distinguished from gases generally by being called a 
vapor. Clearly, as a vapor is compressed at constant temperature, condensation 
will begin to occur when the pressure of the vapor has reached the vapor pressure 
of the liquid. The experiment might be visualized as involving a piston and cylinder 
immersed in a thermostat bath; the enclosed space contains a certain amount of 
the substance, initially as vapor, and the piston is steadily pushed into the cylinder. 
The arrangement is illustrated in Fig. 1-7. At the point of condensation, reduction 
in volume ceases to be accompanied by a rise in pressure; more and more vapor 
simply condenses to liquid at constant pressure P °. Eventually all the vapor is 
condensed, and the piston now rests against liquid phase; liquids are generally not 
very compressible, and now great pressure is needed to reduce the volume further. 
The plot of P versus V corresponding to this experiment is shown in Fig. 1-8, where 
P° denotes the vapor pressure of the liquid and V t its molar volume. The plots 


p 



FIG. 1-7. 
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v 

FIG. 1-8. P-V isotherms for a real vapor. 


are for constant temperature, or isothermal, processes and are therefore called 
isotherms. 

As further illustrated in Fig. 1-8, at some higher temperature the isotherm will 
lie above the previous one, and the horizontal portion representing condensation 
will be shorter. This is because, on the one hand, P 0 ' is larger than P °, so the 
molar volume of the vapor at the condensation point is smaller, and on the other 
hand, the liquid expands somewhat with temperature, so V{ is greater than V t . 
One can thus expect, and in fact does observe, that at some sufficiently high 
temperature the horizontal portion just vanishes. This temperature is called the 
critical temperature T e , and the isotherm for T c is also shown schematically in 
Fig. 1-8. The broken line in the figure gives the locus of the end points of the 
condensation lines, and hence encloses the region in which liquid and vapor 
phases coexist. 

There is not only a critical temperature, but also a critical point, which is 
the vestigial point left by the condensation line as it just vanishes; alterna¬ 
tively, the critical point is the maximum of the broken line of the figure. This 
point then defines a critical pressure P c and a critical volume V e as well as T e . 
The critical temperature can also be considered as the temperature above which 
we speak of a gas rather than of a vapor. Compression of a gas (that is, in this 
context, a gaseous substance above its critical temperature) results not in conden¬ 
sation, but only in a steady increase in pressure, as illustrated by the curve labeled 
T" in Fig. 1-8. 

Figure 1-8 also illustrates the difficulty of displaying a function of three variables 
on a two-dimensional plot. A true graph of V = f(P, T) requires a three-dimen- 
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FIG. 1-9. Perspective view of the P-V-T surface for a vapor showing condensation and critical 
behavior. 


sional plot, such as is represented in Fig. 1-9. On the other hand, while such a 
three-dimensional plot can thus be visualized, it is difficult to work with; hence 
the use of isothermal cross sections. It should be recognized, however, that cross 
sections can be taken in other ways. Thus the lighter lines in Fig. 1-9 correspond 
to the profiles of cross sections at constant temperature, or isotherms , and the 
broken lines to cross sections at constant volume, or isosteres ( isometrics ). Isobars, 
not shown, are cross sections at constant pressure. In general at sufficiently high 
temperatures and especially at sufficiently large volumes the curves for any sub¬ 
stance will approach those for an ideal gas. In this limiting case one then has 

or hyperbolas, 
or straight lines, 

or straight lines. 

and especially of small volumes, 
given by the coefficient of com- 


(1-39) 

T 


isotherms given by 
isobars given by 
isosteres given by 


r = (*T)(y) 

Ml) 7 ' 


At the other extreme, that of low temperatures 
one has the liquid phase. The isotherms are then 
pressibility of the liquid, /S, defined as 




Values of /3 for liquids are small, about 10 -5 atm -1 . Thus for small changes in 
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volume the slope of the P-V isotherm for a liquid will be approximately — (1/FjS); 
for water at 20°C it is about 1.2 x 10 8 atm liter -1 . Thus the curves in this region 
of Fig. 1-8 are nearly vertical lines. The isobars are given by the coefficient of 
thermal expansion a defined as 

~V (■&), <'-40> 

Values of a are likewise small, about 10 - 4 K -1 and the slope of the V-T isobar for 
a liquid will thus be Va for small changes in V. For water Va is about 8.0 X 10“ 6 
liter K -1 . Consequently isobars corresponding to the liquid phase appear as nearly 
horizontal lines. 

The preceding digression was intended to help fix characteristic general features 
of the typical P-V-T relationship for a real substance, insofar as vapor and liquid 
phases are involved. At the moment, however, we are primarily interested in the 
vapor and gas regions and for these there is an important observation known as the 
principle of corresponding states. The intermolecular forces of attraction and repul¬ 
sion which determine deviations from ideality also determine the conditions for 
condensation and, in particular, the values of T c , P c , and V c . It is therefore 
perhaps not surprising that if the equation of state for a gas or vapor is written in 
the form 



the function / turns out to be nearly independent of the nature of the substance. 
The quantities P/P c , V/V c , and T/T e are known as the reduced variables and are 
denoted by P r , V T , and T r , the reduced pressure, reduced volume, and reduced 
temperature, respectively. 

This statement about Eq. (1-41) is essentially a statement of the principle of 
corresponding states. Alternatively, the principle affirms that all gases at a given 
P T and T t have the same V t . A corollary is that gases or vapors in corresponding 
states have the same value for Z, the compressibility factor. Figure 1-10 may be 
used to obtain a fairly good value for the compressibility factor and hence for V if 
P and T are known, for any substance whose critical constants are also known. 

The critical constants for a selection of substances are given in Table 1-4. 

Example. Suppose that we wish to find the molar volume of ammonia gas at 212°C and 
224 atm pressure. Then P T and T r are 224/112 = 2.0 and 485/405 = 1.2. From Fig. 1-10, 
point A, the value of Z for P T — 2 and T r — 1.2 is 0.57. The molar volume of the ammonia is 
then V = 0.57 RT/P = (0.57)(0.0821) (485)/(224) or V = 0.101 liter. 


1-9 Semiempirical Equations of 
State. The van der Waals Equation 

The relative success of the principle of corresponding states, as illustrated in the 
use of the chart of Fig. 1-10, suggests that it should be possible to find a not too 
complicated analytical expression for the function V = f(P, T ). In fact quite a 
number of such functions have been proposed, some of which are given in the 
Commentary and Notes section at the end of the chapter. Such functions, being 
analytical, are in many ways more convenient than a graph such as Fig. 1-10; they 
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FIG. 1-10. Hougen-Watson chart for the calculation of pressure, volume, and temperature 
relations at high pressure. (From O. A. Hougen and K. M. Watson, “ Chemical Process Principles,” 
Part II. Copyright 1959, Wiley, New York. Used with permission of John Wiley & Sons, Inc.) 


TABLE 1-4. Critical Constants and Related Physical Properties' 1 


Substance 

Melting 

point 

(K) 

Boiling 

point 

(K) 

To 

(K) 

Po 

(atm) 

Vo 

(cm 8 mole -1 ) 

He 

<1 

4.6 

5.2 

2.25 

61.55 

Ne 

24.5 

27.3 

44.75 

26.86 

44.30 

H 2 

14.1 

20.7 

33.2 

12.8 

69.68 

o 2 

54.8 

90.2 

154.28 

49.713 

74.42 

n 2 

63.3 

77.4 

125.97 

33.49 

90.03 

Cl 2 

172.2 

238.6 

417.1 

76.1 

123.4 

CO 

74 

81.7 

134.4 

34.6 

90.03 

NO 

109.6 

121.4 

177.1 

64 

57.25 

co 2 

216.6 6 

194.7 

304.16 

72.83 

94.23 

h 2 o 

273.2 

373.2 

647.3 

218.5 

55.44 

NH, 

195.5 

239.8 

405.5 

112.2 

72.02 

CC1 4 

250.2 

349.7 

556.25 

44.98 

275.8 

ch 4 

90.7 

109.2 

190.25 

45.6 

98.77 

c 2 h 2 

191.4 

189.2 

308.6 

61.65 

112.9 

c 2 h 4 

104.1 

169.5 

282.8 

50.55 

126.1 

ch 2 oh 

175.3 

338.2 

513.1 

78.50 

117.7 

c 2 h 6 oh 

155.9 

351.7 

516.2 

62.96 

167.2 

ch 2 cooh 

289.8 

391.1 

594.7 

57.11 

171.2 

c 6 h 8 

278.7 

353.3 

561.6 

47.89 

256.4 


• Critical constants from E. A. Moelwyn-Hughes, “Physical Chemistry.” Pergamon, Oxford, 
1961; melting and boiling points from “Handbook of Chemistry and Physics,” 51st ed. Chemical 
Rubber Publ., Cleveland, Ohio, 1970. 
b At 5.2 atm. 
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permit more precise (although not necessarily more accurate) calculations. If the 
function is so constructed that its form and the constants it contains have at least 
an approximate physical meaning, then it also provides a basis for seeing physically 
why different gases differ in their critical and nonideal behavior. 

A semiempirical equation that meets the preceding criteria fairly well is the van 
der Waals equation , which may be assembled as follows. 

First, one recognizes that molecules take up space, so that the volume occupied 
by a gas is only partly free space. It thus seems reasonable to replace V in the ideal 
gas law by the free-space volume V — b, where b is the effective volume occupied 
by a mole of molecules. This volume b is not the actual molar volume, but is the 
so-called excluded volume. The point involved is illustrated in Fig. 1-11. In the case 



of two identical spherical molecules the center of an approaching molecule A cannot 
come closer than a distance 2 r (r being the radius) to the center of another like 
molecule B. Thus the excluded volume is (47r/3)(2r) 3 . The effect is a mutual one, 
however, and further thought indicates that, per molecule, the excluded volume 
should be four rather than eight times the volume per molecule. One thus expects 
b to be something like four times the molar volume, but clearly this expectation is 
approximate since molecules are not impenetrable and in general are not spherical. 
Further, with increasing gas density there will be an increasing number of molecules 
in mutual proximity, with further sharing of the excluded volume. The effective b 
value should thus diminish. 

As an approximation, however, we neglect the foregoing complication and take 
b to be a constant, and thus obtain the corrected equation 

p(V - b) = RT. (1-42) 

Next the pressure exerted by a gas must originate, on the molecular scale, as a 
result of a bombardment of the walls of the container by the molecules of the gas. 
There must be some mutual attractive force between the molecules, however; the 
fact that a vapor will condense to a liquid is clear enough evidence of this. As a 
consequence one expects that the actual pressure observed should be less than that 
for an ideal gas, where such attractive forces are not present. In the van der Waals 
equation this correction takes the form of a correction a/V 2 applied to the observed 
pressure. The complete equation is then 

(P + yf)(V -b) = RT. (1-43) 

The exact form of this last correction can only be defended approximately. V is 
a measure of the average volume per molecule and hence of the cube of the average 
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distance apart of molecules. V 2 is then proportional to r 6 , where r is this average 
distance. There are a number of indications that the potential energy of attraction 
between molecules does vary as the inverse sixth power of their distance of sepa¬ 
ration (see Chapter 8, Section 8-ST-l). We can thus see that the correction term 
to the pressure should somehow depend inversely on V and that the actual \jV 2 
dependence used is not unreasonable. 

The van der Waals equation may be put in the form of a virial equation. On 
solving Eq. (1-43) for P and then multiplying both sides by V/RT one obtains 


PV 1 a 

RT ~ 1 - (b/V) RTV ' 


(1-44) 


The first term on the right can be expanded in a power series in b/ V, and on collec¬ 
ting terms we have 


Z = 



(1-45) 


The second and third virial coefficients are thus 


B(T) = b--§=r t C(T) = b\ 


Since b/V is usually a small number in the case of a gas, the cubic and higher 
terms of Eq. (1-45) can be neglected. An approximate form of Eq. (1-45) valid for 
small pressures and hence large V is obtained when only the first two terms on the 
right are kept and V is replaced by RT/P: 


Z= 1 + 


P 

RT 



Differentiation of Eq. (1-46) gives 


lim 
p-> o 



(1-46) 


(1-47) 


Recalling the discussion in Section 1-8 on the Boyle temperature [see Eq. (1-38)], 
we conclude that 



(1-48) 


The physical meaning assigned to the a and b coefficients confirms the earlier 
analysis that at the Boyle temperature there is a balance between intermolecular 
attraction, measured by a, and intermolecular repulsion, measured by the excluded 
volume b. 

The van der Waals equation allows calculation of isotherms such as those shown 
schematically in Fig. 1-8. This is best done by solving Eq. (1-43) for P, 


P = 


RT 

V-b 



(1-49) 


Then, for a given choice of a and b a value of P can easily be found for each of a 
series of values of V. The isotherms of Fig. 1-12 were computed by this procedure 
for water with a = 5.72 liter 2 atm mole -2 and b = 0.0319 liter mole -1 . (See the 
next section for a discussion of the problem of choosing van der Waals constants.) 
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FIG. 1-12. Isotherms calculated from the van der Waals equation (a = 5.72 liter 2 atm mole *, 
b = 0.0319 liter mole ~ 1 ). 


The most obvious aspect of Fig. 1-12 is that many of the isotherms show a 
maximum and a minimum; this is to be expected since Eq. (1-43) [or (1-49)] is a 
cubic equation in volume: 

PV S - (Pb + RT) V 2 + aV - ab = 0. (1-50) 

For a given P there should in general be three roots or values of V. However, for 
any given choice of a and b there will be a particular value of T for which these 
three roots become equal. Above this value of T two roots become imaginary, 
leaving one real root. At high temperatures, then, the isotherms of Fig. 1-12 look 
much like Fig. 1-8 for a real substance. The problem is to rationalize the region 
showing a maximum and a minimum in Fig. 1-12 with the region showing a hori¬ 
zontal line in Fig. 1-8. This is done as follows. 

For a real substance isothermal compression across the flat portion of an iso¬ 
therm corresponds to conversion of vapor to liquid at constant pressure. The 
amount of mechanical work done, as in the piston and cylinder arrangement of 
Fig. 1-7, is given by 

w — work = f P dV. (1-51) 

J V, 

Notice that if a piston under pressure P sweeps a volume dV, then, as shown in the 
figure, the total force acting on the piston is / = Ps/ and this force acts through a 
distance dx, where dV = sf dx. Thus the integral of Eq. (1-51) corresponds to 
/ dx and indeed gives the work done. The limits of integration for Eq. (1-51) 
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are from the molar volume of the vapor when condensation just starts, V v , to the 
molar volume of the liquid when condensation is just completed, V t . Since P° 
is constant, the work is just 

w=P°(Vv- V t ). (1-52) 

We turn now to the van der Waals equation; referring to Fig. 1-12, it seems clear 
that the section labeled V v must represent the molar volume of the gaseous state 
of the substance, while that labeled V t should correspond to the liquid state. The 
van der Waals equation connects these two branches with the section showing a 
maximum and a minimum, but a real substance takes the short cut of direct 
condensation when P reaches P° as illustrated in Fig. 1-13. We would like to know 
how to locate the horizontal line of this short cut, and hence the liquid vapor 
pressure P°. 

We can regard the route taken by the van der Waals equation and that given by 
the short cut as alternate paths requiring the same amount of work. That is, we 
require the integral P dV to be the same along the curved path abed in Fig. 1-13 
and along the straight-line path ad, 

w = P°(F V - Vi) = \ V ' PdV (curve). (1-53) 

J >V 

Graphically, this amounts to equating the two differently shaded areas in the figure; 
it also amounts to requiring that the net area between the line ad and the curve abed 
be zero. Figure 1-14 repeats Fig. 1-12, but with horizontal lines added, as located 
by the preceding criterion. It is thus possible to interpret the van der Waals equation 
so as to obtain liquid vapor pressures or P° values. 

There are some further interesting aspects to the above considerations. The 
section abed of the van der Waals isotherm of Fig. 1-13 represents an unstable 
situation. Thus along the portion ab the pressure of the vapor is greater than the 



V, liter 


FIG. 1-13. Condensation and the van der Waals equation. 
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condensation pressure for the liquid state. It is actually possible to compress 
vapors beyond the condensation pressure; the system is unstable toward conden¬ 
sation, but if the vapor is free of dust, the first appearance of liquid droplets may 
be delayed. The effect is known as supersaturation and occurs because a small 
liquid drop has a higher vapor pressure than does the bulk liquid, by virtue of 
having a large surface-to-volume ratio and consequently an appreciable added 
energy due to the surface energy. The section dc is also metastable; here liquid is 
under less pressure than its vapor pressure and should spontaneously form vapor 
bubbles. Liquid surrounding a small cavity exerts a lower vapor pressure than 
normal, however, again because of a surface tension effect. This relationship con¬ 
necting size of droplet or bubble, surface tension, and vapor pressure is given by 
the Kelvin equation, discussed in Section 8-9. 

As a further point note that in Fig. 1-12 the lowest van der Waals isotherm 
reaches negative pressures. The implication is that a liquid can exist under tension, 
as a metastable condition. This, too, has been verified, and for water a tensile 
strength of as much as 100 atm has been found (see Commentary and Notes 
section). Finally, the section be must represent a totally unstable region as opposed 
to a metastable one, since it calls for volume to increase with increasing pressure. 

The van der Waals equation, although fairly simple algebraically, thus describes 
not only nonideal gas behavior, but also condensation and regions of vapor and 
liquid metastability; and, of course, it can be used for calculation of the coefficients 
of compressibility and thermal expansion for both liquids and gases. As discussed 
in the following section it also predicts critical phenomena and is consistent with 
the principle of corresponding states. The simplicity of the equation, the wide 
range of properties which can be treated, and the rather straightforward physical 
meaning assigned to the a and b constants have combined to make the van der 
Waals equation by far the one most commonly used in approximate applications. 
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1-10 The van der Waals Equation, Critical 
Phenomena, and the Principle of Corresponding States 


As noted in the preceding section, for a given set of a and b values there will be 
one single temperature at which the van der Waals equation will have three equal 
roots. At this temperature the equivalent straight-line section will have diminished 
to a point; this is the critical temperature for a van der Waals substance. The van 
der Waals critical point may be related to the a and b constants. Perhaps the most 
convenient way is as follows. At the point of three equal roots the maxima and 
minima must have just merged. This means that at this point the isotherm for T c 
must be horizontal and, moreover, have an inflection point (as illustrated in Fig. 
1 - 12 ). 

The mathematical statements of these conditions are that {dPjdV) T = 0 and 
( 8 2 P/8V 2 ) r — 0. On applying the indicated differentiations to Eq. (1-49), we have 



-RT C 2 a 
(V c - bf + V c 3 ’ 


/8 2 P\ 2RT C 6 a 

\8V 2 ) t ( V e -b) 3 Vc* 


On solving Eqs. (1-49), (1-54), and (1-55) simultaneously we find 


(1-54) 

(1-55) 


T c 


8 a 

21bR ' 


Vc = 3b, 



(1-56) 


Alternatively, we have 


b = 


RTc 

8P C ’ 


27 (RTc) 2 
64P C 


d-57) 


Finally, the expressions for V c , P c , and T c may be combined to give 

P c Vc = IRTc . (1-58) 

The van der Waals equation also conforms to the principle of corresponding 
states. From Eqs. (1-56), P = (a/27b 2 ) P T , V = 3b V T , and T = (Uj21bR) T r , 
and substitution into the van der Waals equation (1-43) then yields 

(A + -4r)(K,-i)-!r,. (1.59) 


As required by Eq. (1-41), we now have a relationship connecting V T , P r , and T r 
which contains no constants specific to the particular substance. 

Table 1-5 gives pairs of van der Waals constants for a number of substances. 
Different sources give somewhat different values for these constants, however. 
They may be obtained in various ways. One is from the critical constants, with 
Eqs. (1-56). Another is by a best fitting of the van der Waals equation to the gas 
(as opposed to the vapor) portion of the compressibility chart of Fig. 1-10. The 
constants can also be obtained from the coefficients of compressibility and thermal 
expansion for a liquid, and so on. Since the van der Waals equation is still only an 
approximate equation, each method will yield somewhat different a and b values. 
Any one set will then be best suited for calculations around that region of condi- 
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TABLE 1-5. Van der Waals Constants for Gases a 


Substance 

a 

(liter 2 atm mole -2 ) 

b 

(liter mole -1 ) 

He 

0.03412 

0.02370 

Ne 

0.2107 

0.01709 

h 2 

0.2444 

0.02661 

o 2 

1.360 

0.03183 

n 2 

1.390 

0.03913 

Cl 2 

6.493 

0.05622 

CO 

1.485 

0.03985 

NO 

1.340 

0.02789 

co 2 

3.592 

0.04267 

h 2 o 

5.464 

0.03049 

nh 2 

4.170 

0.03707 

ch 4 

2.253 

0.04278 

c 2 h 2 

4.390 

0.05136 

c 2 h 4 

4.471 

0.05714 

c 2 h„ 

5.489 

0.06380 

ch 3 oh 

9.523 

0.06702 

C 2 H 5 OH 

12.02 

0.08407 

CH 3 COOH 

17.59 

0.1068 

C,H, 

18.00 

0.1154 


° Landolt-Bomstein, “Physical Chemistry Tables.” Springer, 
Berlin, 1923. 


tions for which the set was obtained and will be apt to give poor results when used 
in calculations for some quite different pressure and temperature region. 

As an example, the a and b values for water used in calculating Fig. 1-12 give 
a good fit to P-V-T data for water well above its critical temperature and pressure. 
They are appreciably different from the ones calculated from the critical point for 
water (since V e is 55 cm 3 mole -1 , this would give b — 18.5 cm 3 as compared to 
31.9 cm 3 used for Fig. 1-12). One result is that while one would expect the 25°C 
curve of Fig. 1-12 to cross the P = 0 line at about 18 cm 3 mole -1 , the molar 
volume of liquid water, the calculated curve does so at 31.9 cm 3 mole -1 . Clearly, 
a different set of a and b values would better represent this region of the P-V-T 
plot for water. It is as a consequence of such quantitative deficiencies of the van der 
Waals equation that various more elaborate analytical equations of state have been 
proposed. Some of these are mentioned in the Commentary and Notes section. 


COMMENTARY AND NOTES 


A section of this type occurs at the end of the main portion of most chapters. 
The purposes are, first, to provide some qualitative commentary on interesting 
but less central aspects of the chapter material and, second, to supply, for reference 
purposes, additional quantitative results. The latter will ordinarily be presented 
without derivation or much discussion. 
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There are, for example, a number of other semiempirical equations of state 
that have found use. Some of these are 

Clausius equation: 

[ p +nf+cfy~ b) = RT 

Berthelot equation: 

(p + ^yv-b) = RT. (1-61) 

Dieterici equation: 

P(V - b) = RTe- a ' RTV . (1-62) 

Beattie-Bridgman equation: 

P = (V+B)-±, (1-63) 

where A = A 0 [ 1 + (a/V)], B — B a [\ — (b/V)], and e = c/VT 3 , and A 0 and B 0 are 
constants. 

Benson-Golding equation: 

(P + ~ bV~^) = RT. (1-64) 

(See Glasstone, 1946; Weston, 1950; Benson and Golding, 1951.) 

These equations tend to be of the form of the van der Waals equation, but with 
improvements designed to allow for a temperature dependence of a and b. The 
Beattie-Bridgman equation was designed for gases at high pressures. 

Some of the various properties that an equation of state should in principle be 
able to predict were mentioned in the discussion of the van der Waals equation. 
A brief elaboration is worthwhile. For example, the idea of a tensile strength for a 
liquid may seem unexpected. The experimental problem, of course, is that one 
cannot simply pull on a column of liquid as one might on a rod of solid material. 
What one actually does is to fill a capillary tube with liquid at some elevated 
temperature and then seal the tube. On cooling, the liquid should contract, but to 
do so a bubble of vapor would have to form, and if the liquid is free of dust or if 
the cooling is rapid enough, the column of liquid remains intact and therefore 
under tension. One calculates this tension from the coefficient of compressibility, 
knowing how much the liquid has been forced to expand in order to keep filling 
the capillary at the lower temperature. Negative pressure may be applied mechani¬ 
cally, but less easily. This situation does occur, however, with a boat propeller; 
liquid behind the rotating blades is momentarily under tension. An important 
practical problem is to avoid cavitation, or the formation of vapor bubbles; the 
sudden collapse of such bubbles not only hampers the propeller but can pluck out 
metal grains to roughen and eventually destroy the surface. 

Another property which can be calculated from an equation of state is the 
surface tension of a liquid. We ordinarily think of pressure as a scalar or non- 
directional quantity, but in the case of a crystalline, nonisotropic solid, application 
of a uniform pressure will distort the crystal. To avoid this, we would have to exert 
different pressures on each crystal face. In general, then, pressure can be treated 
as a set of stresses or directional vectors. 
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Since a liquid does not support stress, the pressure around any portion of a liquid 
must be isotropic. This is not true, however, in the surface region. The pressure 
normal to the surface must indeed be the same as the general pressure throughout 
the system. However, the pressure parallel to the surface varies through the inter¬ 
face. Analysis shows that the surface tension y can be calculated if the difference 
between the pressure normal to the surface and that parallel to the surface is known 
as a function of distance through the interface. The equation is 


v = 


.liquid phase 
vapor phase 


(P - p) dx. 


(1-65) 


where P is the general, isotropic pressure, p is the local pressure component 
parallel to the surface, and x is distance normal to the surface. If we can, by some 
analysis, calculate how the density or molar volume varies across a liquid-vapor 
interface, then use of an equation of state such as the van der Waals equation 
allows a calculation of p as a function of x, and hence of the surface tension (see 
Tolman, 1949). 

A final brief consideration concerns the determination of the critical point of a 
substance. The reality of a critical point can be seen by means of the following type 
of experiment. A capillary tube is evacuated and then partly filled with liquid, the 
remaining space containing no foreign gases but only vapor of the substance in 
question; the tube is then sealed. On heating, opposing changes take place. The 
liquid phase increases its vapor pressure, and the vapor density increases as vapori¬ 
zation occurs; this acts to diminish the volume of liquid phase. On the other hand, 
the liquid itself expands on heating. If just the proper degree of filling of the capil¬ 
lary was achieved, these two effects will approximately balance, and the liquid- 
vapor meniscus will remain virtually fixed in position as the capillary is heated. 
A temperature will then be reached at which the meniscus begins to become 
diffuse and then no longer visible as a dividing surface. At this temperature the 
system often shows opalescence; the vapor and liquid densities are so nearly the 
same and their energy difference is so small that fluctuations can produce transient 
large liquidlike aggregates in the vapor and vice versa in the liquid. There is still an 
average density gradient. However, at a slightly higher temperature, perhaps 
5-10 K more, the system becomes essentially uniform. This last is the critical 
temperature; knowing the amount of substance and the volume of the capillary, 
one also knows the critical molar volume. 

This type of visual experiment, although quite interesting, does not allow a very 
precise determination of the critical point. An alternative procedure makes use of a 
series of isotherms such as are shown in Fig. 1-8. However, while the broken line 
joining the end points of the condensation lines can be fairly well established, its 
exact maximum point is hard to fix exactly. This locus may alternatively be plotted 
as temperature versus the equilibrium vapor and liquid densities pv and p t as 
illustrated in Fig. 1-15. A useful observation, known as the law of the rectilinear 
diameter, states that the average density p av — (pi + Pv)/2 is a linear function of 
temperature, as also illustrated in the figure. The essentially straight and nearly 
vertical line of p av versus T makes an easily defined intersection with the curved 
line of densities. This intersection then gives the critical temperature and density. 
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SPECIAL TOPICS 


The Special Topics section at the end of each chapter takes up either more 
specialized or more advanced aspects of the chapter material. The intention is to 
provide a section, separated from the main body of material, which can be con¬ 
sidered if time in the course permits, or as self-study on the part of the interested 
student. Although the material in the main body of succeeding chapters will not 
draw on previous Special Topics sections, subsequent Special Topics sections may 
make use of the results of preceding ones. 

The van der Waals and other equations of state cited in this chapter are illustra¬ 
tions of a semiempirical approach in which the goal is to obtain a definite functional 
form for the equation of state. Contemporary theoretical chemists now pursue the 
line of using a detailed expression for the intermolecular potential between two 
molecules to obtain values for the virial coefficients of Eq. (1-37). The potential 
function will be somewhat approximate or semiempirical, but the ensuing and 
generally quite elaborate theoretical development may be rigorous. 

If the mutual potential energy between two molecules as a function of the sepa¬ 
ration r is denoted by <f>(r), then a statistical mechanical derivation, which is 
beyond the scope of this text, gives the following equation for the second virial 
coefficient (see Hirschfelder et ai, 1954): 

B(T) = 2 ttN 0 I"” (1 - r 2 dr> (l- 66 ) 

■' o 

where N 0 is Avogadro’s number. 

A very qualitative rationale of the treatment is as follows. It was noted in 
Section 1-5 that the barometric equation could be regarded as a particular appli¬ 
cation of the Boltzmann principle Eq. (1-35). The principle stated that the probab¬ 
ility of a molecule having an energy e is proportional to e~ e / kT . 
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If now molecules experience mutual attractive and repulsive forces, <f>{r) can be 
expected to have a form of the type illustrated in Fig. 1-16. That is, as two mole¬ 
cules approach each other they will at first be attracted and then, at small separa¬ 
tions, repelled. Correspondingly, their mutual potential energy is zero at infinite 
separation and diminishes to a maximum negative value at some separation r 0 . 
At r = a, the potential energy is just zero again; and for r < a, it is positive and 
very rapidly increasing. 

The average total energy of the pair of molecules can be written 

e tot = e r-> oo + <f>(r ). (1-67) 

Thus e to t diminishes to a minimum at r 0 and then rises rapidly as r is decreased. 
In terms of the Boltzmann principle, the effect is to make separation distances 
around r = r 0 relatively more probable and separation distances of r < a rela¬ 
tively less probable than for an ideal gas. 

A second effect of <f>(r ) is on the ability of molecules to exert a pressure. Perhaps a 
helpful although very crude physical explanation is as follows. Two molecules 
at a distance r 0 apart have less energy than the average, and were they to separate 
without any energy being supplied, they would end up as separate molecules 
making less than the average contribution to the pressure. Conversely, a pair of 
molecules at r < a should make a greater than average contribution to the pressure. 
Thus the presence of intermolecular forces affects both the distribution of inter- 
molecular distances and the expected pressure of the now nonideal gas. 

The way in which Eq. (1-66) works can be illustrated by the following example. 
Consider the gas molecules to be hard spheres so that the potential energy plot is 
as shown in Fig. 1-17. That is, there are no attractive forces, and <f>(r) jumps to 
infinity at r = a. The integral of Eq. (1-67) can then be written in two parts: 

(a) at r > a, <f>{r) = 0, e -<«r)/fcr _ 


r (1 - e^ r> / kT ) r 2 dr = 0, 

J rr 



FIG. 1-16. Variation of potential energy as two molecules approach each other. 
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0 


FIG. 1-17. Hard-sphere potential plot. 


(b) at r < a, <{>(r) = oo, e -*<r)/*r = q, 


(1 _ e -*<r)/*r )r 2^ = i ff3; 
o 

and 

B(T) = f trN 0 o*. (1-68) 

Since o corresponds to a molecular diameter, B(T) is just four times the volume 
of a mole of molecules, or has essentially the same meaning as the van der Waals 
constant b. Considering only the second virial coefficient, we see that the equation 
of state of the hard-sphere gas is then 


= i + W=i+A 

RT V ^ V 


(1-69) 


If the approximation is made that 1/K = P/RT, then Eq. (1-69) reduces to Eq. 
(1-42), P(V - b) = RT. 

The hard-sphere model provides only a poor approximation to real gases, just 
as Fig. 1-17 is a most crude approximation to Fig. 1-16. Theoreticians make use of 
more realistic potential functions than the hard-sphere one. However, the deter¬ 
mination of really accurate functions is a wave mechanical problem that has not 
been fully solved as yet. What one usually does is to take a semiempirical form 
chosen both for its probable approximate correctness and for mathematical 
convenience. A commonly used such form is the Lennard-Jones potential 

Hr) = - £ + -|r • (1-70) 

As mentioned in Section 1-7, the attractive potential between molecules is expected 
to vary as 1/r 6 at least for large separations; the first term on the right of Eq. (1-70) 
assumes this attractive potential to apply at all distances. The second term on the 
right is undoubtedly incorrect theoretically but constitutes a mathematically 
convenient way of providing a steeply rising repulsive potential. 

The effect of introducing both attractive and repulsive potentials is to make 
B(T) a complicated quantity as far as physical significance is concerned. It is now 
temperature-dependent and moreover, may be positive or negative. A calculated 
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FIG. 1-18. Reduced plot for the calculation of B(T) of Eq. (1-69) assuming a Lennard-Jones 
potential. (Adaptedfrom J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, “Molecular Theory of 
Gases and Liquids," corrected ed. Copyright 1964, Wiley, New York. Used with permission of 
John Wiley & Sons, Inc.) 


curve for B(T) as a function of temperature using the Lennard-Jones potential is 
given in Fig. 1-18. Here B is given in terms of b 0 , where b 0 is the hard-sphere value 
of 2nN 0 o 3 l3; T* is a reduced temperature, defined as kTj<f>*. As shown in Fig. 
1-16, <j>* is the minimum in the potential curve. The quantities a and <j>* are natural 
ones to use in connection with the Lennard-Jones potential, since this function 
takes on a rather simple form in terms of them: 

4>(r) = - 4<£* [(-f ■)“ - (y )*] d-71) 

One may use Fig. 1-18 to calculate B(T) for various gases if their parameters a 
and <f>* are known, and some of these values are given in Table 1-6. Notice that the 
existence of a single curve for B(T) is an illustration of the principle of corre- 


TABLE 1-6. Lennard-Jones Parameters from Second Virial Coefficients ' 1 


Gas 

4>*!k 

(K) 

a 

(A) 

bo 

(cm 8 mole -1 ) 

Ne 

34.9 

2.78 

27.10 

Ar 

119.8 

3.40 

49.80 

Kr 

171 

3.60 

58.86 

Xe 

221 

4.10 

86.94 

n 2 

95.1 

3.70 

63.78 

o 2 

118 

3.46 

52.26 

CHi 

148.2 

3.82 

70.16 

co 2 

189 

4.49 

113.9 


“ From J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, “Molecular 
Theory of Gases and Liquids,” corrected ed., p. 165. Wiley, New York, 
1964. 
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sponding states. Here B/b 0 and kT/<f>* are the reduced variables. The Lennard- 
Jones potential becomes a rather poor approximation, however, as one goes to 
diatomic and polyatomic molecules, especially those which are polar and non- 
spherical and the treatment as outlined is much too simple to give a good represen¬ 
tation of the P-V-T behavior of such gases over more than a narrow range of 
conditions. A more accurate potential function would, for example, include the 
dependence on the relative angular orientation of two approaching molecules. 

The second virial coefficient, as indicated by the form of Eq. (1-66), is deter¬ 
mined by the form of the potential energy of interaction between two molecules. 
The third virial coefficient involves the mutual interaction potential for molecules 
taken three at a time. Although many such calculations have been made, they are 
obviously quite complicated and the reader is referred to advanced texts at this 
point. 
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EXERCISES AND PROBLEMS 


As noted in the Preface, each section of this type is divided into three parts. The first consists 
of Exercises , or very straightforward illustrations of the textual material. The Problems section 
contains more demanding and often longer applications of the same material; and, as the name 
indicates. Special Topics Problems draw on the Special Topics section of the chapter. Numbers 
given to one significant figure are to be taken as exact. Problems marked with an asterisk 
require fairly lengthy computations. 
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EXERCISES 


1-1 Calculate the molar volume V and the density of methane gas at STP assuming ideal 
behavior. 

Ans. V = 22.414 liter, p = 7.158 x 10‘*gcm'’. 

1-2 Repeat Exercise 1 but for 25°C and 1.5 atm pressure. 

Ans. P = 16.31 liter, p = 0.9836 x 10 -4 gcm -8 . 

1-3 In the Dumas method one determines the molecular weight of a gas by a direct measurement 
of its density. A glass bulb weighs 25.0000 g when evacuated, 125.0000 g when filled with 
water at 25°C, and 25.01613 g when filled with a hydrocarbon gas at 25°C and 100 Torr 
pressure. Calculate the molecular weight of the gas, assuming ideal behavior. 

Ans. 29.9 g mole -1 . 

1-4 Calculate V and p for dry air at STP. Repeat the calculation for air saturated with water 
vapor at 25°C and at 1 atm total pressure. Assume ideal behavior. 

Ans. (a) V = 22.414 liter, p = 0.001294 g cm" 8 ; (b) V = 24.466 liter, p = 0.00171 gem" 8 . 

1-5 The amount 0.02968 mole of N 2 0 4 is introduced into a 1-liter flask at 25°C. Partial dis¬ 
sociation into NO a occurs, and the equilibrium pressure is 0.8623 atm. Calculate the 
degree of dissociation, a, and the value of K P [Eq. (1-22)]. 

Ans. a = 0.1877, K P = 0.1260 atm. 

1-6 Calculate the partial volumes of H a O, 0 2 , and N 2 in air saturated with water vapor at 
50°C and at 1 atm total pressure. Assume ideal behavior and one mole of total gas. 

Ans. Vn t0 — 3.228 liter, V 0 , = 4.658 liter, = 18.63 liter. 

1-7 What is hi/t for argon—that is, the elevation at which the pressure of argon in the at¬ 
mosphere is half of its sea level value? Assume 20°C. 

Ans. 4.31 km. 

1-8 A good vacuum for many purposes has a pressure of 10 -10 atm. Treating air as a single 
gas of molecular weight 29, at what elevation will this pressure be found? Assume —70°C. 

Ans. 1.368 x 10* km (assuming g to remain constant). 

1-9 Derive the van der Waals equation for n moles of gas. 

Ans. [P + (an*/u*)](r — nb) = nRT. 

1-10 Calculate the second and third virial coefficients for C0 2 assuming it to be a van der Waals 
gas. 

Ans. B(T) = 0.04267 - (43.77/T) liter; C{T) = 1.82 x 10 -8 liter 8 . 

1-11 What is the Boyle temperature of C0 2 assuming it to be a van der Waals gas? 

Ans. 1026 K. 

1-12 Tables 1-4 and 1-5 come from different sources and are not necessarily consistent.Calculate 
the van der Waals constants for H 2 0 from its critical point. 

Ans. a = 5.447 liter 2 atm mole -2 , b = 0.0304 liter mole -1 [Eq. (1-57)], 

0.0185 liter mole -1 [Eq. (1-56)]. 
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1-13 Fifty moles of NH 3 is introduced into a two-liter cylinder at 25°C. Calculate the pressure 
if (a) the gas is ideal and (b) it obeys the van der Waals equation. 

Ans. (a) 612 atm, (b) 5740 atm. 

1-14 Using Fig. 1-10, calculate the molar volume of NH S at 100°C and 50 atm pressure. Com¬ 
pare this with the ideal gas volume. 

Ans. Figure 1-9: 0.49 liter; ideal gas: 0.612 liter. 

1-15 What is the critical temperature of a van der Waals gas for which P c is 100 atm and b is 
50 cm 3 mole -1 ? 

Ans. 487.5 K. 


PROBLEMS 


1-1 A mixture of 1 mole of H 2 and 2 of O a is at 25°C and 20 liter volume. Calculate the 
partial pressure and partial volume of the H 2 and the 0 2 . Give pressures in both 
atmospheres and newtons per square meter. Assume ideal gas behavior. 

1-2 The mixture of Problem 1-1 is exploded by means of a spark (the container is a strong 
one) and reaction to form water goes to completion. The mixture is returned to 25°C. 
Calculate, assuming ideal gas behavior, the partial pressures and volumes for all species 
present (remember that some of the water may condense). 

1-3 Bulb A, of 200 cm 3 volume, contains 0.2 mole of ideal gas A and is thermostatted at 
0°C. Bulb B contains 0.4 mole of ideal gas B at a pressure of 2 x 10“ N m~ 3 ; it is thermo¬ 
statted at 100°C. A connection between the two bulbs is opened so that the gases equi¬ 
librate to uniform pressure. Calculate the final pressures of gases A and B. 

1-4 A tank of compressed nitrogen gas has a volume of 100 liters; the pressure is 2000 atm 
initially (at 25°C). Owing to a faulty valve, gas is leaking out at a rate proportional to the 
difference between the pressure inside the tank and the pressure outside (1 atm). The initial 
rate of leakage is 1.0 g of gas per second. If we assume that the process continues iso- 
thermally at 25°C, how long will it take for half the gas initially present in the tank to leak 
out? 

1-5 The McLeod gauge (see accompanying figure) is a device enabling one to make a 
manometric measurement of very low pressures (down to 10 -7 Torr). The device is 
operated as follows. Initially the mercury level is below point a so that the entire 
apparatus is at the uniform low pressure which is to be measured. By raising 
the reservoir B, the mercury level is raised past point b and then further until 
the meniscus in tube A is at the level c. Once the mercury passes b, the gas in 
the bulb C is trapped and as the mercury level is raised further, this gas is com¬ 
pressed into the capillary tube D and the meniscus in the capillary reaches level d when the 
level in tube A reaches c. The distance between c and d is now related to the value of Pi. 
If V denotes the volume (in cubic centimeters) of bulb C and if the capillary tube is of 
total length d and of uniform radius r (in millimeters), then if x denotes the distance 
between c and point d, derive the relationship between x and P x . In the case of a particular 
McLeod gauge, V is 250 cm 3 , d is 10 cm, and r is 0.5 mm; calculate x for P, equal to 
10 -5 , 10 -4 , 10 -3 Torr, respectively. 

1-6 Bulb A, of 500 ml volume, initially contains N 2 at 0.7 atm pressure and 25°C; bulb B, 
of 800 ml volume, initially contains 0 2 at 0.5 atm pressure and at 0°C. The two bulbs are 
then connected so that there is free passage of gas back and forth between them and the 
assembly is then brought to a uniform temperature of 20°C. Calculate the final pressure. 
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.» To system whose 
I pressure is to be measured 



1-7 The vapor of acetic acid contains single and double molecules in equilibrium as shown 
by the reaction (CH 3 COOH) 3 = 2CH 3 COOH. At 25°C and 0.020 atm pressure, the Pv 
product for 60 g of acetic acid vapor is 0.541/jr, and at 40°C and 0.020 atm, it is 0.593/J7'. 
Calculate the fraction of the vapor forming single molecules at each temperature and the 
value for the equilibrium constant at each temperature, K P = Pg H cooh/Ach cooh) 
[see MacDougall (1936)]. 


1-8 Derive the value of T t such that 


d(PrV') 

dPr 


= 0 


as 


Pr^O, 


that is, the value of T r at the Boyle temperature of a van der Waals gas. 


1-9 Derive an expression for the coefficient of thermal expansion a. 



for a gas that follows (a) the ideal gas law and (b) the van der Waals equation. 

1-10 Calculate the pressure versus volume isotherm for C S H, at 360 K using the van der Waals 
equation (a = 18 liter 2 atm, b = 0.1154 liter mole -1 ). Plot the resulting curve (up to 
30 liter mole -1 ), (a) Indicate on the graph how you would estimate the vapor pressure of 
benzene at this temperature, (b) Obtain the slope dVjdP (at constant T) for P = 1 atm, 
and calculate the coefficient of compressibility of the liquid at this pressure: 



Compare the result with an experimental value, (c) Estimate the tensile strength of 
benzene (liquid) at this temperature. 


1-11 


Calculate the ratio P (actual) to P(ideal) for NH 3 at —20°C and a volume of 1.50 liter 
mole -1 . Assume van der Waals behavior. 
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1-12 A nonideal gas is at 0°C and 300 atm pressure; its T r and P r values are those of point A 
in Fig. 1-10. Calculate the van der Waals constants for this gas and its critical volume; 
assume the gas obeys the van der Waals equation. 

1-13 The ratio P/p obeys the equation P/p = 5.161 x 10* — 2.672 x 10" S .P + 1.822 x 
IQ-ii pi f or a certain gas at 0°C; P is in N m" 2 and p is in kg m" s . Calculate (a) the 
coefficients if P is in atm and p is in g liter"', and (b) the molecular weight of the gas. 

1-14 Calculate the van der Waals constants a and b for the gas of Problem 1-13. 

1-15 At sea level, the composition of air is 80 mole % nitrogen and 20 mole % oxygen. Esti¬ 
mate the altitude (in miles) at which, according to the barometric formula, the air should 
contain only 15 mole % oxygen. Assume 0°C. 

1-16 Assume that a body of air (M av = 29.0 g mole" 1 ) at 25°C is in barometric equilibrium 
with g constant at 980 cm sec " 2 . Calculate the mass of air contained in a column 1 square 
mile in area and 1 mile high. The pressure is 0.9 atm at the base of the column. What 
would your answer be if air had a molecular weight of 58.0 g mole" 1 ? 

1-17 Let «° be the number of moles of N 2 0 4 introduced into a liter volume at 25°C. Partial 
dissociation into N0 2 occurs, and the equilibrium pressure is recorded. The data are 

n° (X 10 s ) 6.28 12.59 18.99 29.68 

P (atm) 0.2118 0.3942 0.5719 0.8550 

[Adopted from F. H. Verhoek and F. Daniels, J. Amer. Chem. Soc. 53 , 1250 (1931).] 
Calculate each K P [Eq. (1-22)] and the true K P by extrapolation to zero pressure. 

1-18 The curve for T/T c = 0.8 in the Hougen-Watson chart (Fig. 1-10) ends abruptly. 
Reproduce this curve in a sketch, and show by means of a dotted line what a continuation 
of it should look like. Also sketch in for reference the complete curve shown for TIT C = 1. 

1-19 Derive a modified version of the barometric formula for the case where air temperature is t 
on the ground and decreases linearly with altitude. By means of this formula, calculate the 
barometric pressure at an elevation of 1 km, assuming 1 atm at sea level and that the 
temperature drops 0.01 °C per meter. Use 25°C. 

1-20 The following data are obtained for a certain gas at 0°C: 

P (atm) 0.4000 0.6000 0.8000 

p/P (g liter" 1 atm" 1 ) 0.7643 0.7666 0.7689 

Calculate the molecular weight of the gas by the extrapolation method. 

1-21 Make a plot of V versus P at 25°C for a substance which obeys the van der Waals equation 
and whose critical temperature and pressure values are those for water. The plot should 
extend over the range from liquid to gaseous state so as to show the minimum and maximum 
in pressure that the equation predicts. Estimate from the plot (making your procedures 
clear) (a) the tensile strength of liquid water, (b) the compressibility of liquid water at 
25°C (compare with the experimental value), and (c) the vapor pressure of water at 25°C 
(compare with the experimental value). 

1-22 A column of ideal gas experiences conditions such that In P = (const) x 2 , where x denotes 
distance from a reference point. Describe two possible experimental situations for which 
this equation applies. 

1 - 23 * Calculate P versus V for NH, using the van der Waals equation. Do this for 40°C 
intervals between 0°C and 200°C and plot the results. Recast the data in terms of com¬ 
pressibility factor Z in terms of P r for various T r and plot these curves. 
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1-24 Make a semiquantitative plot of (a) isobars for P around P“', and (b) isosteres for V 
around V/. Use the curves of Figs. 1-8 and 1-9 as a guide. 

1-25 Using the Hougen-Watson chart (Fig. 1-10) and the critical constants (Table 1-4) for 
CO, obtain the value for the second virial coefficient for CO at 25°C. It is suggested that 
a graphical method be used. 

1-26 A certain gas obeys the van der Waals equation with a = 10 7 atm cm* mole -2 and b — 
100 cm 3 mole -1 . Calculate the volume of four moles of the gas when the pressure is 5 atm 
and the temperature is 300°C. 


SPECIAL TOPICS PROBLEMS 


1-1 Calculate B(T) for NH 3 at 25°C (a) using its van der Waals constants and (b) assuming 
the hard-sphere model and using only the density of liquid ammonia. 

1-2 Verify Eq. (1-71). That is, show that <f>* is the minimum potential energy and that a is the 
value of r when <j> is zero. 

1-3 Using Table 1-4 and Fig. 1-18, calculate the compressibility factor for C0 2 at 5 atm and 
25°C and at 5 atm and 200°C. 

1-4 The value of B(T) for Xe gas is —130.2 cm* mole -1 at 298.2 K and —81.2 cm 8 mole -1 at 
373.2 K. Find the value of <t>*/k which, using Fig. 1-18, will reproduce this ratio of B(T) 
values, and from this <£* and b„. 

1-5 Derive Eq. (1-71) from Eq. (1-70). 




CHAPTER TWO 


KINETIC 

MOLECULAR THEORY OF GASES 

2-1 Introduction 

The treatment of ideal and nonideal gases in Chapter 1 was carried out largely 
from a phenomenological point of view. Behavior was described in terms of the 
macroscopic variables P, V, and T, although some molecular interpretation was 
included in the discussion of the a and b parameters of the van der Waals equation 
(Section 1-9) and in the Special Topics section. We take up here the detailed model 
of a gas, that is, the kinetic molecular theory of gases. In this model, a gas is 
considered to be made up of individual molecules, each having kinetic energy in 
the form of a random motion. The pressure and the temperature of a gas are 
treated as manifestations of this kinetic energy. In its simplest form, kinetic theory 
assumes that the molecules experience no mutual attractions. 

The elementary picture is the familiar one of a molecule having an average 
velocity u and bouncing back and forth between opposite walls of a cubical 
container. With each wall collision a change in momentum 2 mu occurs, where m is 
the mass of a molecule. If the side of the container is /, the frequency of such 
collisions is w/2/, and the momentum change per second imparted to the wall, 

that is, the force on it, is mu 2 /l. The pressure, or force per unit area, becomes 

m« 8 // 8 or mn 2 /v. The quantity u refers to the velocity component in some one 
direction, and the total velocity squared, c 2 , is c 2 = w 2 + n 2 + w 2 , where v and w 
are the components in the other two directions; on the average these components 
should be equal, and so we conclude that w 2 = c 2 /3, and obtain the final equation 

P\ — \mc z , (2-1) 

where v denotes the volume per molecule. Per mole, this becomes 

PV = JMc 2 , (2-2) 

where M is the molecular weight of the gas. 

One now takes note that the simple picture corresponds, for real gases, to the 
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limiting condition of zero pressure, for which the phenomenological law is the ideal 
gas equation 

PV = RT (2-3) 

and the relationship which is intuitively expected to exist between kinetic energy 
and temperature is simply 

RT — \Mc 2 = f(kinetic energy), (2-4) 

the molar kinetic energy being \Mc 2 . Alternatively, one writes 

(2-5) 
( 2 - 6 ) 

where k is the gas constant per molecule, called the Boltzmann constant, as noted 
in Section 1-7. 

This treatment is unsatisfactory at some points. Clearly, it is unrealistic to take 
all molecules as having the same velocity. Even occasional intermolecular collisions 
must eventually bring about a distribution of velocities, and since we are describing 
a theory for time-invariant or equilibrium properties of a gas, we should be dealing 
with velocity distributions. The quantity c 2 must then really be some kind of 
average quantity. The argument that one should use |c 2 for the velocity component 
squared in some one direction is plausible but is not a proof. The sections that 
follow take up a more elaborate but more satisfying way of obtaining not only the 
above results, but much additional information as well. 

There remain a number of important properties of a gas which cannot be 
explained unless a finite molecular size is specifically assumed. The model at this 
point becomes one of molecules that act as hard spheres. By “hard” we mean that 
they behave like spheres of definite radius r and that their collisions are elastic so 
that kinetic energy as well as momentum is conserved. Beyond this lie more 
advanced treatments which allow for the presence of attractive as well as of 
repulsive forces between molecules. Some aspects of these will be taken up in the 
Special Topics section. 

The immediate task, however, is the treatment of velocity distributions. Here the 
central assumption will be that of the Boltzmann principle. As was stated in Section 
1-7, according to the Boltzmann principle the probability of a molecule having an 
energy e is given by 

p(e) = (constant) e~ e/kT . (2-7) 

This principle was adduced as a generalization of the barometric equation; it 
can, however, be reached in other ways, one of which is given in the next section. 


or 


3 RT 
M 


c* = 


3k T 


2-2 The Boltzmann Distribution Law 

The Maxwell-Boltzmann principle (often referred to as the Boltzmann principle) 
is so central to all of the statistical aspects of physical chemistry that it merits a 
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TABLE 2-1. Ways of Distributing Molecules 
between States' 1 


System 

Number in given state 6 


«i = 1 

«2 = 3 e 3 

= 5 

1 

5 

5 

0 

2 

6 

3 

1 

3 

7 

1 

2 


“ Assuming ten molecules and total system 
energy of 20 units. 

6 Energy in arbitrary units. 


more general derivation than that of Section 1-7. We want to consider a system 
that is isolated, so that its total energy E is constant and the total number of 
molecules N is also constant. The molecules making up this system can have various 
quantized energy states; let them be called , e s , e s , and so on. 

There will be many ways in which the N molecules could be assigned specific 
energies so as to give the same total energy E. For example, let E be 20 units of 
energy and N be ten molecules, and suppose that there are three possible states 
of one, three, and five units of energy. Possible distributions are given in Table 2-1. 
In this case there are three different ways of satisfying the two requirements of 
fixed N and fixed E. 

The statistical weight that we want is obtained as follows. If we were just putting 
N molecules in as many boxes, their permutations would be N !. However, we 
consider only molecules in different energy states as distinguishable. That is, the 
N x molecules in the box are taken to be indistinguishable, as are the N 2 molecules 
in the e 2 box, and so on. We must then divide out the permutations that should 
not be present. Thus in the case of system 2, there are 6! ways of permuting the 
molecules in the e x box, 3! ways for the e 2 box, and 1! or one way for the e 3 box. 
The distinguishable permutations, which give the desired statistical weight, are 
thus 10!/(6!)(3!)(1!) = 840. 

The general statements of the preceding conditions are then 
N = £ N t = constant, 

E = Y, Ni e i — constant, 

w - ■ * ! _ = ^L_ 

N X \N % \N % \- ILW 

where N { denotes the number of molecules in the /th state of energy «, and W is 
the statistical weight or probability of the particular distribution. To repeat, the 
denominator of Eq. (2-10) serves to take out those permutations that do not count 
because of the indistinguishability of molecules in the same energy state. 

One further point completes the basic picture. If ./V is a very large number, for 
example, Avogadro’s number, it turns out that W will peak very sharply at some 
one distribution. That is, there will be some set of N x , 7V 2 , and so on values giving 
the largest W, and relatively small departures from this proportion will cause W 
to drop sharply. This largest W is called W max . Thus the set of requirements of 


( 2 - 8 ) 

(2-9) 

( 2 - 10 ) 
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Eqs. (2-8)-(2-10) acts to define a most probable distribution and one which is 
assumed, in the case of a large number of molecules, to be the distribution. 

The preceding conditions and assumptions are in fact sufficient to give the 
immediate precursor to the Boltzmann distribution law, namely the conclusion that 

p(e) = (constant) e~ Be , (2-11) 

where p(e) is the probability that the molecule has energy e. The constant /3 will 
be identified with 1 jkT in Section 2-6, when a consequence of Eq. (2-11) is com¬ 
pared with the ideal gas law. 

First, we can obtain Eq. (2-11) as follows. Since we are considering a system at 
equilibrium, the distribution will be one for which IE is at a maximum—that is, 
we expect the equilibrium distribution to be the one that is the most probable. We 
now imagine that a small redistribution 8 of molecules takes place, subject to the 
restriction that neither TV nor the total energy of the system changes, 

£S7V, = 0 (2-12) 

i 

£ €i8N { = 0. (2-13) 

i 

Since IE is at a maximum, it also follows that 8IV must be zero. It is convenient 
at this point to take the logarithm of Eq. (2-10): 

In W= In TV! — £ In TV*-! 

i 

and write as the condition 

S(ln W) = 0 = £ 8(1 n TV,-!) (2-14) 

i 

since S(ln AH) = 0. We are dealing with very large numbers and it is permissible to 
replace factorials by Stirling’s approximation, 


In at! = x\n x — x. (2-15) 

Equation (2-14) becomes 

0 = £ 8{N i In TV, - Ni) 

i 

= £ ^ + (In TV,) 8N { - 87V,], 

£ (In TV,) STV,- = 0. (2-16) 

i 

Equations (2-12)—(2-14) impose three different conditions on the STV’s and are to 
be obeyed even though the system makes small, arbitrary fluctuations. A way of 
handling such a situation is Lagrange’s method of undetermined multipliers [see, 
for example, Blinder (1969)]. We add the three conditions, but in some ratio which 
is to be determined; that is, we write 

£ (cc + (Sc, + In N t ) 8N ( = 0, (2-17) 

i 

where Eqs. (2-12) and (2-13) have been multiplied by the undetermined coefficients 
a and (8, respectively. 
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Lagrange’s method is very useful for finding what is known as a conditional maximum (or 
minimum), that is, for finding a maximum (or minimum) in a function subject to the constraint 
that some other relationship also holds. In the present case, we seek a maximum in In W, but 
subject to the constraints of Eqs. (2-8) and (2-9), that is, to the requirement that the total number 
of molecules and their total energy be constant. 

As a simple illustration, suppose that one wishes to maximize the area of a rectangle subject 
to the constraint that its perimeter be constant. We thus have xy = d and 2x + 2y = s, 
where x and y are the sides and and s the area and perimeter, respectively. By the variation 
method, we write 

y fct + x Sy = 0, 2 8* + 2 8y = 0, 

and, introducing the undetermined multiplier, a, 

(y Sx + x Sy) + a(2 Sx + 2 Sy) = 0, 
or 

(y + 2a) Sx -I- (x + 2a) Sy = 0. 

Again, if the variations x and y are to be arbitrary, each term separately must be zero, and we 
find y + 2a = 0 and x + 2a = 0, whence x = y = —2a. The figure of maximum area for a 
given perimeter is thus a square. 

In the case of the rectangle, the same answer can be found by ordinary calculus. We eliminate 
y between the two equations, to get 



On setting the derivative dsd/dx = 0, we find 2x = s/2, whence 2 y = s/2 and thus x = y. 

Equation (2-17) can be written out in detail as a sum of terms in SA^ , BN 2 , BN 3 , 
and so on: 

(« + fa + In NJ 8N\ + (a + fa + In N 2 ) 8N 2 

+ (a + fa + In N 3 ) 8N 3 + ■■■ = 0. (2-18) 

Now, if there were only two states, say and e 2 , Eqs. (2-8) and (2-9) would abso¬ 
lutely fix the distribution (for example, system 1 of Table 2-1). With three states 
the most probable population of e 3 could be varied, but given 8N 3 , this would then 
determine 8N t and 8N 2 . With a larger number of states, 8N 3 , 8N t , and so on 
could be chosen arbitrarily, and this would then fix SA^ and 8N 2 . If we elect to 
choose values for a and j8 such that the terms of Eq. (2-18) in SA^ and 8N 2 are zero, 
which can be done since a and jS are adjustable constants, then the equation 
reduces to the requirement that the sum of all the terms in 8N 3 , 8N t , and so on 
must be zero. Since the variations 8N 3 ,8N t , and so on are arbitrary, the only way 
for this requirement to be generally true is for each term separately to be zero. The 
general condition is therefore 

a + fa + In N t = 0 (2-19) 

or 

Nj = e - “e -3f< = (constant) e~ Bu , (2-20) 

which is Eq. (2-11). 

This result, namely that the most probable number of molecules in a state of 
energy e, is proportional to e -St ‘, may seem startling in that it is obtained on so 
general a basis. To repeat, it is a consequence of the restrictions of Eqs. (2-12)- 
(2-14) plus the assumption that molecules will find that energy distribution having 
the greatest statistical weight as given by the permutation formula of Eq. (2-10). 
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2-3 The Distribution of Molecular Velocities 

We start by applying the Maxwell-Boltzmann distribution equation (2-7) to 
the case of a one-dimensional gas, that is, to a system of molecules having only 
kinetic energy due to motion along one direction in space, say the x direction. The 
Boltzmann equation then gives 

p(u) = (constant) exp(- (2-21) 

where u is the velocity in the x direction (and could be either positive or negative), 
and e = J mu 2 . The more quantitative way of stating Eq. (2-21) is to say that it 
gives the fraction of molecules dN(u)/N 0 (where jV 0 is the total number of molecules, 
taken here to be Avogadro’s number) having velocities between u and u + ciu, 

T-'M-Sf)]* <2 - 22 > 

The proportionality constant A can be evaluated by the requirement that the sum 
of probabilities for all possible velocities must be unity: 

!T-'- a L M-Sf)]*- <2 - 23 > 

The integral of Eq. (2-23) can be put in a standard form, that is, 

| [exp(—a 2 x 2 )j dx = , (2-24) 

where in the present case a = ( m/lkT) 11 2 . Because the distribution must be sym¬ 
metric with respect to plus and minus directions, we have 

The constant A, called the normalization constant, is thus ( m/l-n-kT) 1 / 2 and Eq. 
(2-22) becomes 

dN{u) / m x 1 ! 2 r / mu 2 \i , .. 

~N^~ ~ ( 2-rrkT ) [ exp (“ 2kr)\ du ‘ (2 ' 25) 

The plot of Eq. (2-25), that is, of (1 /N 0 ) dN(u)/du versus u, is shown in Fig. 2-1 
for the case of a gas of molecular weight 28, such as nitrogen, at 25°C and 1025°C. 
The coefficient of u 2 can be written M/2RT and is thus equal to 28/(2)(8.314 X 10 7 ) 
(298.1) = 5.649 x lO" 10 at 25°C and 1.297 x 10" 10 at 1025°C, with u in centi¬ 
meters per second. The coefficient A can likewise be written (M/IttRT) 1 / 2 and has 
the values 1.34 x 10 -5 and 0.644 X 10 -5 sec cm -1 at the two temperatures, 
respectively. Note that the distribution is symmetric and that the most probable 
velocity is zero. This latter statement is true because there are equal chances 
for a molecule to gain a velocity increment in either the positive or the negative 
direction. Finally, the spread of the distribution, as measured, for example, by the 
width at half-maximum, increases with increasing temperature. 

The case of a two-dimensional gas follows in a straightforward manner. We now 
allow velocities along the x and y directions, given by u and v. The net velocity c 
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(I IN 0 )dN(u)ldu 



of a molecule having components u and v is 

c 2 = u 2 + v 2 (2-26) 


and the Boltzmann equation is 

dN(u, v) A r m(u 2 + v 2 ) n) , .. 

N 0 -^) ex P[ 2k T \\ dudv > (2-21) 

where dN(u, v)/N 0 is now the fraction of molecules having velocity components 
between u and u + du and v and v + dv. Equation (2-27) factors into two integrals, 
each analogous to that of Eq. (2-23), with the result that on carrying out the 
normalization procedure, one finds that A = m^nkT, and the complete distri¬ 
bution equation becomes 


dN(u, v) m j r m(u 2 + v 2 ) i) .. 

N 0 ~ 2irkT ( 2X15 L 2kT \\ dudv - (2-28) 

The distribution function of Eq. (2-28) now requires a three-dimensional plot 
for its display, as illustrated in Fig. 2-2. Again the maximum is at u and v equal to 
zero, and, of course, it is symmetric with respect to positive and negative velocities. 

It is ordinarily of more interest to deal with the net velocity c than with the 
separate components. That is, although the u and v velocity components represent 
independent ways in which the molecule can have kinetic energy, it is the net 
velocity of the molecule and its total kinetic energy me 2 /2 that are needed for most 
applications. Now the sum of all the possible ways in which the net velocity can 
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increase from c to c + dc, that is, by adding increments du and dv to various 
combinations of u and v, is given by the area of the annulus shown in Fig. 2-2. 


(1 IN 0 ) dN(u, v)ldu dv 



/ 


FIG. 2-2. Molecular velocity distribution for a gas in two dimensions. 


v 



FIG. 2-3. 


This argument is illustrated in more detail in Fig. 2-3. The effect is that du dv can 
be replaced by 2ttc dc, so that the distribution law becomes 

dN(c ) m r / me 2 \] , 

Tvr = i?l' xp (- wlr*- (2 ' 29) 

The two-dimensional distribution law for c, Eq. (2-29), can now be plotted on 
an ordinary graph, since only the net velocity is involved; also we have lost the 
information as to whether c is positive or negative and plot only its magnitude. 
Some sample graphs, again for a gas of molecular weight 28, are shown in Fig. 2-4. 
Notice that there is now a nonzero most probable velocity, in contrast to the 
situation in Fig. 2-2. The reason is that, while the probability of individual velocity 
components u and v decreases with their increasing values, the number of ways in 
which a given velocity magnitude c can be made up of the u and v components 
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FIG. 2-4. Molecular velocity distribution for N 2 in two dimensions. 


increases in proportion to c. For a while the latter effect overrides the former. 
Notice also that the most probable c value increases with increasing temperature 
and that the half-width increases with increasing temperature. 

The extension to three dimensions follows the same series of steps. The basic 
distribution law is 

-= A |exp[- - 2kT ^~— J j du dv dw ’ (2 ' 30) 

where w is the added velocity component in the z direction. This again can be 
factored into three integrals, so that the normalization constant becomes the cube 
of that for the one-dimensional gas, to give 

dN(u,v,w ) / m \ 2 ! 2 \ r m(u 2 + v 2 + w 2 ) ] j , , , ... 

- Nl = \ 2nFr) H- Wf - (2J1) 

Again the chief interest is in the net velocity, now given by c 2 = u 2 + v 2 + w 2 , 
and the number of ways in which a velocity increment dc can be obtained is related 
to the separate increments by 


477 -c 2 dc = du dv dw. 

The distribution law in net velocity c is then 


Pic) = 


dN(c ) 
N 0 dc 


MwfM 


me 2 \t 

Wrll 


c . 


(2-32) 
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Example. Calculate p{c) for O a at 25°C and c = 1 x 10* cm sec -1 . The ratio mjlkT = 
MjlRT = (31.999)/(2)(8.31433 x 10 7 )(298.15) = 6.4542 x 10 -1 ° and mc^jlkT = 6.4542, so 
that exp(— mc 2 /2kT) = 1.5739 x 10“ 3 . Substitution into Eq. (2-32) gives 

p(c) = 4ir(6.4542 x 10“ 10 M) 3,a /(l-5739 x 10- s )(l x 10 6 ) 2 = 5.824 x 10-’. 

In SI units, M/2RT = (0.031999)/<2)(8.31433)(298.15) = 6.4542 x 10“*, mc‘/2kT = 6.4542 
(or the same, as it must be since the exponential is dimensionless and therefore cannot depend 
on the choice of system of units). Then 

p(c ) = 4X6.4542 x 10“ a /«-) s;a (l-5739 x 1C>- 8 )(1 x 10 8 ) 2 = 5.824 x 10" 6 . 

Note that p(c ) is a hundredfold larger in the SI calculation. This is because the velocity interval 
dc is 100 times larger when c is in m sec -1 than when it is in cm sec -1 . 



FIG. 2-5. Three-dimensional velocity distribution for N 2 . 


Equation (2-32) is plotted in Fig. 2-5 and looks much like the one for a two- 
dimensional gas. The maximum or position of most probable velocity has moved 
outward, however. This most probable velocity c p may be evaluated analytically if 
dp(c)/dc is set equal to zero. On doing this, one obtains from Eq. (2-32) the con¬ 
dition 


m 

2kf 


[ exp (- w)] (2Cp)(Cp2) + [ exp (- w)] (2 ^ = 0 


or 


2kT 

m 


(2-33) 


As a final comment on the general character of these distribution laws, we note 
that the probability of a given velocity rapidly decreases with increasing c owing to 
the exponential term. There is, however, always a finite probability for any given 
velocity, no matter how large. For example, the fraction of molecules per unit 
velocity increment having a velocity of 5c p is only about 10 -10 of that having 
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velocity c p itself. Such a number, although small, can be quite significant when 
chemical reaction rates are being treated. 


2-4 Average Quantities from the Distribution Laws 


It is a common experience to take the average of some property for a collection 
of objects. For example, the average value of a coin in a bag of mixed coins would 
be obtained by dividing the total value by the number of coins. In more detail, the 
operation is one of dividing two sums: 


■ ZliNj 
T.N t • 


(2-34) 


That is, the product of the value s ( of the ith type of coin times the number TV, of 
such coins is summed over all types and is then divided by £ N ( , the total number 
of coins. The average of any property could be obtained in this way; if .? 
denotes the mass of a given type of coin, then s would now be the average mass of 
a coin, and so on. 

If there are a very large number of objects with many gradations of the property s, 
then these summations can be approximated by an integration procedure. The 
principal change is that N ( is now replaced by a probability or distribution function 
N(s), where dN{s) gives the chance of finding objects with s lying between .v and 
s + ds: 


s = 


ft sdN(s) 

fo“ ms) 


tt { sms\ 

iV 0 J Q 


(2-35) 


The integral dN(s) simply represents the sum of all objects and must therefore 
equal N 0 , their total number. 

We can apply Eq. (2-35) to obtain two important types of average velocity for 
the three-dimensional case. The first is simply the average velocity c given by 


or 


1 r°° 

c = -TT- f c dN(c) 

J o 

1 - Mwf’ J“ M- - Wr)Y dc ■ 


The integral may be evaluated as follows. We let x = mc 2 /2kT , and so obtain 


c 




(2-37) 


The integral is now a standard one known as a gamma function and its value is 

t Integrals of the type J” x"- 1 er* dx occur frequently in physical chemistry; this integral is 
called the gamma function r(n). Standard tables of F(n) are available for 0 < n < 1 and 1 < n< 2; 
some important values are F(l/2) = and F(l) = 1. Also, a very useful relationship is r(n+\) 
= nf(n) for n a positive integer. 
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just unity. The resulting expression for c is thus 

. = 

\ vm 1 


(2-38) 


The second average is that of c 2 ; this is given by 

<«» 

When we let x = tnc 2 /2kT the integral reduces to one of the form J* x 3/3 e~ x dx, 
again a gamma function, and one whose value is \\frt [see the footnote following 
Eq. (2-37)]. On working through the algebra, we find 

— VcT 

c 2 = ^-, (2-40) 

m 

or, alternatively, the average molar kinetic energy E is then 

E = iRT. (2-41) 

Note that the right-hand sides of Eqs. (2-6) and (2-40) are identical. Thus the 
average velocity referred to in the introductory section is really the square root of 
the average of velocities squared, (c 2 ) 1/2 , or the root mean square velocity. See also 
Section 2-6. 

In conclusion to this section, the three characteristic velocities for a gas in three 
dimensions are 


most probable 

l 2kT 
C » -( m . 

jl/2 

[Eq. (2-33)], 

average 

c ~(* kT 

\ irm 

,1/2 

) = 1.128c p 

[Eq. (2-38)], 

root mean square 

((4)1/2 = / 3kT 
\m 

,1/2 

) - 1.225c p 

[Eq. (2-40)]. 


These three velocities are located on one of the distributions of Fig. 2-5 so as to 
show their relative positions. 


2-5 Some Applications of Simple Kinetic Molecular Theory. 
Collision Frequency on a Plane Surface and Graham’s Law 


An important quantity given by simple kinetic molecular theory is-the frequency 
with which molecules hit a plane surface. This frequency is, for example, central to 
the kinetic treatment of adsorption—desorption processes or, more generally, to 
those of evaporation and condensation. 

The relationship can be derived fairly simply as follows. Since all directions in 
space should be equivalent, the result should be independent of direction; we can 
therefore assume that the molecules impinging on a plane surface are doing so 
from the * direction, so that only their velocity components in that direction need 
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be considered. The distribution law for such x components is given by Eq. (2-25): 
dn(u) / m \ 1 / 2 r / ma ! \i , 

-5T = (w) 

where n and n 0 denote numbers of molecules per unit volume, n 0 being the total 
concentration; dn(u)/n 0 is again the fraction of molecules having velocity between 
u and u -f- du. 



FIG. 2-6. Volumes swept out in unit time by molecular velocity groups u 2 and u 2 . 


As illustrated in Fig. 2-6, if we consider a particular group of molecules of 
velocity component u x , the ones that will reach the surface in the next second will 
be those within the distance x x , where x t = u x . Per unit area of surface, the total 
number of molecules of this velocity group reaching the surface per second will 
then be (since u x times the unit area gives the volume containing the success¬ 

ful molecules of that velocity group). For some other group of, say, lower velocity 
u 2 the number of that group reaching the surface per second will be n (u 2 )u 2 . In 
effect, then, we need to weight the distribution equation by u to get dZ{u), the 
number of molecules per unit volume reaching the wall whose velocity com¬ 
ponent lies between u and u 4- du: 

dz(u} = n «(w) 1/2 [ exp (- w)H"- ( 2 - 42 > 


We obtain Z, the total surface collision frequency per unit area, by integrating 
over all acceptable values of u, namely from zero to plus infinity, where a plus 
velocity is one toward the surface. On carrying out this integration, we obtain 


Z = 


kT x 1 /* 




(2-43) 


(the subscript to the concentration n is no longer needed). 

Equation (2-43) can be phrased in some alternative ways. On referring to Eq. 
(2-38) for the average velocity c, we see that 


Z = Jnc. 


(2-44) 
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Alternatively, the kinetic molecular theory at this level of sophistication implies 
ideal gas behavior, and since the concentration n is then equal to P/kT, we have 


/ 1 \^ 2 / 1 t 1 / 2 

Z = ^°( 2-nmkT ) = PjV °( IttMRT ) ’ 


(2-45) 


Finally, the mass collision frequency Z m follows if Z is multiplied by the mass per 
molecule: 


Z m = p 


/ kT A/ 2 
\ 2nm ) ’ 


(2-46) 


where p is the density. 

The preceding discussion provides a theoretical basis for understanding a con¬ 
clusion reached in 1829, known as Graham's law. Graham studied the rate of 
effusion of gases, that is, the rate of escape of gas through a small hole or orifice. 
He found that for a given temperature and pressure difference, the rate of effusion 
of a gas is inversely proportional to the square root of its density. For two different 
gases, then, we have 


«2 



(2-47) 


where n denotes the number of moles escaping per unit time. Since the comparison 
is at a given pressure and temperature, an alternative form of Graham’s law is 


«i = / M 2 x 1 / 2 
n 2 \ M x I ’ 


(2-48) 


where M is molecular weight. 

Graham’s law follows directly from Eq. (2-45) if it is assumed that in an effusion 
experiment the rate of passage of molecules through the hole is proportional to the 
rate at which they would be hitting the area of surface corresponding to the area 
of the hole. Effusion rates are thus often assumed to be given directly by Z. There 
is a problem in that, unless the hole is very small, there may be both a pressure and 
a temperature drop in its vicinity, which introduces a correction term dependent 
on the effusion rate and hence on the molecular weight of the gas. 

It is also important in effusion that the flow be molecular, that is, the molecules 
should escape directly through the hole without collisions with the sides of the hole 
or with each other. Should such collisions occur, then some molecules will be 
reflected back into the vessel whence they came. The limiting case in which many 
molecular collisions occur as the gas flows through a channel is one of diffusion, 
a much slower process than effusion; and the limiting case in which molecules make 
many collisions with the sides of the hole, but not with each other, is called Knudsen 
flow, again a slower process than effusion. 

Example. A sample calculation is appropriate to illustrate the use of units and to give an 
order-of-magnitude appreciation of Z. Consider the case of a water surface at 25°C and in 
equilibrium with its vapor. At equilibrium the rates of evaporation and of condensation must 
be equal, and we can calculate the latter with the assumption that every vapor molecule hitting 
the surface sticks to become part of the liquid phase. The vapor pressure of water at 25°C is 
23.76 Torr or 0.0313 atm or 3.17 x 10 4 dyn cm~ 2 or 3.17 x 10 s N m~ 2 . The moles of collisions 
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per square centimeter per second Z„ is given by Eq. (2-45) as 


Z n = 3.17 x 10‘ 


[(2X3.1 


1 


|.141 )(18)(8.314 x 10 7 )(298 
= 0.0189 mole cm -2 sec -1 . 




The frequency Z is then 1.14 x 10 22 molecules cm -2 sec -1 . In the SI system (see Section 
3-CN-l), P becomes 3.17 x 10 3 N m -2 , R is 8.314 J mole -1 , and N 0 is 6.023 x 10 23 molecules 
mole -1 , so 


Z n 


= 3.17 x 10 3 


1 ]i'i 

(2)(3.141)(0.018)(8.314)(298.15)J 


= 189 mole m -2 sec -1 = 1.14 x 10 2 * molecule m -2 sec -1 . 

This result carries the implication that the evaporation rate is also 1.14 x 10 22 molecule 
cm -2 sec -1 . Now, an individual water molecule occupies about 10 A 2 area or 10 -16 cm 2 and the 
evaporation rate from this area is then 1.14 x 10 7 molecules sec -1 . Thus the lifetime of a surface 
water molecule must be about 10 -7 sec, so that the water surface is far from quiescent on a 
molecular scale. 


2-6 A Rederivation of the Ideal Gas Law 

We can repeat the derivation of the ideal gas law in a more rigorous manner. 
The velocity component u is taken to be perpendicular to the wall, as before, and 
the element of pressure contributed by molecules of velocity between u and u + 
du is given by the momentum change times dZ(u), or dP = 2mu dZ(u) = (2 mu) 
(n 0 w </n(u)). Replacing n 0 by 1/v and integrating, we obtain 

P = (2mIv) j" u 2 dn(u). (2-49) 

The integral u 2 dn(u) is half of the integral u 2 dn(u) and is thus equal to 
~u 2 l2. 

The result, on rearrangement, is 

Pv = mu 2 = %mc 2 or PV = \Me 2 . (2-2) 

We have thus obtained Eq. (2-2), but with c 2 identified as c 2 , the average of veloc¬ 
ities squared. 

An important point is as follows. The derivation of the Boltzmann equation in 
Section 2-2 led to Eq. (2-11) in which the exponent could only be said to involve 
a constant, ft, times e. The entire development of the preceding and present sections 
could have been carried out with this indeterminate form of the Boltzmann distri¬ 
bution equation. Equation (2-40) would then have come out in the form c 2 = 
3/ftm. At this point, a comparison with Eq. (2-6) would have identified ft as equal 
to 1 jkT and completed the derivation of the Boltzmann equation (2-7). A formal 
treatment would have proceeded in such a manner, but the approach used here 
seemed easier to follow. 


2-7 Bimolecular Collision Frequency and Mean Free Path 

There are a number of important properties of a gas which we cannot explain 
without specifically invoking a molecular size. Clearly, the frequency of intermole- 
cular collisions is one of these properties, as is the related quantity, the mean free 
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path between collisions. It is less obvious perhaps, but equally true, that the expla¬ 
nations of properties such as viscosity, thermal conductivity, and diffusion rates 
also require the assumption of some finite molecular diameter. 

The model that will be assumed at this point is that of a spherical molecule that 
can be treated as having a definite radius r and which undergoes elastic collisions. 
Using this “hard-sphere” model one neglects the fact that molecules are actually 
“soft,” in that colliding molecules approach closer in a violent collision than in a 
mild one, and one also neglects intermolecular forces of attraction. Treatments not 
involving these approximations properly belong in advanced treatises. The deriva¬ 
tions, even with these assumptions, will not be given here in full detail [see, for 
example, Moelwyn-Hughes (1961)]. Rigorous treatments will generally modify 
the derivations given here by only a small numerical factor, however. 


A. Bimolecular Collision Frequency 

The frequency of collisions between like molecules, Z n , may be derived on a very 
simple basis. As illustrated in Fig. 2-7 we imagine a molecule of radius r x moving 
with an average velocity c x . As it moves it will contact, that is, collide with, any 
second molecule lying within a cylinder of radius 2 r 1 (see also Fig. 1-11). 



FIG. 2-7. Molecular collision diameter. 


The volume swept out in each second is thus 7r(2r 1 ) 2 c 1 or tt(j 1 2 c 1 , where <r 1 = 2 r 1 
and is the collision diameter of the molecule, which is assumed to be spherical. 
If n x is the concentration of molecules, then the average number of collisions per 
second is . This gives Z x , the frequency with which a given molecule 

collides with others. A more rigorous treatment takes into account the relative 
motion of molecules, to give 

Zl = 2 1,2 7TCT 1 2 c 1 n 1 = 4<7 1 2 (-^ r ) n x . (2-50) 


The total collision frequency for all molecules in a unit volume is obtained by 
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multiplying Z t by n ± , and dividing by two (so as not to count collisions twice): 


Z„ = 


/I \ 1/2 

77 \2/ <Tl ^ ini2 = 2 ct i : 


/ TrkT \ 1/2 

bH 1 


(2-51) 


Z n gives the collisions per unit volume per second. 

Example. Calculate Z l and Z n for oxygen at 25°C and 1 atm pressure; a is 3.61 A. The 
quantity (t rkT/m) is 00(8.3143 x 10 7 )(298.15)/(32.00) = 2.4337 x 10“, and (vkT/M) 112 — 
4.933 x 10 4 . Let c denote concentration in moles cm -3 , c = P/RT = (1)/(82.056)(298.15) = 
4.087 x 10" 5 ; n = A^c = 6.0225 x 10 a3 c = 2.4616 x 10 13 molecules cm" 3 . Substitution 
into Eqs. (2-50) and (2-51) gives 

Z 1 = (4)(3.61 X 10" 3 )“(4.993 x 10 4 )(2.4616 x 10 13 ) 

= 6.330 x 10“ collisions sec -1 , 

Z X1 = iZ t c = (6.330 x 10 3 )(4.0873 x 10" 6 )/(2) 

= 1.294 x 10 s moles of collisions cm -3 sec" 1 . 

In SI units, (irkT/m) 112 = [(^(8.3143)(298.15)/(0.03200)] 112 = 493.3, and c, now in mole m' 3 , 
is (1.0133 x 10 6 )/(8.3143)(298.15) = 40.87. Z 1 = (4X3.61 x 10- 13 )“(493.3)(40.87) = 1.051 x 
10~ 14 moles of collisions sec’ 1 or 6.330 x 10“ collisions sec' 1 , as before. The calculation of 
Z lt is left as an exercise. 

Certain shortcuts and alternative routes are illustrated in the calculations. In evaluating 
kTIm, the equivalent ratio RT/M was used. In obtaining c, it was convenient to use P in atm 
and the gas constant in cm 3 atm. 

Although the derivation for collisions between like molecules gave a result which 
is correct except for the small correction factor, a somewhat more elaborate 
approach is needed to obtain the correct form for Z 12 , the collision frequency 
between unlike molecules. 

We now have two kinds of molecule, 1 and 2, and the frequency with which a 
single molecule of type 1 will collide with molecules of type 2 is 

Zk» = 2 vTn 2 . (2-52) 

' Pl2 ' 

Here n 2 is the concentration of species 2 in molecules per unit volume, cr 12 is the 
average collision diameter, ( cr 1 + cr 2 )j 2, and /u 12 is the reduced mass, 


^ 12 m 1 + m 2 ' 


(2-53) 


The frequency of all collisions between the two types of molecule is then 

Z 12 = 2\/2 ol 2 P^_) n,n 2 . (2-54) 

' Pl2 ' 

See Section 2-ST-2 for more detail. 


B. Mean Free Path 

As the name implies, the mean free path A of a molecule is the average distance 
traveled between collisions. As a slightly intuitive definition, A is just the mean 
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velocity divided by the collision frequency, and so it follows from Eq. (2-50) that 


or 


A = 


c 


A = 


1 _ 

V2 7To 2 n 


(2-55) 


Equation (2-55) applies to a gas consisting of a single molecular species, and since 
they are not needed, the subscripts of Eq. (2-50) have been dropped. For an ideal 
gas the concentration in molecules per unit volume, n, is equal to P/kT, and an 
alternate form of Eq. (2-55) is 


A = 


kT 

V2 7 TG 2 P 


(2-56) 


See Section 2-ST-2 for more details. 

Example. Calculate A for oxygen at 25°C and 1 atm. Using Eq. (2-55) and n from the ex¬ 
ample of the preceding section, A = l/(2) 1,2 (w)(3.61 x 10 _8 ) 2 (2.461 x 10 ls ) = 7.016 x 10“ 8 
cm. 

In SI units, and using Eq. (2-56), A = (1.3805 x 10- 2S )(298.15)/(2) 1 '»(3.61 x 10- 10 ) 2 
(1.0133 X 10 s ) = 7.015 X 10~ 8 m. 


2-8 Transport Phenomena; Viscosity, 

Diffusion, and Thermal Conductivity 

Transport phenomena, as the name implies, refer to the transport or spatial 
motion of some quantity. In the case of viscosity the quantity transported is 
momentum: in diffusion one deals with molecular transport or the drift of molecules 
from one place to another; in thermal conductivity one deals with the flow 
or transport of heat down a temperature gradient. The three quantities have much 
in common and the kinetic molecular theory treatment of them leads to somewhat 
similar equations. 


A. Viscosity 

The coefficient of viscosity ij of a fluid is defined as a measure of the friction that 
is present when adjacent layers of the fluid are moving at different speeds. For 
example, if a fluid is flowing between parallel plates, as illustrated in Fig. 2-8(a), 
we ordinarily assume that the material immediately adjacent to the walls is 
stationary; the material farther away then moves increasingly rapidly. The arrows 
in the figure give this velocity profile. Alternatively, if the fluid is stationary but 
the walls are moving with equal and opposite velocities, the velocities of various 
layers of the fluid are as shown in Fig. 2-8(b). If we now consider two layers of 
fluid parallel to the walls and separated by distance dx, then, as indicated in Fig. 
2-8(c), their velocities will differ by dv or alternatively by (dv/dx) dx. If the area of 
each layer is then the frictional drag or force /between the layers is given by 
7] and 
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Equation (2-57) is in fact the defining equation for the coefficient of viscosity and 
is known as Newton's law of viscosity. In the cgs system the unit of viscosity is the 
poise (abbreviated P, and equivalent to grams per centimeter per second). The unit 
is a relatively large one; ordinary gases have viscosities of 10" 3 -10~ 4 P and liquids 
of around 10~ 2 P. The reciprocal of viscosity is called the fluidity. 

The experiment corresponding directly to the defining equation (2-57), namely 
that of measuring the drag between oppositely moving plates, is not a convenient 
one. More often one determines instead the pressure drop required to produce a 
given fluid flow rate down a cylindrical tube. The appropriate equation, derived in 


Section 8-ST-2, is 


t r(/\ - P 2 )r 4 / 
8 VI 


(2-58) 


where P x — P 2 is the pressure drop down the tube, usually a capillary, of radius r 
and length /; and V is the volume of fluid flowing in time t. In the case of gases Fis a 
strong function of pressure, and in application of the equation V should 
be evaluated at the average pressure ( P ! -f P^/2. Equation (2-58) is known as the 
Poiseuille equation. 

The coefficient of viscosity of a gas may be derived theoretically, and the deriv¬ 
ation that follows represents one of the triumphs of early kinetic molecular 
theory. The experimental observation was that the viscosity of a gas does not vary 
appreciably with pressure; this was very hard to understand on an intuitive basis, 
since it seemed that the denser a gas, the greater should be its viscosity. Kinetic 
molecular theory provided the explanation. 

In simple theory molecules of a gas do not interact except by means of collisions, 
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and these occur on the average only after a free flight distance given by the mean 
free path A. The theoretical picture is then one of molecules moving in free flight 
back and forth between adjacent layers of gas, the layers being separated on the 
average by the distance A. As illustrated in Fig. 2-9, a molecule of layer 1 will have a 



velocity component v corresponding to the average flow velocity of the gas in that 
layer. On arriving at layer 2 the molecule then experiences a collision which 
delivers the directional momentum mv to the molecules of that layer. Since these 
have on the average a net velocity component of v + Av, corresponding to the 
layer velocity of layer 2, the net momentum loss realized in layer 2 is m Av. The 
same momentum transfer occurs with opposite sign when a counterpart molecule 
of layer 2 arrives at layer 1. 

If we consider each layer to be of area .zf, then by the surface collision formula 
(2-44), the number of molecules arriving each second at layer 2 from layer 1 will 
be Incsd, and likewise the number of counterpart molecules arriving at layer 1 
from layer 2. The total momentum transport per second is then 


d(mv ) 
~~dt~ 


■ *( 2 ) 

4 


n cm A v. 


(2-59) 


By Newton’s law a portion of matter, in this case a layer, acted on by a force shows 
a momentum change with time, and d{mv)/dt due to the interchange of momentum 
by the gas molecules will appear as an equivalent force/acting between the layers. 
Also, since Av is given by A (dv/dx), we can write 

- ,/ n cmX \ dv ... 

f = 2 ) ~dx ' (2 ' 60) 


Equation (2-60) has the same form as the defining equation for viscosity, Eq. 
(2-57), and on comparing the two equations, we conclude that 


r) = JncAw. 


(2-61) 



2-8 VISCOSITY, DIFFUSION, AND THERMAL CONDUCTIVITY 59 


Further, since n m gives the density of the gas, we have 


77 = JpcA. 


(2-62) 


A yet more instructive form is obtained on elimination of A between Eqs. (2-62) and 
(2-55): 


me 

2 V2 77CT 2 ’ 


(2-63) 


or, using Eq. (2-38) for c, 



'kTm\ 1/2 

i 77 / 


(2-64) 


This last form shows explicitly that although gas viscosity depends on T 1 ^ 2 , it 
is independent of any change in pressure or density at constant temperature. The 
physical rationale of this result is that, whereas the frequency of molecules moving 
back and forth between layers increases in proportion to the pressure, the mean 
free path, or effective distance between layers, decreases in proportion to the 
pressure and the two effects just cancel with respect to the momentum transport 
per unit distance. 

Example. Calculate q for oxygen at 25°C and 1 atm. We will use Eq. (2-62) and draw on the 
examples of the preceding section. Thus p = Me = (32.00)(4.087 x 10 _t ) = 1.308 x 10~ 8 g 
cm" 8 , and A = 7.016 x 10- 6 cm. Further, c = (8 kT/nM) 11 * = [(8)(8.3143 x 10 7 )(298.15)/M 
(32.00)] 1 ' 8 = 4.442 x 10* cm sec" 1 . Then q = (1/2)(1.308 x 10- 8 )(4.442 x 10*)(7.016 x 10 6 ) 
= 2.038 x 10-* P (or g cm- 1 sec -1 ). 

In SI units, p = (0.03200)(40.87) = 1.308 kg m" 8 , c is 4.442 x 10* msec" 1 , and A is 
7.016 x 10“ 8 m. The viscosity is now 2.038 x 10" 5 kg m _1 sec" 1 ; the SI unit of viscosity (not 
yet named) is thus ten times larger than the cgs unit. 


B. Diffusion 

Diffusion is a process of spatial drift of molecules due to their kinetic motion; 
the physical picture is one of successive small, random movements. The process is 
often referred to as a random walk, the analogy being to a person taking successive 
steps but with each step unrelated in direction to the preceding one (the alternative 
scientific colloquialism is the “drunkard’s walk”). A given molecule will then drift 
away from its original position in the course of time, and purely as a statistical 
effect there will be a net average drift rate from a more concentrated to a more dilute 
region. The matter is discussed in more detail in Section 10-7, but the defining 
phenomenological equation, known as Fick’s law, is 

<2 - 65) 

where J is this net drift expressed in molecules crossing unit area per second, and 
dnjdx is the concentration gradient in the drift direction. The coefficient 2> is known 
as the diffusion coefficient ; in the cgs system its units are square centimeters per 
second. Diffusion coefficients for gases are around unity and for liquids are about 
10~ 5 cm 2 sec -1 or less. 

There is an alternative way of defining 2>, suggested by Einstein. As illustrated 
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FIG. 2-11. Here n, and n 2 are average concentrations. 


in Fig. 2-10 a molecule will, as a result of its random walk, find itself some distance x 
from its starting point after an elapse of time t. Because we are not dealing with a 
direct velocity but with a molecular drift, * increases only as t l/2 . 

This conclusion can be demonstrated as follows. We consider a situation in 
which there is a concentration gradient in one direction only, as in the case of 
diffusion along the length of a long tube or cell. There will be some average distance 
x which a molecule will diffuse along the tube in time t. If we take a reference cross 
section, then, as illustrated in Fig. 2-11, half of the molecules within a distance x 
on either side will cross the reference plane in time t. The diffusional flow from left 
to right is therefore ^x, while that from right to left is |n 2 x. In the cgs system 
both are in moles per square centimeter per second. 

Since n 2 = n x + x(dn/dx), where dn/dx is the concentration gradient, the net 
flux across the reference plane is 


, 1 rl xi, dn\\ x 2 dn 

1 '7b"■*-T( n ' + 2? *• 


(2-66) 


Comparison with Eq. (2-65) gives 



(2-67) 


Equation (2-67) allows a very simple derivation of 2> from kinetic molecular 
theory. Although the displacement x can be the net result of many random steps, 
it can also be put equal to the smallest step which is random with respect to 
succeeding ones. This smallest step is the mean free path distance A. During such a 
step the molecule is moving with velocity c, so the average time between steps is 
just A jc. On substituting x = A and t = \/c into Eq. (2-67) we get 


3 = §A c. 


(2-68) 


Example. Drawing on the preceding example, for oxygen at 25°C and 1 atm, 3) = (1/2) 
(7.016 x 10 _6 )(4.442 x 10*) = 0.156 cm 2 sec -1 . Alternatively, in SI units, 3) = 1.56 x 10 -5 m 2 
sec -1 . 

Equation (2-68) applies to the interdiffusion of molecules of a single kind. Such a 
diffusion is called self-diffusion, and can be measured experimentally by the use of 
isotopic labeling. That is, in the experiment corresponding to Fig. 2-11, there can 
be no overall pressure gradient since otherwise there would be a wind or viscous 
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flow of gas. However, labeling the molecules on, say, the left of the reference 
plane, makes possible the measurement of their net diffusion migration across it 
even though the total concentration of all molecules is uniform. 

The case of interdiffusion of molecules in a mixture of gases will not be treated 
here, because of its complexity. The general situation is that now each type of 
molecule has its own mean free path and intrinsic diffusional drift. Because of the 
differing drift rates, a pressure gradient does develop until balanced by an opposite 
bulk flow or wind. The observed interdiffusion or mutual diffusion coefficient is 
determined by the intrinsic diffusion rate as modified by the bulk flow. 


C. Thermal Conductivity 


The phenomenological equation for thermal conductivity, or the equation 
analogous to Newton’s law for viscous flow, Eq. (2-57), and to Fick’s law for 
diffusional flow, Eq. (2-65), is attributed to Fourier and is 


J = 



(2-69) 


where / is now the flow of heat per second across unit area perpendicular to a 
temperature gradient dT\dx. The quantity k is the coefficient of thermal conductivity. 

The kinetic molecular theory analysis is quite similar to that for viscosity. Again 
the picture is one of molecules moving back and forth between planes a distance A 
apart, but now planes 1 and 2 of Fig. 2-9 are at different temperatures. Molecules 
from plane 1 carry energy e t and those from plane 2 carry energy e 2 and if the 
collision at the end of a mean free path results in complete energy exchange, the 
energy transported is then A dejdx. Following the same arguments as for Eqs. 
(2-59) and (2-60), we write 

T _ de _ 2ncA de 

~di~ ~T~d^ 


or 


ncA de dT 
~T~dTHx ' 


(2-70) 


The thermal conductivity coefficient is, on comparison with Eq. (2-69), 


ncA de 

K ~ ~T~df' 


(2-71) 


The quantity dejdT is the molecular heat capacity of the gas (at constant volume) 
c v , or mc v , where c v is the heat capacity per unit mass. Equation (2-71) then 
becomes 

k = \nc\mc v , (2-72) 

or, invoking the equation for viscosity, Eq. (2-61), 

k = ipcXcy = TjC v . (2-73) 


Example. The molar heat capacity, C Y , for oxygen at 25°C is 5.03 cal K" 1 mole -1 so that 
c v is 0.157 cal K" 1 g -1 . Drawing on the preceding example, we have k = (2.038 x 10"‘) 
(0.157) = 3.20 x 10- 6 cal K' 1 cm -1 sec' 1 . In SI units, c v = (0.157)(4.184)( 10 s ) = 657 J kg" 1 
and * = (2.038 x 10 _5 )(657) = 0.0134 J K" 1 m~ 1 sec" 1 . 



TABLE 2-2. Summary of Kinetic Molecular Theory Quantities' 
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“ Definition of symbols: m, mass per molecule; n, molecules per unit volume; p lt , reduced mass; p, density; c v , heat capacity per unit mass; 
r, collision diameter or 2r. 

4 Calculated for a gas at 25°C and 1 atm, of molecular weight 32, and collision radius 3.61 A. 
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2-9 Summary of Kinetic Molecular Theory Quantities 

A variety, perhaps a bewildering variety, of quantities have been derived from the 
kinetic molecular model for gases. The following discussion is intended to sum¬ 
marize these in an organized way so that a general picture can emerge. First are the 
fundamental Boltzmann distribution functions and the various average velocities 
derived from them. Immediate applications are the identification of the average 
kinetic energy with § kT and the derivation of the surface or wall collision frequency 
and its application to effusion. 

Up to this point the finite size of molecules has been accepted, but has played no 
direct role in the treatments. That is, bimolecular collisions act to redistribute 
momenta and energies but do not change the overall statistical situation. Next, 
however, molecules are specifically considered to be hard spheres of definite 
radius r or collision diameter a, which now permits the calculation of the various 
types of collision frequencies and mean free paths. 

The three transport phenomena discussed involve the presence of a gradient in 
pressure, in concentration, or in temperature. The systems are no longer in equili¬ 
brium but it is assumed that the gradients are not such as to perturb the general 
distribution equations significantly. It is then possible to calculate the rate of mass 
flow, of concentration change, and of heat flow due to these gradients. The effect 
of intermolecular attractive forces is disregarded in all of these derivations. 

The principal relationships are assembled in Table 2-2, together with the approxi¬ 
mate values for the various quantities for a typical gas. The table can then be used, 
for example, to estimate the numerical value of a quantity for some other type of 
gas or condition. 


TABLE 2-3. Transport Coefficients for Various Gases at 1 atm“ 


Gas 

Collision 

diameter 

<j(A) 

Temperature 

(K) 

Self-diffusion 

coefficient 

3> (cm 2 sec -1 ) 

Viscosity 

10MP) 

Coefficient 
of thermal 
conductivity 

10* K 

(cal cm -1 
sec -1 K -1 ) 

He 

2.18 

100 

0.270* 

0.951 

1.744 



300 

1.669* 

1.981 

3.583 

Ar 

3.64 

100 

0.023 

0.815 

0.154 



300 

0.186 

2.271 

0.422 

n 2 

3.75 

100 

0.027 

0.698 

0.232* 



300 

0.205 

1.663 

0.602* 



500 

0.495* 

2.657 

0.876* 

o 2 

— 

273.2 

0.18 

— 

0.58 



280 

— 

1.959 

— 

ch 4 

— 

273.2 

0.206 

— 

0.73 



280 

— 

1.052 

— 



353.2 

0.318 

— 

— 

co 2 

— 

273.2 

0.0970 

— 

0.35 



280 

— 

1.402 

— 

HCI 

— 

295 

0.1246 

— 

— 


° From J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, “Molecular Theory of Gases and 
Liquids,” corrected ed. Wiley, New York, 1964. 

* Estimated values. 
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Finally, in Table 2-3 are collected the experimentally measured values for the 
viscosity, self-diffusion, and thermal conductivity coefficients of some actual gases. 
These provide a means for testing the accuracy of the hard-sphere model. 


COMMENTARY AND NOTES 


2-CN-l Some Further Comments 
on the Various Distribution Laws 


The distribution law in one dimension, Eq. (2-25), 



has the same functional form as an equation that is obtained in quite a different 
connection: 

/?W = W^ exp (-^)- ( 2 - 74 > 

Equation (2-74) follows from Eq. (2-25) if x is set equal to u and a 2 to kTjm; it is 
known as the normal error function. The quantity o is called the standard deviation 
(from the mean) and p(x) is the probability of observing an error or departure x 
from the mean. 

The normal error function is usually derived from consideration of the case of a 
measurement that is subject to cumulative error arising from the random effect 
of a large number of small errors, each of which may be positive or negative. For 
a large number of such measurements o 2 has the alternative meaning of being the 
average of the squares of the deviations from the mean. 

Equation (2-25) is thus an “error” curve for velocities in that it gives the chance 
of finding some given velocity or deviation from the most probable velocity. That 
is, if repeated samplings of a gas are made, the error curve gives the frequency with 
which different specific velocities are to be observed. If a large number of such 
samplings are made, then o 2 gives the average of the squares of the observed 
velocities, that is, the mean square velocity. Thus 

__ kT 

o 2 = u 2 = — . (2-75) 

Equation (2-25) gives the velocity distribution for a one-dimensional gas, a 
rather fictitious substance. However, it also gives the distribution of the x-velocity 
components of a real gas. This is now a perfectly meaningful quantity; Eq. (2-25) 
was used, for example, in obtaining the surface collision frequency. 

The distribution function for a two-dimensional gas, Eq. (2-28), corresponds to 
the product of two normal curves, and from a similar analysis we conclude that 


u 2 + v 2 = 


2kT 


m 


(2-76) 
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An important corollary is that the kinetic energy can be regarded as being made up 
of additive contributions from each velocity component: 

x component: € kin . = \rmfi. 

1- dim 

x and y components: € kln , = \rmP + \mt?. (2-77) 

2 - dim 

y, and z components: e kln , = \rm? + \rntf + Imw* = \mc*. 

3- dim 

The total kinetic energy is equal to \kT [by Eq. (2-41)]; the three components 
should be equal, so each must then contribute \kT. 

As a final point, there is a situation in which one can think of a two-dimensional 
gas. This is the case of molecules absorbed at a solid or liquid surface; in effect, the 
interface provides a two-dimensional space in which the molecules move freely. 
Their average kinetic energy is then kT rather than \kT. 


2-CN-2 Verification of the Distribution Laws 

The Boltzmann distribution laws are, of course, verified indirectly by the agree¬ 
ment of experiment with various derived quantities, such as effusion rates or 
transport coefficients. A direct verification requires sampling a gas to obtain the 
actual frequency of occurrence of various molecular velocities. 

Such experiments are quite difficult, but have been carried out (see Herzfeld and 
Smallwood, 1951). The usual experimental approach is to select molecules of a 
given velocity by requiring that they have a certain time of flight between two 
points. 

A schematic arrangement for doing this is illustrated in Fig. 2-12. Molecules 
effusing from a small hole in a reservoir are first required to travel in a certain 
direction by means of a succession of slits. The collimated beam now encounters 
a pair of disks mounted coaxially and rotating. Each disk has a slit in it and one 
sets the relative position of the slits and the speed of rotation. If the disks rotate 
at a> revolutions per second and the slits are 9 degrees apart, then the second slit 
comes into position 9/ a>360 sec after the first one. Only those molecules in the beam 
that take 0/a>36O sec to travel the distance between the disks will get through the 
slits. 

One then varies this time-of-flight requirement and, by means of a detector, 
determines the relative numbers of molecules of various velocities. Accuracy is 
not high, but reasonable agreement with the expected distribution law has been 
found. 


FIG. 2-12. Schematic velocity selector apparatus. 
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2-CN-3 Molecular Diameters; Avogadro’s Number 

The simple kinetic molecular theory treatment of transport phenomena leads to 
expressions for the viscosity coefficient rj, self-diffusion coefficient and thermal 
conductivity coefficient k in which the only unknown is the collision diameter a. 
The equations are summarized in Table 2-2. 

The experimentally measured coefficients may then be used in calculations of 
molecular diameters. Some such results are given in Table 2-4 along with values 
calculated from the van der Waals constant b. The agreement is not bad, and this 
speaks well for the merits of the hard-sphere model as a first approximation. We 
find that the greatest discrepancy occurs with a values from thermal conductivity; 
part of the difficulty is that with polyatomic molecules the heat capacity reflects both 
internal energy and kinetic energy, although it is largely the latter that is transferred 
in a collision. As a result c v in Eq. (2-72) becomes a semiempirical quantity itself, 
along with a. 

In order to calculate a from the kinetic molecular theory one must use the 
theoretical expression for A, which requires knowing the value of n, the concen¬ 
tration expressed as molecules per unit volume. This in turn implies a knowledge 
of Avogadro’s number. Alternatively, one may use the van der Waals constant b, 
or some other independent measurement of molar volume, and, with some algebraic 
manipulation, combine this information with a measured viscosity or self-diffusion 
coefficient to obtain a value for Avogadro’s number. Approximately correct 
answers result. 


TABLE 2-4. Molecular Diameters (A) a 


Gas 

From gas 
viscosity 

From self¬ 
diffusion 

From van der 
Waals b constant 6 

Ar 

3.64 

3.47 

5.7 

n 2 

3.75 

3.48 

5.0 

o 2 

3.61 

3.35 

2.6 

ch 4 

4.14 

3.79 

5.1 

co 2 

4.63 

4.28 

5.1 


“ The experimental transport coefficients are from measurements atO°C 
and 1 atm. The values from viscosity and self-diffusion are as given by 
J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, “Molecular Theory 
of Gases and Liquids,” corrected ed., p. 545. Wiley, New York, 1964. 
6 The van der Waals b constant is taken to be F c /3. 


2-CN-4 Transport Phenomena; Phenomenological Equations 

There are some aspects to the transport phenomena which provide an important 
illustration of the workings of the scientific method. 

We start with an empirical observation, or law, which in this case is of the form 


rate of transport = (constant)(driving force), 
rate of momentum transport = (^(velocity gradient), 

rate of mass transport = (^(concentration gradient), 
rate of heat transport = (^(temperature gradient). 
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The driving force in each instance is given by a gradient of an intensive property: 
velocity, concentration, or temperature. The quantity transported is an extensive 
property closely related to the intensive one: momentum, mass, or heat. Rate 
processes generally obey this form, particularly in systems not too far from equili¬ 
brium; the detailed elaboration of this observation by Lars Onsager won him a 
Nobel prize. 

Second, having observed empirically that a relationship of the type of Eq. (2-78) 
is approximately obeyed by systems generally, and appears to be exactly obeyed 
under some limiting condition, one then uses the equation as a defining equation 
for the proportionality constant 77 , @,or k. The equations involve only macroscopic 
properties of the system and are thus phenomenological in nature. The definitions 
are unambiguously phrased in terms of experiment and are thus operational 
definitions (see Bridgman, 1946). The scientific method provides this procedure for 
defining quantities exactly without having to first supply any kind of theoretical 
explanation. 

We have a similar situation with the ideal gas law. As a limiting law, we have the 
phenomenological statement that PV = constant for any gas at a given 
temperature and in fact used this to define an absolute temperature scale. 

Now the statement PV/T = R is not exactly correct for a real gas. One could 
proceed by tabulating “7?” values for real gases under various conditions. It is, of 
course, more convenient to use instead the deviation from unity of the compressi¬ 
bility factor PV/RT, or to use a virial expansion. A similar situation applies to 
transport phenomena. The defining equations (2-78) are not ordinarily obeyed 
exactly. Thus diffusion rates generally depend not just on the concentration 
gradient, but also on the actual level of concentration. As with the compressibility 
factor, we must report values of 77 , S>, or k for a specified state of the gas. 

The task of theory is then not only to explain the limiting laws but also to predict 
how the coefficients which they define should vary with the state of the system. 


2-CN-5 Verification of the Kinetic Molecular Theory 

The kinetic molecular theory is so well established that it may seem unnecessary 
to even raise the matter of its validity. However, the question of what is meant by 
the “validity” of a theory has subtleties which are worth illustrating in the present 
context. 

A theory will always start with some sort of model. The model may be a physical 
picture; it may be a set of mathematical premises (as in wave mechanics). The first 
question to ask about a theory is whether there is evidence that the model is 
qualitatively correct. In the case of the kinetic molecular theory, we do have much 
evidence that matter comes in small units or molecules and, from the time-of-flight 
experiments mentioned earlier, that the molecules of a gas do have a velocity 
distribution. 

The second question is whether the theory leads to the correct form or param¬ 
etric dependence of the quantity treated. That is, does it give the phenomenolo¬ 
gical limiting law and does it give the observed approximate dependence of the 
coefficient in question on the state variables of the system ? Again, kinetic molecular 
theory meets the test. It leads to relationships matching the defining equations for 
the various transport processes and correctly predicts the approximate dependence 
of 77 , and k on the state of the gas. It has been mentioned, for example, that one 
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of the early triumphs of kinetic molecular theory was its prediction that viscosity 
should be independent of pressure. 

The third, and in this discussion, final question to be asked of a theory is whether 
it predicts precisely how the theoretically derived quantity or coefficient varies with 
conditions. It is here that theories generally fail—even the best ones—presumably 
because the model is not adequate in detail. 

Kinetic molecular theory, as developed in terms of the hard-sphere model, is no 
exception. Thus, as illustrated by the data of Table 2-4, the values of a from vis¬ 
cosity and from diffusion measurements are not exactly the same. The theoretical 
parametric dependence is not exactly obeyed either. Equation (2-64) requires that 
viscosity be independent of pressure and although this is true of dilute gases, it 
ceases to be so for dense ones. The equation further predicts that viscosity should 
be proportional to T 112 and this is not quite correct, even for dilute gases. Thus the 
viscosity of oxygen at 200 K is 1.48 X 10 _3 P and at 800 K is 4.12 X 10 _3 P, 
considerably more than twice as much. 

Such defects may be handled by recognizing that molecules do experience mutual 
attraction. By adding a suitable attractive potential, but still assuming hard spheres, 
Sutherland obtained the equation 

V = 1 + V (S/T) ’ ( ' 2 ' 79) 

where S is an empirical constant. Equation (2-79) is quite successful in fitting 
viscosity data. 

The yet more sophisticated modern approach is to use a detailed potential 
function for both attractive and repulsive forces, including, for diatomic and 
polyatomic molecules, a dependence on the relative orientation of approaching 
molecules. By now, the mathematical problems have become formidable and 
approximate computational methods have to be used. 

In effect, one says at this point that the theory is exactly correct and that any 
quantitative defects can in principle be corrected by a suitably elaborate potential 
function. This is the terminal stage of development of a major theory. Its validity 
is taken for granted, and effort is concentrated on refinements of the model and 
on ways of avoiding mathematical approximations. What, then, is meant by the 
“validity” of a theory? Let the reader answer! 


SPECIAL TOPICS 


2-ST-l Use of a Lennard-Jones Potential Function 


It was mentioned in the preceding Commentary and Notes section that more 
elaborate treatments of transport phenomena make use of a potential function 
that allows for attractive forces, such as the widely used Lennard-Jones function 
described in the Special Topics section of Chapter 1. The function is [Eq. (1-70)] 



Jt 

r 12 ’ 
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where the first term represents the attractive part of the potential and the second 
that of the repulsive part. Thus molecules are considered also to be somewhat 
“soft” in that the repulsion rises rapidly but not infinitely rapidly as two molecules 
come to within their collision diameter a. Equation (1-70) is plotted in Fig. 1-16, in 
which are given the two characteristic quantities a and <f>*. As a reminder, a is now 
the internuclear separation at which <f> is just zero and <f >* is the value of tf> at the 
potential energy minimum. 

In the more advanced treatment [see, for example, Hirschfelder et al. (1964)], it 
is necessary to consider in detail the trajectories of approaching molecules for 
various impact parameters b. As illustrated in Fig. 2-13, the impact parameter is 
the minimum internuclear distance that a pair of approaching molecules would 
reach were there no interaction between them. The figure also illustrates the point 
that as a result of the attractive potential, molecule 2 may swing behind molecule 1 
(taken as stationary) and thus be deflected. In the treatment of viscosity, 
for example, we need detailed calculations to obtain the average momentum 
exchange for all possible impact parameters, using the Lennard-Jones potential 
function. This averaging integration has been carried out, and the result can be 
expressed as a correction to Eq. (2-64): 


1 /kTm \ 1,8 1 
v ~ ttct 2 l v I A(T) 

where A(T) is this integral. 


(2-80) 



1 




(b) 

FIG. 2-13. Molecular trajectories in the presence of an attractive-repulsive potential. 
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T* 


FIG. 2-14. Viscosity parameter A(T) [Eq. (2-80)] as a function ofT*. (Data from J. O. Hirsch- 
felder, C. F. Curtiss, and R. B. Bird, “Molecular Theory of Gases and Liquids,” corrected ed. 
Wiley, New York, 1964.) 

The function A(T) obeys the principle of corresponding states in that it may be 
tabulated in terms of the reduced temperature T* = kT/(f>*. A plot of A[T) versus T* 
is given in Fig. 2-14. Actual viscosity data are now used in the calculation of the 
values of <f>*/k and a which give the best fit for a given gas, and some of these values 
are collected in Table 2-5. 

Example. Calculate the corrected viscosity for C0 2 at 0°C. From Table 2-5 we find <f>*/k = 
190 and hence T* = 273/190 = 1.44, and read from Fig. 2-14 that ,4(71 — 1.35. Also, from 
Table 2-5, o = 4.00 A and substitution into Eq. (2-64) gives 

1 [-(8.314 X 10 7 )(273.2)(44.01)]t'a 

Vlam ' (w)(4.00 x 10" 8 ) 2 (6.023 x 10 s8 ) [ jt J 

= 1.86 X 10' 4 P. 

The corrected viscosity is 1.86 x 10~ 4 /1.35 or 1.38 x 1 O' 4 P, as compared to the experimental 
value of 1.42 x 10~ 4 P. 

Note that A(T) is not a function of pressure or of gas density. This is because the 
gas has been assumed to be sufficiently dilute that it is only during actual 
bimolecular collisions that the potential function exerts an influence. Alternatively, 


TABLE 2-5. Parameters for the Lennard- 
Jones Potential from Viscosity Coefficients' 1 


Gas 

6* Ik 
(K) 

(7 

(A) 

Ar 

124 

3.42 

Kr 

190 

3.61 

n 2 

91.5 

3.68 

o 2 

113 

3.43 

ch 4 

137 

3.82 

co 2 

190 

4.00 


a From J. O. Hirschfelder, C. F. Curtiss, 
and R. B. Bird, “Molecular Theory of 
Gases and Liquids,” corrected ed. Wiley, 
New York, 1964. 
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one is neglecting trimolecular collisions. Note also that the a parameters of Table 
2-5 are not quite the same as the corresponding ones given in Table 1-6. The latter 
were obtained when a Lennard-Jones potential treatment was fitted to the observed 
second virial coefficients of the gases. This discrepancy illustrates the point that even 
the more advanced treatments are approximate and retain a semiempirical aspect. 


2-ST-2 Collision Frequencies 
and Mean Free Paths for Mixtures 

We elaborate here on the material of Section 2-7, as applied to a mixture of 
gases 1 and 2. Let Z ( ' = 4a i 2 (TrkTlm,) 112 , i = 1 or 2, and Z[ 2 = 2V 2o\ 2 {tt]cT hj- 12 ) 112 - 
There are four kinds of molecular collision frequencies: 

■Zki) = Z 1 a 1 , Z 2 ( 2 ) = Z 2 'n 2 , 

Zh 2 ) — Z 12 n 2 , Z 2 (d = Z j 2 nj . 

There are then three kinds of bimolecular collision frequencies (collisions per unit 
volume per second): 

Zu = \Z j iij 2 , Z 22 = JZ 2 n 2 2 , and Z 12 (or Z 21 ) = ^ 12 n 1 n 2 . 

The total collision frequency is the sum of these three. 

Mean free paths in a mixture may also be formulated. Thus Aj = c 1 j[Z in) + 
Z 1(2 i] and A 2 = c 2 /[Z 2(2) + Z 2(1) ]. The extension to mixtures of more than two 
components is straightforward. 
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EXERCISES 


The student is reminded to make a consistent choice of units in carrying out the following 
calculations. Take as exact numbers given to one significant figure. 

2-1 Calculate the fraction of O s molecules per unit velocity interval, (1 /N 0 ) dN(u)/du, having 
velocity u such that their kinetic energy in one dimension is equal to kT at 25°C. Repeat 
the calculation in two and in three dimensions where, in each case, the velocity c is such 
that the corresponding kinetic energy is kT at 25°C. 

Ans. 0.527 x lO^ 5 , 1.87 x 10" 5 , 2.11 x 10" 5 . 
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2-2 Repeat the calculations in Exercise 2-1, but taking the one-, two-, and three-dimensional 
velocities to be 2 x 10 5 cm sec - '. 

Ans. 8.792 x 10'”, 1.5839 x 10 -15 , 9.081 x 10 -15 . 

2-3 Calculate the values of c p , e, and the root mean square velocity for argon gas at (a) 25°C 
and (b) 200°C. 

Ans. (a) 3.523 x 10‘, 3.975 x 10‘, 4.315 x 10‘ 
and (b) 4.438 x 10‘, 5.008 x 10‘, and 5.435 x 10‘ (all in cm sec -1 ). 

2-4 Consider N 2 gas at 77 K and 0.1 atm pressure. Calculate (a) c, (b) n, (c) Z in moles per 
square centimeter per second hitting a surface, and (d) Z m in grams per square centimeter 
per second hitting a surface. 

Ans. (a) 2 412 x 10 4 cm sec -1 , (b) 9.532 x 10 18 molecules cm - ’, 
(c) 0.09545 mole cm - 8 sec - *, (d) 2.674 g cm - 8 sec -1 . 

2-5 From Exercise 2-4, if every N 2 molecule that strikes the surface sticks and each N, 
molecule occupies 16 A 2 , how long should it take for an initially clean surface to be 1 % 
covered with nitrogen ? 

Ans. 1.087 x 10 -10 sec. 

2-6 An evacuated bulb has a pinhole of 1 x 10 - 8 m 2 area. How many moles of air (M av — 
29 g mole -1 ) should leak into the bulb per minute at 25°C? 

Ans. 2.860 x 10 -8 mole min -1 . 

2-7 An astronaut’s spacesuit has a pinhole leak. If the suit contains air of normal composition, 
what should be the composition of the gas escaping into space from the pinhole, according 
to Graham’s law? 

Ans. 18.96% oxygen. 

2-8 Calculate A in meters for N 2 at 250 K and 2 X 10* N m -2 pressure. Take or — 0.37 nm. 

Ans. 2.837 X 10 -8 m. 

2-9 Calculate the frequency of 0 2 -N 2 collisions in air at 25°C. Take the collision diameters 
to be 3.61 A for 0 2 and 3.75 A for N s . 

Ans. 4.452 x 10* mole cm -8 sec -1 . 

2-10 For good insulation the pressure in the evacuated space of a Dewar or thermos flask 
should be reduced to the point that the mean free path is greater than the distance between 
the walls. What should the pressure of air be at 25°C if the mean free path is to equal 0.5cm ? 

Ans. 1.336 x 10 -5 atm. (We estimate from Exercise 2-9 that <r av is 3.70 A.) 

2-11 Calculate the mean free path of argon gas at 10 -11 atm (an obtainable pressure under modern 
ultrahigh-vacuum conditions) and 0°C, taking a to be 3.64 A. 

Ans. 6.32 x 10 5 cm. 

2-12 The viscosity of air at 0°C is 1.71 x 10 -4 P. What should the volume flow rate of air be, 
in liter sec -1 through a capillary tube 10 m long and 0.1 mm in radius if the pressure drop 
is 15 atm? 

Ans. 3.490 x 10 -4 liter sec -1 . 

2-13 Calculate o»» for air using information supplied in Exercise 2-12. 

Ans. 3.762 A. (We use 1.71 x 10 -4 P as the viscosity of air at 0°C.) 

2-14 Calculate the self-diffusion coefficient for helium at STP taking a to be 2.18 A. Also cal¬ 
culate the viscosity and the thermal conductivity coefficient taking C v to be 3.00 cal K -1 
mole -1 . 

Ans. ^ = 1.059 cm 2 sec -1 , i? = 1.892x 10 -4 P, *=1.418 x 10 -4 cal K -1 cm -1 sec - *. 

2-15 Referring to Exercise 2-14 for data, how far should a helium atom at STP diffuse in 1 sec? 
How long should it take to diffuse 1 cm? 


Ans. 1.46 cm, 0.472 sec. 
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PROBLEMS 


Problems marked with an asterisk require fairly lengthy computations. 

2-1 Extend the example of Table 2-1 to find the possible distributions and their probability 
weights if we have 30 molecules with an average energy of 2 units per molecule. 

2-2* (a) Calculate W for each system of Table 2-1. (b) As a means of exploring a slightly 
more realistic case, consider 20 molecules which may be distributed between states of 
energy one, two, three, four, or five units. List the possible systems and calculate W for 
each. Assume the average energy to be the same as in (a). 

2-3 Calculate the exact value of c at the crossing point of the two distributions of Fig. 2-5. 

2-4* Calculate enough values of (l/V,,) dN(c)/dc for methane at 100°C to make a reasonably 
accurate plot of probability versus velocity. Verify by a graphical or an analytical method 
that the plot is normalized. Locate c p , c, and (c 2 ) 1 ' 2 on the plot. 

2-5 Make the change of variable E = \mc 1 to derive from Eq. (2-29) the expression for the 
fraction dN/N 0 of molecules having energy in two dimensions between E and E + dE, 
as a function of E. Calculate the fraction of molecules of a gas which have an energy equal 
to or greater than ten times their average kinetic energy (which is 3kT/2). 

2-6* Calculate and plot the one-, two-, and three-dimensional velocity distributions for He 
gas at 100°C. 

2-7 Calculate c p , c, and (c 2 ) 1 ' 2 for Ar gas at 100°C and at 1000°C. 

2-8 Calculate p(c ) for c — d in the case of N, gas at 25°C. 

2-9 Derive the expressions for c and c 2 for a two-dimensional gas. 

2-10 Work Exercise 2-3 doing the entire calculation in SI units. 

2-11 Argon gas is present in a flask at 25°C and pressure P.The flask has a pinhole which may be 
regarded as a cylindrical hole of 2 x 10" 4 cm 2 area and 0.20 cm length. Calculate the rate 
of escape of the argon assuming that the process is one of (a) effusion and (b) diffusion, 
and for P = 1 atm and P = 10~ 7 atm. Express your answer in moles of gas per second. 

2-12 A flask contains a 3:1 mole ratio of H a to He at 100°C and 2 atm total pressure, and 
has a pinhole of 1 x 10~ 4 cm 2 area. Calculate (a) the total moles of gas escaping per 
second and (b) the total mass of gas escaping per second. 

2-13 Calculate the mass per second of C0 2 striking each square centimeter of a leaf in air 
containing C0 2 at a partial pressure of 0.0010 atm at 25°C. 

2-14 What quantity of heat in calories per centimeter length per second will be lost through 
conduction by gas molecules by a filament 0.2 mm in diameter heated electrically to 200°C 
in a light bulb containing argon at 0.01 mm pressure, the wall temperature of the bulb 
being 25°C? [Note: This pressure may be assumed to be low enough so that gas molecules 
travel from filament to wall and back again without hitting each other on the way. Thefe- 
fore argon atoms hit the filament, then leave it with a kinetic energy corresponding to 
200°C, and fly to the wall to be “cooled down” to 25°C. For steady-state conditions, the 
rate of leaving the filament should be the same as the rate of hitting it.] 

2-15 Calculate the collision frequency for H s at STP. Take the collision diameter to be 2.5 A. 

2-16 Calculate the collision frequency for Cl 2 at STP. Take the collision diameter to be 3.5 A. 
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2-17 Calculate the initial rate for the reaction H 2 + Cl 2 = 2 HC1 in an equimolar mixture 
at STP assuming that reaction occurs with each collision (note Problems 2-15 and 2-16). 
The reaction is actually quite slow; why might this be? 

2-18 The collision diameter for argon is 3.64 A. Calculate Z Ar _ Ar at STP. The average concentra¬ 
tion of molecules which are in the act of colliding may be estimated as given by their 
collision frequency times the collision lifetime of about 10 _1> sec. Calculate the frequency, 
in moles of events per liter per second, with which such a collision pair will undergo colli¬ 
sion with an argon atom—that is, the frequency of triple collisions. 


2-19 The coefficient for the interdiffusion of two chemical species is given by 

- 2.6280 x 10- tr-W. + W)^ 
Pa 2 


where M denotes molecular weight. Deduce what the units of P and o 12 must be and 
calculate for the interdiffusion of oxygen and nitrogen in air at STP. 


2-20 Three of the experimentally measurable quantities listed in Table 2-2 may be combined as a 
dimensionless product (or quotient). Find one such combination, calculate its theoretical 
value, and compare with experiment. 


2-21 Show that the average volume occupied by a molecule can be regarded as a cylinder of 
area w 2 (r being the actual molecular radius) and length 4 \/2 A. 

2-22 Calculate Cy for methane at STP from the data of Table 2-3. 


2-23 The viscosity of H 2 at STP is 8.40 X 10 4 P. Calculate the mean free path. 


SPECIAL TOPICS PROBLEMS 


2-1 Calculate the viscosity of CH« at 280 K using Eq. (2-82) and compare your result with the 
experimental value. 

2-2 The viscosity of Xe is 2.235 x 10~‘ P at 290 K. and 3.954 x 10 * P at 550 K. Devise a 
trial and error method so as to calculate reasonably matching values of <l>*/k and a. 

2-3 Suppose we have an equimolar mixture of I5 CH, and 12 CH,D (species A and B, respectively) 
at STP. Calculate Z A and Z A(B >. Explain if the answers are different. (The collision 
diameter which is needed is implicit in the data of Table 2-3.) 

2-4 We have a mixture of H 2 and O a at 25°C, the respective partial pressures being f atm 
and i atm. Calculate the moles per liter per second of (a) H 2 -H 2 , (b) H 2 -O a , and (c) 
0 2 -0 2 collisions. Calculate also the average distance traveled by a hydrogen molecule 
before making a collision with (d) another hydrogen molecule, (e) an oxygen molecule, 
and (/) any molecule. The cross sections for H a and 0 2 are 2.74 A and 3.61 A, respec¬ 
tively. 




CHAPTER THREE 


SOME ADDITIVE PHYSICAL 
PROPERTIES OF MATTER 

3-1 Introduction 

In this chapter we take up a number of physical properties of matter, especially 
of liquids and gases, which are useful and important to know about but whose 
detailed theory is somewhat specialized for a text at this level. In contrast to 
Chapter 2, then, the present chapter will be in a somewhat descriptive vein. 

The properties to be discussed have an aspect in common. They arise from the 
interaction of an electric or magnetic field with molecules and, to the first approxi¬ 
mation, are determined by the separate behavior of atoms or small groups of atoms 
within a molecule. As a consequence the properties are approximately additive. By 
this is meant that the molar value of the property, which is what is measured 
experimentally, can be formulated as a sum of contributions from various parts of 
the molecules present. The presence of additivity on a molecular scale means also 
that the value of the property for a mixture of species will be additive. 

To be more specific, if & denotes the molar property, then if the molecular 
formula is A a Bt,C,...., additivity means that 

& = + b& B + c^ c + -, (3-1) 

where SP K and so on denote the atomic properties. For a mixture of species the 
average molar property is 

0> m = + x 2 0> 2 + ••• = £ x&i » (3-2) 

t 

where is the molar property of the /'th species and x denotes mole fraction. This 
last attribute becomes very useful in that, by means of the physical measurement, 
one may determine the composition of a mixture or, as in chemical kinetics, follow 
changes in composition with time. 

We have already encountered some additive properties. Mass is strictly additive 
(neglecting relativity), so molar mass or molecular weight obeys Eqs. (3-1) and (3-2) 
exactly. Volume at constant pressure and temperature is additive, but usually only 
very approximately so in the case of liquids. The properties to be taken up here will 
similarly be at least approximately additive. 
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The Commentary and Notes section of this chapter is devoted to a discussion 
of the cgs and the SI (or mksa) systems of units. 


3-2 Absorption of Light 

The term “light” will be used in the present context to mean electromagnetic 
radiation generally. That is, the radiation need not be of wavelength corresponding 
to the visible region: It could be ultraviolet, infrared, or microwave radiation. 
Such radiation can interact with matter to show various effects such as refraction, 
scattering, and absorption. It is only the last that we discuss at the moment. The 
phenomenon of optical activity is taken up in Section 19-ST-2. 

When light is absorbed its energy is converted into some other form, and we 
accept that this conversion can only occur in the discrete amount given by the 
quantum of energy of the light. It is part of the quantum theory of light that this 
quantum of energy is given by hv, where h is Planck’s constant and v is the frequency 
of the light. The usual consequence of absorption of a light quantum is that some 
particular molecule gains energy hv and is thereby put in some higher energy state, 
that is, in some excited state. 

A point of importance here is that although light can only transfer energy in 
units of quanta, it otherwise behaves as a wave. One consequence is that the train 
of waves passing through a region of matter may or may not interact with any of 
the molecules present. There is only a certain probability that interaction will occur. 
The derivation of the absorption law is then based on a probability analysis. 

Let k x be the probability that light of a given wavelength will be absorbed 
per unit length of matter; k x 8 is then the probability of absorption in some small 
distance 8 . The probability that the light is not absorbed is 1 — k x 8. Further, the 
probability that light will not be absorbed in a second increment of distance 8 is 
(1 — k x 8) 2 and the probability of its not being absorbed in n such distances be¬ 
comes (1 — k x 8) n . 

Now let x be the total distance, x = n8. We want to keep the same path length x, 
but to take the limit of n -*■ oo, that is, the limit of an infinite number of infinites¬ 
imal lengths 8: 

lim (1 — " = e~ k x x . (3-3) 

"-*« \ n / 

jit should be recognized that lim^^fl + (1 /«)"] = e.\ The probability that light 
will not be absorbed in distance x is then e~ k x x . If light of intensity 7 0 is incident on 
a portion of matter, then the probable intensity after a distance * is 

I = Irfr**. (3-4) 

///„ is the fraction of light transmitted through, that is, not absorbed by, a 
sample of thickness x. 

Equation (3-4) is a statement of Lambert’s law, where k x is the linear absorption 
coefficient (also called the Napierian extinction coefficient b). However, since the 
absorption process is a molecular one, it is somewhat more rational to recognize 
that, per unit area of target, a depth l will contain lp/m molecules, and to write 
Eq. (3-4) as 

L = e -*K» t i (n — t ( 3 - 5 ) 

1 0 P 
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where p and m are respectively the density and the mass per molecule of the 
material, N is the number of molecules traversed per square centimeter, and k N is 
now the molecular absorption coefficient. 

An important special case is that in which the absorbing species is present in 
solution. If we can assume that k N is not affected by concentration, then, since 
N = N 0 Clj 1000, where C is in moles per liter, that is, in units of molarity M, 



_ Ic^Nq 

1000 • 


(3-6) 


The constant a is called the molar absorption coefficient, and Eq. (3-6) is a statement 
of the combined Beer-Lambert law for light absorption. 

Finally, a common modification of Eq. (3-6) is 


f =10 ' 

1 o 


2.303 


If we now define the optical density D as equal to log(/ 0 /7), we have 


(3-7) 


D = eCl. (3-8) 

The quantity D is alternatively called the absorbance and is denoted by the 
symbol A. Also, the extinction coefficient e is alternatively called the molar absorp¬ 
tivity. 

Returning to the derivation that led to Eq. (3-3), if more than one type of 
interacting species is present, then the probability k x of absorption per unit distance 
will now be given by a sum over all species, k xM = X k xj . The same applies to 
the other absorption coefficients. In particular, for a solution of more than one 
species, we get 

D = /Ze t C f . (3-9) 

Often the product elC for the solvent is abstracted from the sum to give 

D=D J + /^ i C f . (3-10) 

Optical density or absorbance is thus an additive property of mixtures, to the 
extent that changing concentration does not change the character of the species 
present. It may also be additive with respect to chromophoric groups within a 
molecule; this is especially common in the case of infrared spectra where vibrational 
excitations of the various types of bonds contribute somewhat independently to the 
overall absorption. It should perhaps be emphasized that e is very much a function 
of wavelength so that any statement of an e value must be accompanied by the 
wavelength to which it pertains. 

Example. A 0.01 M solution of Cr(NH,) 6 (NCS) s+ (as the perchlorate salt) absorbs 88.79% 
of incident light of 500 nm wavelength when placed in a 1-cm spectrophotometer cell. The 
solvent medium absorbs somewhat at this wavelength; a 10-cm cell filled with solvent transmits 
31.6% of incident light at 500 nm. 

On standing, the reaction 

Cr(NH 3 ) 6 (NCS) s+ + H s O = Cr(NH^ 6 (H s O) 8+ + NCS“ 

A B 

occurs and the reaction goes to completion in several weeks at 45°C. The per cent transmission 
of this final solution through a 1-cm cell is 44.64. How far had the reaction proceeded after 75 hr 
at 45°C if, after this time, the optical density of the solution in the 1-cm cell was 0.650? Also 
calculate the extinction coefficients of the complex ions A and B. 
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First, the various statements should be reduced to optical densities for a 1-cm path length. 
For the original solution, D 0 = log(/ 0 //) = —log (0.1121) = log (8.92) = 0.950. For the 
solvent, D a = — log(0.316) = log(3.16) = 0.500, or, for a 1-cm path length, D e = 0.050. The net 
optical density due to the starting complex is then 0.950 — 0.050 = 0.900, and the extinction 
coefficient is therefore e A = 0.900/0.01 = 90.0 liter mole -1 cm -1 . After complete reaction, 
Dot = —log(0.4464) = log(2.24) = 0.350. The net optical density due to the product is then 
0.350 — 0.050 = 0.300 and the extinction coefficient of the product is e b = 0.300/(1 x 0.01) = 
30.0 liter mole -1 cm -1 . 

The net optical density after 75 hr is 0.650 — 0.050 = 0.600. Then, by Eq. (3-10) 

0.600 = (1)(90.0C a + 30.0C b ) = 60.0C A + 0.300 

(since C B = 0.01 — C A ), or C A = 0.300/60.0 = 0.0050 M. The reaction had thus proceeded to 
50%, or by one half-life. 


3-3 Molar Refraction 


A second type of interaction of light with a medium is refraction, measured by 
the index of refraction n, which gives the ratio of the velocity of light in vacuum to 
that in the substance. The actual experimental measurement is based on the bending 
of a light ray as it passes from air into the medium. 

The theory involves the interaction of the oscillating electric field of electro¬ 
magnetic radiation with the various characteristic frequencies for electrons in an 
atom or collection of atoms, and leads, in first order, to the equation 


n 


= 1 +E 



(3-11) 


where the sum is over the various characteristic frequencies v 0 for a given frequency 
of radiation v. Ordinarily, v is small compared to any v 0 , so the index of 
refraction does not vary much with the wavelength of light used, although for n 
to be purely characteristic of the atom, v should be zero. Often, however, a standard 
wavelength, such as that of the yellow emission from a sodium lamp, is used. 
There is an important exception to this situation. If the compound absorbs light 
this means that there is some transition between states of differing energy. This 
energy corresponds to a frequency hv 0 and, as a consequence, the index of 
refraction will vary rapidly as the frequency of the light used, v, is varied through the 
value of v 0 , that is, through a region of strong light absorption. For most small 
molecules, however, v 0 is rather large; in fact, hv 0 often corresponds approximately 
to the ionization energy of the molecule. 

An early treatment by H. A. Lorentz and L. V. Lorentz in 1880, as well as more 
modern ones, considers that the index of refraction should vary with the density of 
a medium of given atomic composition according to the relationship 


_ n 2 - 1 M 
n 2 + 2 p 


(3-12) 


Here Mjp is the molar volume and R is a quantity called the molar refraction. If 
molecules are treated as perfectly conducting spheres and light of infinite 
wavelength is used in measuring n, then R is the actual molar volume of the 
molecule. 
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There is an alternate way of treating this limiting situation. An imposed electric 
field F will in general displace the electrons in an atom somewhat to produce a 
dipole moment as illustrated in Fig. 3-1. A charge separation occurs in the initially 


FIG. 3-1. Molecular dipole moment 
induced by an electric field. 



electrically symmetric atom, equivalent to having small equal and opposite charges 
8 + e and 8~e separated by distance d. The dipole moment p is defined as 

PL = 8 ed, (3-13) 

where e is the charge on the electron. The traditional unit for dipole moment is the 
debye (D), defined as 10' 18 esu cm. Since d is of the order of 1 A and e has the value 
4.803 X 10" 10 esu, dipole moment quantities generally come out as some small 
number of debye units. (In the SI system, dipole moment is given in coulomb- 
meter units.) 

The induced dipole moment is proportional to the electric field, 


Mind “F > 


(3-14) 


where the proportionality constant a is called the polarizability and the symbol m 
is used for moments induced by various individual effects. Only one such effect is 
present in Eq. (3-14), so that here p lnil and m a are the same. The symbol p is reserved 
for the experimentally observed dipole moment; if it is induced, the subscript “ind” 
may be used. In general, /x ind may be the sum of more than one term 
[as in Eq. (3-18)]. In the cgs system, the field is in esu per centimeter squared, the 
dipole moment in esu-centimeter, and a is then in cubic centimeters. Usual values of 
a are about 10" 24 cm 3 or about actual atomic volumes. (In the SI system, polariza¬ 
bility has the dimensions of coulomb square meter per volt and F of volts per 
meter. Alternatively, polarizability has the units of e 0 m 3 where e 0 is the permit¬ 
tivity of vacuum, 8.842 x 10 _1Z . (See Section 3-CN-l.) 

The conducting sphere model provides a connection between index of refraction 
at infinite wavelength, n„ [v = 0 in Eq. (3-11)] and the polarizability of the sphere, 
again given by Lorentz and Lorentz. This relationship is 


Ro 


n 2 — 1 M 
n 2 + 2 p 



(3-15) 


where N 0 is Avogadro’s number. Thus a corresponds to the cube of the radius of 
the sphere. 

As suggested by the summation of Eq. (3-11), molar refraction is, ideally, an 
additive property; empirically, it is very nearly one. Thus values of R can be 



80 CHAPTER 3: SOME ADDITIVE PHYSICAL PROPERTIES OF MATTER 


assigned to individual atoms in an organic molecule. Somewhat better results are 
obtained if molar polarizations are assigned to types of bonds rather than to in¬ 
dividual atoms. See Glasstone (1946) and Moelwyn-Hughes (1961). 

Example. Calculate the molar refractions for two isomeric liquids at 20°C, acetic acid and 
methyl formate. The respective molar volumes Mjp are 60.05/1.0491 = 57.24 cm 3 mole -1 and 
60.05/0.9742 = 61.64 cm 3 mole -1 ; and the refractive indices with the sodium D line are 
1.3721 and 1.3433, respectively. Substitution into Eq. (3-12) gives molar refractions ofl3.013 cm 3 
mole -1 for acetic acid and 13.033 cm 8 mole -1 for methyl formate. The respective values from 
the atomic refractions are 12.972 and 13.090 cm 8 mole -1 (and those from the bond refractions, 
12.770 and 12.782 cm 3 mole -1 , but now for infinite wavelength). 


3-4 Molar Polarization; Dipole Moments 

It was stressed in the preceding section that, on theoretical grounds, the index 
of refraction should be for zero-frequency light in the calculation of molar 
refraction. As an alternative, one may directly impose an external low- or zero- 
frequency electric field on the medium by having it between the plates of a capacitor. 
The capacity of a parallel plate capacitor is 


C E "eo C ° D ’ ( 3 ‘ 16 ^ 

where q and E denote the charge on each plate and the effective field between them, 
respectively. (In this section we use E to denote an applied field and F to denote the 
actual local field experienced by a molecule; both are expressed in volts per 
centimeter.) In the presence of a medium other than vacuum, the effective field, 
instead of being equal to E 0 , the applied potential difference, is reduced to E„/Z>, 
where D is the dielectric constant. The effect is to increase C over the value for 
vacuum C 0 . The value of C 0 is related to the dimensions of the capacitor, 



where si is the area of the plates and d their separation. 

From a molecular point of view, the presence of the field induces a proportional 
dipole moment in the molecules as in Eq. (3-14). At the low frequencies which 
characterize dielectric constant measurements there are now two (main) contri¬ 
butions to /* lnd . As before there is the dipole moment arising from the polarizability 
of the molecule, m a , and there is also the effective moment m u resulting from the 
partial net alignment by the field of any permanent molecular dipoles that are 
present. This second type of induced dipole moment is again proportional to the 
field acting on the molecules (as discussed later) and the proportionality constant 
is called the orientation polarizability a u . Equation (3-14) becomes 

Find(tot) = m a + m„ = (ex + aJF (3-18) 


or 


m tot — “totF. 


(3-19) 
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If the molecules are far apart, as in a dilute gas, the total induced polarization 
simply acts to reduce the apparent field E 0 ; from an analysis of the situation using 
Eq. (3-17) one finds 

E = E 0 — 4ttI, (3-20) 

where I is the total polarization per unit volume, I = m tot n and n denotes concen¬ 
tration in molecules per cubic centimeter. 

More generally, however, the degree of polarization of each molecule is affected 
by the field of the induced polarization of the other molecules, and it is necessary 
to take this into account. This corrected, or net effective local field F is now given by 

F = E + ini, (3-21) 

or, from Eq. (3-20), remembering that E 0 = £>E, 

F = \{D + 2)E. (3-22) 


On eliminating E, we obtain 

F 0 _ D + l) = 3 nI = 3 7rmtotn ’ 
and, on eliminating F by means of Eq. (3-18), we obtain 

D - 1 4 _ „ 

D ^ 2 = 3 nn ' x tot ■ (3-23) 


Since n = N 0 p/M, the final form is 

p = fes(") = 3’ A '"“"- (3 ' 24) 

P is called the molar polarization and the contribution to P from the polarizability 
a of the molecules is denoted P a . Theoretical analysis shows thatP. should be equal 
to R, the molar refraction, provided the latter is the limiting value from indices of 
refraction at infinite wavelength, R 0 . 

The contribution of [Eq. (3-18)] to the total polarizability is quite important 
if the molecules have a nonzero dipole moment p . This will be the case if bonds 
between unlike atoms are present, as in NO or HC1, provided there is no internal 
cancellation of such bond dipoles, as happens in CH 4 or C0 2 owing to molecular 
symmetry. The relationship between «„ and the permanent molecular dipole 
moment p is as follows. 

If a molecule has a permanent dipole moment, it will tend to be oriented along 
the direction of the local electric field F. That is, the energy e of the dipole in the 
field would be zero if it were oriented perpendicular to the field and it would be pF 
if it were oriented in line with the field. For some intermediate orientation 


e 


F p cos 6, 


(3-25) 



82 CHAPTER 3: SOME ADDITIVE PHYSICAL PROPERTIES OF MATTER 



FIG. 3-2. (a) Component of dipole moment in the direction of a field, (b) Polar coordinate 
system. 


where, as shown in Fig. 3-2(a), 9 is the orientation angle defined such that p cos 6 
gives the component of p in the field direction. At 0 K all dipoles should orient 
completely, but at any higher temperature thermal agitation will prevent this and 
the probability of a given orientation is proportional to the Boltzmann factor e~ tlkT . 
At infinite temperature the effect of the field becomes negligible; all orientations 
are then equally probable and the average net dipole moment of a collection of 
molecules is zero. 

What is now needed is the average orientation or, more precisely, the average of 
p cos 6, which gives the average net dipole moment . The procedure followed 
is that discussed in Section 2-4; that is, one writes the averaging equation 


N j 0 " (p cos 9) e-< r «eose)/*7-( 27T s j n 9 d9) 
N J” e -(F«cos8)/fc7Y2-77 sin 9 d9) 


(3-26) 


where N is the number of molecules and (2-77 sin 9 d9) gives duo, the element of solid 
angle. 

In the polar coordinate system used (shown in Fig. 3-2b) an element of solid 
angle is given by 

doj = sin 9 d9 d</>. 


Integration over all directions gives 

r>2n /.IT n Off 

da) — \ sin 9 d9 d<f> = | — cos 9 \ \<j>\ =Att. (3-27) 

J o o 0 0 


In the present case the energy is not affected by the cj> angle, so this is integrated out 
in Eq. (3-26) to give the factor 277. 

The integrals of Eq. (3-26) may be evaluated as follows. Let a = pF/kT and 
x = cos 9, so dx = sin 9 d9\ then 

_ ^e^xdx 
P j^ 1 e ax dx 
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The integrals are now in a standard form, and algebraic manipulation gives + 




e a + e~ a 

_ £>— CL 


- = coth a — -. 
a a 


(3-28) 


Under ordinary experimental conditions /xF \kT is small compared to unity, and 
on expansion of the expression (coth a — 1/a), the first term is a/3. To a first 
approximation we have 


m 


A* 



(3-29) 


Comparison with Eq. (3-18) gives 

H - 2 

<X ' x = ~3kT ' 


(3-30) 


The expression for P [Eq. (3-24)] may now be written explicitly as 

P = \ t tN 0 <x + 1 nN 0 . (3-31) 

Thus the molar polarization P as obtained from dielectric constant measurements 
should vary with temperature according to the equation 

P = a + y , where a = P* = R 0 = j ttN 0 cx, b = j -ttN 0 . (3-32) 

Equation (3-32) is known as the Debye equation, and typical plots of P versus l/T 
are shown in Fig. 3-3,. Equation (3-32) is valid for gases. In liquids, especially 
associated ones, the molecular dipoles may not be able to respond freely to the 
applied field. 

t cosh x = \(e x + e~ x ) and sinh x = - e~ x ); coth x = (cosh x)/sinh x. 
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Example. Some sample calculations are now in order. First, the statement that F pjkT is 
ordinarily a small quantity can be verified. A capacitor might be charged to as much as 6000 V 
cm “ *, or to 6000/300 V esu cm " *. Taking this as the approximate local field F, and taking p 
to be in the usual range of about 10" 18 esu cm, we have 


-.0-Uf-2x,0- 


erg. 


If Fis about 300 K, then kTis (1.38 x 10" 18 )(300) or about4 x 10" 11 erg. Then e/kT is about 
5 x 10" 4 , and is indeed a small number. 

This calculation may also be made in the SI system (see Commentary and Notes). Now F is 
6000 V per 0.01 m or 6 x 10 s V m~ l . A dipole moment of 10" 18 esu cm now has the value 
10" 18 /10c C meter, where c is the velocity of light, used here as 3 x 10 10 cm sec" 1 ; ft is thus 
J x 10~ 29 C meter. The energy of the dipole in the field is still ftF, and has the value (6 x 10 6 ) 
(i) x 10~ 29 or2 x 10" 24 J (joule); the Boltzmann constant is now 1.38 x 10" 2a J K" 1 , so kT 
becomes 4 x 10" 21 J. The ratio e/kTis then 5 x 10" 4 , as before. 

Turning next to an application of the Debye equation, we find that the dielectric constant of 
gaseous HC1 at 1 atm pressure is reported (International Critical Tables) to be 1.0026 at 100°C 
and 1.0046 at 0°C. The molar volume RT/P is then 30.62 and 22.41 liter mole" 1 at the two tem¬ 
peratures, respectively. The corresponding P values are, from Eq. (3-24), 26.51 cm 8 mole" 1 and 
34.31 cm 8 mole" 1 . The straight line through these two points on a plot of P versus 1 IT gives 
an intercept a = 5.21 and slope b = 7.95 x 10 8 . 

From Eq. (3-32), a = (3)(5.21)/(4)(3.141)(6.023 x 10 28 ) or a = 2.07 X 10" 24 cm 8 (a better 
value is 2.56 x 10" 24 ). We also have p* = (9)(1.38 x 10" 16 )(7.95 X 10 8 )/(4)(3.141)(6.023 x 
10 28 ) or ft 2 = 1.30 x 10" 36 and p = 1.14 D (debye). This calculation, while illustrating the 
use of the Debye equation, gives somewhat approximate values for a and ft because of the 
inaccurate evaluation of a and b from just two points (a better value is 1.05 D). 


Dipole moments may also be determined from measurements at a single 
temperature if a dielectric constant measurement is combined with one of index of 
refraction. The latter gives the molar refraction and hence P« directly, for use in 
Eq. (3-32). Indices of refraction, however, are usually measured with visible light, 
as with the sodium D line, and some corrections are necessary to convert the value 
of R so obtained to R 0 . 


This general approach may be extended to solutions. The molar polarization of a solution 
is an additive property, so that for a solution 

P = XlMl + XzMi = x 1 P 1 + x a P a , (3-33) 

v + J. p 

where x denotes mole fraction. Pi is obtained from measurements on the pure solvent and P a 
can then be calculated for the solute. To discount solute-solute interactions, the resulting P a 
values are usually extrapolated to infinite dilution. To obtain R 2 , one applies the same pro¬ 
cedure to molar refractions from index of refraction measurements and then proceeds as 
before to calculate a dipole moment for the solute. Not only is this procedure somewhat 
approximate, but the solvent will often have a polarizing effect on the solute as a result of 
solvation interactions. Consequently P s and corresponding p values will not in general be 
exactly the same as those obtained from the temperature dependence of the dielectric constant 
of the pure solute vapor. In the case of nonvolatile, solid substances, however, the solution 
procedure may be the best one available for estimating molecular dipole moments. 


3-5 Dipole Moments and Molecular Properties 

It is conventional and very useful to regard a molecular dipole moment as an 
additive property. One assigns individual dipole moments to each bond and the 
addition, of course, is now a vectorial one. 

In the case of diatomic molecules the bond moment is just the measured dipole 
moment of the molecule. One can proceed a step further. If the internuclear distance 
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TABLE 3-1. Dipole Moments and Polarizabilities' 1 


Substance 

Polarizability 

(A 3 ) 

Dipole moment 
(D) 

He 

0.204 

— 

■At 

1.62 

— 

h 2 

0.802 

— 

n 2 

1.73 

— 

CI 2 

4.50 

— 

HC1 

2.56 

1.05 

HBr 

3.49 

0.807 

HI 

5.12 

0.39 

co 2 

2.59 

0.00 

h 2 o 

1.44 

1.82 

NH S 

2.15 

1.47 

CH 3 CI 

— 

1.87 

C,H 6 

25.1 

0.00 

C,H 5 C1 

— 

1.70 


— 

0.00 

o-QH 4 C1 2 

— 

2.2 

m-C,H 4 Cl 2 

— 

1.4 


“ From R 0 values. 


is known from crystallographic or spectroscopic measurements, then from the 
definition of dipole moment /x = 8ed [Eq. (3-13)], the fractional charge 8e on each 
atom can be calculated. This is, in effect, the degree of ionic character of the bond. 

Some dipole moment values are given in Table 3-1 and the calculation 
may be illustrated as follows. The bond length for HC1 is 1.275 A and the 
dipole moment is 1.05 D (debye). The fraction of ionic character 8 is then 
1.05 X 10 _18 /( 1.275 x 10 _8 )(4.80 X 10- 10 ) = 0.17. The H-Cl bond is thus said 
to have 17% ionic character. The similarly obtained values for HF, HBr, and HI 
are 45 %, 11 %, and 4 %, respectively. This set of values has been used to relate the 
electronegativity difference between atoms and the degree of ionic character of the 
bond [see, for example, Douglas and McDaniel (1965)]. 

Turning to triatomic molecules, Table 3-1 shows a zero dipole moment for C0 2 . 
This is not because the individual C=0 bonds are nonpolar, but because the two 
bond dipoles cancel, as illustrated in Fig. 3-4(a). This arrangement of two dipoles 
end-to-end corresponds to a quadrupole (see Special Topics) and the experimental 
quadrupole moment of —4.3 X 10 -26 esu cm 2 for C0 2 , when combined with the 


5 ~ 26 + 6 ~ 

o=c=o 


(a) 


28 ~ 



FIG. 3-4. (a) A molecule with zero dipole moment (but nonzero quadrupole moment). ( b ) Vector 
addition of bond dipole moments for water. 
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known C=0 distance, indicates that each oxygen atom carries a charge of about 
0.3c. 

Water, on the other hand, shows a net dipole moment because the bond angle is 
not 180° and the two H—O dipoles fail to cancel. As illustrated in Fig. 3-4(b), the 
actual angle is 105° and the observed moment is the vector sum of the two bond 
moments. 

The situation becomes increasingly complicated with polyatomic molecules. The 
net dipole moment of ammonia is now the vector sum of three N—H bond 
moments, while for the planar BF 3 molecule the three bond moments cancel to give 
zero molecular dipole moment. The same cancellation occurs for CH 4 , which is 
unfortunate, since one thus gets no information about the C—H bond moment. 
An indirect estimate (Partington, 1954) gives —0.4 for ju. c _ H (carbon is negative), 
and this now permits the calculation of other bond moments involving carbon. 
Thus /uc-ci can now be obtained from the dipole moment of CH 3 C1 and a 
knowledge of the bond angles. 

A few such bond moments are collected in Table 3-2. It must be remembered, 
however, that the resolution of a molecular moment into bond moments is 
somewhat arbitrary. Thus one could assign a moment to the lone electron pairs 
in water or ammonia as well as to the bonds. Also the dipole moment of a molecule 
is merely the first term in an expansion of the function which describes the complete 
radial and angular distribution of electron density in a molecule (see Special Topics). 
This function, however, is in general not known or can only be estimated theoret¬ 
ically, and the bond moment procedure just given is adequate for many purposes. 

Finally, molecular dipole moments can provide useful qualitative information. 
Thus the zero moment for /t-C 6 H 4 Cl 2 must mean that the C—Cl bonds lie on the 
molecular axis, while the nonzero moment for />-C 6 H 4 (OH) 2 (of 1.64 D) indicates 
that the O—H bonds lie out of the plane of the ring. The series of p-, m-, and 
o-isomers of C 6 H 4 C1 2 can be identified since the order given should be that of 
increasing dipole moment. As an example from inorganic chemistry, the isomers of 
square planar PtA 2 B 2 complexes can be distinguished on the basis of their dipole 
moments. That of the tram isomer should be small or zero, whereas that of the 
cis isomer should be fairly large. As a specific example, the isomers of 
Pt[P(C 2 H 5 ) 3 ] 2 Br 2 have dipole moments of zero and 11.2 D. 

Interatomic distances in a molecule may also be determined by x-ray diffraction 
studies on crystals (Chapter 20), electron diffraction studies on gases (Section 
20-CN-1C), infrared spectroscopy (Section 19-5), and microwave spectroscopy 
(Section 19-CN-l). 


TABLE 3-2. Some Bond Dipole Moments' 1 


Bond 

Moment (D) 

Bond 

Moment (D) 

O-H 

-1.53 

C-Cl 

1.56 

N-H 

-1.31 

c-o 

0.86 

C-H 

(—0.40) l> 

c=o 

2.4 

C-F 

1.51 

C=N 

3.6 


° The sign of the dipole moment indicates that of the first-named atom. 
b Assumed value. 
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COMMENTARY AND NOTES 


3-CN-l Systems of Units 

It is appropriate to comment at this point on the rather mixed state of affairs 
in the matter of systems of units [see Adamson (1978)]. The standard metric or 
cgs system leads to the erg and the dyne as the units of energy and of force, respec¬ 
tively, and through the mechanical equivalent of heat, to the calorie as an alterna¬ 
tive unit of energy. Force is defined by means of Newton’s first law, 

/ = tna, (3-34) 

where a denotes acceleration, and the dyne is that force required to accelerate 
1 g by 1 cm sec" 2 . The dimensions of dyne and erg are g cm sec" 2 and g cm 2 sec" 2 , 
respectively. The unit of volume is the cubic centimeter, with the liter or 1000 cm 3 
as a secondary unit. 

The mks (meter-kilogram-second) system, now incorporated by a set of inter¬ 
national commissions into what is called the SI system (Systeme Internationale 
d’Unites) makes several changes. The unit of force is still given by Eq. (3-34), but 
in terms of kg m sec" 2 , and is now called the newton (N). One N is 10 5 dyn. The 
unit of energy is in kg m 2 sec" 2 , or the joule (J). One J is 10 7 erg. (See McGlashan, 
1968.) 

In addition to critically reevaluating the numerical values of fundamental con¬ 
stants, the SI commissions recommended that use of the calorie be dropped, as 
well as special names for subunits such as the liter, micron (10“ 6 m), and angstrom 
(10 8 cm). A special set of prefixes was adopted for the designation of multiples 
or fractions of the primary units. These are tabulated on the inside cover. For 
example, nano- means 10" 8 and the closest SI unit to the angstrom is the nano¬ 
meter (nm) or 10" 7 cm. 

Avogadro’s number was not changed, however, and molecular weights therefore 
have changed. Thus the molecular weight of 0 2 is 0.03200 kg mole" 1 in the SI 
system. 

At the time of this writing the cgs and related conventional units remain in 
principal usage in U.S. technical journals in chemistry, although our National 
Bureau of Standards has supported use of the SI system. Great Britain officially 
requires the use of SI units in British journals; usage is mixed in other European 
countries. Textbooks of physical chemistry in the United States are now recognizing 
both systems, as is done here. There appears to be a slow movement toward com¬ 
plete adoption of the SI system. 

Since this is a commentary section, an opinion is permissible. The cgs system 
and associated secondary units have three important characteristics. (1) It is 
decimalized (unlike the English units such as feet and inches). (2) Units are defined 
operationally, that is, in terms of fundamental laws such as Newton’s law. (3) Com¬ 
monly measured quantities come out to be of the order of unity. Thus the density of 
water is about 1 gem" 3 and its heat capacity about 1 cal g" 1 K" 1 ; the size of an 
atom is about 1 A; pressure at sea level is about 1 atm; the molecular weight of 
hydrogen is about 1 g mole" 1 , and so on. 
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The SI system retains (1) but departs from (2) (discussed later) and (3). With 
respect to (3), for example, the density of water becomes about 10 3 kg m -3 (or 
10 -3 kg cm -3 ), and its heat capacity about 4 X 10 6 J K -1 m -3 ; atoms are around 
0.1 nm in size; sea level pressure becomes about 1 X 10 5 N m - 2 ; the atomic weight 
of hydrogen is 10 - 3 kg mole ~ x . 

Criterion (3) alone suggests that the cgs and related units will continue to be 
used. Convenience is important in science as it is elsewhere. (Consumers in the 
United States are being urged to think in terms of liters rather than quarts; they 
will be yet more reluctant to buy milk in terms of cubic meters or decimeters or to 
joule-count in watching their diet!) 

The situation with respect to electrical and magnetic units is as follows. In the 
cgs system the fundamental law of electrostatics is Coulomb’s law, 

/ = £• (3-35) 

The unit of electrostatic charge, the esu or statcoulomb, is defined operationally by 
the statement that unit charges repel each other with a force of 1 dyn if at a distance 
of 1 cm apart. (Coulomb’s law is central to chemistry in many ways, but perhaps 
most importantly in being basic to quantum theory and wave mechanics.) If the 
medium is other than vacuum, the force is reduced by the factor D,f = q 2 /Dr 2 , 
where D is the dielectric constant of the medium. 

Similarly, in electromagnetics, unit magnetic poles repel with a force of 1 dyn if 
separated by 1cm; magnetic field intensity H is 1 Oe (oersted) if unit magnetic 
pole placed in it experiences a force of 1 dyn. Both definitions are for vacuum. The 
field in a medium is reduced from that in vacuum by the magnetic permeability /x. 

Current, i, in the esu system is just the number of esu per second or statampere; 
it is thus a secondary unit. In the emu system, however, current is defined opera¬ 
tionally as that current which in a single-turn circular loop of wire of 1-cm radius 
produces a magnetic field intensity of 277 Oe. The unit of current is the absolute 
ampere or abampere. Our practical, everyday ampere, A, is 0.1 abampere. Also, 
because of the differences in operational definition, 1 abampere = c statampere, 
where c is the velocity of light. 

In the emu system, charge is defined as abamperes X seconds; the unit is the 
abcoulomb. The practical coulomb, C, is 0.1 abcoulomb. Also, the abcoulomb or 
emu unit of charge is c statcoulombs or esu units of charge. Thus the charge on 
the electron is 1.602 X 10" 20 emu, 1.602 X 10 -19 C, and 4.802 X 10 -10 esu. 

Finally, potential is defined in terms of the work required to transport unit 
charge. Unit potential difference exists between two points if 1 dyn is required to 
transport unit charge. If the charge is 1 esu, the potential is 1 statvolt; if the 
charge is 1 emu, the potential is 1 abvolt. The practical volt, V, is defined separately 
as requiring 1 J for the transport of 1 coulomb. It follows that 1 V is 10 8 abvolt 
and 1/300 statvolt. 

The SI system uses only the practical set of units, A, C, and V. The four funda¬ 
mental quantities are m, kg, sec, and A. There is a problem with Coulomb’s law. 
A conversion factor is needed if force is to be given in N with charge in C and r in m. 
Further, since certain equations of electricity and magnetism contain factors of 2 tt 
or 47? [Eq. (3-20) is an example], the restatement of Coulomb’s law is so made that 
such factors do not appear in situations where geometric intuition does not seem 
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to call for them. The law is written 


/ 


4 7re 0 r 2 


(3-36) 


where e 0 is the permittivity of vacuum and is equal to 10 7 /4-rrc 2 or 8.854 X 10” 12 A 2 
sec 4 kg" 1 m" 3 . A similar redefinition of magnetic interaction requires a magnetic 
permeability of vacuum, p 0 , to be 4ir x 10" 7 kg m sec" 2 A" 2 . Notice that c 0 p. 0 = 
1/c 2 . 

For both reasons (2) and (3) presented earlier, it is likely that Coulomb’s law 
will remain as a fundamental defining law in physical chemistry and that therefore 
the esu system will retain its current usage. The introduction of 6 0 in the SI system 
is awkward both conceptually and practically. As an example relevant to this 
chapter, polarizability has the dimensions of cm 3 in the cgs-esu system and it is 
pleasing that actual values are of the order of molecular volumes. In considerable 
contrast, the SI system gives polarizability the dimensions of e 0 m 3 or A 2 sec 4 kg" 1 
and numerical values are far different from molecular volumes. 

Generally speaking, it will be the practice in this text to use esu units where 
Coulomb’s law is fundamental to the topic. In electrochemistry, however, the 
practical system of electrical units (C, A, V) is the one of traditional convenience. 
Since this and the SI system are the same, no problem arises. 


SPECIAL TOPICS 


3-ST-l The Charge Distribution of a Molecule 

The wave mechanical picture of a molecule is that of an electron density distri¬ 
bution; the charge density at each volume element (or the probability of an electron 
in that element) is given by the square of the psi function <p for that molecule. 
Recalling the coordinate system of Fig. 3-2, we see that this charge density is 
in general some complicated function of r, 9, and <f>, p(r, 9, <f>). Now, just as a wavy 
line can be approximated by a series of terms in cosines and sines, that is, by a 
Fourier expansion, so can a function in three dimensions be approximated by an 
expansion in spherical harmonics. In fact, it turns out that the wave mechanical 
solutions for the hydrogen atom consist of one or another spherical harmonic 
(Section 16-7). These are just the s, p x , p» , p 2 , d 2 2 , d X 2_„2 , d xv , d xz , d yz , and so on, 
functions. 

An s function is spherically symmetric and is everywhere positive (or, alter¬ 
natively, everywhere negative). The sum or integral over a charge distribution given 
by the s function, 

q e = X q* = J p(r, 9, <f>) dr, (3-37) 

i 

where dr is the element of volume, simply gives a charge q e due to the electron cloud 
behaving as though it were centered at the nucleus (Fig. 3-5a). The algebraic sum 
of q e and the nuclear charge gives the net charge q. An atom or molecule whose 
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charge distribution is given by an s function behaves like a point charge q. The 
energy of interaction with a unit charge q 0 is 

e = M = q v. (3-38) 

Here V is the potential of the test charge, 

V = — . (3-39) 

r 

A p function has positive and negative lobes, as illustrated in Fig. 3-5(b). The 
sum over such a charge distribution is zero according to Eq. (3-37). However, the 



FIG. 3-5. (a) Charge distribution according to an s function. A monopole, (b) Charge distribution 

according to a p function. A dipole, (c) Charge distribution according to a d*. function. A quad¬ 
ruple. 
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sum or integral 

H- = £ 4^ = f r P( r > e > <f>) dr (3-40) 

i 

is not zero. This now corresponds to a dipole moment. Next, an electron distri¬ 
bution as given by the d z 2 function looks as in Fig. 3-5(c). There is now no dipole 
moment, but Q is nonzero as given by 


Q = £ <ti r i = / r2 p( r ’ e > 4>) dT > (3-41) 


where Q is called the quadrupole moment. 

Thus for a molecule such as HC1, the first approximation, or s contribution, says 
the molecule is neutral. The second term in the expansion, or the p 2 contribution, 
gives the dipole moment. In this approximation the atoms can be regarded as having 
net charges 8+ and 8~ separated by the bond distance d. The third term in the series 
expansion, giving the complete charge distribution, would be the contribution of 
the d z 2 term. This recognizes that the electrons are not spherically disposed around 
each atom, but concentrate to some extent between the atoms, that is, form a bond. 
In terms of point charges, a quadrupole consists of two equal, opposing dipoles. 

In the case of a neutral diatomic molecule like HC1, the complete charge distri¬ 
bution is given by the sum of the dipole and quadrupole contributions. With more 
complicated molecules yet higher moments would be needed. Not many quadrupole 
moments are known; the ones that are have been obtained from analysis of 
spectroscopic data. A few values are given in Table 3-3. 

Equation (3-39) gives the potential V due to a point charge. The potential energy 
of a molecule having a charge, a dipole moment, and a quadrupole moment can be 
expressed in terms of the electric potential at that point and its derivatives: 


or 


, dV Q d 2 V 


2 dx 2 


€ „ Vq + /tF + R*L. 


(3-42) 

(3-43) 


It is assumed that the dipole and quadrupole are aligned in the x direction, and 


TABLE 3-3. Some Quadrupole Moments ' 1 


Substance 

Quadrupole moment 
x 10 2# (esu cm*) 

h 2 

0.65 

o 2 

-0.4 

n 2 

-1.4 

co 2 

-4.3 

QH, 

-0.8 

QH 4 

2.0 


° From A. D. Buckingham, R. L. Disch, 
and D. A. Dunmur, J. Amer. Chem. 
Soc. 90, 3104 (1968). 
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dV/dx gives the field F in this direction. The verification of Eq. (3-43) is left as an 
exercise. 


3-ST-2 Magnetic Properties of Matter 


The magnetic properties of matter are of less general interest to the chemist than 
are the electrical properties. In some cases, however, important information about 
the electronic structure of a molecule can be obtained. 

We measure a quantity called the molar magnetic susceptibility xm > which is 
rather analogous to molar polarization in the electrical situation. A convenient 
way of making this measurement is by means of a Gouy magnetic balance, 
illustrated in Fig. 3-6. An electromagnet establishes a field H 0 and one measures 


| To balance 



FIG. 3-6. The Gouy balance. 


the resulting change in weight of a sample. The sample is contained in a tube which 
is suspended between the pole pieces of the magnet, with the bottom of the sample 
at the centerline. The hollow lower portion of the tube compensates for the action 
of the field on the tube itself. The suspension is attached to a sensitive balance, and 
one measures the change in pull that occurs when the magnetic field is turned on. 

As illustrated in Fig. 3-7(b) the sample may be diamagnetic, in which case the 
magnetic field within it is less than H 0 and magnetic lines of force deflect away from 
the sample. Alternatively, as in Fig. 3-7(c), the sample may be paramagnetic and 
show the reverse effects. In the first case the pull decreases when the field is applied; 
and in the second case it increases. A straightforward derivation shows that the 
change in force/ on the sample is given by 

/ =^ Xm ^ h o 2 , (3-44) 

where s/ is the area of the tube, p is the sample density, and M is the molecular 
weight. 

From the molecular point of view, xm is made up of two contributions: that due 
to the inherent magnetic polarizability a and that due to the alignment in the field 
of any permanent magnetic moments present. Just as with dipolar molecules in an 
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FIG. 3-7. Lines of magnetic force in (a) 
vacuum, ( b ) a diamagnetic substance, and 
(c) a paramagnetic substance. 



(c) 


electric field, the alignment of permanent molecular moments is opposed by the 
randomizing effect of thermal agitation. The actual equation is 

Xm = N 0 (* + -^r) , (3-45) 

where is the permanent molecular magnetic moment. 

As in the electrical case a describes the tendency of the applied field to induce 
an opposing field in an otherwise homogeneous medium. A physical description 
of the effect is that the applied field causes the electrons of the atoms to undergo a 
precession; this precession gives rise to an electric current which in turn generates 
an opposing magnetic field. We call the effect diamagnetism, and report a molar 
diamagnetic susceptibility N 0 a or x« • Pascal observed around 1910 that x«’s are 
approximately additive, although as with molar polarization or refraction, correc¬ 
tions are needed for special types of bonds. Some atomic and bond susceptibilities 
are given in Table 3-4. 

As a numerical illustration, suppose the magnet to provide a field H 0 of 10,000 Oe, sd to be 
0.1 cm 2 , and the sample to consist of water at 25°C. The value of x« for water is —13 x 10~* 
and xMM) is then —0.722 x 10 _ *cm~ 8 . Substitution into Eq. (3-44) gives 

/ = -1(0.1X0.722 x 10- 8 )(10*) 2 = -3.61 dyn or -3.7 mg. 

The force is negative, meaning that the sample will be 3.7 mg lighter when the field is on. 


Permanent magnetic moments arise first of all from the orbital motion of 
electrons. For a single electron this moment is related to its angular momentum 
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TABLE 3-4. Some Molar Diamagnetic Susceptibilities “ 


Atom or 
bond 

Molar 

susceptibility 
x 10 6 

Ion 

Molar 

susceptibility 
x 10 8 

H 

-2.93 

Na+ 

-5 

C 

-6.00 

nh 4 + 

-11.5 

N (open chain) 

-5.55 

Fe 2+ 

-13 

N (ring) 

-4.61 

Cr 3+ 

-11 

O (alcohol, 


Co 3+ 

-10 

ether) 

-4.61 

ci- 

-26 

O (carbonyl) 

-1.72 

no 3 - 

-20 

Cl 

-20.1 

SO’- 

-40 

C=C 

5.5 




“ From P. F. Selwood, “Magnetochemistry,” 2nd ed. Wiley 
(Interscience), New York, 1956. 


and therefore to the orbital quantum number /, where / = 0 for an s electron, 
/ = 1 for a p electron, and so forth. Analysis gives 

(3 - 46 > 

where the quantity (eh/^ntnc) is known as the Bohr magneton p. B . Substitution of 
the numerical values for Planck’s constant h, the mass of the electron m, and the 
velocity of light c gives /u B = 9.273 x 10 -21 erg Oe _1 (and 9.273 X 10“ 24 A m~ 2 in 
the SI system). 

The second contribution to the permanent magnetic moment is that from the 
spin of the electron itself. Orbital motion is quantized in units of angular momentum 
A/277 and spin angular momentum is quantized in units of ifi/ln. Since the quantity 
h/2v appears in both cases, it is not surprising that the spin magnetic moment is 
related to /u. B : 

f*. = 2 ix B [s(s + l)] 1 / 2 , (3-47) 

where s is the spin quantum number. 

The orbital contribution, Eq. (3-46), is often small; this is because orbital motions 
of electrons may be so tied into the nuclear configuration of the atom that they are 
unable to line up with an applied field. As a fortunate consequence only the spin 
contribution is then important. If more than one unpaired electron is present, the 
individual spins combine vectorially, 

to = 2/x B [S(S + l)] 1 / 2 , (3-48) 

where 5 is just one-half times the number of unpaired electrons. The molar 
susceptibility is then 

Xm = [s(s + 1)]1/z - ( 3 - 49 ) 

The total observed xm is the sum of the negative diamagnetic contribution N 0 a and 
the positive contribution from Eq. (3-49). 

Equation (3-49) often applies adequately to elements through the first long row 
of the periodic table, and therefore allows a determination of the number of 
unpaired electrons present per molecule. Thus a ferrous compound should have 
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FIG. 3-8. A modern superconducting 
magnet installed at the Japanese National 
Research Institute for Metals. Shown is 
the Nb 3 Sn outer magnet, which gives a 
central field of 135,000 gauss. With an 
inner V 3 Ga set of coils, the field becomes 
175,000 gauss. In use, the whole unit is 
immersed in a He cryostat at 4.2K.(Cour¬ 
tesy Intermagnetics General Corp.) 


four unpaired electrons on the iron and therefore a moment of [2(2 + 1)] 17 Vb or 
4.90 /xb ■ The observed value is 5.25 p. B . 

Modern magnetochemistry deals with a great variety of effects in addition to 
ordinary susceptibility measurements. These range from studies of transport 
phenomena in superconductors to magnetic field effects in spectroscopy. Figure 
3-8 shows a contemporary electromagnetic in which superconducting material is 
used for the coils. This allows very high fields to be obtained with a minimum of 
energy expenditure (and of heating). 
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EXERCISES 


3-1 Gaseous bromine has an extinction coefficient of 120 liter mole -1 cm -1 at 400 nm. 
Calculate (a) at, (b) k N , (c) k x , and (d) the per cent of incident light of this wavelength 
which would pass through a 1.5-cm cell filled with Br 2 at lOOTorr pressure and 25°C. 

Arts, (a) 276.4, (b) 4.589 x 10 -18 , (c) 1.486 cm -1 , (d) 10.76%. 

3-2 The extinction coefficient for benzophenone is 500 liter mole -1 cm -1 at 300 nm. Calculate 
the optical density of a 1.5 x 10 -3 Absolution for a 2-cm cell and assuming that the solvent, 
ethanol, has an optical density of 0.05 cm -1 at this wavelength. 


Ans. 1.60. 


3-3 The optical density of a 0.02 M solution of Cr(NH 3 ) 3 * is 0.589 at 462.5 nm with a 0.5-cm 
cell; that of the aqueous solvent alone is 0.200. Calculate the extinction coefficient for 
this complex ion and the percentage of incident light absorbed by the solution. 

Ans. 38.9 liter mole -1 cm -1 , 74.2%. 


3-4 The extinction coefficients of benzophenone and of naphthalene are the same at 300 nm, 
namely 500 liter mole -1 cm -1 . Naphthalene does not absorb at 350 nm, but benzophenone 
does, with an extinction coefficient of 110 liter mole -1 cm -1 . Neglecting solvent-ab¬ 
sorption, calculate the composition of a mixed solution of these two species if the optical 
density in a 1-cm cell is 0.500 at 300 nm and 0.030 at 350 nm. 

Ans. 2.73 x 10 -4 M benzophenone and 7.27 x 10 -4 M naphthalene. 


3-5 Calculate the molar refraction of ammonia if the index of refraction of the gas at STP 
is 1.000373. 


Ans. 5.57 cm’ mole -1 . 


3-6 The molar refraction of HI is 13.74 cm 8 mole -1 . Calculate the index of refraction of HI 
at 25°C and 0.1 atm pressure and the polarizability of the HI molecule. 

Ans. n = 1.0000842, a = 5.45 x 10 -24 cm 8 . 

3-7 The index of refraction of liquid water is 1.333. Calculate the molar refraction and the 
polarizability of water. 


Ans. R = 3.70 cm 3 mole -1 , a = 1.47 x 10 -24 cm 8 . 

3-8 The dielectric constant of liquid water is 78.54 at 25°C. Calculate the molar polarization 
of water, and in conjunction with Exercise 3-7, the dipole moment of water. Explain 
why your value for fi is incorrect. 


Ans. P = 17.6 cm 8 mole -1 , fi = 0.825 D. 
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3-9 As an alternative calculation to Exercise 3-8, the dielectric constant of water vapor at 
1 atm varies from 1.005471 at 384.3 K to 1.004124 at 444.7 K. Calculate the dipole 
moment of water from this information. 


Ans. 1.84 D. 

3-10 The dielectric constant of chloroform gas at 120°C and 1 atm pressure is 1.0042. Given 
that the dipole moment is 1.02 D, calculate the polarizability of chloroform and the 
dielectric constant of liquid chloroform. 

Ans. a = 11.5 x 10~ 24 cm 3 , Z)(liq) = 4.91. 


3-11 

3-12 


Calculate the bond length in HBr. 


Ans. 1.53 A. 

Calculate the dipole moment for the H—O bond in H 2 Ofrom information in Section 3-5. 

Ans. 1.49 D. 


PROBLEMS 


3-1 The accompanying table gives the extinction coefficients for ferrocyanide ion and for 
ferricyanide ion at various wavelengths. 

(a) Make a semilogarithmic plot (on semilog graph paper) of extinction coefficient versus 
wavelength for these two species, (b) Calculate the percentage of light of 350 nm absorbed 
by a 0.0005 M solution of each species in a 2-cm cell, (c) The reaction 

2Fe(CN)a" + H z O + CN~ = 2Fe(CN)J- + CNO~ + 2H+ 

is being followed spectrophotometrically; CN~ and CNO~ do not absorb in region of 
wavelengths covered in the accompanying table. The solution initially is 0.001 M in ferri¬ 
cyanide; after 10 min the optical density of the solution (in a 1-cm cell) is 0.906 at 
320 nm. Calculate the percentage of the ferricyanide that has reacted. 


Wavelength 

(nm) 

Ferrocyanide 

6 

Ferricyanide 

6 

280 

970 

1100 

290 

550 

1350 

300 

300 

1550 

310 

285 

1350 

320 

315 

1100 

330 

320 

800 

340 

260 

520 

350 

165 

300 

360 

130 

320 

370 

70 

430 

380 

40 

590 

390 

15 

750 

400 

7 

890 

410 

0 

1000 

420 

0 

1010 

430 

0 

870 

440 

0 

650 

460 

0 

250 
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3-2 At a wavelength of 500 nm the optical density of a 0.0100 M solution of the 
complex ion [Co(NH 3 ) s H 2 0] 3+ is 0.470, while that of a 0.00200 M solution of the ion 
[Co(NH 3 ) 5 (SCN)] 2+ is 0.356. At 345 nm, the two optical densities are 0.530 and 1.33, 
respectively. The optical densities at 500 and 345 nm are then determined for a solution 
containing a mixture of the two complex ions and found to be 0.319 and 0.611, respectively. 
Calculate the concentrations of the complex ions in this solution. 


3-3 At a wavelength of 300 nm the optical density of 0.001 M potassium ferricyanide solution 
is 1.55, while that of a 0.002 M potassium ferrocyanide solution is 0.600. These densities 
are for a 1-cm cell, and are corrected for any absorption due to the solvent (water). At 
360 nm the optical densities, determined in the same way, for the same two solutions are 
0.320 and 0.260. It is desired to analyze a solution containing unknown concentrations of 
ferricyanide and ferrocyanide, but no other absorbing species. Using a 10-cm cell, it is 
found that the optical density of the solution (corrected for solvent absorption) is 4.00 at 
300 nm and 1.03 at 360 nm. Calculate the concentrations of ferricyanide and of ferro¬ 
cyanide in this solution. 

3-4 The amount of a certain substance A is to be estimated by measuring with a spectro¬ 
photometer the extinction E (E = elC) for a solution of A. The intensity of the transmitted 
light / can be measured within an error of 1.0% of the initial intensity / 0 (i.e., S/// 0 = 0.01). 
At what value for E will the relative error in the amount of A be minimized, and what is 
that error? (Ringbom, 1938.) [Note: The extinction E is an alternative term for the optical 
density D: E = D = elC = log(/<,//). It is necessary to obtain an expression for SE/E 
and then to set d(SEIE)ldE equal to zero, thus getting the minimum value of SE/E. In this 
way the solution of A can be diluted so that the error in E and hence C is a minimum.] 

3-5 The molar refraction R is 1.643 for oxygen in an ether group (R —O —R). It is 6.818 for 
methane and 13.279 for dimethyl ether. Calculate the value for diethyl ether. 

3-6 Given that the molar refractions for methane, ethane, n-propionic acid, and methyl 
propionate are 6.818, 11.436, 17.590, and 22.326, respectively, calculate the atomic re¬ 
fractions for H, C, carbonyl oxygen (C=0), hydroxyl oxygen (—OH), and ether oxygen 
(—O—R). Use only the above information plus the fact that the molar refraction for 
/3-hydroxy propionic acid is 19.115. 

3-7 The molar polarization of a certain vapor is found to obey the equation P — 60 4- 
(20.500/70 (in cubic centimeters). Assuming ideal gas behavior, calculate the index of refrac¬ 
tion and the dielectric constant of the vapor at STP. What molecular properties can be 
obtained? Calculate their values. 

3-8 The accompanying data are reported for solutions of ethyl ether in cyclohexane at 20°C 
[from Glasstone (1946)]. 


Mole fraction 
ether 

Dielectric 

constant 

Density 
(g cm -3 ) 

0.04720 

2.109 


0.08854 

2.178 

0.7720 

0.12325 

2.246 


0.17310 

2.317 

0.7664 


The molar refraction for the ether is 22.48 cm 3 . Using the extrapolation method, calculate 
the molar polarization of the solvent and of the ether and the dipole moment of the latter. 


3-9 The accompanying data have been obtained for aqueous LiCl solutions at 19°C (Hantzsch 
and Durigen, 1928). 
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Grams of salt per 

100 g solution 

Density 
(g cm" 3 ) 

Index of 
refraction 

0 

0.9984 

1.3334 

3.44 

1.0180 

1.3397 

6.77 

1.0357 

1.3462 

9.99 

1.0524 

1.3523 

16.12 

1.0862 

1.3644 


Calculate the molar refraction of water at 19°C and, by the extrapolation method, that of 
LiCl( aq). 

3-10 The polarizability of CH« is 2.58 A 3 . Calculate the index of refraction and the dielectric 
constant for the gas at STP and for liquid methane. 

3-11 Theangle of inclination of the N—H bonds to the molecular axis is 111° in thecaseof NH„. 
The molecular dipole moment is 1.48 D; calculate the dipole moment for aN-H bond. 

3-12 The dipole moment of S0 2 is 1.61D, the length of each S - O bond is 1.45 A, and the bonds 
have approximately 25 % ionic character. Calculate the bond angle, that is, the angle 
between the two S—O bonds. 

3-13 The dipole moment of water is 1.82 D and the two H —O bonds are at 105° to each other 
and each have 25 % ionic character. Calculate the H —O bond length in angstroms. 

3-14 The dipole moment of HC1 is 1.03 D and the bond length is 1.30 A. Calculate the fractional 
ionic character to the HC1 bond, that is, the charge on each atom expressed as a fraction 
of the electronic charge. 

3-15 Repeat the calculations of Problem 3-10 using the SI system of units. 

3-16 Repeat the calculations of Problem 3-7 using the SI system of units. 

3-17 An additive property that has had some historical importance is that known as the 
parachor [see O. R. Quale, Chem. Rev. 53, 439 (1953)]. The parachor, [P], is a molar 
volume in which surface tension is used to correct for intermolecular forces, [P] — 
y ll, M/p. Calculate [P\ for octane, heptane, and ethanol and, from these, the group 
parachors for CH,—, CH a —, and —OH. 

3-18 Calculate the Coulomb force between two electrons 3 A apart using (a) the cgs-esu 
system and (b) the SI system, (c) Derive, that is, verify, the value given for c 0 in the 
Commentary and Notes section. 
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3-1 Carbon monoxide has a dipole moment of 0.10 D and a quadrupole moment of — 1.3 x 
10" 36 esu cm 2 . Calculate the potential energy of interaction of CO with a Na + ion 15 A 
away. Assume that C is negative in CO and that the molecular axis points toward the ion, 
that is, Na + • • • C—O. Express your result as tjkT for 25°C. 


3-2 Derive Eq. (3-42). 
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3-3 The energy of adsorption of polar molecules on ionic solids is attributed in part to ion- 
dipole interaction. Suppose a silica-alumina catalyst to have sites of charge —1 widely 
enough separated that each adsorbed H a O interacts with only one site. Taking the dipole 
moment of H 2 0 to be 1.83 D, calculate the ion-dipole interaction energy as a function of 
distance from the surface from 3 to 15 A assuming that the water molecule is oriented so 
that its dipole is (a) parallel to the surface and (b) perpendicular to the surface. Express 
your results as ejkT at 25°C. 

3-4 The magnetic field in a Gouy apparatus is calibrated by measurement of the pull for a 
sample of Mohr’s salt. The tube is 3 mm in diameter and the packing of the solid is such 
that its density in the tube is 3.5 gcm‘ s . Calculate H 0 if the pull is 40 mg. Assume 25°C. 

3-5 The molar susceptibility of benzene is —54.8 x 10" 8 in cgs units. What force should be 
observed in a Gouy balance if a 0.5-cm-diameter tube is used with a field of 8000 Oe? 
Assume 25°C. 

3-6 Calculate xm for the Cr a+ ion and for the complex ion Cr(NH s )| + , allowing for the dia¬ 
magnetic corrections. What increase in weight should be observed if a 0.01 M solution of 
Cr(NHj) 6 C1 3 in water is placed in a 1-cm-diameter tube and weighed in a Gouy balance 
for which H 0 is 9500 Oe (allow for solvent). Assume 25°C. 

3-7 The following results are obtained for a 0.5 M solution of a nickel coordination com¬ 
pound. With a field of 10,000 Oe and a tube of 0.1 cm 2 area, the net pull (after allowing 
for solvent) is 12.3 mg. The diamagnetic correction for the nickel compound itself is 
—2.0 X 10“ 4 in cgs units. Calculate the number of unpaired electrons per nickel atom. 
Assume 25°C. 



CHAPTER FOUR 


CHEMICAL THERMODYNAMICS. 
THE FIRST LAW OF 
THERMODYNAMICS 


4-1 Introduction 

Modem chemical thermodynamics has two interpenetrating structures. The first 
structure is that of classical thermodynamics, which is based on a set of far-reaching 
phenomenological laws. The detailed logical elaboration of these laws permits their 
precise application to very complicated chemical and physical situations and leads 
to relationships and conclusions that are otherwise far from obvious. However, all 
these relationships and conclusions are themselves phenomenological; that is, they 
deal with macroscopic, operationally defined quantities. They contain nothing 
that is not already implicit in the laws of thermodynamics themselves. 

This aspect of thermodynamics has a strength and a weakness. The strength lies 
in the fact that since the laws rest entirely on experimental observation, they are 
correct to the extent of the accuracy and generality of such observations. The weight 
of evidence is by now so massive that we have no doubt that the laws are valid 
within our present scientific ken. Should some totally new reach be achieved, the 
laws might be expanded, but their present application would not be altered. 

There is a not too old example of just such a situation. The first law of thermo¬ 
dynamics affirms the conservation of energy. In the absence of external fields 
(electrical, magnetic, or gravitational) this amounts to saying that chemical 
energy, heat energy, and work or mechanical energy may be interconverted but 
that their sum is constant for an isolated system. The discovery of radioactivity and, 
later, of nuclear fission showed that vast amounts of energy could be released by 
matter-energy conversion. The first law now has to include nuclear energy, or, 
alternatively, to affirm that the mass of an isolated system remains constant, 
recognizing that total mass includes energy mass. The point, however, is that the 
discovery of the whole new domain of nuclear energy in no way altered the laws of 
thermodynamics with respect to phenomena not involving nuclear changes. No 
new discovery, however enormous, is expected to do otherwise. 

The weakness of classical thermodynamics stems from the fact that, being 
phenomenological, it deals only with the average behavior of many molecules. 
It provides no detail about individual molecular behavior. Also, while it can relate 
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macroscopic properties, it cannot predict them separately. Thus thermodynamics 
provides a relationship between the heat capacity of a gas and its coefficients of 
compressibility and thermal expansion, but it cannot predict the actual heat 
capacity of any particular gas. It relates vapor pressure and heat of vaporization, 
but is unable to say what the actual vapor pressure of a given liquid will be. 

The second structure is that of statistical thermodynamics. Here one applies the 
Boltzmann principle to formulate the distribution of molecules among all of their 
possible energy states, much as is done in gas kinetic theory, and the various 
average quantities so computed can be identified with classical thermodynamic 
ones. It is now necessary to provide a great deal of detailed information about 
energy states, and in simple cases it is possible to do this through the use of wave 
mechanics. For example, statistical mechanics can give the actual heat capacity of 
a particular dilute gas with some precision. 

In principle, then, statistical thermodynamics not only leads to the relationships 
of classical thermodynamics but also provides values for all the thermodynamic 
properties of individual substances. The practice is not so easy. Wave mechanics 
does not provide accurate energy states for any but the simplest of molecules, let 
alone for the multitudinous interactions among molecules in a condensed state. 
Even for gases the intermolecular potential functions that determine nonideality 
are as yet semiempirical. The full statistical mechanical treatment of liquids is 
barely within reach for a monatomic one such as argon but otherwise seems 
hopelessly complex. 

A consequence of the complexity of rigorous treatments is that various sim¬ 
plifying assumptions are introduced. These may take the form of neglecting certain 
categories of energy states, of making some structural assumptions that simplify 
the listing of such states, or of various mathematical approximations to make the 
computations feasible. In other words, statistical mechanics as practiced is very 
often based on simplified models and is essentially semiempirical. Herein lies a 
danger. Because the results appear in classical thermodynamic language, there is a 
tendency to imbue them with the full status of classical, phenomenological thermo¬ 
dynamics. This is at times quite easy to do if the simplifying assumptions are not 
stated explicitly but are implicit in some detail of mathematics or in the manner of 
counting of energy states. 

However, because the two types of thermodynamics are so interpenetrating, the 
practice in this text will be to present the statistical treatments along with or 
closely following the classical ones. Use will be made of wave mechanical results, 
some of which are derived only later. For the present such results are introduced 
simply as accepted statements about the spacings of different kinds of energy 
levels. 


4-2 The Story of a Man 

It is not possible in a text of this type to delve into the historical background of 
each subject. Such background is often fascinating, however, and it seems worth¬ 
while to offer an occasional account in sufficient depth to illuminate the human side 
of science. 

The origins of the first law of thermodynamics, or the conservation of energy, 
lie in the 18th and early 19th centuries, with the developing realization that heat 
and work were interconvertible in fixed ratio. The first clear, although qualitative, 
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realization of this interconvertibility is attributed to Count Rumford, who at one 
stage in his career was able to observe the great amount of heat liberated in the 
operation of boring cannon. His observations convinced him that the heat resulted 
from the dissipation of mechanical work and was not some substance released by 
the iron chips. For example, he noted that a dull tool produced no chips, yet 
about the same amount of heat. That is, he thus attacked the then prevalent idea 
that heat was a substance (called caloric). 

It remained for James Joule to make the conclusion quantitative in the 1840’s. 
One of Joule’s experiments consisted in churning up water in a container by means 
of a paddle driven by a falling weight. He observed a temperature rise and from this 
calculated the mechanical equivalent of heat. 

At first, the calorie was defined as that amount of heat required to raise the 
temperature of 1 g of water by 1 °C. Since the heat capacity of water varies with 
temperature, a more precise definition made the temperature interval 14.5°C to 
15.5°C (the 15-degree calorie). Now, however, the calorie is defined in terms of the 
joule, 

1 cal = 4.184 J (exactly). (4-1) 

The joule is the amount of work corresponding to the action of unit force, the 
newton, over unit distance, the meter; the newton, in turn, is defined as that force 
that gives 1 kg an acceleration of 1 m sec -2 . In the cgs system gram and centimeter 
are substituted for kilogram and meter, respectively; the unit of work is the erg; 
1 J = 10 7 erg; and the unit of force is the dyne, 1 N = 10 s dyn. In Joule’s experi¬ 
ment the work done by the falling weight would be given by the product of the 
force acting on it (mass times acceleration due to gravity) and the distance it fell. 

To return to the title of this section, the story of a man is that of Count Rumford. 
The following account is reproduced by permission of the Los Angeles Times. 
Let the reader contribute his own reaction! 


Scientist and Scoundrel, and Good in Both Lines* 
E. C. Krauss 


A bit of little-known history about the U.S. Military Academy has recently come to light after 
being buried in old records for generations. The story is that West Point had a narrow escape: 
it was almost established under the care of a man who had been both one of the world’s most 
brilliant scientists and a scoundrel without a shred of character. 

This curious individual, who might be called attractive in a revolting sort of way, was Benjamin 
Thompson; born at Woburn, Mass.; Sir Benjamin by action of His Majesty, King George III, 
and Count Rumford, a noble of the Holy Roman Empire. 

When he was at the British court in the late 1790’s, he proposed to Rufus King, our Minister, 
that he start an American military academy similar to one he had established for the Grand 
Duke of Bavaria. King knew him only as a man of apparently brilliant attainments and recom¬ 
mended him to President John Adams, who was on the point of naming him—would have named 
him but for a dispute over rank, Thompson asking to be made a full general, equal to Washington. 

At this point, British officials who knew about the seamy side of Thompson's career gave 
King an earful about him that made the appointment impossible. Minister King gave Thompson 
a choice: he would tell the world why Thompson was not acceptable, and thus bring all the 
scandal to light; or Thompson would be publicly offered the appointment but must refuse it. 
The latter course, which saved face both for the United States and for Thompson, was agreed 
upon. And West Point started (in 1801) under somebody else. 

What was the scandal? This being a family newspaper, not all of it can be told. However, 


t Copyright, 1955, Los Angeles Times. Reprinted by permission. 
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Thompson started early: in Portsmouth, N. H., where he was teaching school, he won the heart 
of a rich widow of 32 and set up, at 19, as the local squire and a major in the militia. This was 
1774 and Thompson was run out of town after being accused of being a spy for Gen. Gage, 
British commander in Boston. He was, but the patriots couldn’t prove it at the time. 

In Boston, he tried for a year to get a commission in the Colonial Army, but the New Hampshire 
patriots stopped that; so he went over openly to the British side. Finally Gen. Gage sent him to 
London as a member of a committee to explain to Lord George Germain, Colonial Secretary, the 
evacuation of Boston. He became a favorite of Lord George at once and was made undersecretary 
for Carolina and Georgia. In 1779 he took a cruise with the British Navy and in 1781 made a 
deal with a man named Lutterloh and a Frenchman named LaMotte to sell British naval secrets 
to the French. 

The plot was detected; Lutterloh confessed and turned King’s evidence; but Lord George 
would not permit the prosecution, or even the exposure of Thompson. LaMotte was convicted, 
hanged, drawn and quartered, and Thompson was sent to America as a lieutenant colonel of 
Dragoons. But the war was about over. 

Thompson—he was Sir Benjamin by this time—then went to Bavaria where his great talents 
won him quick favor. He became Minister of War, Minister of the Interior and Royal Scientist; 
and he was also a spy for the British. However, at the Bavarian court he carried on further scien¬ 
tific experiments. At London, he had devised apparatus for measuring the force of gunpowder, 
and practically invented the science of ballistics. In Bavaria he disproved the “caloric theory” of 
heat, devised a new method of boring’ cannon, invented the cookstove (all cooking had been 
done on open fires) and reinvented the central heating system which the ancient Cretans had 
invented millenniums before. He invented the drip coffeepot and was the inventor of baking 
powder. 

One of his achievements in the realm of statesmanship was to arrest the 2600 beggars of Munich 
and put them to work making clothing for the army. 

Meanwhile he was grafting and stealing with both hands, as he had been in London; it was 
estimated that he stole the equivalent of much more than 81,000,000 during his public career—an 
incredible fortune for that day. 

Thompson broke with the British spy system in 1785 and in 1791 was made a count. He went 
back to London in 1795 in the guise of a distinguished scientist, to read papers before the Royal 
Society and remained a year. On his return to Munich he was made Prime Minister; but he made 
so many enemies that he had to flee to London two years later, pausing only to appoint himself 
Bavarian Minister to the Court of St. James’s. 

The British court refused to accept him as such, giving the excuse that the King could not well 
receive as a foreign envoy one of his own subjects. 

When the West Point deal fell through, Thompson, or Count Rumford, drifted to Paris where 
he became very chummy with Napoleon, who admired his artillery studies. And if the Americans 
did not want him as a military instructor, Napoleon did and the count established the famous 
school of St. Cyr, the French West Point. 

At 60, he married the widow of the great French chemist Antoine Lavoisier—he who was 
guillotined when the court ruled that “the republic has no need of scientists.” Mme. Lavoisier 
had a handsome fortune. But she cared for society and Count Rumford didn’t; at their divorce 
he took half her inheritance. 

His science kept equal pace with his scoundrelism; he invented the photometer for measuring 
light, first used the term “candle power” as a standard, and also invented the steam radiator. 

The count lived in easy circumstances till 1814 and remembered his birthplace by endowing a 
professorship at Harvard—which is still in force. 

Here was surely one of the strangest mixtures of good and evil the world ever saw. 


4-3 Energy and the First Law of Thermodynamics 

The interconvertibility of heat and work makes it possible to define energy as 
the ability to produce heat or to do work. With this definition we appear to restrict 
ourselves to measuring only those energy changes which produce one or the other 
effect. To be more precise, we state that 


AE = q — w. 


( 4 - 2 ) 
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where AE is the internal energy change and 

q = heat absorbed by the system, (4-3) 

w = work done by the system. (4-4) 

The sign convention is such that AE for the system is negative if it furnishes either 
overall heat or work to its surroundings. Also, q and w will be treated as algebraic 
quantities. That is, if heat is produced by the system, q will be negative, and likewise 
w, if work is done on the system. 

We know, of course, that energy appears to reside in a system in different ways. 
We think of thermal energy —a system that releases heat or does work usually 
becomes cooler; the energy content of a system must then be a function of its 
temperature. However, if ice absorbs heat at 0°C or if two blocks of ice are rubbed 
together (as was done in 1799 by Humphry Davy), melting, but not necessarily 
any change in temperature, occurs. There is thus a difference in the energy content 
of ice and of water. We call this a latent energy or latent heat. Further, an electro¬ 
chemical cell can produce work, as in the starting of a car by means of a lead 
storage battery. There is no particular temperature or phase change, but now a 
chemical reaction has occurred. Evidently the products contain a different amount 
of energy than do the reactants. We thus also have chemical energy. 

In view of these various forms of energy and our lack of complete understanding 
of them, might it not be possible for a system to change its energy even though 
q — w were zero ? We can examine the implications of such a happening as follows. 
Suppose that state A, of energy E A , could convert to state B, of lower energy E B , 
but with q AB — w AB = 0. There must in general be some state C such that C can be 
converted to A with some values of q and w, q CA — w CA , and that B can be con¬ 
verted to C with some other values, q BC — w BC . We now carry out the process 
in which state C is first converted to state A, then state A is converted to state B, 
and state B is in turn converted back to state C. The situation is illustrated in 
Fig. 4-1. 

The result of this cycle is to return the system to its original condition. That is, 
we define the state of a system by its macroscopic properties. If these are all the 
same for the initial and final state C, then the system has been returned identically 
to its original condition; the cycle, for example, should be repeatable indefinitely. 
Now the consequence of the cycle is that some total (algebraic) heat has been 
absorbed, q CA + q AB + q BC = q t ot and work has been done, w CA + w AB + w BC = 
w t ot • There are two extreme cases. First qm might be zero, but not wtot • This 
would mean that work has been done on or by a system with no change in the 
system. Alternatively, if w t0 1 is zero, heat has been absorbed or released by the 
system, but again with no change. This is contrary to experience. More generally, 


c 



<7ab ^ab - 0 


FIG. 4-1. 
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it is entirely contrary to experience that net heat or work can be put into or with¬ 
drawn from a system without some change in that system. The particular possibility 
of net work or heat being supplied by a system was for a while intensively tested by 
attempts to contruct a perpetual motion machine, that is, by attempts to find some 
cyclic process that produced overall work or heat. The reverse of being able 
endlessly to insert work or heat into a system without changing it, while less 
appealing to the inventor, has never been observed either. (Is the device of Fig. 4-2 
an exception?) 

We generalize our inability to find a perpetual motion machine by saying that 
q toi = wtot for any cyclic process. AE must also always be zero for any such process 
since the cycle returns the system to the identical state variables of the initial 
condition; we cannot imagine identical states as having different energies. We thus 
conclude that AE is completely defined by Eq. (4-2) and, further, that AE must be 
zero for any process for which q = w. In terms of the example here, this means 
that AE ab must be zero (since q AB = w AB ). We also conclude that AE ca = —AE BC , 
irrespective of the nature of state C. Alternatively put, our experience requires that 
energy changes as defined by Eq. (4-2) be entirely specified when the initial and 
final states of the process, cyclic or otherwise, are specified. Thus the defining 
equation (4-2) is not really restricting; it affirms a law of nature of great generality. 


FIG. 4-2. A machine for making energy. 



An endless belt has a number of small piston and 
cylinder units attached, of which two are shown. In the 
case of the units on the right side, the weight on the 
piston acts to expand the gas in the cylinder. With the 
units on the left side, the weight acts to compress the gas. 

The whole assembly is immersed in a tank of water. 
Since the right-hand units have a larger gas volume than 
the left-hand ones, they are more buoyant. The endless 
belt thus rotates counterclockwise. 

A secondary belt runs off a pulley on the upper wheel, 
to deliver useful power. This marvelous machine is yours 
for the making! What do you think of it? 
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The defining equation gives only an energy difference, however; it provides no 
absolute scale of energy. Ordinarily we pick some standard or reference state as 
having an assumed energy, usually zero, and then obtain the energy of all other 
states through Eq. (4-2). In this sense, then, we speak of energy as a state function-, 
we mean that changes in it are defined if the change of state is defined. 

The various preceding statements are ways of affirming the First Law of Thermo¬ 
dynamics. To summarize, the alternative statements are: 

AE = q — w. 

The internal energy of an isolated system is constant. 

The internal energy change in a cyclic process is zero. ^ ~ ' 

Internal energy is a state function. 

The expression “internal energy” is the correct one for E; it emphasizes that we are 
referring to the energy content of a definite portion of matter. When indicated by 
a capital E internal energy will be on a molar basis. + 

Returning to the example of Fig. 4-1, we see that the requirement to satisfy our 
experience with respect to perpetual motion machines is that qwt = wtot. Thus, 
per cycle, it would be allowable for work to be done on the system and an equiv¬ 
alent amount of heat evolved. It would also be allowable for heat to be absorbed 
and an equivalent amount of work to be done. The first situation encounters no 
objections, but the second turns out to have a restriction, again as a result of 
experience. The restriction is stated by the Second Law of Thermodynamics, taken 
up in Chapter 6. 

As a final comment, the first law has so far been justified in terms of negative 
arguments, that is, in terms of the lack of observations of certain behavior. There 
is a similar aspect to the second law. However, both lead to relationships that have 
abundantly been verified. There is thus a great amount of direct evidence for the 
validity of the laws of thermodynamics. 


4-4 Mathematical Properties of State 
Functions. Exact and Path-Dependent Differentials 

The conclusion that the internal energy change is zero fora cyclic process orthatF 
is a state function carries a further implication. Referring once again to Fig. 4-1, 
we see that the change in energy on going from A directly to B, AE ab , must be 
the same as that on going from A to C and then from C to B, AE acb . Otherwise, 
the first law of thermodynamics would be violated. We conclude therefore that AE 
cannot depend on the path taken or that, for some small change, dE is independent 
of path. 

We know, however, that q and w do depend on path. This is a matter of common 
experience, examples of which are illustrated in Fig. 4-3 and as follows. 

Case 1 State A: mass m at height h. 

State B: mass m at h =0. 

Path 1\ The object is dropped in free fall and gains kinetic energy mgh, which is dissipated 
as heat when it strikes the stop at h = 0. No work is done, and so w = 0, but q = —mgh. Thus 
AE = q — w = —mgh. 

t We will use ordinary capital letters to denote quantities per mole, sans serif capitals for 
quantities for an arbitrary amount of system, and small capitals for quantities per molecule, 
thus: E (energy), E (energy per mole), and e (energy per molecule). 
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Case 1 
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FIG. 4-3. Reversible and irreversible processes. 


Path 2: The object is counterbalanced by a very slightly lesser mass, which is then raised 
from h = 0 to h. The work done is now w = mgh , and q — 0, as no significant kinetic energy is 
developed. AE = q — w = —mgh. 

Case 2 State A : Gas at 7",, /*,, and Kj. 

State B: Gas at T ly P it and K 2 . 

Path 1: The expansion is allowed to occur by rupture of a diaphragm, temperature being kept 
constant by means of a thermostat bath. No work is done, w = 0, q — AE. 

Path 2: The expansion occurs against a piston. The work done is (force on piston) x (dis¬ 
placement) or w = ffdx = J P-sddx, where jafis the area of the piston. Hence w > 0, q = 
AE + w. 

Thus one of the very important corollaries of the first law is that while AE 
depends only on the initial and final states, it is given experimentally by the 
difference between two quantities q and w which separately do depend on the path 
taken in going from the initial to the final state. As will be seen in the ensuing 
material we take advantage of this situation by choosing paths of convenience 
between two states to facilitate calculation of q and w, knowing that the resulting AE 
will be independent of our choice of path. In differential form Eq. (4-2) becomes 

dE = 8q — 8w, (4-6) 

where the deltas are used to emphasize that the path must be specified for q and w. 

There is a mathematical parallel which can be developed as follows. First, the 
state of a system is defined by any two of the state variables V, P, and T. That is, 
if we know two of these, the equation of state (for example, the ideal gas law) gives 
the third. Since E depends only on the state, it follows that E is some function of 
any two of the state variables, and as a matter both of convention and of con- 
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venience we pick V and T and write E = f(V, T). (For the present it is assumed 
that no chemical changes can occur; otherwise chemical composition would also 
have to be specified.) The general mathematical situation is that of a dependent 
variable y which is some function of variables u and v, y = f(u, v). 

A schematic representation of a surface given by y = f(u, v ) is shown in Fig. 
4-4a. We can define two slopes: ( dy/du) v and (dy/dv) u , where the partial differential 
sign 8 signifies that the subscript variable is held constant. As shown in the figure, 
these slopes are those of lines of constant v and constant u, respectively. Now 
suppose we wish to go from a point y 1 to a point y 2 ■ Two possible paths would be 
that marked ab and that marked cd. Accordingly, Ay can be expressed in two ways: 


Ay — 


( \ y ) 

^ Av l U2=Ul+au 


(a) 

(b) 

Ay = 


' ? ) 4,. 

^ ' v 2 =v 1 -f-Jv 


(c) 

(d) 


In the limit of very small differences, Ay = dy, and (Ay/Au) Vi — (Ay/Au) Vt+ ^ v — 
(8y/8u) v . A similar relation exists for the other slope. The resulting mathematical 
statement is 

^ - ©„ du +(I). * (4 - 7 > 

and the corresponding one for E is 

dE ” (ir)/' /+ (■Ir), , ' r ' <«> 


V 



FIG. 4*4a. Surface illustrating total and partial differentials. 
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If dy is integrated between y 1 and some value y 3 , the integral is simply y 3 — y 1 , 
and, of course, is independent of the path. However, the integrals ( 8yl8u) v du 
and J*® (8y/8v) u dv are path dependent. By way of illustration, let y = uv 2 , so that 

dy = v 2 du + 2uv dv. (4-9) 

Let us integrate between the points (u = 2, v = 1) and (« = 4, v = 3), as indicated 
in Fig. 4-4b. First, 

dy = y<i ~ y\ = 36 — 2 = 34, 

and this result must be independent of the integration path. Two possible paths 
are as follows. 

Path 1: 

(a) (2, 1) to (4, 1): v 2 j du = (1)* (4 - 2) = 2; 

(b) (4, 1) to (4, 3): 2ujvdv= 8[(3 2 /2) - (l»/2)] = 32; 

Sum : 2 + 32 = 34. 

Path 2: 


(c) (2, 1) to (2, 3): 2 u j v dv = 4[(3*/2) - (l«/2)] = 16; 

(d) (2, 3) to (4, 3): v 2 J du = 9(4 - 2) = 18; 

Sum: 16 + 18 = 34. 
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FIG. 4-4b. The function y = uv 2 . 
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Thus although the two integrals v 2 J du and 2u J v dv depend on path, their sum 
does not. 

The differential dy in Eq. (4-7) is known as an exact differential; its integral is 
independent of path. However, this is not necessarily true of every expression of 
the form 

dy = M du + N dv. (4-10) 

For example, the expression ( v du + 2 uv dv) is not an exact differential. It 
is possible to test an expression such as Eq. (4-10) on this point. Referring to 
Eq. (4-7), for an exact differential, we have 


/8M\ 

( ^ ) 

( 8N ) - 

( ^ ) 

\dv) u ~ 

\ 8u8v )’ 

l du ) v 

\ dv 8u ) 


Most thermodynamic functions are continuous and single-valued, so the order of 
partial differentiation makes no difference. It follows that 



(4-11) 


The expression ( v 2 du + 2 uv dv) meets the test of Eq. (4-11) whereas (v du + 2 uv dv) 
does not. 

Where the differential is known to be exact Eq. (4-11) is very useful in providing 
an additional relationship. Such a relationship is known as an Euler or a cross- 
differentiation equation and will occur fairly often in Chapter 6. 

Mathematics provides two additional very useful equations. Since u and v are 
independent variables du and dv may be chosen independently. In particular they 
may be chosen so that dy — 0. Equation (4-7) then becomes 



or expressing the constancy of y in the equation, 


/du\ (8y/8v) u 

\8v)y ( 8y/du) v ' 

(4-12) 

Thus 


/ dV v ( 8E/dT) v 

\ 8T 1 E " ( dEjoV) T ' 

(4-13) 


A specific example may help at this point. Let V = f{P, T). Then 


dV 


/ 8V\ 

( 8V\ 

- dP + 

— r) 

V 8P T 1 

l 8T / i 


dT. 


(4-14) 


If the gas is ideal, (8V/dP) T = — RT/P 2 and (8V/8T) P = R/P; by Eq. (4-12), (SP/dDv is given by 

( 8P \ ( 8VI8T) P R/P _ P 

\~3t) v ~ ~ ( 8V!SP) t _ ~~ - RT/P 2 “ ~T ' 


The derivative ( 8P/8T)y may be found directly. Thus P = RTjV, so {8PjdT) v = R/V = PIT. 
The result is the same as by the indirect method. 
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Second, if there is some quantity z which is a function of u and v, then one can 
impose the condition on du and dv that z be constant: 




dv z . 


This constancy is usually indicated in partial differential form by dividing through 
by du z or by dv z ; thus 



(4-15) 


For example, since P — f(V, T ), on applying the condition of P constant to 
Eq. (4-8), we obtain 



(4-16) 


4-5 Heat and Work for Various Processes 


A. Evaluation of q; Heat Capacity 


As emphasized earlier, the value of q for a change of state depends on the path, 
so the path must always be specified. There is, of course, an infinite number of 
possible types of paths that a system might follow in going from one state to 
another, but we find it very convenient, both experimentally and theoretically, 
to emphasize a few special ones. We thus make much use of the following types of 
process. 

(1) Adiabatic, q = 0. The system is insulated so that no heat can enter or 
leave. 

(2) Isochoric. The system is constrained to a definite volume. We introduce 
the coefficient ( dq/8T) v or, as a convenient nomenclature, specify the path by 
writing q v , and hence dq v ldT. This type of coefficient is called a heat capacity (the 
term specific heat refers to heat capacity relative to that of the same mass of water) 
C. For a constant-volume path C becomes C v : 

~ _ dq v 


Further, under constant-volume conditions no mechanical work w can be done. 
As a consequence AE = q v , or dE v /dT = C v . Alternatively, by Eq. (4-8) we can 
write 



(4-17) 


(3) Isobaric. The system is maintained at a particular pressure during the 
process. Following the preceding formalism we have 

r - d< fp 

Cp ~~df 


(4-18) 
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B. Evaluation of w; Reversible Work 

We will not ordinarily consider situations such as case 1 of Fig. 4-3, involving 
work in a gravitational field, nor, for the present, situations involving chemical 
work. However, a number of very useful results in chemical thermodynamics follow 
from treatments of mechanical or pressure-volume work. As noted in Section 4-4, 
mechanical work occurs if a system is compressed or is allowed to expand. Although 
it is helpful to visualize a gas, the following discussion applies to any type of 
substance. As illustrated in Fig. 4-5, we imagine the substance to be contained in 
a piston and cylinder arrangement. There is an external pressure P ex t on the piston 
and the force on the piston is then P ex tstf, where stf is its area. Since work is given 
by / dx, we can write 

w = j f dx = j P ext sd dx. 

However, dx is just the volume change, so a more useful form is 

w = / Pext dV. (4-19) 


At this point an important practical consideration enters. We want w as defined 
in connection with Eq. (4-2), that is, the work done by the system on its surroun¬ 
dings, or by the surroundings on the system. Thus the pressure in Eq. (4-19) must 
be the pressure felt by the piston, that is, the external pressure P ex t. However, while 
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FIG. 4-5. Reversible (a) and irreversible ( b ) expansions, (c) Illustration of Eq. (4-20). 
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the value of P ex t would be important in obtaining the work output of a machine, 
it is not directly significant to the thermodynamics of the fluid. For example, the 
cylinder might contain a gas at 1 atm pressure confined by a piston held in place 
by means of a stop as shown in Fig. 4-5(b). The pressure P ex t is defined by some 
weight W placed on the piston. The weight W might be such as to make 
P ex t = 0.1 atm. The stop is pulled out and the piston moves back to the second 
stop, thereby increasing the volume. The work done is 0.1 A V, in liter atmosphere. 
Were W such as to make P ext = 0.2 atm, then w would have been 0.2 A V, and so 
on. + Thus w could have any value from zero (W = 0) up to some maximum value. 
What we are interested in is this maximum value. 

Clearly, the maximum possible value of w would be obtained if P ex t (or W in 
the figure) were steadily adjusted so as always to be only slightly, or, in the limit, 
infinitesimally less than the pressure of the gas, which is the pressure P. Not only 
do we now have the maximum work, but since P ex t = P, we now know how P ex t 
must vary with the volume. That is, the equation of state of the substance gives us P 
as a function of T and V, P = f(T, V), so Eq. (4-19) becomes 

'•’max = J PdV= I f(T, V) dv, (4-20) 


[note Fig. 4-5(c)j. 

We speak of the condition of P ex t = P as giving the reversible work. Thus 
from Fig. 4-5(a) if Pext is slightly less than P, expansion occurs, while if Pext is 
made slightly more than P, compression occurs. Thus the direction of the process 
can be reversed by an infinitesimal change in P ex t ■ Reversible processes will be of 
central importance in the development of chemical thermodynamics, since by 
means of them we can calculate w if we know the equation of state of the substance 
and since they give the limiting or maximum value of w. 

We may next consider w in terms of the various standard processes. 

(1) Adiabatic q — 0. We do not know w directly, but, by the first law, it 
follows that 

dE = -8w = -P dV. (4-21) 

(2) Isochoric w = 0. This follows since dV = 0, as noted previously. Then 

dE = C v dT. (4-22) 

(3) Isobaric w = P A V. Since pressure is constant, it may be put in front of 
the integral of Eq. (4-20). Also, 

dE = C P dT - P dV. (4-23) 

Where only reversible mechanical work is involved, the first law evidently can be 
written in the form 

dE = 8q — P dV. (4-24) 

The various special cases then follow from Eq. (4-24). It should be emphasized that 
whenever P rather than P ex t is used, the process must be a reversible one. 

• We can suppose that in each case friction prevents the piston and weight from gaining 
kinetic energy and that the frictional heat is dissipated into the gas. [See D. Kivelson and 
I. Oppenheim, J. Chem. Ed. 43, 273 (1966) for a discussion of this type of experiment.] 
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4-6 Enthalpy. An Alternative Form of the First Law 


The first law takes on a particularly simple form for an isochoric process, in that 
dE is simply C v dT. Actual experiments are more often done under constant- 
pressure conditions, and the following alternative statement of the first law is very 
useful. We define a new molar quantity H called the enthalpy. 

H = E+ PV. (4-25) 

Since the volume and pressure of a system are determined solely by its state, as is E , 
H must also be a state function. The differential form of Eq. (4-25) is 

dH = dE+ PdV + VdP (4-26) 

and, using Eq. (4-24), we have 

dH=8q+VdP. (4-27) 

We then have the following special cases, corresponding to the standard 
processes. 


(1) Adiabatic Since q = 0, it follows that 

dH = VdP. 


( 2 ) 

(3) 


Isochoric 


dH = C v dT+ VdP. 


Isobaric Since dP is zero, 
dH = C P dT 



(4-28) 

(4-29) 

(4-30) 


Since H is a state function, its value depends on those of the state variables, 
P, V, and T, any one of which can be eliminated by means of the equation of state 
of the system. In the case of E, it is natural to pick V and T as the independent 
variables; in the case of H, the natural choices are P and T. Since dH is an exact 
differential, we have 


dH = {-7F)/ p+ (-W-)/ T <«» 


and 


( 8P , _ (8H/dT) P 

\ 8T )„ ( 8H/8P) t ' 


(4-32) 


The introduction of the enthalpy function allows the following derivation of an 
important relationship for the difference between C P and C v : 



or, from the definition of H, Eq. (4-25), 


Cp-C 


v — 



(4-33) 
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On eliminating ( 8E/8T) P by means of Eq. (4-16), we obtain as the final result 

C'- C ’=1 F + (§-) T ](-w) r - ,4 - 34) 

This equation is discussed further in the Commentary and Notes section. 


4-7 Applications of the First Law to Ideal Gases 

A. Internal Energy Change for an Ideal Gas 

The application of the first law to the case of an ideal gas not only provides 
simple illustrations of its use but turns out to be of considerable importance 
generally. To anticipate a little, the reason for this last statement is that ideal gas 
behavior is the limiting behavior of all real gases, so that the results are not 
hypothetical but provide the reference condition for treating nonideal behavior. 
Further, any solid or liquid is in principle in equilibrium with its vapor; knowledge 
of the thermodynamic properties of the vapor may therefore be used as an indirect 
path to treatment of the solid or liquid state. Finally, most gases are approximately 
ideal, so the thermodynamics of the ideal gas is often used directly to give approx¬ 
imate results, usually of acceptable accuracy, for real gases and vapors at ordinary 
pressures. 

We owe again to Joule a fundamental piece of information—this time about an 
ideal gas. His experiment, described in 1843 and illustrated in Fig. 4-6, consisted 
of allowing air under pressure (up to 10 or 20 atm) to expand from one vessel into 
another. There was no change in the temperature of the gas. Alternatively, the two 



FIG. 4-6. Joule’s experiment. 
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bulbs were immersed in a water bath; no change in the temperature of the bath 
could be observed when the expansion occurred. The significance of this result is 
that since no work was done, w = 0, and since no temperature change occurred, 
q = 0; therefore AE was zero. 

More accurate later experiments have shown that Joule’s experiment does in 
fact lead to small temperature changes (see Special Topics) but that in the limit of 
ideal gas behavior, his conclusion was correct. The conclusion, in partial differential 
form, is 

(-§F“) b = ° (ideal gas) - (4-35) 

(Equations valid specifically for an ideal gas will be so labeled.) It follows from 
Eq. (4-13) that 

(-§ y) T = 0 ( ideal 2 as ) (4-36) 

and, from Eq. (4-8), that 

dE = dT (ideal gas) 

or 

w)r Cr <idealgas) - <4 - 37) 

This last, very important result says that for an ideal gas the change in energy with 
temperature is always given by C v dT, regardless of the actual path ; that is, 
regardless of whether V is constant or not. 

A similar situation holds for enthalpy, ft follows from the defining equation for H 
that 



The last term is zero for an ideal gas; also 



(a partial derivative may be expanded in this manner if the same quantity is held 
constant in all terms), and since ( dE/8V) r is zero, it follows that 

(4f-) r =° (ideal gas). (4-38) 

The result is therefore that 

(-= ° (ideal gas). (4-39) 

Then, from Eqs. (4-31) and (4-30), 

(ideal gas). (4-10) 

Thus for an ideal gas the change in enthalpy with temperature is always given by 
C P dT, regardless of the actual path. 

We can also relate C P and C v . By Eq. (4-34), 


Cp-Cy=(P + 0)y 
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or 

C P — C v = R (ideal gas). (4-41) 


B. Various Processes for an Ideal Gas 


The various quantities are as follows for the indicated type of reversible process. 


Isochoric 

w — 0, 
dE = C v dT 
dH = C P dT 

Isobaric 

dw = P dV = R dT, 
dE = C v dT 
dH = CpdT = dq P 


dq v [Eq. (4-22)], 

[ideal gas, Eq. (4-40)]. 


w = RAT (ideal gas), (4-42) 

[ideal gas, Eq. (4-37)], 

[Eq. (4-30)]. 


The isothermal or constant-temperature process was not considered in Section 4-5 
since it leads to no specialized forms in the general case. However, for an ideal gas 
if dT is zero, then dE = 0 and dH — 0. It follows that q — w, and 
w = P dV = ( RT/V)dV = RTd( In V). Since at constant temperature 

In K -f In P = constant, d{ In V) = —d( In P) and w = —RTd( In P). 

In summary we have the following results. 

Isothermal 

q = w, 

dw = RTd( In V) = -RTd( In P) (ideal gas), (4-43) 

or 

w = RT\n^- = RT\n-^~ (ideal gas), (4-44) 

'i 

dE = 0, dH = 0. 

Finally, for an adiabatic process, q is zero and since, for an ideal gas, dE is always 
C v dT, Eq. (4-21) can be written 

C v dT = —PdV = -RTd( In V) 
or 

C v d{ In T) = —R </(ln V) (ideal gas). (4-45) 

Alternatively, d{ In P) + </(ln V) = rf(ln T) for an ideal gas, so, on eliminating 
d( In V) and remembering that C, = CV + R, we get 

Cp d( In T) = R d( In P) (ideal gas). (4-46) 

If the heat capacities are independent of temperature (as discussed later) then the 
equations may be integrated directly. In summary we have the following results. 

Adiabatic 

dq = 0, dw = —dE, 

dE = C v dT [ideal gas, Eq. (4-37)], 

dH = C P dT [ideal gas, Eq. (4-40)], 
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C v d( In T) = -Rd{ In V) 

[ideal gas, Eq. (4-45)], 

C P d( In T)= R </(In P) 

[ideal gas, Eq. (4-46)], 

and, if C v and hence also C f are constant. 


C v In 4^- = R In 

(ideal gas), 

Cp In 4^- = R In 4r 

(ideal gas), 

Q 

PV y = constant, y = -=£- 

C v 

(ideal gas). 


(4-47) 

(4-48) 

(4-49) 


The last form is obtained as follows. Equation (4-47) may be written as 
(TJTJ = {Vjvy/Cv = (V i/F^-i. Since (TJTJ = elimination 

gives (PJPi) == (F 1 /F 2 ) v or £ 1 K 1 V = P 2 V 2 V . Equation (4-49) is a generalization of 
this last conclusion. 


C. Heat Capacity of an Ideal Gas 

This subject is treated in more detail in Section 4-8. For the present, it is useful 
to consider qualitatively a special case of the general heat capacity behavior for an 
ideal gas. The special case is that of an ideal, monatomic gas. Such a gas can have 
only kinetic energy; its molar internal energy is then, from Eq. (2-4), 

£ = §££. 


The heat capacity of the gas is therefore 


Cy = \R 

(ideal monatomic gas) 

(4-50) 

and Cp , of course, is (CV + R), or 

Cp = fi? 

(ideal monatomic gas). 

(4-51) 


Gases, even though ideal, will in general have a higher heat capacity than that 
given here. If the molecule has more than one atom, then as the temperature is 
raised energy goes into vibration and rotation as well as into increased kinetic 
energy. The degree to which this happens increases with increasing temperature; 
some typical heat capacity curves are given in Fig. 4-7. It is convenient for many 
calculational purposes to represent this temperature variation by means of a poly¬ 
nomial in temperature: 


C P = a + bT+ cT " 2 + ••• (4-52) 

and some values for such coefficients are given in Section 5-6. 


D. Some Calculations for an Ideal, Monatomic Gas 

A number of equations have been introduced in this section for processes 
involving an ideal gas. The following example is intended to illustrate their appli- 




120 CHAPTER 4: CHEMICAL THERMODYNAMICS. THE FIRST LAW OF THERMODYNAMICS 



0 200 400 600 800 

T, K 


FIG. 4-7. Heat capacity C? as a function of temperature for various gases. 

cation in a way that will also bring out important features of the first law of 
thermodynamics. We will use one mole of an ideal, monatomic gas as the working 
fluid—we can then use the constant values of C v and C P of f R and f R, respectively, 
and thus simplify the calculations. 

The gas initially is in state 1 at 0°C and 10 atm pressure, and hence at 
2.241 liter volume. It is put through the following reversible cycle, cycle A in 
Fig. 4-8. 


State I <273K) 



0 2.24 8.92 10 20 22.4 


V, liter 


FIG. 4-8. Two reversible ideal gas cycles (see text). 
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State 1 to state 2: Isothermal expansion to 1 atm. Then 
V 2 = 22.41 liter, T 2 = 273.15 K, 

w = RT In {- 1 = *(273.15X2.303X1) = 629.0*, 

q — w — 629.0*, AE = AH = 0. 

The results can all be expressed in units of (*)(K); we can obtain the actual values 
in calories by putting * = 1.987 cal K _1 mole -1 , or in joules by using * = 
8.314 JK " 1 mole" 1 . 

State 2 to state 3: Isobaric cooling to 2.24 liter. Then 

T 3 = = 27.315 K, *3 = 1 atm, 

' 2 

w = R AT = *(27.32 - 273.15) = -245.8*, 


q = C P AT= f*(—245.8) = -614.5*, 


AE — C v AT = f*(—245.8) = -368.8*, 

AH = C P AT = q = -614.6*. 

State 3 back to state 1: Isochoric heating to 273.15 K, 10 atm, and 2.241 liter. 
Then 

w = 0, q = C V AT = f*(273.15 - 27.32) = 368.8*, 

AE — q — 368.8*, AH ==C P AT = 614.6*. 

The results for cycle A are summarized in the top part of Table 4-1. Notice that 
for the cycle q = w and AE and AH are zero. A further point is that 
since w = J * dV, if a path is plotted as * versus V, then w is given by the area 
under that path. The area is positive for a left-to-right direction of progress along 
the path and negative for a right-to-left one. As a result the total work associated 
with a closed path or cycle is just the area enclosed by the cycle. 

Next consider a second reversible cycle B using the same starting point; this is 
also shown in Fig. 4-8. The steps are now as follows. 


TABLE 4-1. Calculations for the Two Cycles of Fig. 4-8 a 


Change of state 

Process 

9 

w 

AE 

AH 

Cycle A 

1 to 2 

Isothermal 

629.0 

629.0 

0 

0 

2 to 3 

Isobaric 

-614.5 

-245.8 

-368.8 

-614.6 

3 to 1 

Isochoric 

368.8 

0 

368.8 

61'4.6 

Cycle 


383.3 

383.3 

0 

0 

Cycle B 

1 to 2' 

Adiabatic 

0 

246.6 

-246.6 

-411.0 

2' to 3 

Isobaric 

-203.5 

-81.4 

-122.1 

-203.5 

3 to 1 

Isochoric 

368.7 

0 

368.7 

614.5 

Cycle 


165.2 

165.2 

0 

0 


All values in terms of *(K). 
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State 1 to state 2': Adiabatic expansion to 1 atm. Then log(7 , 2 -/T 1 ) = 
(2/5) log= -0.400 or T r = 0.39817\ = 108.74 K. Then 

V s . = (108.7/273.15X10/1)(2.241) = 8.92 liter. 

Further, 

q = 0 , 

AE = C V AT = §7?(108.74 - 273.15) = -246.67?, 
w = —AE = 246.67?, 

AH = C P AT = f7?(108.7 - 273.15) = -411.07?. 


State 2' to state 3: Isobaric cooling to 2.24 liter; T 3 = 27.31 K and P 3 = 1 atm, 
as before. Then 


w = 7? AT = 7?(27.32 - 108.74) = -81.47?, 
q = C P AT= f7?(—81.4) = -203.57?, 

AE = C v AT = |7?(—81.4) = -122.17?, 

AH = q = -203.57?. 

State 3 back to state 1: Same as for cycle A. 

This second set of results is assembled in the bottom part of Table 4-1. Again AE 
and AH are zero for the cycle, but notice in Fig. 4-8 that the P-V plot of the 
adiabatic expansion 1 -> 2' is steeper than that of the isothermal one 1 -> 2. The 
physical reason for this is that in the adiabatic expansion the energy for the work 
done is supplied by a cooling of the gas. The temperature thus drops steadily during 
the expansion and the volume at each stage is less than at the corresponding 
pressure during the isothermal expansion. As a result the area under the P-V plot 
for the adiabatic process is smaller than that under the one for the isothermal 
process, and this is in conformity with the lesser amount of work done. The further 
consequence is that less work is done by cycle B than by cycle A, and a corre¬ 
spondingly smaller amount of heat is absorbed. 

Notice also that while q and w are different for the sequences 1 —► 2 —► 3 and 
1 —► 2' —*■ 3, the values of AE and AH are the same. We thus have a further 
illustration of the point that q and w are dependent on the path taken between two 
states, but AE and AH are not. 


4-8 Molecular Basis for Heat 
Capacities. The Equipartition Principle 

It was pointed out in the preceding section that since the internal energy for 
an ideal monatomic gas consists only of its kinetic energy, C v is therefore f 7?. 
Also, in Section 2-CN-l, it was noted that the heat capacity for a one- and 
a two-dimensional gas is C v = \R and 7?, respectively. Thus each independent 
velocity component has associated with it a molar kinetic energy of \RT and 
corresponding heat capacity of C v = \R. These three independent modes of 
translation in three dimensions reflect the fact that three coordinates are needed 
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to specify the position of a particle in space and, by means of their time derivatives, 
the velocity of a particle in space. 

We speak of the number of degrees of freedom / of a system as the number of 
variables that must be specified to fix the position of each particle or the velocity 
of each particle. For one mole of particles there are 3N 0 degrees of freedom. 
Consider next the case of an ideal gas composed of diatomic molecules. There are 
now two moles of atoms and so, per mole of molecules,/ = 6N 0 . To generalize, 
a gas consisting of n atoms per molecule will have 3nN 0 degrees of freedom per mole, 
or / = 3n per molecule. 

Returning to the case of the gas consisting of diatomic molecules, although 
one could specify the positions of all atoms by means of 6N 0 coordinates per mole, 
there is a more rational and very useful alternative scheme. One recognizes that the 
gas in fact consists of molecular units of two atoms each. Of the six degrees of 
freedom required to locate two atoms, one first uses three to locate the center of 
mass of the molecule. One now needs to specify the positions of the two atoms 
relative to their center of mass. As illustrated in Fig. 4-9 two angles will be needed 
or, alternatively, the degrees of rotation around the x axis and around the y axis. 
Rotation about the molecular or z axis does not change the nuclear positions and 
hence contributes no information. (In the case of a nonlinear molecule, however, 
all three rotations would be needed.) If now we also specify the distance between 
the atoms, the description of their position in space is completely fixed. Thus six 
coordinates are also needed in the alternative scheme. In general, the number of 
coordinates sufficient to describe the positions of a set of n atoms cannot depend 
on the scheme used but is always equal to the 3n degrees of freedom. 

As just noted each degree of translational freedom implies an energy of JRT per 
mole and a heat capacity contribution of JR per mole. In the alternative scheme 
of describing the positions and velocities of atoms the rotational degrees of 
freedom must likewise contribute JR each to C v ■ It might be supposed that the 
same should be true for those degrees of freedom describing interatomic distances. 
Here, however, a new factor enters. The atoms of a molecule are held together by 
the attractive forces of chemical binding. They execute vibrations, rather than 
simple motions, and their interatomic distances are therefore some periodic 
function of time. Thus in the case of the diatomic molecule of Fig. 4-9, drjdt is 
also a function of time. It is zero at the end of a vibrational stretch or compression 


z 



FIG. 4-9. 
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and a maximum in between; consequently drjdt is insufficient to specify the total 
energy of the vibration, and one needs to state the potential energy as well as the 
kinetic energy for each value of r. 

The conclusion from this analysis is that each vibrational degree of freedom 
should contribute twice the usual amount to the heat capacity, or that the total heat 
capacity associated with vibrations should be Rf,i b , where f v ib denotes the number 
of vibrational degrees of freedom. This same conclusion is obtained in Section 4-12 
as a result of a quantum statistical mechanical treatment. 

In summary, we have the following results. 


Atoms per molecule 

Total number of degrees of freedom per molecule 
Translational degrees of freedom per molecule 
Rotational degrees of freedom per molecule 
Linear molecule 
Nonlinear molecule 

Vibrational degrees of freedom per molecule 
Linear molecule 

Nonlinear molecule 

Heat capacity per mole 


n 

/= 3 n 

./traca = 3 
Trot 

/rot = 2 
/rot = 3 
fv ib 

fv lb = in — (3 + 2) 

= 3/i - 5 

fv to = 3w - (3 + 3) 

= 3/t — 6 

(/. rang + /rot)(£-R) + fvlbR 


Some representative applications are given in Table 4-2. 

This treatment of heat capacity is based on two principal assumptions. The first 
is that potential energy contributions are present only for vibrations within the 
molecules and not for those between molecules. The gas is therefore assumed to be 
ideal. The second assumption is that each degree of freedom has associated with it 
a heat capacity contribution of %R (or R, if a vibration). The principle which 
states this assumption is known as the principle of the equipartition of energy. It is 
a principle based on classical mechanics and, as will be seen in Sections 4-11 and 
4-12, it can be in serious error. A glance at Fig. 4-7 shows that, at best, the 
equipartition values of heat capacities are only approached at high temperatures. 
A closer look suggests that for molecules around room temperature the equi¬ 
partition contributions from translation and rotation have been reached and that 
the main discrepancy lies with the vibrational contribution. An important function 


TABLE 4-2. Applications of the Equipartition Principle 


Molecule 

/ 

./trans 

frot 

fv lb 

Equipartition heat capacity 
per mole in units of R 

Cy Cp 

Ar 

3 

3 

0 

0 

3/2 

5/2 

n 2 

6 

3 

2 

1 

7/2 

9/2 

C0 2 (linear) 

9 

3 

2 

4 

13/2 

15/2 

H 2 0 (nonlinear) 

9 

3 

3 

3 

12/2 

14/2 

ch 4 

15 

3 

3 

9 

24/2 

26/2 

Monatomic 
crystalline solid 

3 

0 

0 

3 

6/2 

—6/2 

MX type of 
crystalline solid 

6 

0 

0 

6 

12/2 

—12/2 
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of the statistical mechanical treatments that follow is the providing of a detailed 
explanation of how and why heat capacities vary as they do with temperature. 


4-9 Statistical Mechanical 
Treatment of First Law Quantities 


A. The Partition Function. The Average Energy per Molecule 


It is sufficient for the present to regard a system as being made up of non¬ 
interacting molecules each of which has various translational, rotational, and 
vibrational energy states. According to the Boltzmann principle (Section 2-2), the 
probability of a molecule being in some energy state e f is proportional to e~ e > lkT . 
It is now very useful to write the sum over all such energy states and to give this 
sum the special name of partition function Q: 

Q = E gie-“' kT . (4-53) 

i 

The factor g t is a weighting factor allowing for the possibility that certain inde¬ 
pendent configurations have identical energies. Such a situation is called a degene¬ 
racy, that is, if a molecule can have an energy e t in more than one way, that 
energy state is said to be degenerate. 

We can now write an expression for the average energy of a molecule, following 
the usual averaging procedure, given by Eq. (2-34): 


, Z *jg<e-" ,kT 

Ygie~< ilkT ' 


(4-54) 


It is an assumption in statistical mechanics, the rigorous defense of which will not 
be given here, that the average energy € which a particular molecule should have is 
also the average energy per molecule in a large collection of molecules, E. Now, from 
Eq. (4-53), dQ/dT = (eJkT 2 ) g i e~ t * lkT ; consequently Eq. (4-54) can be written 
in the form 


E 


= kT 2 


dQ/dT 

Q 


kT 2 <*(ln Q) 


(4-55) 


or, per mole, 


rfQnQ) 

J’1- 


(4-56) 


Equation (4-56) may be written in the form 


E = 


r 8 (ln Q) I 

LW) Jx 


(4-57) 


since (—1/T 2 ) dT = d{\/T) (as noted in Section 1-7). The expression for e 
[Eq. (4-54)] is for the average molecular energy, and its temperature dependence 
does not include any pressure-volume work, so that constancy of volume, implicit 
in the equation, is now stated explicitly. 

Since C v = {8E/8T) V = -T-*[dE/d(\/T)] v , we obtain from Eq. (4-57) 


R r 8 2 (ln Q) i 
K r 2 L 8(\/Tf V 


(4-58) 
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Enthalpy may also be expressed in terms of the partition function, 

H = E + Pv = kT* {^P~\ v + kTv [^^-] r ; H = N 0 n. (4-59) 

The derivation is best made using the second law of thermodynamics, however, 
and is therefore postponed until Section 6-9. 


B. Separation of the Partition Function into Translational, Rotational, 
and Vibrational Parts 

The energy e f of the ith state of a molecule will in general consist of the sum of 
the translational, rotational, and vibrational energies. In addition, if the state is one 
of electronic excitation, then this is added, too. As is discussed in the material 
immediately following, each type of energy is quantized. A molecule thus might be 
in the nth translational energy level, in the tenth rotational level, and in the second 
vibrational level, as a specific example. To a good first approximation, however, 
the energy of, say, the tenth rotational state is independent of what translational or 
vibrational state the molecule is in. If this approximation is made, a very con¬ 
venient factoring of the partition function becomes possible. 

Suppose that just two kinds of energy states are possible, denoted by e { and e/; 
these might, for example, be translational and rotational states. The molecule may 
then be in state , e 2 , e 3 , ... with respect to the first kind of energy and at the same 
time in state e x ', e 2 ', e 3 ', ... with respect to the second kind of energy. Possible total 
energy states would then be («! + «/), («i + <? 2 '), ( 6 i + <? 3 ')> •••> ( e 2 + e/), (e 2 + e 2 '), 
(e 2 + € 3 '),..., (e 3 + e 1 '),.... The corresponding partition function would then be 

q = £-<<i+«i iikT _j_ e-(*i+f a ')/fcr _|_ . •• _j_ _|_ ... _ 

(We may avoid using the weighting factors simply by listing each state as many 
times as it is degenerate.) This equation can be written as 

Q = (e~ f i lkT e~ ( i /kr ) — {e~‘i /kT -f- •••-(- (e~ e z /kT e~ e i lkT ) -f- ••• . 

It is now possible to group terms : 

Q = g—e^kT^g—e^IkT _j_ g-t t 'lkT _|_ g-f^kT^g-c^/kT _ j_ g-c 2 'lkT _|_ ...^ 

g~ f 3^kT^g—( 1 'IkT _j_ g-e 2 '/kT _J_ ...J _|_ ... _ 

If we make the stated assumption, namely that a given e' state has an energy value 
that is independent of which « state is involved and vice versa, then the sums in 
parentheses are identical, and the whole expression reduces to the product of two 
sums. Thus 

Q = (X e _f < /iT )(X 

or, returning to the use of g t weighting factors, 

Q = (X ^‘^(X gi'e-^' kT ) 
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or 

Q = QQ' 

The assumption of the mutual independence of energy states therefore allows the 
partition function to be expressed as a product of the separate partition functions 
for each kind of state. We can write 

Q = QtransQrotQvibQelec • (4-60) 

It follows from Eq. (4-56) that 

E = Etrans + -Erot + £ V ib + £elec • (4-61) 

The approximation thus leads to the reasonable conclusion that the total average 
energy can be regarded as the sum of the separate average energies of translation, 
rotation, etc. It further follows from Eq. (4-58) that C v may also be written as a 
sum of corresponding contributions: 

Cy — CV(trans) + CV(rot) + C[/(vib) + Cy(e lee) • (4-62) 

The same is true for //. 

We will neglect partition functions due to a sum over electronic excited states 
because the energy of such states is usually so large that they are not populated at 
ordinary temperatures. We do this by setting Qeiec equal to unity, on the following 
basis. If the first and higher electronic excited states are large in energy compared 
to kT, then all but the first term in Qeiec will be negligible, and 

Qeiec = e^ lkT , 

where e x is the energy of the first electronic state. In general, we do not know 
absolute energy values, only relative ones, and we can set Ej = 0 as our reference 
point. However, even if Ej were assigned some nonzero value, the consequence 
would simply be to add this value to e. Thus, referring to Eq. (4-55), we obtain 

Eelec = (kT 2 ) = £l . 

Our neglect of Q elee then amounts, at the most, to regarding the absolute energy 
of the first electronic state as making a constant contribution to e. We ordinarily 
do set Ei = 0 for electronic energy, but in the case of vibrational energy, we will use 
a nonzero value for energy of the first state (see Section 4-12). 


4-10 Translational Partition Function for an Ideal Gas 

A result from the wave mechanical treatment of a particle in a box, which will 
not be derived until Section 16-5B, gives the sequence of energy states that 
corresponds to a particle which is free of any interaction with other particles. 
In this respect, the picture is analogous to that used in Section 2-1 for the simple 
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kinetic theory derivation for an ideal gas. The wave mechanical result is 


n 2 h 2 

ln ~ 8a 2 m ’ 


(4-63) 


where n is a quantum number taking on all integral values, h is Planck’s constant, 
m is the mass of the particle, and a is the length of the box. Equation (4-63) is 
actually for a one-dimensional box, that is, translation along only one direction in 
space is considered. It allows us to obtain the partition function for translation in 
one dimension, but, in view of the preceding analysis, it is evident that 


Qtrans(3-dlm) Qtrans(*)Qtrans(»)Qtran9(s) — QtranB(l-dim) • 


(4-64) 


The desired partition function for three-dimensional translation will therefore be 
just the cube of that for the one-dimensional case. 

We obtain the one-dimensional Q from the summation 


Qtrans(l-dim) 



n 2 h 2 \ 
%a 2 mkTl ' 


(4-65) 


In this case, an excellent approximation results if integration is substituted 
for the summation. The reason is that the quantity h 2 j%a 2 m is a very 
small one. For example, if the dimension a is 1 cm, then the quantity is 
(6.62 x 10 _27 ) 2 /(8)(l) a (30/6.02 x 10 23 ) for an atom of atomic weight 30. This 
value is about 1 X 10 31 erg molecule -1 , as compared to the value of A: Tat 25°C of 
(1.38 X 10 -18 )(298) or about 4 X 10 -14 erg molecule -1 . Thus the exponential in 
Eq. (4-65) will not begin to diminish from unity until extremely large n values, and 
we are dealing almost with a continuum of energy states. In integral form, 
Eq. (4-65) becomes 

r°° / ffih? \ 

Qtrans(i-dlm) = J # eX P(- g drl ’ ( 4 ' 66 ) 


which is of the standard form Jo exp(— b 2 x 2 ) dx. The result is 


Finally, we have 


Qtrans(l-dlm) — 


(2tt mkryi 2 


a. 


Qtrans(3-dlm) — 


(2irmkT) 3 l 2 

h 3 


(4-67) 

(4-68) 


where the volume v replaces a 3 . 

Equation (4-68) gives the translational partition function per molecule, and for 
the present purposes it may be abbreviated as 


Qtrans — cxT 3 ! 2 . (4-69) 

Insertion of this result into Eq. (4-55) gives 

ei[ln(a7’ 3 / 2 )] 

8T 


EtranB — kT 2 


V 
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or 

and 


Etrans — \kT 


£trans — %RT. 


(4-70) 


This is the same result as obtained from the kinetic molecular theory of an ideal 
gas. Also, C y(trftns) is f R, which is just the equipartition value. 

Further, [3(ln Qtrans)/dv] r is just 1/v, so by Eq. (4-59) 


Htrans — Etrans ~t~ (kTv) — — E + kT 


or 

7/trans = £trans “I - RT. 

This is the result expected for an ideal gas, from Eq. (4-25) and the ideal gas law. 

An important point is that Qtrans depends on the volume v per molecule and 
thus on the macroscopic condition of the gas. As will be seen in the following 
sections, the rotational and vibrational partition functions do not have this 
dependence. They are computed purely on the basis of the spacing of energy states 
of the individual molecule and do not involve v. Often, then, Q ro t and Q v ib are 
grouped separately as giving the internal or intramolecular partition function, 
Qint = QrotQvib , SO that Q = QtransQlnt • 


4-11 The Rotational Partition Function 


The rotational energy states for a diatomic molecule are given by wave mechanics 
as 

e rot = (4-71) 

where J is the rotational quantum number, which may have the integral values 
0, 1, 2, ..., and / is the moment of inertia, given by 


I = j^. 


w i + m 2 ’ 


(4-72) 


where /x is the reduced mass [Eq. (2-53)] and d is the interatomic distance 
(Section 16-ST-2). The partition function for rotation is 


Qrot = t ( 2J + 0 exp[-/(/ + 1) ] , (4-73) 

where the factor (2 J + 1) is the degeneracy g, of each J state. The degeneracy for 
larger J values arises from the number of ways the total angular momentum of a 
molecule can be quantized with respect to spatial orientation. 

The summation called for by Eq. (4-73) cannot be made in closed form, and, as 
with translational energy level spacings, one makes the approximation of replacing 
the summation by an integration. 
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Rotational energy level spacings are generally small compared to kT. For example, ^ for HC1 
is 35.5/36.5 = 0.973 g mole -1 and the bond length is 1.28 A. The moment of inertia is then 
[0.973/6.02 x 10 23 ](1.28 x lO -8 ) 2 = 2.65 x lO -40 g cm\ and h‘ISn*I = (6.63 x 10' 2 ’) 2 /(8) 
(3.14) 2 (2.65 x 10" 40 ) = 2.10 x 10" 16 erg. Recalling the similar calculation in the preceding 
section, we see that the value of kT at 25°C is 4.12 x 10" 11 erg, so at 25°C the quantity h a ISir a IkT 
= 0.051. That is, rotational energy levels are spaced about kT/20 apart at room temperature. The 
summation of Eq. (4-73) will thus begin to converge only after many terms, and its replacement 
by an integral does not introduce serious error. At low temperatures, however, rotational spacings 
do become comparable to or greater than kT, and the summation procedure must be used. A 
detailed example of the analogous situation for vibrational energy states is given in the next 
section. 

Equation (4-73) becomes 

Qrot = f o (27 + 1) exp[—7(7 + 1) dJ. (4-74) 

The quantity h 2 l&ir 2 Ik has the dimension of temperature and is called the charac¬ 
teristic rotation temperature 0 rot . If we let y = 7(7 + 1), the integral reduces to a 
standard one, and the result is simply 


Qrot = ~ • (4-75) 

(trot 

An expression for the general case of a polyatomic molecule is given in the 
Commentary and Notes section, but it should be mentioned here that for A-A-type 
molecules Q ro t is reduced by a symmetry factor of one-half from the value for 
A-B-type molecules given by Eq. (4-75). 

We can now calculate some thermodynamic quantities. Since 7(ln Q)/dT is just 
1 /T, we obtain from Eq. (4-55) that 


Er 0 t = kT or Er ot = RT. (4-76) 

The heat capacity CV< rot > is then R. Thus as in the case of translational motion, the 
result is the same as that obtained from the equipartition principle. There is no 
dependence of Q rot on volume, and therefore H rot — E r ot ■ 

That the equipartition values are obtained for E and for C v is evidently a conse¬ 
quence of using the integration approximation, that is, the limiting case in which 
0 ro t is much smaller than T. At the other extreme, where 0 r ot /> T, only the first 
rotation state will be populated and the situation will be similar to that considered 
for electronic excited states. Then E ro t becomes just the absolute energy of this first 
rotational state, taken to be zero; in any event, being constant, £ 0 , ro t now makes 
no contribution to the heat capacity. Thus the quantum mechanical treatment 
predicts that at a sufficiently low temperature the rotational contribution to the 
heat capacity will disappear. This effect is indeed observed and is illustrated in 
Fig. 4-7 in the case of H 2 . Below about 200 K the heat capacity begins to drop 
increasingly rapidly from \R for C P to fA, the value for translation only. By about 
50 K this limit is essentially reached. The quantum treatment thus shows that the 
equipartition value for rotational heat capacity is a maximum, limiting one and 
that the actual value may be significantly lower. In the case of translation, however, 
the energy level spacings are so very close together that deviation from the equi¬ 
partition value for translational heat capacity is never observed for dilute or 
ideally behaving gases. 
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4-12 The Vibrational Partition Function 


As in the preceding two sections, the wave mechanical formulation of the 
spacing between states is merely presented for use at this point. In the case of 
vibration the first-order treatment for a diatomic molecule is based on the 
assumption of a harmonic oscillator. The result is 


e v ib = (t> + i) hv 0 , (4-77) 

where v is the vibrational quantum number, having values 0, 1, 2,..., and v 0 is the 
characteristic frequency, related to the reduced mass /u. and the force constant £ by 


v o 


2 - 77 ■ 


r/y / 8 

\[l) 


(4-78) 


In the harmonic oscillator, the restoring force is simply &x, where x is the dis¬ 
placement from the minimum potential energy position. Although more elaborate 
treatments are available (see Commentary and Notes), the one given here is 
adequate for the first few vibrational energy states. 

The vibrational partition function is then 

Qvib = X e-W*r = e - hv ° l2kT + e - Sh ** /2kT + •••. (4-79) 


This particular series can be summed as follows. Let x = exp(—hv 0 /2kT)-, 
Eq. (4-79) reduces to a series whose sum is given by the binomial theorem: 

Qvib — *(1 + x 2 4- x* 4- •••) = _ x2 ^ 


or 


Qvib — 


exp(—hv 0 /2kT) 

1 — exp(—hv 0 /kT) 


exp(—g v ib/2T) 

1 - exp(—0vib IT) ’ 


(4-80) 


where, as with rotational states, we define a characteristic vibration temperature 
as 0 v ib = hvjk. Differentiation gives 


d(\n Q) 
dT 


and, by Eq. (4-55), 


0vib , 0vib exp(— 0vib/D 

27 -2 T 2 j _ exp(—0vib IT) 


and 


e = » hv 0 + kT 


$vib /T 


exp(9xn,IT) - 1 


^vib/T 


E = ^ N 0 hv 0 + RT - - T • 

2 u exp(0vib/T) — 1 


(4-81) 

(4-82) 


In the limit of very low T the second term of Eq. (4-82) drops out and E = iNJiv 0 . 
This energy of the lowest vibrational state is called the zero-point energy. At the 
other extreme, where 0 v ib T, Eq. (4-82) reduces to 


E — \NqIivq + RT. 


( 4 - 83 ) 
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In this limit the heat capacity contribution is thus 

£V(vib) = R> (4-84) 

which is the equipartition value for one degree of vibrational freedom. Thus the 
equipartition contribution of R per degree of freedom to vibrational heat capacity 
arises naturally from the mathematical treatment. As with Q rot there is no depend¬ 
ence of Q vlb on volume, so H vib = E vlb . 

The general expression for C v is obtained by differentiation of Eq. (4-82). This 
gives 

^ „ ( 0vib \ 2 exp(0 v ib/T) 

CV(vib) = R [—) [exp(0vib/r) -_-jp ' ( 4 ‘ 85 ) 

The expression reduces to zero for # v tb T and to R for 6 vlb T. It is fortunate 
that it is possible to sum Eq. (4-79) explicitly since the usual situation is one lying 
between these extremes. 

Force constants [/ in Eq. (4-78)] are about 10 5 dyn cm -1 , and for a molecule 
like HC1, is about unity per mole, so v 0 is about 10 14 sec -1 and hv 0 /k is about 
5 x 10 3 K. Thus 0 vlb may correspond to several thousand degrees Kelvin. For 
HC1, v 0 = 8.98 X 10 13 sec -1 so that 0 vtt) = 4.308 X 10 3 K. The energy of the 
first vibrational transition, from t> = 0 to t> = 1, which is just hv 0 , is thus 4308/298 
or l4.5kT at 25°C. Thus the relative probability of even the first excited vibrational 
state being populated is only e -145 , or about 10“®, at 25°C. Very little energy is 
present in the form of vibrational excitation, and the contribution to heat capacity 
is therefore quite small. Equation (4-85) is plotted in Fig. 4-10 as CV(vib) versus 



FIG. 4-10. Variation of Cy< T n>> with temperature according to Eq. (4-85). 

T/6 vl b , and the result confirms that vibrations contribute very little to the heat 
capacity of HC1 around room temperature. On the other hand, for a more weakly 
bonded, heavy-atom molecule such as I 2 , v 0 = 212 cm -1 , or less than one-tenth 
that of HC1. Now 0 VIb = 307 K and from Fig. 4-10 the vibrational heat capacity 
contribution for I 2 is nearly at the equipartition value at room temperature. 

The varying extent to which vibrations contribute to heat capacity is also 
illustrated in Fig. 4-7. Although there is only one vibrational degree of freedom 
for a diatomic molecule, the number increases rapidly with molecular complexity. 



COMMENTARY AND NOTES, SECTION 1 133 

The total vibrational partition function will then be factorable, in the manner of 
Eq. (4-60), into a product of the separate ones for all of the independent vibrational 
modes: 

Qtot(vib) = n Qvib • (4-86) 

i 

Such independent modes are called normal modes (see Section 19-5). The quanti¬ 
tative result is that a simple function such as plotted in Fig. 4-10 is no longer 
applicable, but, qualitatively, the result is much the same as for diatomic molecules. 
A reasonable rule of thumb for polyatomic molecules is that about 20% of the 
equipartition vibrational heat capacity will be developed at room temperature 
(and all of the equipartition translational and rotational contributions). For 
example, propane, C 3 H 8 , has a molar heat capacity C P = 19.7 cal mole -1 at 25°C. 
On the basis of the rule just given, we would estimate 

R + £R + £R + 0.2(27 )R = 9.6 R or 19 cal K" 1 mole -1 . 


COMMENTARY AND NOTES 


4-CN-l Internal Pressure 


There are some interesting aspects of Eq. (4-34), 

C ' -C '-[ ? + (-§FL](-§f), IEq. C4-34> : . 

For an ideal gas ( dE/dV) T = 0 and ( 8V/8T) P = R/P, with the result that 
C P — C v = R. More generally, the heat capacity difference can be thought of as 
made up of two types of contributions. The first is the work against the external 
pressure P due to the change in volume on heating given by P{dVj8T) P . The 
second is the work against the attractive forces between the molecules of the 
substance, given by ( 8EI8V) t (8V/8T) p . The quantity ( 8E/8V) T has the dimensions 
of pressure, and since it gives the measure of these attractive forces, it is called the 
internal pressure Pm ■ 

The internal pressure is zero for an ideal gas and for most real gases it is small 
compared to P. An alternative thermodynamic relationship, derived in 
Section 6-ST-l, gives 



By means of this expression, we find that for a van der Waals gas, 




(4-88) 


As an example, a = 3.59 liter 2 atm mole -2 for C0 2 , so at STP the internal 
pressure is only 0.0071 atm, which is quite small. Equation (4-88) provides a means 
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of obtaining E for a van der Waals gas; on integrating, we find 

E(V, T)= -y +f(T). (4-89) 

The first term represents the contribution of attractive forces, and the second turns 
out to be the same as for an ideal gas, f RT. 

In the case of liquids (or solids) the internal pressure is usually much greater 
than the external pressure (usually around atmospheric). For common liquids 
Ant is around 3000 atm (see Table 8-5). Liquids, in effect, are held together by their 
internal pressure, that is, by their intermolecular attraction. 


4-CN-2 Additional Aspects of 
Statistical Mechanical Treatments 

It is correctly suggested by the statistical mechanical treatment that it is the 
partition function for translation that determines ideal gas behavior. It gives the 
same value of E as from simple kinetic molecular theory, the same relationship 
between H and E, and leads to the ideal gas law. A gas, however, may be ideal 
and yet exhibit complex heat capacity behavior owing to the quantization of rota¬ 
tional and vibrational energy levels. Thus, by neglecting intermolecular forces, 
we make the gas ideal but are still free to consider in detail the structure of 
individual molecules and the intramolecular forces present. Alternatively put, in 
advanced kinetic molecular theory the emphasis is on treating intermolecular 
forces, including suitable modifications to Qtrans , while in this chapter we have been 
more interested in Qmt - 

The treatment presented of Qmt was introductory, and a few of the complications 
might be mentioned here. First, Q ro t was derived only for the case of an A-B-type 
molecule. The general formula is 

Q “ - w hH ■ (4 - 90> 

where n denotes the number of independent rotation axes (two for a linear molecule 
and three otherwise) and a is a symmetry number. This last is the number of 
indistinguishable positions into which the molecule can be turned by rotations. 
For an A-A molecule, <7 = 2, for example, while for NH 3 , cr = 3, and for CH 4 , 
<7 = 12. A nonlinear molecule will in general have three independent moments of 
inertia, and in such a case, I is their geometric mean, I = ( IaVc) 1/s ■ 
Equation (4-72) gives the definition of I for the diatomic molecule; in the general 
case /a = 2 mA 2 , where d is the perpendicular distance from rotation axis A. 
Corresponding equations give I B and I c for axes B and C. The three mutually 
perpendicular axes pass through the center of mass and usually are oriented to 
conform with the molecular symmetry. 

With vibrations two types of complications enter immediately. An experimental 
one is that in the case of polyatomic molecules there are a number of vibrational 
modes, and the observed absorption spectrum will show transitions between 
various combinations of the different vibrational excited states. Therefore it can be 
difficult to analyze such a spectrum in order to obtain the separate fundamental 
frequencies. 
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FIG. 4-11. Potential wells for (a) a harmonic and ( b ) an anharmonic oscillator. 


The second complication is that the assumption of harmonic oscillator behavior 
is not strictly correct. As illustrated in Fig. 4-11(a) the assumption leads to a 
parabolic potential energy function with equally spaced vibrational energy states. 
The actual situation is that shown in Fig. 4-11(b), where for a diatomic molecule 
the interatomic potential resembles somewhat the Lennard-Jones form used for 
intermolecular potentials (Fig. 1-16), although the theoretical basis for the attractive 
part is now one of chemical bonding rather than van der Waals forces. At any rate, 
the effect is to make the potential well asymmetric, or to introduce anharmonicity 
in the vibrational behavior. The successive states become closer and closer in 
energy until a definite final state is reached beyond which dissociation occurs. 
In the case of H 2 , there are 15 such bound states before dissociation. Fortunately, 
at the temperatures of most heat capacity calculations only the first few vibrational 
levels are important, so that the anharmonicity effect is usually of little consequence. 

However, with the development of the space program it has become necessary 
to deal in practice with energies and heat capacities of small molecules at very high 
temperatures. These quantities are important in determining the practical thrust 
developed by a given fuel. Here, anharmonicity may seriously complicate a 
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theoretical calculation of the vibrational contributions. (In addition, Qeiec may have 
to be considered.) We can also understand why gases are not likely ever to reach 
vibrational equipartition. For them to do so the temperature must be large com¬ 
pared to 6y ib , which means that the average molecule is in a high vibrational state. 
Since there are only a limited number of states before the dissociation limit, an 
appreciable fraction of the molecules will be dissociated and the experimental heat 
capacity will no longer be that of the original molecule only, but rather that of a 
mixture of it and its dissociation products. 

An important exception to this situation occurs with some liquids and especially 
with atomic crystals such as metals. This is discussed in more detail in the Special 
Topics section, but, briefly, one may find heat capacities closely approaching the 
vibrational equipartition limit. The qualitative explanation is that the vibrations 
are now between atoms that are held in a lattice and thus cannot dissociate. 

A final point to mention is that the assumption of the independence of energy 
states which led to Eq. (4-60) is not fully valid. The approximation is very good 
with respect to Qtrans , but there is some interdependence of vibrational and rota¬ 
tional energy levels. For example, a molecule in an excited vibrational state will 
have a somewhat different moment of inertia from one in the ground or v — 0 
state. 


SPECIAL TOPICS 


4-ST-l The Joule-Thomson Effect 


It was mentioned in Section 4-7A that Joule’s experiment of allowing free 
expansion of a gas does in fact lead to small temperature changes. While no 
mechanical work is done by the gas on the surroundings, for any real gas there is 
work done against the intermolecular forces of attraction. This is another manifes¬ 
tation of the internal pressure of a gas discussed in Section 4-CN-l. The expansion, 
moreover, is essentially adiabatic, so q is zero, and the process is therefore one in 
which E does not change. The work against the internal pressure thus is balanced 
by a temperature change in the gas, and we define the Joule coefficient as 


J = 



Since by Eq. (4-12) 


/ 8T \ ( 8Ej8V) T 1 / 8E \ 

\8V/ e ~ (8E/8T) r C v \8v) 1 


we can write, using Eq. (4-87), 

1 


'--iWlr),-']- 


P int 


(4-91) 


(4-92) 


(4-93) 


The Joule coefficient thus provides a direct measure of the internal pressure Pint. 
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For C0 2 at STP, P int is found to be 0.0071 atm using the van der Waals equation [and Eq. 
(4-88)]. For CO a , C v = 6.6 cal K -1 mole' 1 at STP, or 273 cm 8 atm K" 1 mole -1 . J = —2.6 x 
10 - 6 K mole cm - 8 , a rather small number. 


The measurement of the Joule coefficient is a difficult one, and alternative 
experimental arrangements have been devised to obtain closely related quantities. 
An important such arrangement is the Joule-Thomson (Kelvin) experiment 
illustrated in Fig. 4-12. One allows a gas to expand through a porous plug so that 


Porous plug 


UZZZZZZ&ZZZZZZZZZZZZ ZZZZZZZZZ&ZZZZZZZZZZZZZZZZZZZZZZZZ2 


tZZZZZ^ZZZZZZZZZZZjjZZ^ZJZZZZZZZ&ZZZZZZZZZZZZZZZm 


FIG. 4-12. The Joule-Thomson experiment. 


entering gas may be kept at pressure and exiting gas at pressure P 2 . This is 
shown schematically in the figure as a double piston and cylinder arrangement. 
The porous plug is made of thermally insulating material so that q is zero. 
The gas is initially at P x and V 1 and the final state is at P 2 and V 2 . Since <7 = 0 , 
E = — w = P 1 V 1 — P 2 V 2 , so 


E 2 — E x — PjFj P^V 2 , or H 2 Hi . 

The experiment is therefore at constant H. The change in temperature of the gas 
is measured and the Joule-Thomson coefficient is defined as 

By the nature of the experiment AP is always negative, so a positive |x corresponds 
to cooling on expansion. Around room temperature, all gases except hydrogen, 
helium, and neon exhibit such cooling. At a sufficiently low temperature all gases 
do. The Joule-Thomson coefficient also depends on pressure, and the point at 
which (J. = 0, known as the Joule-Thomson inversion point, is then a function of 
pressure and temperature. 

The Joule-Thomson coefficient may also be calculated from the equation of 
state of the gas. Since by Eq. (4-12) 



(8H/8P) t 

(8H/8T) P 



(4-95) 


an equation analogous to Eq. (4-87), but again derived later (Section 6-ST-l), gives 



(4-96) 


and combination of this with Eq. (4-95) yields 



(4-97) 
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The van der Waals equation may be used for the calculation of |x and it gives 
moderately good agreement with experiment. 

The Joule-Thomson effect is generally larger than the Joule effect. For C0 2 
at STP, p. = 1.30 K atm -1 (as compared to 0.73 K atm -1 calculated from the 
van der Waals equation), and for 0 2 , p. = 0.31 Katm -1 . The Joule-Thomson 
effect may be produced in a cyclic operation, and machines that do this are widely 
used in the liquefaction of gases. In practice, the expansion may be through a 
throttle rather than a porous plug. 


4-ST-2 The Heat Capacity of a Solid 

This subject might have been assigned to the chapter on the crystal structure of 
solids but is treated here instead since it ties in very closely with the discussion of 
heat capacities. Before taking up the quantum mechanical aspect we first consider 
an extension of the equipartition principle. 

In the case of a crystalline solid in which each lattice position is occupied by a 
single atom, there can be no translation (other than of the crystal as a whole!) 
and no rotation. The 3JV 0 degrees of freedom per mole are thus entirely vibrational, 
and one predicts an equipartition molar heat capacity of 3 R as noted in Table 4-2. 
This prediction explains an old observation, known as the law of Dulong and Petit, 
to the effect that the molar heat capacity of a monatomic crystalline solid is about 
6.2 cal K -1 mole -1 . This law is obeyed by a number of metals; for example, the 
heat capacities for Cu, Fe, and Ag are 5.9,6.2, and 6.0 cal K~ 1 mole -1 , respectively, 
around room temperature. 

The Dulong-Petit law finds useful application in metallurgy. The composition 
of a binary alloy can be estimated just from its heat capacity per gram, since 
division into 6.2 gives the average molecular weight. Table 4-2 includes an entry 
for an MX-type crystal, such as NaCl. The point here is that the equipartition 
value per mole is now doubled since there are two moles of atoms per formula 
weight. 

Example. The heat capacity of a copper-tin alloy is 0.0576 cal K’ -1 g -1 . Calculate its 
composition. Ans. The average molecular weight is 6.2/0.0576 = 107.6 g mole -1 ; hence 
107.6 = 63.5x c „ + 118.7(1 - x Ca ), or * 0 u = 0.200. 

While it is not appropriate here to cover the statistical mechanical treatment of 
solids in much detail, there is a simple and useful extension of the material of 
Section 4-12 to the case of a crystalline solid in which the lattice sites are occupied 
by atoms (or monatomic ions). If the 3 N 0 vibrations can be viewed as independent 
oscillators, then the total partition function is just the product of 3 N 0 individual 
ones, as in Eq. (4-86), or Q y f b °, where Q v ib is given by Eq. (4-80). The effect is 
simply to multiply the expression for e [Eq. (4-81)] by 3 N 0 , with the result that the 
molar heat capacity is just three times that given by Eq. (4-85): 

C «—»' - 3fi (■¥-)' ir - <4 - 98) 

This treatment, due to Einstein, leads to a predicted variation of C K(cry8tal) with 
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T/6 vlb , which is the same as that shown in Fig. 4-10 except that the heat capacity 
scale is now from zero to 3 R. The high-temperature limit is 3 R, or the equipartition 
value (and that given by the Dulong-Petit law). Experimental results agree fairly 
well with the Einstein equation, as shown by the broken lines in Fig. 4-13(a). In 
each case 0 v ib is empirically determined so as to give the best fit. Significant deviation 
sets in at low temperatures, however, and the theory was considerably improved by 
Debye. He assumed a range of possible v 0 values up to a maximum v ma x , using the 




FIG. 4-13. Heat capacities of various crystalline solids as a function of temperature, (a) The 
best-fitting curves according to the Einstein equation (4-98), dashed lines. ( b ) Scaled by the best 
choice of 0 D to give a fit to the theoretical Debye curve (solid line). [Adapted from S. M. Blinder, 
“ Advanced Physical Chemistry .” Copyright 1969, Macmillan, New York.) 
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same distribution function as for blackbody radiation (Section 16-ST-l). This 
•'max is simply a cutoff at the point where a total of 37V 0 frequencies is reached and 
is an empirical parameter of the theory. The characteristic temperature is now 
defined as hv ma JkT and is thus also an empirical quantity. For the low-temperature 
region the Debye treatment predicts that the heat capacity should be proportional 
to T s , and this provides a valuable limiting law. It is used, for example, in extrap¬ 
olating experimental heat capacity values toward 0 K when calculating thermo¬ 
dynamic quantities. 
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EXERCISES 


4-1 Given the function y — u(u + t>), evaluate (a) ( 8y/8u) v and (b) ( dy[dv) u . Calculate Ay, 
J" (8y/8u) v du, and J" (dy/8v) u dv for (c) path (w,, t>,) — (« 2 , t>,) followed by (« 2 , n,) -► 
(i/ 2 , t> 2 ) and (d) path («, , t> 2 ) -* (u ,, t> 2 ) followed by («, , t> 2 ) — (« 2 , t> 2 ), where u, = 2, 
m 2 = 5, t> 2 = 3, and t> 2 = 6. 

Arts, (a) 2 u 4- v, (b) u, 

(c) Ay = 45 , f(dyIdu) v du = 30, J (8yl8v) u dv = 15, 

(d) Ay — 45, / (8yldv) u dv = 6, J ( 8yldu) v du = 39. 

4-2 For a right circular cylinder of radius r and length /, the area is sd — 2nrl and the volume 
is V = m*l. (a) Evaluate the coefficients (dst/dr ),, (dj*ldl ) r , (dr181 )^, (8 VIdr ),, (8Vldl) r . 
(b) Evaluate (ds/ldV), by expressing sd as a function of / and V only and then carry out the 
indicated partial differentiation, (c) Using Eqs. (4-13) and (4-15), express (d.’djd V), in terms 
involving only partial derivatives listed in (a) and thus evaluate (djdjdV), indirectly. 

Ans. (a) 2 nl, 2nr, —s/12 ttI 3 , 2-nrl, nr 2 , (b) and (c) 1/r. 

4-3 Express ( 8EI8T) P in terms of derivatives which you can evaluate from the ideal gas law. 

Ans. (8E/8Dr = (.8E/8T) V + (8E/8y) T (8V/8T) P = C r + 0 = C v 

4-4 A certain gas obeys the equation P(V — b) — RT. (a) Evaluate (8VldT) P and (8VI8P) T ■ 
Obtain ( 8P/8T) V by (b) use of Eq. (4-12) and (c) direct differentiation. 

Ans. (a) R/P, -RT/P\ (b) and (c) R/(V-b). 

4-5 The coefficient of thermal expansion for A1 is (1/ V)(8VI8T)p = 2.4 x 10~ 6 °C _1 , and 
( dE/dV) T is estimated at 1.0 x 10 6 atm. Calculate C P — Cv for A1 at 25°C and atmospheric 
pressure. 

Ans. 0.58 cal mole' 1 . 


4-6 One mole of an ideal, monatomic gas at STP undergoes an isochoric heating to 25°C. 
Calculate (a) P, (b) q, (c) w, (d) AE, and (e) AH. 


Ans. (a) 1.09 atm, (b) 74.5 cal, (c) 0, (d) 74.5 cal, (e) 124 cal. 
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4-7 The same gas as in Exercise 4-6 undergoes an isobaric heating to 25°C. Calculate the same 
quantities as before, plus (f) the final volume. 

Ans. (a) 1 atm, (b) 124 cal, (c) 49.7 cal, 
(d) 74.5 cal, (e) 124 cal, (f) 24.5 liter. 

4-8 The same gas as in Exercises 4-6 and 4-7 undergoes a reversible adiabatic compression such 
that the final temperature is 25°C. Calculate quantities (a>—(f). 

Ans. (a) 1.24 atm, (b) 0, (c) —74.5 cal, 
(d) 74.5 cal, (e) 124 cal, (f) 19.7 liter. 

4-9 Ten moles of an ideal gas of C v = 3.5 cal K -1 mole -1 undergoes a reversible isothermal 
compression from 0.2 to 5 atm at 100“C. Calculate (a) the initial and final volumes, (b) 
q, (c) w, (d) AE, and (e) AH. 

Ans. (a) 1531 and 61.24 liter, (b) -23,870 cal, (c) -23,870 cal, (d) 0, (e) 0. 

4-10 Calculate the equipartition heat capacity C P for (a) O a , (b) Xe, (c) HC1, and (d) C 2 H 4 r 
assuming ideal gas behavior, and Cv for (e) diamond and (f) NaCl (solid). 

Ans. (a) 1R, (b) 2±R, (c) 4 iR, (d) 167?, (e) 3 R, (f) 6 R. 

4-11 A foam plastic has cells of 0.1 mm dimension. Calculate (a) the quantum number n for the 
one-dimensional translational state whose energy would be equal to k T at 25°C in the case 
of argon gas and (b) Qtranno-dim) at 25°C assuming the cells to be spheres of radius 0.1 mm. 

Ans. (a) 7.1 X 10*, (b) 1.02 x 10 21 cm*. 

4-12 The rotational constant B, of a linear molecule is defined as B. = h/Sn 3 cI, where c is the 
velocity of light; B e = 1.93 cm -1 for CO. Calculate (a) the moment of inertia / for CO, 

(b) the quantum number J for the rotational state whose energy is equal to kT at 25°C, 

(c) the characteristic rotational temperature, and (d) Q ro t at 25°C. 

Ans. (a) 1.45 x 10 - 89 g cm 1 , (b) about 10, (c) 2.78 K, (d) 107. 

4-13 The vibrational characteristic temperature is 3084 K for CO. Calculate (a) hv a , (b) the 
force constant /,(c) the energy of the v = 2 state, (d) Cv<vit>) at 25°C, (e) Q vlb at 25°C, and 
(f) Eva, at 25°C. 

Ans. (a) 4.257 x 10” 18 erg, (b) 1.86 x 10* dyn cm -1 , 
(c) 1.06 x 10" 18 erg (or 25.8ATat 25°C), (d) 3.44 x 10 -8 R, 
(e) 5.675 x 10"*, (f) 2.13 x 10“ 18 erg (or 5 .2kT). 


PROBLEMS 


4-1 The area of a right cone is given by nr(r‘ + h 3 ) 1 / 3 , where r is the radius of the base and 
h is the altitude, and the volume is (w/3 )r 3 h. Evaluate (ds//dr) h , (dssfjdh),, ( dr/dh)^, (dV/dr) h , 
( dV/dh ) r , and (dr/dh)v ■ Evaluate (dsfjd V) h by expressing-o' as a function of h and V only 
and then carrying out the indicated partial differentiation. Finally, evaluate (dssf/8 V) h 
in terms of the differentials given here only, using the various partial differential relationships 
given in the chapter. 

4-2 Derive the equation Cp — Cv = ~ ( 8PI8T) v [(dHldP) T — V], 
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4-3 Suppose that for a certain gas ( dEI8V) T = 0, but P(V — b) = RT. Calculate ( 8HI8V)t 
and Cp — Cv . 

4-4 Derive the relationship (8u/ 8y),(8v/ 8u),(8y/8v), = — 1. This is a useful alternative form 
to one of the equations in the text. It need not be memorized; just notice that u, v, and 
y occur once in each numerator, denominator, and subscript. Verify the relationship 
for y = f(V, T), where the function /is for an ideal gas. 

4-5 One mole of water is vaporized reversibly at 50°C. Take AH, to be 10.0 kcal mole -1 . 
Calculate AE, and the reversible work. 

4-6 The heat capacity ratio, y, is 1.20 for a certain ideal gas. By what factor does the pressure 
change if the volume is doubled in a reversible adiabatic expansion? 

4-7 One mole of an ideal monatomic gas undergoes the following processes: 1. Adiabatic 
expansion from P x , V t , Tj to P 2 , V 2 , T 2 . 2. Return to initial state by the straight line 
path shown in the accompanying diagram. Calculate A E, AH, q, and w for each step and 
for the cycle if P x — 2 atm, 7j = 0°C, and V 2 = 2V X . 



V 


4-8 One mole of an ideal monatomic gas may be taken from the initial condition P x = 3 atm, 
Vi = 10 liter to the final condition P 2 = 0.5 atm, V 2 = 2 liter by either one of the 
following paths: Path 1. (a) decrease in volume at constant pressure followed by (b) decrease 
in pressure at constant volume. Path 2. (a) decrease in pressure at constant volume followed 
by (b) decrease in volume at constant pressure. 

For each path calculate AE, q, and w. If the gas is taken from P x , V I to P 2 , V 2 by path 1 
and returned to the initial state by path 2, what are the values of AE, q, and w for the cycle? 

4-9 Calculate AE, AH, q, and w when 1 mole of an ideal monatomic gas initially at 0°C and 
2 atm is taken to a final pressure of 15 atm by the reversible path defined by the equation 
PV 2 = constant. Calculate (by means of a derivation) the heat capacity along this path, 
that is dqldT for the path. 

4-10 One mole of an ideal monatomic gas may be taken from the initial condition P x = 2 atm, 
V x = 15 liter to the final condition P 2 = 4 atm, V 2 = 40 liter by either of the following 
paths: Path 1: (a) increase in volume at constant pressure followed by (b) an increase 
in pressure at constant volume. Path 2: (a) increase in pressure at constant volume followed 
by (b) an increase in volume at constant pressure. 

For each path calculate AE, q, and w. If the gas is taken from P x , V x to P 2 , V 2 by path 1 
and returned to the initial state by path 2, what are the values of AE, q, and w for the cycle? 

4-11 One hundred grams of nitrogen at 25°C are held by a piston under 30 atm pressure. The 
pressure is suddenly released to 10 atm and the gas expands adiabatically. If Cv for nitrogen 
is 4.95 cal °C _l mole -1 , calculate the final temperature of the gas. What are AE and AH 
for the process? Assume the gas is ideal. 

4-12 Consider the hypothetical experiment of Fig. 4-5 in which a gas expands against a fixed 
weight of 0.1 atm. Suppose the gas to be one mole of an ideal monatomic one initially 
at STP, and that there is enough friction that the piston moves slowly, that is, negligible 
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kinetic energy of motion develops. Calculate the final temperature of the gas and the 
amount of frictional heat developed if the expansion is (a) isothermal and (b) adiabatic 
with the frictional heat returned continuously to the gas. 

4-13 In each of the following cases show how to estimate the number of atoms per molecule, 
(a) A gas obeys the ideal gas law and has a ratio Cp/C v of 1.40 at 25°C; assume no 
vibrational contribution to the heat capacity, (b) An ideal gas has an equipartition value 
of Cp/Cv of 1.083. 

4-14 One mole of C0 2 at 100°C at 80 atm is compressed isothermally to 100 atm. The pressure 
is then reduced to 80 atm by cooling at constant volume. Finally, the original state is 
regained by warming at constant pressure. Assuming that C0 2 obeys the van der Waals 
equation with constants as given in Table 1-5, calculate q and w for each step and for the 
cycle. 

4-15 Referring to Exercise 4-16, calculate the heat capacity Cy for CO for various temperatures 
between 25°C and 1000°C and plot the results as C v versus t. 

4-16 Calculate the heat capacity C v for 0 2 at 1500°C given that & vlb is 2239 K. At what tem¬ 
perature would I 2 have the same heat capacity if its B vii is 307 K? 

4-17 Calculate the vibrational heat capacity Cy (vlb ) for CH S I at 25°C given that the fundamental 
vibration frequencies v 0 are v, = 2970 cm' 1 ,*, = 1252 cm ~ l , P s = 533 cm " 1 , ? 4 = 3060 
(2) cm " l , v 6 = 1440 (2) cm' 1 , and 5 e = 880 (2) cm " h Frequency is given in terms of wave 
number 5, or the reciprocal of the wavelength corresponding to the y„; here (2) indicates 
that two vibrations have the same frequency. Each frequency may be assumed to make its 
independent contribution to the heat capacity. 

4-18 The rotational temperature is 66 K for HD. Calculate the average rotational energy at 
30 K and at 40 K and estimate the rotational contribution to the heat capacity of HD at 
35 K. 


SPECIAL TOPICS PROBLEMS 


4-1 Derive the equation 

4-2 Gases such as H 2 , 0 2 , or N a are termed “noncondensable” because they cannot be 
liquefied at ordinary temperatures, although, of course, liquefaction does occur if they 
are cooled at the proper pressure to a temperature below the critical temperature. If the 
Joule-Thomson coefficient is positive, the cooling may be accomplished by allowing the 
compressed gas at room temperature to expand to 1 atm pressure, part of the gas 
liquefying if the conditions are right. In the commercial process based on these facts the 
liquefied gas is collected (at its boiling point at 1 atm pressure), and the residual un¬ 
liquefied gas is made to exchange heat with the incoming compressed gas so as to precool 
it. With a good heat exchanger the emerging residual gas (at 1 atm) is essentially at room 
temperature. As an example, the process per mole may be written 

0 2 (gas, 200 atm, 298 K) = x0 2 (liq., 1 atm, 90 K) 

+ (1 — x)0 2 (gas, 1 atm, 298 K). 

Since the process is adiabatic, the Joule-Thomson condition holds, that is, AH = 0. 
Calculate x, the mole fraction of the oxygen liquefied, given the following information: 
1. The Joule-Thomson coefficient for oxygen is such that on free expansion from 200 atm 
to 1 atm, the drop in temperature is 50 3 C (thus H for 0 2 at 200 atm, 298 K equals H for 
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0 2 at 1 atm, 248 K). 2. C P is 6.7 cal K -1 mole -1 (assume to be independent of tem¬ 
perature). 3. The heat of vaporization of liquid oxygen is 1600 cal mole" 1 . 

4-3 Calculate the Joule coefficient J and the Joule-Thomson coefficient /* for CH 4 assuming 
it to be a van der Waals gas. Assume STP. 

4-4 The Debye characteristic temperature = 86 K for Pb. Estimate the heat capacity of 
Pb at — 100°C and at 25°C. Calculate S vlb for Pb for the best-fitting Einstein equation. 

4-5 The heat capacity of Pt is (in calories per gram) 0.00123 at —255°C, 0.0261 at —152°C, 
0.0324 at 20°C, and 0.0365 at 750°C. Estimate the Debye characteristic temperature S D 
and 0„ib for the best-fitting Einstein equation. Plot the data as heat capacity versus tem¬ 
perature along with the two theoretical curves. 

4-6 An alternative Joule-Thomson type of experiment is to measure the quantity of heat that 
must be supplied when the expansion occurs at constant temperature. This gives the 
isothermal Joule-Thomson coefficient <f> = ( dH/8P) T . Relate <f> to and calculate <j> for 
CH< at STP assuming it to be a van der Waals gas and looking up any additional data 
needed. 



CHAPTER FIVE 


THERMOCHEMISTRY 


5-1 Introduction 

The preceding chapters have dealt with the physical properties and changes of 
state of pure substances or fixed mixtures of substances. We now consider the 
application of the first law of thermodynamics to chemical changes—a subject 
called thermochemistry. The subject is of great practical importance since it deals 
with the organization of the large amount of data concerning energies of chemical 
reactions. It also provides the foundation for obtaining chemical bond energies and 
hence for some aspects of theoretical chemistry. 

This chapter also serves to introduce the general notation used in the application 
of thermodynamics to chemical change. The balanced equation for a chemical 
reaction is in the strict sense merely a particular affirmation that atoms are 
conserved. Thus the equation 

aA + 6B + ••• = mM + nN + ••• , (5-1) 

is no more than a statement that substances A, B,..., if taken in the molar amounts 
a, b, ..., will collectively contain the same number of each kind of atom as will 
substances M, N,..., taken in the amounts m, n, ... . The equation does not predict 
that the chemical change will in fact occur, or that if it does occur, that other types 
of reactions may not also be present. It is part of the practice of chemistry to devise 
experimental situations such that the measurements made can be analyzed into 
contributions from one (or more) specific chemical processes. 

From the point of view of the first law, each substance has an internal 
energy and an enthalpy which are functions of the state of that substance. Thus 
E a =/a(F a , 7a), E b =/b(K b , r B ), and so on, and similarly H A = f A ’(P A , T A ), 
i/ B = /,'(?, > 7’ b ), and so on. To be complete, therefore, Eq. (5-1) should specify 
the state of each substance: 


qA( V a or P A , 7a) + 6B(Kb or P b , 7’b) + ••• — nN(K N or Pn , Tn) 

+ mM( Km or Pm , 7"m) + • (5-2) 

(It is sufficient to give T and either Pot V since the three are related by the equation 
of state for the substance.) The substances are not necessarily at the same temper- 
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ature and pressure or at the same temperature and molar volume. We then use 
the symbol A as an operator which may be applied to any characteristic extensive 
property 2P such as E, H, or V to signify the following operation: 

ASP means {mSP M + nSP-^ + •••) — (aSP K + bSP^ + •••) (5-3) 


or 

A9 = £ n v SP { - £ ftrSPi , 

products reactants 

where « p and n T are the stoichiometric coefficients in the balanced equation. The 
property & is for the indicated substance in that state specified by the chemical 
equation. Thus the value of ASP must always refer to a definite, completely described 
equation. In the case of reactions involving solutions chemical composition must be 
specified; the detailed thermochemistry of solutions is deferred until Chapter 9. 

As an illustration, the reaction by which water is formed from hydrogen and 
oxygen might be written 

H 2 (gas, 25°C, 1 atm) + ^O, (gas, 25°C, 1 atm) = H z O (liq, 25°C, 1 atm). (5-4) 
For this reaction AH is 

AH = H(U 2 0) - H( H 2 ) - £/7(0 2 ), (5-5) 

where the individual enthalpies are per mole of the substance in the indicated state. 
Note that the phase (gas, liquid, solid) of the substance must be specified if there is 
any possible ambiguity. 

Unlike the situation with some extensive quantities, such as volume or mass, 
we have no absolute values for the internal energy or enthalpy of a substance. 
Although the first law permits us to calculate changes in E or H, its application 
never produces absolute values. The same is true in thermochemistry; AE and AH 
give the changes in internal energy and enthalpy that accompany a chemical 
reaction, and while either may be expressed in the form of Eq. (5-3), we do not know 
the separate E or H values. It is partly a consequence of this situation that much use 
is made of standard or reference states. Two systems of standard states are in use. 
The first is one of convenience, 1 atm pressure and, if so specified, 25°C. In the case 
of a reaction for which the reactants and products are all in a standard state, such 
as Eq. (5-4), one writes AE% 9i or AH% W , where the superscript zero means that 
the pressure is one atm and the subscript gives the temperature chosen. As will be 
seen, a large body of thermochemical data is reported on this basis. 

The second system takes as the standard state the substance devoid of any 
thermal energy, that is, at 0 K. This is a more rational as well as a very useful 
approach and is developed in the Special Topics section. Its implementation does 
require either extensive knowledge of heat capacity data or sufficient spectroscopic 
information to allow evaluation of the various partition functions. 


5-2 Measurement of Heats of 
Reaction: Relationship between AE and AH 

The practice of thermochemistry involves the measurement of the heat absorbed 
or evolved when a chemical reaction occurs. That is, the determination is one of q 



5-2 MEASUREMENT OF HEATS OF REACTION; RELATIONSHIP BETWEEN A E AND tJi 147 


in the first law statements: 


dE = hq — Sw, 

(5-6) 

dH = 8q + VdP. 

(5-7) 


For simplicity, one attempts to choose conditions such that either volume is 
constant, so that no work is done, in which case AE = q v , or such that pressure 
is constant, in which case AH = q P . In either event, if heat is evolved, the reaction 
is said to be exothermic, q is negative and likewise the corresponding AE or AH. 
If heat is absorbed, the reaction is said to be endothermic, and q and AE or AH are 
positive. 

The equipment used to make such measurements is the calorimeter-, it may be 
of either the constant-pressure or the constant-volume type. A simple illustration of 
the former is shown in Fig. 5-1 (a). Insulation is provided by a Dewar flask and one 
observes the temperature change when the reactant dissolves in or reacts with the 
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FIG. 5-1. (a) Simple calorimeter such as might be used for measuring a heat of solution or of 
mixing, (b) Constant-volume combustion calorimeter. 
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liquid or solution. Research calorimeters of this type are more elaborate, of course, 
and with the use of a thermistor or a thermocouple, temperature changes of as 
little as 10 -5 °C can be recorded. An electrical heating element allows the intro¬ 
duction of an accurately known amount of heat so that the heat capacity of the 
calorimeter can be determined. Since the calibration is electric, it is conventional 
to record calorimetric heats in joules rather than in calories. 

The bomb calorimeter, illustrated in Fig. 5-1(b), is of the constant-volume type. 
Typically, a substance is ignited in oxygen by means of a spark and the temperature 
rise of the calorimeter is measured. The heat of reaction, corresponding in this 
case to a AE, is again obtained through the known heat capacity of the calorimeter. 

These calorimeters are adiabatic; insulation confines the heat of reaction, which 
is given by the product of the temperature change and the heat capacity of the 
assembly. The temperature change should be small for several reasons. Heat losses 
through conduction and radiation are reduced and thus the error in correcting for 
them. One ultimately wishes to report the results as a standard enthalpy or energy 
change, such as a AH% S or a AE % 8 , for a reaction in which reactants and products 
are at the same temperature and the necessary corrections may be troublesome and 
introduce error if much heating has occurred in the actual reaction. 

Heat loss may be virtually eliminated by making the temperature difference 
between the calorimeter and its immediate surroundings essentially zero. The 
ice calorimeter used by Lavoisier and Laplace in 1780 [see Hoch and Johnston 
(1961)] is a classic example. Here, the reaction vessel, uninsulated, is packed in 
ice in a container having a drain spigot. The whole unit is packed in an outer layer 
of ice. The heat of reaction melts some of the inside layer of ice and is given by 
the amount of water collected from the drain. Since the inside and outside layer 
are both at 0°C, there is no net heat flow between them. 

In a modem version, the reaction vessel is in thermal contact with a large heat 
reservoir, such as a block of metal, through a layer of thermoelectric semiconductor 
material. The temperature difference across the layer is given accurately by the 
potential difference and integration over the time of the experiment gives the total 
heat flow and hence the heat generated by the reaction. At no time, however, is 
there more than a very small temperature difference between the reaction vessel 
and the heat reservoir. 

Calorimetry may also be used to measure light energy, the device being called a 
bolometer. The measurement is again one of temperature change, this time due to 
the energy delivered by the absorbed light. For example, one micromole of light 
quanta, or one microeinstein of light, at 500 nm wavelength corresponds to 
0.2392 J. Pulsed lasers may deliver this much light in a single nanosecond pulse 
and here a ballistic calorimeter may be used. The light pulse is absorbed by a 
thermoelectric cavity and one sees a rapid increase in output voltage, followed by 
a decline as heat loss to the surroundings occurs. The instrument can be calibrated 
so that the maximum voltage gives the pulse energy. 

To return to conventional calorimetry, the constant-volume type is generally 
used when a reactant or product is gaseous, as in combustion reactions. Since the 
measured heat is a q v , one obtains a AE of reaction, and it is usually desirable to 
convert the result to a AH of reaction. It follows from the definition of H that for 
a reaction 


AH = AE + J(PK), 


(5-8) 



5-3 SOME ENTHALPIES OF COMBUSTION, HYDROGENATION, AND SOLUTION 149 


and further 

Ji/ 2 ° 98 = AE° im + PAY, P = 1 atm, (5-9) 

where A V is given by Eq. (5-3). Molar volumes of liquids and solids are not large 
and their contribution to the AV of a reaction is usually of the order of a few cubic 
centimeters; the P A V term of Eq. (5-9) would then amount to only about 1 cal. 
If gases are involved, however, the correction can be quite appreciable. If we let 
An g denote the number of moles of gaseous products minus the moles of gaseous 
reactants, then the P A V term becomes (An g )PV. If the gases are nearly ideal, then 
an approximate form of Eq. (5-8) is 

AH ~ AE + ( An g )RT . (5-10) 


Thus in the case of Eq. (5-4) 

AH° iw = AEl ag - f(1.987)(298.1) = AE° 2M - 888 cal. 

The PAY term for H 2 0(/) amounts to only 18 cm 3 atm or about 0.4cal, so 
neglecting it introduces only a small error. 

Constant-pressure calorimeters are especially convenient for reactions involving 
solutions. The process may be one of the dissolving of a substance in a solvent, 
in which case a heat of solution is obtained. Or a solution may be diluted by the 
addition of more solvent, so that a heat of dilution is obtained. Heats of chemical 
reactions may be studied by mixing two reacting solutions in the calorimeter. 
Since the calorimeter is open to the atmosphere or is at some constant pressure, 
the result gives AH directly. Where high precision and accuracy are not required, 
the simple arrangement shown in Fig. 5-l(a) may be entirely adequate. If the heat 
of reaction is small, however, as for example is often the case with heats of dilution, 
the apparatus becomes much more sophisticated [see Barthel (1975)]. 

The principal chemical requirement in calorimetry is that the measured q must 
be assignable to a definite process. This means that the products must be well 
defined and preferably should result from a single, clean chemical reaction. 
Correction for incomplete reaction can be made, but it is very desirable that the 
reaction go to completion. In addition, the reaction should be fairly rapid; 
otherwise maintenance of the adiabatic condition of the calorimeter becomes very 
difficult. Most of the reactions of organic chemistry fail to meet one or another of 
these criteria, and for this reason organic thermochemistry deals mainly with 
combustion and hydrogenation; these processes generally can be made to go 
rapidly and cleanly. Heats of solution and dilution offer no great difficulty, and 
many inorganic reactions are easy to study. A good example of the latter would 
be a heat of neutralization of an acid by a base. On the other hand, coordination 
compounds often react too slowly for good calorimetry and are not easy to burn 
to well-defined products. 


5-3 Some Enthalpies of 
Combustion, Hydrogenation, and Solution 


The general type of calorimeter used for measuring heats of combustion was 
described in the preceding section. With excess pure oxygen present, most organic 
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compounds will burn cleanly to carbon dioxide and water. Halogens or nitrogen 
present in a compound may appear as a mixture of the element and its oxides, 
and the exact proportions of such products may have to be determined for each 
experiment. In working problems in this text, however, it will be sufficient for the 
reader to assume that only the free element is formed, that is, Cl 2 , Br 2 ,1 2 , or N 2 . 

Some typical enthalpies of combustion are collected in Table 5-1. They are 
generally quite large, and since it is the difference among various enthalpies of 
combustion that usually is wanted (see next section), a very high degree of precision 
is desirable. This has indeed been achieved; most of the results in the table are 
accurate to a few tens of calories or better. Notice that compounds containing 
oxygen, such as ethanol and acetic acid, have lower enthalpies of combustion 
than the corresponding hydrocarbons. In a sense such compounds are already 
partly “burned.” 

The hydrogenation of unsaturated hydrocarbons is another reaction that has 
been used. One procedure is to pass a mixture of hydrogen and the hydrocarbon 


TABLE 5-1. Some Enthalpies of Reaction a 


Substance 

Reaction 

kcal 

kJ 

Combustion 6 

H 2 0?) 

h 2 + io 2 = h 2 o 

-68.317 

-285.84 

C(graphite) 

C -f- o 2 — co 2 

-94.052 

-393.51 

C(diamond) 

c + o 2 = co 2 

-94.502 

-395.40 

CO{g) 

co + |o 2 = co 2 

-67.636 

-282.99 

CH 4 (*) 

CH 4 + 20 2 = C0 2 + 2H 2 0 

-212.86 

-890.36 

C 2 H 2 (*) 

C 2 H 2 + 2\O t = 2C0 2 + H 2 0 

-310.62 

-1299.63 

C 2 H 4 (j?) 

C 2 H 4 + 30 2 = 2C0 2 + 2H 2 0 

-337.23 

-1410.97 

C 2 H 6 (*) 

C 2 H 6 + 3j0 2 = 2C0 2 + 3H 2 0 

-372.82 

-1559.88 

C,H 8 (s) 

C 3 H s + 50 2 = 3C0 2 + 4H 2 0 

-530.61 

-2220.07 

C 6 H e 0r) 

C 6 H 6 + 7j0 2 = 6C0 2 + 3H 2 0 

-789.08 

-3301.51 

C 2 H 6 OH(0 

C 2 H 5 OH + 30 2 = 2C0 2 + 3H 2 0 

-326.71 

-1366.95 

CH,COOH(() 

CH 3 COOH + 20 2 = 2C0 2 + 2H s O 

-208.5 

-872.36 

Hydrogenation 

C 2 H 4 (*) 

c 2 h 4 + h 2 = C 2 H 6 te) 

-32.747 

-137.01 

ds-CHjCH = CHCH 3 (g) 

c 4 h 8 + h 2 = C 4 H I0 (^) 

—28.570' 

-119.54 

/rani-CH 3 CH = CHCHfg) 

QH 8 + H 2 = C 4 H i0 (£) 

—27.621' 

-115.57 

Solution 

H 2 S0 4 (/) 

H 2 S0 4 + ooH 2 0 = solution 

-22.99 

-96.19 

h 2 so 4 (/) 

H 2 S0 4 + 50H 2 O = solution 

-17.53 

-73.34 

HClte) 

HC1 + coH 2 0 = solution 

-17.96 

-75.14 

NaOH(i) 

NaOH + a>H 2 0 = solution 

-10.246 

-42.87 

NaCl(i) 

NaCl + ooH 2 0 = solution 

0.930 

3.89 

NaC 2 H 3 Q 2 (i) 

NaC 2 H 3 0 2 + ooH 2 0 = solution 

-4.3 

-18.0 


a Values from F. A. Rossini et ai., eds. (1952). Tables of Selected Values of Chemical Thermo¬ 
dynamic Properties. Nat. Bur. Std. Circ. No. 500, and the more recent NBS Technical Note 
270-3, D. D. Wagman, W. H. Evans, V. B. Parker, I. Halow, M. Bailey, and R. H. Schumm, 
eds., 1968. 

6 Combustion products are C0 2 (g) and H 2 0((). 

6 For 355 K, from A. B. Kistiakowsky and co-workers, J. Amer. Chem. Soc. 57, 65, 876 (1935). 
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through an adiabatic calorimeter which contains some platinum catalyst. The rate 
of heating of the calorimeter is then determined for a known flow rate of the 
gases and, if necessary, the effluent gas is analyzed so that the degree of reaction 
may be found. As illustrated by the values in Table 5-1 enthalpies of hydrogenation 
are generally much smaller than those of combustion. It is now possible to obtain 
fairly accurate differences in enthalpies of hydrogenation of isomeric compounds. 

The third type of experimental heat of reaction which is listed in the table is 
that of solution. These are known as integral enthalpies of solution (see 
Section 9-ST-l) and the reaction consists in mixing the pure substance with 
the indicated amount of water so that a solution is formed. Notice that a heat of 
solution may be large, as in the case of sulfuric acid, or small, as with sodium 
acetate. It may be positive, as with sodium chloride. Generally when heat is 
absorbed on dissolving, the value is small in magnitude. The heat of solution also 
depends on the final concentration obtained. As might be expected, the value 
(disregarding sign) tends to be larger for the limiting case in which an infinitely 
dilute solution is formed than for that involving some higher concentration. This 
last point is illustrated by the data for sulfuric acid and further in Table 5-3. 


5-4 Combining A H or A E Quantities 

Table 5-1 provides a very small sample of the many individual reactions and 
types of reactions that have been studied experimentally. A complete tabulation 
of such individual results would be both clumsy and difficult to use. The first step 
toward systematization, taken in Table 5-1, is to reduce all values to a standard 
pressure and temperature, the latter usually being 25°C (see the next section for the 
manner of doing this). The second and very important step is to report results as 
standard heats of formation (also discussed in the next section). The basis for 
doing this is that, according to the first law, E and H are state functions, so that 
AE and AH for a given overall process are independent of the path taken. The 
principle was formulated independently by Hess in about 1840 and is sometimes 
known as Hess's law of constant heat summation. 

The principle may be illustrated as follows. Consider the following two reactions: 

C 2 H,fe) + l£o a Q?) = CH,COOH(/) + h,O( 0, d// 2 ° 98 = -164.5 kcal, (5-11) 

CH a COOH(/) + 20 a fe) = 2CO a (£) + 2H a O(/), AH% 98 = -208.3 kcal. (5-12) 

These correspond to first oxidization of ethane to acetic acid and then burning of 
the acetic acid to carbon dioxide and water. The net result of the two steps is simply 
the combustion of ethane: 

C 2 H 6 Qr) + 3±o a te) = 2CO a 0r) + 3H a O(0, AH° 98 = -372.8 kcal. (5-13) 

It is a common procedure in chemistry to obtain the net result of a series of 
chemical steps by the algebraic summation of the corresponding equations. Thus 
Eq. (5-13) results from the addition of Eqs. (5-11) and (5-12) and the cancellation of 
CH 3 COOH(/) since it appears once on each side of the equality sign. This 
procedure is always possible with balanced chemical equations, and the result must 
also be a balanced equation. The further conclusion of importance here is that the 
AH\ 98 quantities combine similarly. If we write each according to its detailed 
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meaning as given by Eq. (5-3) we have 

J// 2 ° 98 [Eq. (5-11)] + J// 2 ° 98 [Eq. (5-12)] 

= ( ^ch 3 cooh + H h 2 o — ^c 2 h 6 — HH 0i 1 

L(/,25”C,1 atm) (/,25°C, 1 atm) (g,25“C, 1 atm) (*, 25°C, 1 atm)J 

+ r 2H COi + 2// Hj0 — //chjCooh — 2H 0i I 

L(g,25 0 C, 1 atm) (g, 25°C, 1 atm) (/, 25°C, 1 atm) (g, 25°C, 1 atm)J 

= r 2 H COt + 3i/ H2 o — H c 2 h« ~ 2>\H 0t 1. 

L(g, 25°C, 1 atm) (g, 25°C, 1 atm) (g» 25°C, 1 atm) (g» 25°C, 1 atm)J 

The quantities W C h,cooh cancel since each is for the same substance in the same 
state, and the result is just J// 298 for the net equation (5-13). The sum of — 164.5 kcal 
and —208.3 kcal is indeed —372.8 kcal. 

The general conclusion is that AH (or AE) quantities add (or subtract) as do the 
corresponding equations provided that the substances that are cancelled are in 
the same state. This last requirement will necessarily be met if standard AH’s are 
used. 

The lack of dependence of AH and AE on path is useful in the following ways. 
It allows the calculation of a AH or AE for a process that is difficult or impossible 
to carry out directly or which simply has not yet been measured. As an example, 
one can determine experimentally the heats of combustion of graphite and of 
diamond: 

C(graphite) + 0 2 (g) = C0 2 (g), J// 298 = —94.052 kcal, (5-14) 

C(diamond) + O z (g) = C0 2 (g), AH% aa — —94.502 kcal. (5-15) 

We may subtract Eq. (5-15) from Eq. (5-14) to get 

C(graphite) = C(diamond), <d//” 98 = (—94,052) — (—94,502) = 450 cal. (5-16) 

The conversion of graphite to diamond (or vice versa) is not a feasible laboratory 
reaction, but by combining the two enthalpies of combustion one obtains the 
desired A H^ w . 

Enthalpies of combustion may, in fact, be used quite generally to obtain 
enthalpies of other reactions. Thus the reaction 


C 2 H 4 (g) + H 2 te) 

= C 2 H 6 (i?) 


(5-17) 

may be written as 

QH 4 Qr) + 30 2 (g) = 2C0 2 (g) + 2H 2 O(0, 

AHln = -337.23 

kcal, 

(5-18) 

H 2 Qr) + kO-Jg) = H 2 O(0, 

AHln = -68.317 

kcal, 

(5-19) 

minus 

C 2 H 6 (g) + 3|0 2 (g) = 2C0 2 (g) + 3H 2 O(0, 

A g = -372.82 

kcal. 

(5-20) 

Then AH% g 8 for Eq. (5-17) must be (- 

-337.23) + (-68.32) - 

- (-373.82) = 


*-32.73 kcal. Notice that the result is not exactly the same as the directly deter¬ 
mined yalue of —32.747 kcal. As mentioned earlier, the problem is that in using 
enthalpies of combustion we are combining very large numbers to give a small 
net result. Even small percentage errors in the former propagate to give a large 
percentage error in the result. 
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The example may be generalized. We may obtain AH 29S for any reaction by 
adding the standard enthalpies of combustion of tne reactants and subtracting the 
sum of those of the products: 

AH 299 = X »r^c,298 X Wp AH° 29s , (5-21) 

reactants products 


where ^H° 29S denotes a standard enthalpy of combustion. As an illustration, 
A H 298 for the (unlikely) reaction 

2CH t (g) + CH a COOH(7) = C 3 H 8 Qr) + CO 2 (g) + 2HJg) 

is given by 

2 AH° c , 29S (CH 4 ) + AH° c , 298 (CH 3 COOH) - AH° C ' 29S (C 3 H 8 ) - 2 AH° c , 298 (H 2 ). 

There is no term for C0 2 since by definition its enthalpy of combustion is zero. 
A table of standard enthalpies of combustion thus implies a knowledge of AH 29g 
values for all reactions that can be formulated as a combination of combustion 
reactions. 


5-5 Enthalpies of Formation 

A. Standard Enthalpy of Formation for Compounds 

A particularly useful way of summarizing thermochemical data is in terms of 
the standard enthalpy of formation. The reaction is that of formation of the 
compound from the elements, each element being in its stable chemical state and 
phase at 25°C and 1 atm pressure. For example, the reaction giving the standard 
enthalpy of formation of H 2 0(/), AH° 298 (H 2 0, /), is 

H 2 (£, 298 K, 1 atm) + i0 2 (tf, 298 K, 1 atm) = H 2 0(/, 298 K, 1 atm). 

(This particular enthalpy change is also that of the combustion of hydrogen.) 
That for methane is 

CCgraphite, 298 K, 1 atm) + 2H.(*, 298 K, 1 atm) = CH 4 (*, 298 K, 1 atm), (5-22) 

The heat of formation of an element in its standard state is zero by definition. 

It is not always possible to determine a heat of formation directly, as in the case 
of water, and the values are usually calculated by the indirect procedure. Thus 
d//f° 298 (CH 4 ) could be obtained by application of Eq. (5-21) to the heats of 
combustion of graphite, hydrogen, and methane. Extensive tables of standard 
enthalpies of formation have been built up, and a sampling is given in Table 5-2. 
The table includes values for unstable forms of some elements, such as 0 3 , and C 
(diamond) and in some cases also gives values for both gaseous and liquid states, 
as for water. The difference between two such values is simply the enthalpy of 
vaporization. 

One may calculate the standard enthalpy change for any chemical reaction 
involving substances whose standard enthalpies of formation are known. The 
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TABLE 5-2. Standard Enthalpies of Formation “ 


Substance 


Substance 


kcal mole -1 

kj mole -1 

kcal mole -1 

kj mole -1 

AgCl(i) 

-30.36 

-127.03 

H 2 0(/) 

-68.317 

-285.84 

Br 2 (g) 

7.34 

30.71 

h 2 o(*) 

-57.789 

-241.79 

C(graphite) 

(0.000) 

(0.000) 

HCl(g) 

-22.063 

-92.31 

C(diamond) 

0.4532 

1.896 

HBr(*) 

-8.66 

-36.23 

CaC0 3 (s) 

-228.45 

-1206.87 

Hi(ir) 

6.20 

25.94 

CaO(s) 

-151.9 

-635.5 

KCl(s) 

-104.175 

-435.87 

COte) 

-26.416 

-110.52 

NaCl(s) 

-98.232 

-411.03 

CO./*) 

-94.052 

-393.51 

NH 3 (g) 

-11.04 

-46.19 

CH,(g) 

-17.89 

-74.85 

NO(*) 

21.600 

90.37 

C2H2O?) 

54.19 

226.73 

N0 2 (g) 

8.091 

33.85 

CJUf) 

12.50 

52.30 

N 2 0 4 (*) 

2.58 

10.8 

c 2 h „(*) 

-20.24 

-84.68 

O 3 (g) 

34.0 

142.3 

c 3 h 8 (*) 

-24.82 

-103.85 

P(*) 

75.18 

314.6 

c,h 6 (Z) 

11.718 

49.028 

PCl 3 (g) 

-73.22 

-306.4 

c„h 6 (*) 

19.820 

82.93 

PCl 5 (g) 

-95.35 

-398.94 

C. 2 H 6 OH(/) 

-66.356 

-277.63 

S(rhombic) 

(0.000) 

(0.000) 

CH 3 COOH(7) 

-116.4 

-487.0 

S(monoclinic) 

0.071 

0.30 

00.(0 

-33.3 

-139.3 

S0 2 (g) 

-70.96 

-296.9 

Fe 2 0 3 (i) 

-196.5 

-822.2 

so 3 (*) 

-94.45 

-395.2 

Glycine 






H 2 NCH 2 COOH(s) 

-126.33 

-528.56 





“ Data from F. A. Rossini et al, eds. (1952). Tables of Selected Values of Chemical Thermo¬ 
dynamic Quantities. Nat. Bur. Std. Circ. No. 500. U.S. Gov’t. Printing Office, Washington, D.C. 

combining rule is similar to Eq. (5-21) for heats of combustion, but reversed in 
sign (why?): 

^^298 = X «p ^??f,298 X «r A //f 298 . (5-23) 

products reactants 

As an example, we may calculate the heat of hydrogenation of ethylene [Eq. (5-17)] 
using heats of formation: 

21/4,8 = ^tff.298 (C 2 H 6 , g) - AHf M (C 2 H 4 , g) 

= -20.24 - 12.50 = -32.74 kcal mole" 1 . 

There is no term for hydrogen because its heat of formation is zero by definition. 


B. Standard Enthalpies of Aqueous Solutes and of Ions 

Some values of enthalpies of solution were included in Table 5-1. Such data may 
be incorporated into the standard enthalpy of formation scheme by assigning the 
entire heat of solution to the solute. For example, the heat of dissolving of HC1 (g) 
in water to give an infinitely dilute solution is, per mole of HC1, —17.96 kcal 
(Table 5-1). We use the notation aq to denote the condition of infinite dilution, 
and may now write 

+ |C1 2 (*) = HCl(g), AHl 29s = -22.06 kcal, 

HClte) + aq = HC\(aq\ AH 29S = - 17.96 kcal. 
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Then we have 

|H 2 te) + |Cl 2 te) + aq = HCI(^), AHf_ 29S (HC1, aq ) = -40.02 kcal. 

The same convention may be applied to solutions of any concentration. Thus the 
standard enthalpy for the following reaction is —17.65 kcal: 


HClte) + iooh 2 o = 


solution of concentration 
m = 0.55 mole per 1000 g H 2 0 


AH° 2m = -17.65 kcal. 


The standard enthalpy of formation of HC1 in 0.55 molal solution is then 
(-17.65) + (-22.06) = -39.71 kcal mole- 1 . 

In the case of infinitely dilute solutions of electrolytes it is convenient to proceed 
a step further. For such solutions the ions have no mutual interaction and the state 
of any given ion is entirely independent of the nature of its counter ion. It is 
therefore possible to combine equations as in the following example: 


(a) 

|h 2 (f) + ici 2 (i?) = 

H + (aq) + Cl -(aq). 

AH° 2m = 

-40.02 

kcal, 

(b) 

Na(i) + JrCLte) = 

Na + (a<?) + Cl - (a< 7 ), 

ah° 2M = 

-97.30 

kcal, 

(c) 

Na(i) + jBr 2 (/) = 

Na + (a<?) + Br-(a^), 

AH 2m - 

-86.18 

kcal, 

(d) 

= (a) 4- (c) - (b): 






iH 2 (£) + 2 Br 2 (/) = 

H + (a?) + Br-(a^), 

AH 2m = 

-28.90 

kcal. 


HC\(aq) has been written as H + (aq) + C\~(aq), and similarly for NaCl(a^) and 
NaBr(a^) not only because it is more nearly correct but also because it emphasizes 
that the C\~(aq) of the HC1 solution cancels the C\~(aq) of the NaCl solution. 

This procedure is unnecessarily clumsy. If the enthalpy of formation of some one 
ion were known, it would then be possible to calculate those of all other ions. 
Such a value is not known, since ionic chemical reactions always involve combi¬ 
nations of ions such that the equation is balanced electrically (see Section 13-CN-3 
for a further comment). By the same token, however, one may arbitrarily assign 
a value to the standard enthalpy of formation of some one ion, and the values then 
calculated for the other ions must always occur in any thermochemical equation in 
such a way that the assumption cancels out. The convention is that J/7® 298 (H + , aq) 
is zero. 

Some representative standard enthalpies of formation of solutes and of individual 
aqueous ions are given in Table 5-3. We may now obtain the values of AH% m for 
reactions (a), (b), (c), and (d) simply by adding the appropriate individual 
ion values. 


5-6 Dependence of A H and AE on Temperature 

The temperature dependence of individual H and E values is given by the 
equations 

dE = C v dT [Eq. (4-22)], 
dH = C f dT [Eq. (4-30)], 
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TABLE 5-3. Standard Enthalpies of Formation of Aqueous Species ° 


Solute 


Ion 


kcal mole -1 

kj mole -1 

kcal mole -1 

kj mole -1 

HC1 






in ooH 2 0 

-40.023 

-167.47 

H+ 

(0.000) 

(0.000) 

in 100H 2 0 

-39.713 

-166.16 

Li+ 

-66.554 

-278.46 

h 2 so. 



Na + 

-57.279 

-329.66 

in ooH 2 0 

-216.90 

-907.51 

K + 

-60.04 

-251.21 

in 100H 2 0 

-211.59 

-885.29 

Ag + 

-25.31 

-105.90 

NaOH 



OH - 

-54.957 

-229.94 

in ooH 2 0 

-112.236 

-469.60 

F - 

-78.66 

-329.11 

in 100H 2 0 

-112.108 

-469.06 

Cl - 

-40.023 

-167.46 

NaCl 



Br - 

-28.90 

-120.92 

in ooH 2 0 

-97.302 

-407.11 

I - 

-13.37 

-55.94 

in 100H 2 0 

-97.250 

-406.89 

CIO, - 

-31.41 

-131.42 

nh 4 ci 



SOJ - 

-216.90 

-907.51 

in ooH 2 0 

-71.76 

-300.24 

CO\~ 

-161.63 

-676.26 

in 100H 2 0 

-71.63 

-299.70 





“Data from F. A. Rossini et al., eds. (1952). Tables of Selected Values of Chemical Thermo¬ 
dynamic Quantities. Nat. Bur. Std. Circ. No. 500. U. S. Gov’t. Printing Office, Washington, D.C. 


or, in integral form, 

E 2 = E x + C r dT, (5-24) 

H 2 =: H x + ( C P dT. (5-25) 

J n 

As discussed in Section 4-7C, heat capacities are in general temperature-dependent 
and the experimental values are usually summarized in the form of a polynomial 
in temperature. Three terms suffice to represent data over a considerable range of 
temperature. Thus we write f 

C P = a + bT + cT- 2 . (5-26) 


The polynomial formulation is convenient in allowing easy integration of Eq. (5-25). 
Values of a, b, and c are given in Table 5-4 for a number of gases, liquids, and 
solids. 

The procedure for calculating the change in a heat of reaction with temperature 
is quite analogous to the preceding. Let AH 2 be the enthalpy of reaction at T 2 
and AH X that at T 1 . The general reaction equation (5-2) may then be written 


-AH t = [aH 2 ( A) + bHJB) +••■]- [mH 2 ( M) + nH 2 ( N) + ■••] 

= jaj/Z^A) + J C P ( A) dT] + ^[^(B) + J C P (B) dT] + -J 
- jmf/Z^M) + | C,(M) dT] + «[//,(N) + J C,(N) dT] + -j. 


+ A widely used alternative power series is of the form Cp = a + bT + cT 2 . 
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TABLE 5-4. Variation of Cp° with Temperature 0 CV° = a + bT + cT~* 


Substance 

a 

10V> 

10 -6 c 

Gases (from 298 K to 2000 K) 



Monatomic 

4.97 

— 

— 

gases 

(20.78) 



h, 

6.52 

0.78 

0.12 


(27.28) 

(3.26) 

(0.50) 

o, 

7.16 

1.00 

-0.40 


(29.96) 

(4.18) 

(-1.67) 

n 2 

6.83 

0.90 

-0.12 


(28.58) 

(3.77) 

(-0.50) 

CO 

6.79 

0.98 

-0.11 


(28.41) 

(4.10) 

(-0.46) 

Cl, 

8.85 

0.16 

-0.68 


(37.03) 

(0.67) 

(-2.85) 

CO, 

10.57 

2.10 

-2.06 


(44.23) 

(8.79) 

(-8.62) 

H,0 

7.30 

2.46 

— 


(30.54) 

(10.29) 


nh 3 

7.11 

6.00 

-0.37 


(29.75) 

(25.10) 

(-1.55) 

ch 4 

5.65 

11.44 

-0.46 


(23.64) 

(47.86) 

(-1.92) 

C.H, 

2.46 

60.2 

— 


(10.29) 

(251.9) 


Liquids (from melting point to boiling point) 


H,0 

18.04 

(75.48) 

— 

— 

I, 

19.20 

(80.33) 

— 

— 

NaCl 

16.0 

(66.9) 

— 

— 

C,H, 

8.00 

80 



(33.50) 

(335) 


Solids (from 298 K to melting point or 2000 K) 


C (graphite) 

4.03 

1.14 

-2.04 


(16.86) 

(4.77) 

(-8.54) 

A1 

4.94 

2.96 

— 


(20.67) 

(12.38) 


Cu 

5.41 

1.50 

— 


(22.64) 

(6.28) 


Pb 

5.29 

2.80 

0.23 


(22.13) 

(11.72) 

(0.96) 

I, 

9.59 

11.90 

— 


(40.12) 

(49.79) 


NaCl 

10.98 

3.90 

— 


(45.94) 

(16.32) 


“ G. N. Lewis 

and M. Randall, 

“Thermodynamics,” 

2nd ed.. 


(revised by K. S. Pitzer and L. Brewer). McGraw-Hill, New York, 1961. 
Values in cal K -1 mole -1 ; values in parentheses in J K _1 mole -1 . 






158 CHAPTER 5: THERMOCHEMISTRY 


On collecting terms, we obtain 

r T t 

AH 2 = AH,+ \ ACpdT, (5-27) 

J r, 

where the operator A in AC P has its usual meaning. The coefficients a, b, and c 
in the series expression for each individual heat capacity may be combined 
according to Eq. (5-27) so that AC P may be written 

AC P = Aa + ( Ab)T + {Ac)T~\ (5-28) 


A formal integration of Eq. (5-27) gives 


AH 2 = AH, + (Aa)(T 2 - T,) + (-^-)(r,* - Tf) - (Jc)(^ - ^r). 

(5-29) 

The procedure is most commonly applied to AH 0 values, that is, to AH quantities 
for 1 atm pressure, and the C P values of Table 5-4 are for this standard pressure. 
Analogous equations involving C v apply to the calculation of a AE 2 from a AE,. 

Example. Consider the reaction 

CH 4 (*) + 20,(g) = CO ,Qr) + 2H a OQr) 

We find 4H a98 from Table 5-2: AH\ ti = 2(-241.79) - 393.51 - (-74.85) = -802.24kJ. 
We obtain AHl„ as follows, using Eq. (5-29): Aa = 44.23 + 2(30.54) - 23.64 - 2(29.96) = 
21.75 J K-»; Ab = [8.79 + 2(10.29) - 47.86 - 2(4.18)] x 10~* = -26.85 X 10-* J K~*; 
Ac = [-8.62 + 0 - (-1.92) - 2(—1.67)] X 10‘ = -3.36 x 10 5 J K. Then 

AH°„ t = -802,240 + 21.75(373.15 - 298.15) 

+ ~ 26-85 2 X 10-8 [(373.15)* - (298.15)*] 

-<- ,xxm (mnsdn) 

= -802,240 + 729 = -801.51 kJ. 

Equations (5-24) and (5-25) are applicable to a change of temperature which is 
not accompanied by any phase change. As illustrated in Fig. 5-2, a substance may 
exist in some phase a below a certain temperature and in some phase /3 above that 
temperature. The most common situations are those in which a is a solid phase and 
P the liquid phase, or in which a. is the liquid phase and p the gaseous one. If we 
take H, and T, as the reference points, then Eq. (5-25) is obeyed up to the temper¬ 
ature of the phase transition T aB . At this temperature additional heat is needed 
to bring about the transition and H increases by the enthalpy of the transition 
AH ae . Above T ae , H again rises in accord with Eq. (5-25), although now the heat 
capacity is C P ( jS) rather than C P (a). An entirely analogous analysis applies to the 
behavior of E. 

The presence of phase transitions introduces a corresponding complication in 
the calculation of a AH 2 from a AH,. In such a case Eq. (5-27) may still be used 
in the form 

AH 2 = AH, + J n p (H 2 -H,)~ 2 »r (H a ~ HJ, (5-30) 

products reactants 



COMMENTARY AND NOTES, SECTION 1 


159 



FIG. 5-2. Variation of enthalpy with temperature for a substance undergoing a phase change. 


If a reactant or product undergoes a phase transition, this must be allowed for in 
calculating the corresponding ( H 2 — Hf) term; otherwise Eq. (5-25) is used in the 
usual manner. 


COMMENTARY AND NOTES 


5-CN-l Explosions, Flames, and Rockets 


The emphasis of this chapter has so far been on AE and All quantities for 
reactions under standard conditions, and, in the preceding section, on the calcu¬ 
lation of AE or AH at some temperature T 2 given the value at T x . There is an 
interesting and important special case in which the chemical reaction occurs under 
essentially adiabatic conditions so that the heat of the reaction is confined to the 
system and therefore heats it as the reaction proceeds. This situation occurs in an 
explosion which takes place in an isolated system such as is approximated by an 
open flame and in the combustion of rocket fuel. 

The confined explosion is the simplest case for us to treat more quantitatively. 
We can do so in terms of a generalized combustion reaction of a hydrocarbon 
using a scheme similar to that of the example of the preceding section: 


, . 3«+l ^ _ . AE T m 

C„H 2 „ +2 (f, 7max) + —-— 0 2 0, 7max) — 


«C0 2 (^, 7max) "I" (ft -j- 1) H 2 OGr, Tmax) 



/"• “" -—- — '' s ^ 

C„H 2n + s (g, 298 K) + 3 AL±1 o Jig, 298 K) =" nC0 2 (g, 298 K) + (« + 1) H a O(^, 298 K) 
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To simplify matters, we avoid phase changes by specifying all species to be gaseous. 
Also, since the system is to be at constant volume, we must deal with £"s and Cy s. 
We are interested in the value of r max , the maximum temperature attained under 
adiabatic conditions. This means that the overall process is the one indicated by 
the arrow labeled AE = q v = 0. The desired T m&x may be calculated as follows. 
We allow the reaction to proceed at 298 K and apply the heat of reaction to 
warming the products, which means the q 2 must just equal AE 2 98 : 

0 = AE 29S + [nCy(C 0 2 ) + (» + 1)CV(H 2 0)] dT 

•'298 K 

or, in general, 

T 

C max ___ 

0 = AE Tl + j X n-pCydT. (5-32) 

J T \ products 

The heat capacities should be known as a function of temperature, and on carrying 
out the integration, one obtains an equation which is then to be solved for Jinax . 

Example. Referring to the preceding example, for the combustion of methane is 

—804.24 kJ. The temperature reached in an explosion is given by applying AE ttt (also 
—804.24 kJ in this case) to heating the products. Assuming for simplicity that C Y is 6 R for 
both C0 2 and H a O, the total C r is (3)(6)(8.314) = 150 J K~ 1 and AT = 804,240/150 = 5360 K, 
or r mal = 5660 K. 

Fundamental hazards to calculations of this type are the following. Since 
AE is negative, we expect from Le Chatelier’s principle that the equilibrium will 
shift progressively to the left with increasing temperature. This means that 
combustion reactions which go to completion at 25°C may fail to do so at some 
very high temperature. An even more serious difficulty is that other equilibria begin 
to be important at very high temperatures. Water may be partly dissociated into H, 
HO, and O radicals; carbon dioxide begins to dissociate into CO and 0 2 and further 
into C and O. Gases inert at room temperature,such as nitrogen,begin to enter into 
the reaction, and so on. All of these effects act either to reduce the amount of 
reaction or to expend some of the heat of the reaction in dissociating the products 
into fragments. The result is to reduce r max below its simple theoretical value, and 
often considerably so. 

The problem becomes a very acute one in the field of aerospace engineering. 
A rocket exhaust is essentially a flame which has reached some high temperature 
by virtue of the heat of reaction of the propellants, and it is essential to know both 
the actual 7/n ax and the chemical composition of the exhaust if the thrust of the 
rocket is to be computed. The various dissociative equilibria mentioned here 
themselves depend on temperature, and the temperature reached depends on the 
extent of such dissociation. The consequence is that one must make a very involved 
series of successive approximations in order to arrive at a result. 


5-CN-2 The Thermochemistry of Nutrition 

The methods of thermochemistry have been applied extensively both to foods 
and to living systems. The overall processes that occur when food is metabolized 
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may be summarized as follows. For sugars and starches, 

(CHiO) n + nO t = nC O s + «H,0(/), ~ 4 kcal g" 1 . 

Animal fats are likewise converted to C0 2 and H 2 0. Taking tripalmitin as a typical 
example, 

2C„H„0, + 1450* = 102CO, + 98H s O(/), ~ 10 kcal g' 1 . 

In the case of proteins, the nitrogen appears in waste products, mainly urea. The 
combustion reaction is difficult to formulate precisely, but we can write in the case 
of glycine 

2H 2 NCH s COOH + 30* = CO(NH*)*(a?) + 3CO s + 3H*0(/), Jff°* 98 ~ 2 kcal g-». 

For an average protein d7/ c ° j298 is usually taken to be 4.4 kcal g -1 . In obtaining 
the “calorie” content of a food (in nutrition the word “calorie” actually means 
kilocalorie) it is first fractionated into the sugar + starch, fat, and protein compo¬ 
nents. One then applies the foregoing heats of combustion to obtain an overall 
calorie rating for the food. 

The equations above do give the approximate net change that occurs in metabo¬ 
lism. One way of checking this conclusion is to measure the respiratory quotient, 
R.Q., which is the ratio of moles of C0 2 produced to moles of 0 2 consumed by 
the subject. R.Q. should be about 1 for sugars and starches, about 0.7 for fats, 
and about 0.8 for proteins. In the case of a group of human subjects, the observed 
average R.Q. rose toward unity on a carbohydrate diet, and fell toward 0.7 on a 
fat diet. 

In another approach, actual calorimetry is done on test subjects, to determine 
the rate of metabolic evolution of heat. The total oxidation occurring is calculated 
from the amount of C0 2 exhaled, supplemented by analyses of the excreta. The 
calculated heat production can then be compared with that from the whole body 
calorimetry. As an example, direct calorimetry on a group of men gave 2250 kcal 
as the heat produced in a 24-hour day under resting conditions, and 4690 kcal under 
working conditions. The calculated values were 2450 kcal and 4700 kcal, respec¬ 
tively. Thus most of the calorie content of a person’s diet is accounted for chemi¬ 
cally [see Gemmill and Brobeck (1968)]. Note Fig. 5-3 for an interesting space-age 
application. 

The finding that most of the energy content of food appears as work and heat is 
a reflection of the fact that the adult organism is not growing. Growth adds to the 
physical size, and the nutrients that go into new tissue cannot, of course, appear as 
combustion products. The adult uses food energy to do physical work and to keep 
the body in its nonequilibrium steady state. Examples of this last category include 
the energy needed for the regeneration of cells, to supply the heat dissipated by 
friction within the body, as in blood circulation, and to maintain body temperature. 


SPECIAL TOPICS 


5-ST-l Chemical Bond Strengths 


One of the important contributions of thermochemistry to physical chemistry 
and chemical physics is that it provides chemical bond energies. The definition of 
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Airflow meter 


H,0 



-Wall 



FIG. 5-3. Above: A human calo¬ 
rimeter. Both the respiratory quo¬ 
tient and the rate of evolution of 
body heat are measured. (From 
E. E. Hawley and E. E. Maurer- 
Mast, “The Fundamentals of Nutri¬ 
tion,’’ 1940. Courtesy of Charles C 
Thomas, Publisher, Springfield, Il¬ 
linois. ) Left: The Apollo space suit. 
The same basic calorimetric data 
were needed in the design of space 
suits. (L. Malta, “Suiting up for 
Spacef John Day Co., New York, 
1971. By permission of the National 
Aeronautics and Space Admini¬ 
stration.) 


bond energy is simple in the case of a diatomic molecule; it is just the dissociation 
energy. Thus 


H,te) = 

2Hte), 

^•#288 — 

104.2 

kcal, 

(5-33) 

Hlfe) = 

Hte) + Ite), 

T/ggg = 

71.4 

kcal. 

(5-34) 


The H—H and H—I bond energies are then 104.2 and 71.4 kcal, respectively. 
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An alternative to the foregoing is to use AE 0 values for bond energies where, as 
indicated in Fig. 4-11, AE 0 is the energy to take a diatomic molecule from the lowest 
or zero-point vibrational state to the dissociation limit. Spectroscopy gives AE 0 
values. There is undoubtedly some confusion in that spectroscopic AE 0 values and 
thermochemical AH\ W values have been used somewhat interchangeably. The 
two values are not greatly different, however. For example, AE 0 for the atomization 
of hydrogen is 103.2 kcal, as compared to the AH% W of 104.2 kcal. The practice 
here will be to use the standard enthalpies. 

Bond energies may also be obtained for polyatomic molecules. The enthalpy of 
atomization of methane is taken to be four times the average C—H bond energy: 

CH 4 te) = C(g) + 4H0?), AH° m = 397.2 kcal. (5-35) 


The average C—H bond energy is then 99.3 kcal. The AH\ W value is obtained by 
summing the following steps: 


CH 4 te) = C(graphite) + 2H 2 (g), 
2H a 0?) = 4H (g\ 

C(graphite) = C(g), 

CH t (g) = C(g) + 4H (g). 


AH 298 — 

17.9 

kcal, 

^•^298 = 

208.4 

kcal, 

A Hi 98 = 

170.9 

kcal, 

ah? 2 , m = 

397.2 

kcal. 


(5-36) 


Among these values the heat of sublimation of graphite has been the most uncertain 
because of the great experimental difficulties involved; as a result, several values 
appear in the chemical literature. For this reason, different references may report 
somewhat different C—H bond energies. It should also be stressed that the value 
given here is the average C—H bond energy. The process of dissociating one 
hydrogen atom at a time to give CH 3 , CH 2 , CH, and then C will require somewhat 
different energies for each step; that for the first step is estimated to be 102 kcal, 
for example. The H—O bond energy may be obtained from the sum of reactions 


H a Ote) = H a (g) + JO a (g), 
H a 0?) = 2H (g), 
io 2 (g) - CHg), 

H a O0?) = 2H (g) + O(g), 


^^298 — 

57.8 

kcal. 

^ HlyS ~ 

104.2 

kcal, 

II 

00 
_ 05 

xi 

59.2 

kcal, 

II 

00 
_ 05 

a? 

XI 

221.2 

kcal. 


(5-37) 


There are two H—O bonds in water, and so the average H—O bond energy is 
111 kcal. The N—H bond energy follows from an analogous calculation involving 
ammonia. 

We next assume that bond energies are additive, that is, that the strength of a 
given type of bond is independent of its chemical environment. For example, the 
enthalpy of dissociation of ethane into atoms can be calculated from its enthalpy 
of formation and the enthalpies of sublimation of graphite and of dissociation of 
hydrogen. We get 

C a H„te) = 2 C(g) + 6H(g>, AH 2 ° 9g = 674.6 kcal. 


Ethane consists of six C—H bonds and one C—C bond, and the assumption is 
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that the sum of these bond dissociation energies should equal the overall enthalpy 
of atomization. The C—H bond is taken to be the same as the average value in 
methane, so that the C—C bond energy should be 674.6 — 595.8 = 78.8 kcal. 
Repetition of the same type of calculation for propane leads to a C—C bond 
energy of 78 kcal, so the assumption is at least approximately correct. Application 
of the above procedure to methanol yields a C—O bond energy, and so on. 

A number of such bond strengths are given in Table 5-5 along with some useful 
heats of sublimation of elements. Note that the value given there for the C—C and 
C—H bond energies are somewhat different than the ones just obtained. The 
figures in the table are offered as better average values for general use. 

In some cases the discrepancy between an observed enthalpy and that calculated 
from bond energies appears to be real—that is, due to a specific, neglected factor. 
For example, one obtains from the enthalpies of formation of benzene and of 
atomization of graphite and hydrogen 

C 6 H 6 Gr) = 6C(g) + 6Hte), AH° w = 1318 kcal. (5-38) 


Benzene, if written in the Kekule structure 

H 

I 

c 

H —C X—H 

II I 

H—C C—H 

\/ 

I 

H 

would be assigned six C—H bonds, three C—C bonds, and three C—C bonds, 
which total 1284 kcal. The discrepancy of 34 kcal suggests that benzene is more 
stable than expected in terms of this structure. The modern explanation is that 
there are no fixed C=C bonds and that the electrons which might go into such 
bonds interact instead in a diffuse or delocalized way and are spread over the whole 
molecule. This difference between the estimated energy of a fixed bond structure 
and the actual energy of a delocalized bonding structure is called the resonance 
energy. 

Although the assumption of additivity of bond strengths can lead to appreciable 
error, it does provide a means of estimating enthalpies of formation of compounds 
not yet studied or difficult to study. In the case of flames, for example, one may need 
an estimate of the enthalpies of formation of various radicals. A similar situation 
occurs in chemical kinetics, where it is desirable to estimate the energy required to 
produce possible reaction intermediates [see Benson (1968)]. 


5-ST-2 Internal Energy and Enthalpy Functions 

The fact that we do not know absolute values for internal energies and enthalpies 
is reflected in our procedures in thermochemistry. Thus we tabulate standard 
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TABLE 5-5. Enthalpies of Formation of Atoms and Bond Strengths' 1 


Atom 

A H o b 

Bond 

^.8 

kcal mole -1 

kj mole -1 

kcal mole -1 

kj mole -1 

H 

52.1 

218.0 

C-H 

99.5 

416.3 

O 

59.2 

247.7 

C-C 

83 

347 

N 

112.9 

472.4 

C=C 

146 

611 

S 

53.2 

223.8 

C=C 

198 

828 

P 

75.2 

314.6 

C-N 

72 

301 

C 

170.9 

715.0 

C=N 

147 

615 

F 

18.3 

76.6 

c-o 

85 

356 

Cl 

29.0 

121.3 

c=o 

175 

732 

Br 

26.7 

111.7 

C-Cl 

78 

326 

I 

25.5 

106.7 

O-H 

111 

464 

Na 

26.0 

108.8 

0-0 

33 

138 

K 

21.5 

90.0 

N-H 

93 

389 

Ca 

46.0 

192.4 

N-N 

39 

163 

A1 

75.0 

313.8 

N=N 

100 

418 

Ni 

102 

426.8 

Cl—Cl 

58 

242 

Fe 

96.7 

404.6 

Br—Br 

46 

193 

Ag 

69.1 

289.1 

I—I 

36 

151 


a The values are adapted from various sources. See NBS Circular 500 (Table 5-3); K. S. Pitzer, 
“Quantum Chemistry,” Prentice-Hall, Englewood Cliffs, N.J., 1953; T. L. Cottrell, “The Strength 
of Chemical Bonds,” Butterworth, London and Washington, D.C., 1958. 

6 From their standard states. 


enthalpies of formation of substances and not their absolute enthalpies. That is, 
we take the elements in their standard state as a point of reference. Since we are 
interested in AH or AE for a chemical reaction, only the differences between 
enthalpies or energies of formation are involved, and the choice of reference state 
cancels out. Were the absolute H and E values known for the elements, we could 
then convert all of the standard heats of formation to absolute values. However, 
such a set of values would lead to exactly the same AH or AE for a chemical 
process as before. (The proof of this statement is left as an exercise.) 

The choice of reference state is therefore mainly a matter of convenience. 
Although the usual choice is well suited for the compilation of thermochemical 
data, there is an alternative, a more natural one from the point of view of statistical 
thermodynamics. This alternative may be introduced as follows. By Eq. (4-22), 



where, it will be recalled, e is the average energy per molecule. Integration then 
gives 

e = e 0 + f c v dT. (5-39) 

J 0 

The energy e 0 is the energy per molecule at 0 K and hence the energy in the lowest 
translational, rotational, vibrational, and electronic energy state. The first two 
we regard as zero, the third is the zero-point energy, \hv 0 , and the fourth is 
unknown. In fact, E 0>e iec is essentially unknowable, since our experience, as 
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embodied in the first law, is that we can only determine changes in energy and not 
absolute values. If we now define a quantity E — E 0 , the internal energy function, 
we have 

e — e 0 = I" c v dT (5-40) 

J o 

and the quantity on the right is in principle experimentally determinable. It is, 
for example, actually e — e 0 that is given by Eq. (4-55), 

or, per mole, 

E-E 0 = RT 2 r ■ (5-42) 

The statistical thermodynamic treatment in Chapter 4 showed that it is usually 
possible to factor a partition function into the separate translational, rotational, 
and vibrational contributions. Thus 

E — E 0 — £trans + £rot + £vib - (5-43) 

Also, from the definition of H, 

H-E 0 = (E-Eq) + PV (5-44) 

and 

H° - E 0 = (£ - E 0 ) + PV, (5-45) 

where the zero superscript denotes that H is for the standard pressure of 1 atm; 
H° — E 0 is the standard enthalpy function. f For an ideal gas, 

IP -£„ = (£- Eq) + RT (ideal gas). (5-46) 

The standard enthalpy function may be related to experiment as follows. For 
the general reaction 

a A + bB + •" = mM + «N + •••, 
we can write AH 0 for some temperature T as 


AH t ° = A(H° - E 0 ) t + AE 0 . (5-47) 

If we know A(H° — E 0 ) T , AE 0 can be calculated from the experimental heat of 
reaction. Since AE 0 is the internal energy change when the reaction occurs with 
each species in its lowest energy state, it is a fundamental quantity for the reaction. 
Thus AH t ° has been written as the sum of AE 0 , about which nothing can be calcu¬ 
lated, and a term A(H° — E 0 ) T , which can be calculated. It is a way of concentrat¬ 
ing the full capabilities of thermodynamics into a single term. 

We can now proceed to examine the calculation of (H° — E 0 ) T for a substance. 
There are two independent ways of doing this. First, we can obtain (E — E 0 ) T 

f More often, this term is applied to (H° — H 0 °)IT as discussed in Section 6-ST-3. 
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and hence ( H° — E 0 ) T by means of Eq. (5-40). This requires a complete knowledge 
of the heat capacity of the substance from 0 K up to the desired temperature. 
If phase changes occur in the process of heating the substance from 0 K, then the 
energies of these changes must be included, essentially in the manner indicated 
in Fig. 5-2. Alternatively, ( H° — E 0 ) T could be obtained from a similar heating at 
constant pressure and from the variation of C P with temperature and the enthalpies 
of any phase changes. This approach is discussed further in Section 6-ST-3. 

The heat capacity approach does not really add anything over the discussion in 
Section 5-6 on the temperature dependence of AH and AE. It is of more importance 
that ( H° — E 0 ) t can be calculated by the methods of statistical thermodynamics. 
Thus if the various energy states are known, ( H° — E 0 ) T can be obtained directly 
through Eq. (5-43). By repeating the calculation for each substance involved in a 
chemical reaction, one then obtains A(H° — E 0 ) T and, by means of Eq. (5-47), AE 0 . 
Having AE 0 , one can now calculate AH t ° for any temperature. There are some 
considerable further advantages to the use of enthalpy functions in dealing with 
applications of the second law of thermodynamics; these are discussed in the 
Special Topics section of the next chapter. 

Example. To illustrate the application of statistical thermodynamics to thermochemistry, 
consider the reaction 


3H 2 + N 2 = 2NH 3 , AH° MS = -22.08 kcal. (5-48) 

We assume that each gas is ideal and can apply the methods of Chapter 4 to the calculation of 
E — E 0 for each species. It is safe to assume that at 25°C the equipartition values will be reached 
with respect to the translational and rotational contributions. The calculations then center on 
obtaining £ vlb ; we use Eq. (4-81) and need the fundamental frequency or characteristic vibrational 
temperature 0vib for each mode of vibration. The latter is given by #vlb = hvjk or, if v 0 is in 
cm -1 , #vib = he voik = 1.439i' 0 . Then £ vlb is [Eq. (4-82)] 


Evib = RT —= RTf(x), 
e* — 1 


where x = 0 vlb IT and f(x) = xi(e x — 1). 

The calculation for each species may be assembled as follows. 


Hydrogen 

translation: £t ran , = f RT = 888 cal 

rotation: E rot = RT = 592 cal 

vibration: » 0 = 4160.2 cm -1 , 0 Tl6 = 5987 K, x = 20.08,/(x) = 0.0000: 

Ey tb = RTf(x) — 0 cal 


1480 cal 

Nitrogen 

translation: same as for H 2 888 cal 

rotation: same as for H 2 592 cal 

vibration: » 0 = 2230.7 cm' 1 , 0, lb = 3210 K, x = 10.77,/(x) = 0.0003: 

£ v ,b = 0.0003 RT = 0 cal 


1480 cal 

Ammonia 

translation: same as for H 2 and N 2 888 cal 

rotation: E vlb = %RT = 888 cal 
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vibration: there are six vibrational degrees of freedom, but only four frequencies 
since two are doubly degenerate; thus 

Vj = 3337 cm -1 , from which f(x) = 0.0000: E l = 0 cal 

v* = 950 cm -1 , /(x) = 0.047: E t = 0.041 RT = 28 cal 

>’3 = 3414 cm -1 (twice);/(x) = 0.0000: E, = 0 cal 

- 4 = 1627.5 cm -1 (twice);/(x) = 0.003: E, = (0.003)2*7- = 4 cal 


1808 cal 

The value of A(E — E„) is then 

A(E - E„) = 2(1808) - 1480 - 3(1480) = -2304 cal 


d(/7° - E 0 ) = -2304 - 2RT = -3489 cal. 


Finally, from Eq. (5-47), 


AE 0 = -22.08 - (-3.49) = -18.59 kcal. 

Knowing AE „, we could repeat the entire calculation for any other temperature to obtain a AH 0 
for that temperature. The temperature could, for example, be one not easily accessible for direct 
experimental measurements. 

The preceding discussion illustrates several points. First we see again that the 
energy of an ideal gas is a function of temperature only; the calculations of E — E 0 
did not require a value for the pressure. Second, the major contributions to E — E 0 
were from translation and rotation. This will generally be true for small, strongly 
bonded molecules around 25°C (the discussion of Section 4-12 on the molecular 
interpretation of heat capacities is relevant at this point). Considerations such as 
this last one are often helpful in estimations of the vibrational contribution when 
quantitative information is not available. Thus the use of the enthalpy function 
allows an intermixing of phenomenological or classical thermodynamics and 
statistical thermodynamics. 
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EXERCISES 


Remember to take as exact numbers given to one significant figure. Give your answers in kilo¬ 
calories and in kilojoules. 

5-1 Calculate d//“ 9 , and d£ 298 for the reaction 

C 2 H 6 (g) + CH 3 COOH(/) + NHj(g) = 2CH t (g) + H 2 NCH 2 COOH(s). 

Arts. AH% aa = —14.43 kcal or —60.38 kJ; An g = 0 so AE = AH. 

5-2 Calculate AH° >S and AE MS for the incomplete combustion reaction 
C 6 H 6 (g) + 1| 0 2 (g) = 6C(i) + 3 H 2 0(/). 

Am. AH° aa = -224.77 kcal or -940.4 kJ; AE = -223.29 kcal or -934.2 kJ. 

5-3 Calculate AH\ n for the combustion of glycine(j). 

Am. —232.57 kcal or —973.1 kJ. 

5-4 Calculate AH° aa per mole for the cis to trans isomerization of CH 3 CH=CHCH 3 . 

Am. —949 cal or—3.97 kJ. 

5-5 A small catalytic hydrogenation unit has a heat capacity of 300 cal K -1 . What will its 
rate of heating be if an equimolar mixture of ethylene and hydrogen gases is passed 
through it at the rate of 2 millimoles of mixture per minute ? Assume complete reaction. 

Am. 0.109°C min -1 . 

5-6 A sample consisting of 0.200 g of CH 3 COOH(/) is ignited in a bomb calorimeter containing 
pure oxygen. The heat capacity of the calorimeter is 12,000 J °C -1 . What temperature 
increase should occur? 

Am. 0.242°C. 

5-7 Calculate AH° n for the process 

Ag + HClOn?) = AgCl(i) + JH 2 (g). 

The heat of formation of AgCl(s) is —127.0 kJ. 

Am. 40.5 kJ or 9.67 kcal. 

5-8 Obtain AH° aa for the formation of NH 4 OH(a<?). 

Am. —86.70 kcal or 363 kJ. 

5-9 What is AH%, S for the dilution process NaOH (in 100 moles H 2 0) = NaOH(a^)? 

Am. —128 cal or—536 J. 

5-10 Calculate AH, 0 of NH 3 at 500°C. 

Am. —12.84 kcal or—53.7 kJ. 

5-11 Calculate AH, 0 of CH 3 COOH(g) at 100 °C given that AH V is 405 Jg -1 at the normal 
boiling point or 118°C and that the values of C P are 2.30 J °C -1 g -1 and 6.27 J °C -1 g -1 
for liquid and gaseous acetic acid, respectively. 

Am. —111.1 kcal mole -1 or —464.8 kJ mole -1 . 
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5-12 How many m s of water (liquid) would be obtained if 0.1 kg of C(graphite) were burned 
to CO a in an ice calorimeter? 


Arts. 5.452 X 10“*m 8 . 


PROBLEMS 


Problems marked with an asterisk require fairly lengthy computations. 


5-1 Calculate AH° 2M and AE 2m in kilocalories and in kilojoules for the reaction 
C 2 H 4 te) + H,(*) + 2 te) = C 2 H 6 OH(/). 

5-2 Calculate AH% U and AE it> in kilocalories and in kilojoules for the reaction 

2H 2 O(0 + CC1 4 + 3S0 2 = S(monoclinic) + C0 2 + 4HClte) + 2SO s te). 

5-3 The heat of sublimation of graphite to carbon atoms has been estimated as 170 kcal mole -1 . 
The dissociation of molecular hydrogen into atoms, H 2 = 2H, has AH 0 = 103.2 kcal 
mole -1 . From these data and the value for the heat of formation of methane, calculate 
AH 0 for 

Cte) + 4Hte) = CH.te)- 

One-fourth of this value is a measure of the C—H bond energy in methane. 

5-4 At 25°C and constant pressure, the heat of formation of C0 2 from graphite is —94.272 kcal 
mole -1 and the heat of combustion of CO is —67.263 kcal mole -1 . Calculate AH for the 
formation of one mole of CO from C and C0 2 (at 1000 K) if the following equations are 
valid for the molar heat capacities: 

for C (graphite) C P = 1.20 + 0.0050T - 1.2 X 10 8 T 8 ; 

for COate) C P = 7.40 + 0.006T - 1.50 X 10 - «r 8 ; 

for COte) and Oate) C P = 6.5 + 0.0010T. 

5-5 For the following reaction at 25°C, AH = —56 kcal: 

2HIte, 1 atm) + Cl 2 te, 1 atm) = 2HClte, 1 atm) + I 2 te). 

Given that the heat of sublimation of I 2 (s) is 6.1 kcal mole -1 at 185°C; the heat capacities 
C P for the gases HI, HC1, Cl 2 , and I 2 may be taken to be 6.5 cal °C -1 mole -1 and inde¬ 
pendent of temperature; the heat capacity Cp for I 2 (i) is 12.6 cal °C -1 mole -1 (independent 
of T ); calculate AH for the following reaction at 125°C: 

2HIte, 1 atm) + Cl 2 (g, 1 atm) = 2HClte, 1 atm) + I 2 te, 1 atm). 

5-6 Calculate the maximum temperature achieved by the mixture when 0.100 g of methane 
gas is exploded in a constant-volume adiabatic (that is, insulated) calorimeter containing 
10 g of air. The initial temperature is 25°C. Assume ideal gas behavior. 

5-7 One-half mole of methane at 25°C is exploded in a large excess, ten moles, of oxygen, 
burning completely to carbon dioxide and water. Calculate the final temperature under 
adiabatic conditions (a) assuming the explosion to be at constant pressure, (b) assuming 
it to be at constant volume. 
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5-8 Calculate (a) AH° ee for the reaction iH 2 + iN 2 + CH 4 + CO a = H 2 NCH 2 COOH(s) 
and (b) AHl i<s and AE Mfs for the combustion of H 2 NCH 2 COOH(r) to CO a and H 2 0(/). 

5-9 AH% W is 71.4 kcal for the reaction HI(^) = H(^) + I(^). C P for HI is 5.00 + 1 x 10 ~*T 
in cal K' 1 mole -1 . The bond energy of HC1 at 25°C is 103 kcal mole' 1 . Calculate (a) 
AH 0 and AE for the atomization of HI(^) at 1000 K, and (b) AH% W for HC1 + I = 
HI + Cl. 

5-10 The heats of combustion at 25°C and 1 atm of cyclopropane, [(CH 2 ) 3 (^)], graphite, and 
hydrogen are —499.85 kcal mole -1 , —94.051 kcal mole -1 , and —68.317 kcal mole -1 , 
respectively [values for graphite and hydrogen are from Wagman et al. (1945)]. At 25°C, 
AH for the formation of propene, CH 3 CH=CH 2 (^), from the elements is 4.879 kcal 
(Brosen and Rossini, 1946). Find AH for (a) the formation of one mole of cyclopropane 
from the elements, (b) the isomerization of one mole of cyclopropane at 25°C and 1 atm 
(Knowlton and Rossini, 1949). 

5-11 Calculate for the process 

HC1 (aq) + NaOH(ug) = NaCl(a<?) + H 2 0 . 

Estimate the value for the same reaction if the solutions are about 0.5 molal. 

5-12 The temperature of a hydrogen-oxygen flame is found to be 2000 K. Assuming constant- 
pressure conditions and that oxygen is initially present in a threefold molar excess over 
hydrogen (that is, 3:1 mole ratio), calculate the degree of combustion of the hydrogen 
to water. 

5-13* Find a , b, and c values for the equation CV“ = a + bT + cT 1 that fit the data for CO a 
over the range 298 K to 2000 K. (Heat capacity data are often reported in this form.) 
Use Eq. (5-26) and Table 5-4 to generate your data. Using calculated points at 200 K 
intervals, find the a, b , and c values giving the best least squares fit. 

5-14 Calculate AH 0 at 90°C for the combustion of C«H«(^) to CO a (^) and H 2 0(^). Use 
only the following data. Substance (C r in J K -1 mole' 1 ): C«H«(/)(130); C»H»(^) (100); 
O s (g) (30); C0 2 (g) (47); H 2 0 (/) (75); H 2 0(^) (34). Also the enthalpies of vaporization 
are 34,000 and 44,000 J mole -1 for C,H, and for H 2 0, respectively, at their normal 
boiling points of 80°C and 100°C. The standard enthalpy of combustion of C«H»(/) to 
H 2 O(0 is -3268 kJ mole' 1 at 25°C. 

5-15 An aqueous solution of Cr(NH s )| + is totally absorbing to 450 nm light. Ten cm' of 
solution at 25°C is irradiated for 10 sec with an incident intensity of 8.00 x 10 1 * quanta 
sec' 1 and a temperature rise of 0.00950°C is observed. Calculate AH for the reaction 
Cr(NH 3 )J + + H 2 0 = Cr(NH 5 ) 5 (H 2 0) ,+ 4- NH s (a<?) if this is the photochemical re¬ 
action and the quantum efficiency is 0.36 (that is, 0.36 mole of reaction occurs for every 
mole of light quanta absorbed). Assume the heat capacity of the solution is that for water. 
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5-1 Calculate AH | e8 for formation of isobutene, using bond energies. 

5-2 The standard heat of combustion of naphthalene (solid) is —1231 kcal mole -1 at 25°C 
(to C0 2 and liquid water) and the heat of sublimation is about 9 kcal mole -1 . Estimate 
the resonance energy for naphthalene. 
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5-3 Calculate E„ for the reaction CO(#) + I0 2 (g) = C0 2 (g) from the known AH” at 25°C 
and the spectroscopic constants as given in Table 6-1. Then calculate AH 0 for the reaction 
at 1000°C. Compare your result with the value obtained using the heat capacity ex¬ 
pressions of Table 5-4 and the value of AH 0 at 25°C. B e is 0.3906 cm -1 for C0 2 , a 
linear molecule, and the fundamental vibration frequencies are Vi = 1388.3 cm -1 , 
v 2 = 667.3 cm -1 (twice), and v 3 = 2349.3 cm -1 . Note Table 6-1. 



CHAPTER SIX 


THE SECOND AND THIRD 
LAWS OF THERMODYNAMICS 


6-1 Introduction 

The second law of thermodynamics stems from general conclusions drawn from 
experience about the difference in nature between heat energy and work energy. 
The qualitative observation is that work energy can always be converted completely 
into heat energy but that the reverse is not possible in the absence of other change. 
Examples of the first part of the statement are common. The experiments of Count 
Rumford on the boring of cannon and Joule’s experiments of heating water by 
means of a weight-driven paddle wheel were cited in connection with the first law. 
The braking of any motor reduces its work output to heat, the impact of a falling 
object converts its kinetic energy to heat, and so forth. In general any change or 
process capable of doing work may be arranged to produce instead the equivalent 
amount of heat, if only by providing sufficient friction. 

As a further example, imagine an ideal gas contained in a cylinder with a piston, 
the whole in thermal contact with the surroundings, that is, at constant temperature. 
As illustrated in Fig. 6-l(a), the expansion might be reversible; the piston turns a 
wheel which drives a cam so designed that at each stage of the expansion the 
opposing force of the weight being lifted is only infinitesimally less than the force 
of the gas on the piston. The process is isothermal and since the gas is ideal, AE = 0 
and q = w. Thus work w has been done at the expense of heat energy q from the 
surroundings, but with a change in state of the gas. The gas could be returned to its 
original state if the weight were made infinitesimally heavier. The work would now 
be —w and the heat —q. The net for the cycle would be w = 0 and q = 0. Now 
consider the experiment depicted in Fig. 6-1(b). A valve in the piston is opened, 
allowing the gas to expand freely. AE is still zero and now w = 0, so-that q = 0. 
However, to return the gas to its original state with the least possible work, the 
valve would have to be closed, and the minimum possible weight hung from the 
cam. Work would be — w and heat —q; the net effect of this cycle would be that 
the surroundings have supplied work w, which has been entirely converted to heat. 
In the isothermal irreversible cycle, work has been converted to heat; in the iso¬ 
thermal reversible cycle there is no net conversion either way. This last represents 
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FIG. 6-1. (a) Reversible and (b) irreversible expansions. 


the best we can do; we cannot find an isothermal cycle for our gas the net effect 
of which would be to convert heat into work. 

One statement of the second law is simply a generalization of the above con¬ 
clusion: It is not possible to convert heat into work by means of an isothermal cyclic 
process. This is a negative statement but one that summarizes much experience. 
Were the statement incorrect, it should be possible to devise a cycle, or essentially 
an engine, that operates isothermally and which supplies work energy at the 
expense of the heat energy of the surroundings. Such an engine could, for example, 
drive a ship at sea by drawing on the heat energy of the ocean. Engines of this type 
are known as perpetual motion machines of the second kind and the above statement 
of the second law affirms the nonexistence of such an engine. 

A second facet of observations such as those just referred to is that a process 
which will take place spontaneously can be made to do work. A gas expands 
spontaneously into a vacuum; and the arrangement of Fig. 6-1 (a) illustrates a 
means of obtaining work out of the same change in state of the gas. If the process 
were carried out reversibly, the arrangement would give the maximum possible 
work. Another type of spontaneous process is the flow of heat from a higher to a 
lower temperature. As illustrated schematically in Fig. 6-2(a), a bar heated at one 
end has the other end in contact with a lower-temperature heat reservoir. The 
spontaneous change will be for heat to flow into the reservoir until the entire bar 
is at the reservoir temperature 7j . Alternatively, however, work could be obtained. 
As sketched in Fig. 6-2(b), the hot end of the bar might be used to convert some 
water into steam, which could then be introduced into a piston and cylinder setup. 
If the unit should be immersed in the cooler heat reservoir, the steam would 
condense, pulling down the piston and thus providing work. The end result would 
be that the same amount of energy would be lost by the bar as before, but now with 
some of it appearing as work rather than as heat at T x . 

A third type of spontaneous process is the chemical process. A battery contains 
chemicals that will react spontaneously if allowed to. The spontaneous reaction 
will occur if the chemicals are directly mixed or simply if the battery is short- 
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circuited. The chemical energy that is released appears as heat. Alternatively, 
the battery may be made to run a motor and thus do work. The same chemical 
energy now appears partly as work. 

The quantitative aspects of the second law have to do with specifying the 
maximum work that a spontaneous process can provide. This is not necessarily 
given by the internal energy change. For example, the isothermal expansion of an 
ideal gas provides work, but without an internal energy change of the gas. Next, 
in the case of heat flow from a hotter to a colder system we can see that the relative 
temperatures must play a role in determining how much work can be obtained. 
To pursue the point further, consider the coiled spring shown in Fig. 6-3(a). It can 
do a certain amount of work w' on uncoiling (as by lifting a weight). If, instead, 
the spring is placed in a heat reservoir at T x and then allowed to uncoil, it does no 
work, but an equivalent amount of heat energy q x is added to the reservoir. Suppose, 
instead, that the spring had uncoiled in a reservoir at a higher temperature T 2 as 
illustrated in Fig. 6-3(c); it would then produce the same amount of heat as before, 
but at temperature T 2 . Clearly the heat at T 2 could be used in the same way as the 



(a) 



<b) 


FIG. 6-2. (a) Irreversible and ( b ) partially reversible use of heat at T 2 . 
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FIG. 6-3. Conversion of work into heat. ( a ) A coiled spring does work w' directly, lb) The work 
is converted into heat at 7\ , or (c) at T 2 . 


hot bar, namely, to do some work w by means of a heat engine operating between 
T 2 and 7 \. The situation is now that w — q t + q 2 , where q 2 , a positive number 
from the definition of q, is the heat absorbed from the reservoir at T 2 , and q t , 
a negative number, is the heat evolved to the reservoir at 7\ . 

We can expect that if the operations are reversible the work done will be the 
maximum possible and thus be at a unique value. Also, in a qualitative way we 
would expect that the greater the difference between T 2 and 7\ , the greater should 
be the fraction of q 2 that can appear as work. A more detailed analysis, as in the 
next two sections, leads to the conclusion that the measure of unavailability of 
heat energy for work is given by q Tev lT. In fact the increment 8q rev /T turns out to 
have the properties of a state function; the integral from one state to another is 
independent of path. This is the central mathematical statement of the second law 
of thermodynamics and, accordingly, a new state function, entropy, is introduced, 
where 


dS — 8q r ev/T. 


( 6 - 1 ) 
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Again in a qualitative way, the example of the hot bar losing its heat to the lower- 
temperature heat reservoir involves an increase in entropy—successive “elements” 
of heat are being transferred from a higher to a lower temperature so that T in 
Eq. (6-1) decreases. The process is also a spontaneous one, and another way of 
generalizing the second law is to say that in a closed system (such as bar plus 
reservoir) the entropy increases in a spontaneous process. 

The various introductory statements of the second law are then as 
follows: 

It is not possible to convert heat into work by means of an isothermal cyclic 
process. 

qrev/T is a state function. 

The entropy of an isolated system will increase if spontaneous processes can occur. 

The basis for the second law is a negative observation—our inability to construct 
a perpetual motion machine of the second kind. Similarly, the first law rests on 
our inability to construct a perpetual motion machine of the first kind—one that 
creates energy. As with the first law, there is also a positive side. The various 
implications of the second law lead to phenomenological relationships that have 
been abundantly verified. Both laws of thermodynamics are thus most solidly a 
part of our understanding of the behavior of nature. 


6-2 The Carnot Cycle—Heat Machines 

One of the major advances in the early understanding of thermodynamics was 
published in 1824 by Sadi Carnot (1786-1832). Named after a Persian poet, Sadi 
could easily have been submerged by a brilliant and eminent father. Lazarre Carnot 
was a noted soldier, patriot, mathematician, and engineer. It was perhaps fortunate 
that during Sadi’s twenties, his father was in exile for his republican beliefs. Sadi 
finished at the Ecole polytechnique in Paris, had a period in the army, which was 
not to his liking, and left in 1820, on half-pension, to devote himself to studies. He 
moved in republican, radical circles and was perhaps doubly suspect by authorities 
because of his father. 

The principal established science of the period was that of mechanics, pursued 
by mathematicians and engineers. Chemistry was an art, largely practiced by 
physicians. Sadi Carnot interested himself in a subject that had no established 
discipline, that of heat engines. The steam engine had been known for a century. 
The first devices were primitive ones in which a cylinder was alternately heated and 
cooled to cause a piston to move back and forth. About 1750, however, James 
Watt had added the major improvement of a condenser, thus allowing regular, 
reciprocating action and a great saving of heat energy (Fig. 6-4). The early engines 
were slow and clumsy and it was fortunate that they were in fact well suited for an 
important application—that of pumping water out of mines. With continuous 
operation and an easily measurable output (of water pumped), improvements 
could be reported quantitatively. The mechanical sophistication of steam-operated 
pumps was improving rapidly during Carnot’s time, and he had access to a great 
many published accounts of performances. 

The theory, that is, the fundamental science of steam engines was not at all 
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A burst of steam, S, is ad¬ 
mitted to the cylinder, driving 
the piston by expansion. At 
the start of the return stroke, 
an air pump, A, has reduced 
the pressure in the condenser, 
C, and valves, V, change to al¬ 
low spent steam to rush into C 
and be condensed by a spray 
of water, W. Note the linkage, 
L, which makes the piston rod 
travel on an accurate parallel 
to the cylinder axis. 


FIG. 6-4. A James Watt pumping engine, circa 1790. (From W. B. 
Snow, “The Steam Engine.” American School of Correspondence, 
Chicago, 1909.) 


In the earlier Newcomen engine, steam was admitted to the cylinder and a boy then turned 
on a water spray to cause condensation. The partial vacuum allowed atmospheric pressure 
to push the piston back. Watt’s great invention was to have the condensation take place 
away from the cylinder so that the latter was not alternatively heated and cooled. Even the 
first Watt engines reduced threefold the fuel needed for a given job. 

The term “horsepower" is due to Watt. Mine water pumps had been powered by horses 
hitched to a horizontal wheel whose rotation drove the pump. It was natural to speak of the 
number of horses that a steam pump could replace. 


understood, however. Thus while Carnot pere had been able in 1793 to formulate 
the theoretical conditions for the maximum efficiency of a source of mechanical 
energy (such as a paddle wheel), namely, no friction and a limit of zero velocity of 
moving elements, there was no comparable statement for heat engines. By around 
1800 it had been established that the use of high pressure led to increased output, 
and for a while it was thought that there was no limit to the amount of work 
obtainable from a given amount of fuel. One only needed sufficiently high pressure. 
By 1820, however, this view was in doubt, as a result of practical experiences. High 
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pressures were dangerous in use, moreover, and engineers had begun to lose en¬ 
thusiasm for that approach. 

In the meantime, the theory of heat had been progressing slowly. The invention 
of the thermometer in the 17th century had made the science of heat possible. 
Early chemists and physicians observed the phenomenon of latent heat, could 
measure specific heats, and could do calorimetry. An example of this last is the 
ice calorimeter of Lavoisier and Laplace in 1780 (Section 5-2). There evolved, quite 
naturally, the caloric theory, which treated heat as a substance that was always 
conserved. Caloric could be exchanged between substances but not destroyed. By 
1798, however, Benjamin Thompson was proposing that heat could be generated 
mechanically through friction (see Section 4-2), but not until 1840 did Joule meas¬ 
ure the mechanical equivalent of heat. Thus what we now understand, namely 
that heat and mechanical work are different forms of energy and are conserved 
only jointly, was obscure in Carnot’s time. 

Carnot, in fact, did not concern himself greatly about the nature of heat; the 
caloric theory was acceptable to him. What he did in his single and monumental 
work, “Reflexions sur la puissance motrice du feu,” was to relate efficiency and 
temperature. He concluded that both a hot and a cold temperature were needed to 
obtain work from heat; he discussed the reversible heat engine; he calculated its 
maximum efficiency by means of what we now call the Carnot cycle. We will use 
this cycle shortly to obtain a definition of entropy and a statement of the second 
law of thermodynamics. Carnot appreciated, incidentally, that high-pressure steam 
engines were more efficient not because of pressure per se, but because they 
operated at a higher than usual temperature; he noted that water was not always 
the best fluid for a heat engine. 

Carnot’s treatise was largely ignored at the time. Engineers perceived nothing 
much new of practical importance. Physicians and chemists were not much in¬ 
terested in engines. Carnot himself seemed to have developed doubts about his 
theory, perhaps engendered by questions as to the nature of heat. Yet we cannot 
say what he might have produced further. He died in the great cholera epidemic 
of 1832, at the age of 46. His possessions were burned (a sanitary measure). He 
published nothing after his great treatise, and only a few private papers survive. 
In them, for example, is discussion of a mechanical equivalent of heat and of pos¬ 
sible means of measuring it. 

We proceed now to the Carnot cycle. This is a cycle containing the essential 
features of a heat engine in a very useful form. In a heat engine, a fluid is heated 
to a temperature T 2 by means of a heat source or reservoir at T 2 , and then expands, 
doing work. Depending on the design, the expansion might be approximately 
adiabatic. We represent this expansion by an isothermal step followed by an adia¬ 
batic one, rather than as a single intermediate kind of path. As a result of the 
adiabatic step, the fluid cools to T x . We now want to complete a cycle by returning 
to the initial state. It would not do to retrace exactly since we want net work to be 
done. The simplest thing is to reverse the order of the steps, that is, to have an 
isothermal compression at T x , followed by an adiabatic compression to the original 
state at T 2 . The advantage of this particular cycle is that heat exchange occurs 
only during the isothermal steps at T 2 and at T 1 rather than continuously over a 
range of temperature. 

The preceding description shows that the Carnot cycle corresponds to a real, 
although idealized, heat engine. We now further assume that the operating fluid 



K K y> K 

v 

FIG. 6-5. The Carnot cycle. 

is an ideal gas; later it will be shown that the conclusions must be valid for any 
substance. 

The ideal gas cycle is shown in Fig. 6-5. We want to relate the heat absorbed 
during the isothermal expansion at T 2 and that evolved during the compression at 
T x to the net work done. To do this, we analyze each step, assuming one mole of 
gas. 

Step ab Isothermal expansion at T 2 from V a to V b : 

w ab — RT 2 In , AE ab 0, q ab q 2 w a b • 

'a 

Step be Adiabatic expansion from T 2 to 7^ and from V b to V e : 

q bc = 0, — w be = AE bc = C V AT = C V (T 1 T 2 ) 

(we assume a constant heat capacity), 

C v In ^ [ideal gas, Eq. (4-47)]. 

■* 2 ' b 

Step cd Isothermal compression at T x from V c to V d : 

w cd = In , AE cd = 0, q ed = q 2 = w ed . 
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Step da Adiabatic compression from T x to T 2 and from V d to V a : 

Qda = 0 , W da — AE da = CyAT = Cy(T 2 — T x ), 

Cy In ^ = — R In [ideal gas, Eq. (4-47)]. 

I 1 Vd 

The two equations based on Eq. (4-47) provide a relationship between the four 
volumes: 

T , V V 

C v \n^= -R\n-^ = R\n-y~, 

1 2 V b V d 

so that 



We now assemble the terms for w tot : 

wtot = RT 2 ( ln-^-) + C r (T\ - T 2 ) + RT X { In + C V {T 2 - T x ). 

The terms involving C v cancel, and using Eq. (6-2), we get 

w = wtot = 7?(ln (T 2 - T x ) (6-3) 

(the subscript is no longer needed for clarity). Since q 2 — RT 2 \n{V t ,/V a ), this 
further reduces to 

w = {^)(T 2 - T x ) = q 2 . (6-4) 

The efficiency of the heat engine is just w/q 2 ; this gives the work done per unit 
amount of heat energy supplied at T 2 . The result is in accord with the qualitative 
statements of the preceding section. Thus the greater the difference between T 2 and 
T l , the greater is the fraction of q 2 that can be converted to work. An additional 
point is that the ultimate in efficiency is reached if 7\ = 0 K (or T 2 = oo K); w is 
now equal to q 2 . This result is restricted for the moment to the reversible Carnot 
cycle for an ideal gas but is otherwise quite general. Thus Eq. (6-4) is, of course, 
independent of the scale of the cycle, that is, of the number of moles of gas used, 
and of the number of cycles carried out. It is also independent of the value of C v 
(or of the heat capacity ratio y) and of the expansion ratio VJ V b , which determines 
the temperature ratio T 2 jT 1 . 

There is an important corollary equation to Eq. (6-4). Since AE = 0 for the 
cycle, it follows that 

w = qi + q 2 ■ ( 6 - 5 ) 


Combination of Eqs. (6-4) and (6-5) leads to a relation between q x and q 2 : 


?1 _ _ ?2 

T’i T 2 


( 6 - 6 ) 
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We emphasize that Eq. (6-6) is derived for a reversible cycle, so that q 1 and q 2 are 
reversible heats. 

Consider now the specific case of a Carnot heat engine operating between 100°C 
and 0°C. If 1000 kcal is absorbed at 100°C, the work done by the engine 
is (1000)(100)/(373) = 268 kcal; the efficiency is thus 26.8 /. The remainder of the 
1000 kcal, or 732 kcal, appears as heat delivered to the reservoir at 0°C. The analysis 
is shown schematically in Fig. 6-6(a). 



w - 268 kcal 


w =q | +<? 2 
268 = -732 + 1000 


(a) 



(b) 

Test engine Carnot engine 



Net heat absorbed at 
T, since |<?,'| < 


(c) 

FIG. 6-6. (a) The heat engine. ( b ) The heat pump, (c) Comparison of the ideal Carnot engine 

with a nonideal test engine. 
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The Carnot cycle is based on reversible steps and can therefore be operated in 
either direction with no change in the fundamental equations governing it. We could, 
for example, follow the cycle in a counterclockwise direction. It is now necessary 
to do work on the system. The net result is that by doing 268 kcal of work, 732 kcal 
have been taken from the reservoir at 0°C and this heat, plus the work energy, 
appears as 1000 kcal at 100°C. In this mode of operation, the Carnot cycle functions 
as a refrigerator. The 732 kcal abstracted at 0°C would, for example, correspond 
to the freezing of about 99 kg of ice. The relevant performance factor is now the 
ratio [ q x |/| w |, or 2.73. 

The cycle, in this reverse mode of operation, is acting as a heat pump, trans¬ 
ferring heat from a lower to a higher temperature. It could thus be used as a heating 
unit. If installed in a house with 0°C weather outside, the expenditure of 268 kcal 
of work would deliver 1000 kcal of heat at 100°C. The performance factor is, from 
this point of view, | q 2 1/| w |, or 3.73. An advantage of using heat pumps now 
becomes apparent. The same 268 kcal of work could be converted directly into 
heat at 100°C (by means of an electric heater, for example), but now only 268 kcal 
of heat would result. Thus the performance factor of 3.73 is in fact the theoretical 
advantage factor of the heat pump over a direct heating system. In the case of the 
heating of a house, a more realistic set of temperatures might be 0°C and 25°C, in 
which case the performance factor rises to 11.9. Because of its greater initial 
capital cost the heat pump has not until recently been much used for heating. 
However, the heat pump has the ability to serve either for heating or for cooling, 
and this type of installation has now become relatively common. In the winter it 
provides space heating and in the summer, air conditioning. 


6-3 Generalization of the 
Carnot Cycle—The Entropy Function 

The Carnot cycle would represent an important but rather specialized situation 
except that we can now bring in the second law statement about our inability to 
find a perpetual motion machine of the second kind. Recall that the Carnot cycle 
could represent a real engine, idealized only in the sense that we have reduced 
friction and related irreversibilities to the vanishing point, so that w = w rev and 
hence is the maximum possible. Ideal gas behavior is the limiting behavior of all 
real gases, so the use of an ideal gas is not completely unrealistic. 

Let us suppose, then, that some other heat engine is to be matched against a 
Carnot engine. This second engine operates between the same two temperatures 
T 2 and 7j and the scale of the Carnot engine is adjusted so that q 2 for it is equal to 
—q 2 for the second or test engine. The situation is summarized as follows [see 
Fig. 6-6(c)]. 

Test engine Absorbs heat q 2 at T 2 , evolves heat q x at T x , and produces 
work w'. 

Carnot engine Evolves heat q 2 at T 2 , —q 2 = q 2 ; absorbs heat q l at 7) ; and 
requires work w to be done on the cycle. 

Since the heat absorption and evolution are balanced at T 2 , ^ 2 (net) = 0. Suppose 
that w' is greater than w, so that there is a net production of work by the combined 
machines. By the first law, Wnet = q x + qf (the q 2 s cancel); since w ne t is a positive 
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number, more heat must have been absorbed at T t by the Carnot engine than 
evolved at 7\ by the test engine. That is, there must be a net absorption of heat at 
Ty . The overall result is therefore that heat energy at T, is converted into work, 
and we have a perpetual motion machine of the second kind. This is affirmed to be 
impossible by the second law, and we conclude that w' cannot be greater than w. 
The most efficient possible performance of the test engine, according to the second 
law, would be that w' = w, so that the combined engines would produce no net 
work and absorb no net heat at T t . 

The inescapable conclusion is that the Carnot efficiency is the maximum possible 
for any heat engine operating between the two temperatures. Equation (6-6) can 
thus be upgraded to the status of a general law of nature. 

Now that we have established the generality of the conclusions from the Carnot 
cycle, it is very useful to put the cycle itself on a more abstract and general basis. 
Figure 6-7 depicts a reversible cycle between two states A and B. The paths A B 
and B -► A are arbitrary but can be approximated by a set of Carnot cycles. The 
interior portions cancel, and so the net result is to give the stepped path traced in 
heavy lines. Since Eq. (6-6) applies to each cycle, it must be true for the set of 
cycles that 

If = 0. (6-7) 

This sum can be divided into two parts, that for the terms that are made up by the 
contour from A to B and that for the terms made up by the contour of the path 
from B to A: 


ll+ll = 0. (6-8) 

A-*B 1 *' B-*A 1 «' 

Carnot cycles may be made as small as desired, so that in the limit we may re¬ 
produce the arbitrary path as closely as we please. For an infinite number of small 
steps, Eq. (6-8) takes an integral form: 

f B dqtev _|_ r A dq re v _ 

J a T J b T 


(6-9) 
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or 

= 0 , ( 6 - 10 ) 

where § denotes a cyclic integral, that is, one taken around a path, and the sub¬ 
script has been added to q to emphasize again that the process must be reversible. 

It is possible to go from A to B by some other reversible path, and to return from 
B to A always by the same path. Equation (6-9) does not depend on the specification 
of the path, and it must therefore be true that dq Te „IT is independent of path. 
This conclusion, as well as the statement of Eq. (6-10), means that the quantity 
dq rev /T is a total or exact differential. Referring to Section 4-4, we see that this is 
the defining property of a state function. 

The recognition that dq tev IT is a state function is the principal quantitative 
contribution of the second law. We give this function its own name, entropy (Greek 
for change), denoted by the symbol S. The defining equation is 

dS = ^L. ( 6 - 11 ) 

To repeat, S, like E and H, is a thermodynamic quantity that depends only on the 
state of the system, so that AS, like AE and AH, is determined by the change of 
state, irrespective of the path. This last is an important point. The defining equation 
(6-11) allows us to calculate dS by setting up a reversible path and evaluating 
J dq rcv /T. The resulting value of dS must be the same for that particular change in 
state regardless of the path used. 

We can now write some combined first and second law equations. Thus Eq. (4-24) 
becomes 

dE = T dS — P dV (6-12) 

and Eq. (4-27) becomes 

dH=TdS+VdP. (6-13) 

As with E and H, the practice will be to use 5 to denote the entropy per mole and 
s that per molecule. Entropy has the same units as the gas constant and heat 
capacity and ordinarily is expressed as calories per degree Kelvin per mole. The 
same alternative sets of units that are used for R may, of course, also be used for 
entropy. Some have considered that it is undignified for so important a thermo¬ 
dynamic quantity to have a composite dimension and have used the term EU, 
meaning entropy unit. 


6-4 Calculations of A S for Various Reversible Processes 

A. Changes of Temperature 

Phase changes will be considered in Section 6-4C. In their absence q T e\ for a 
change in temperature is given by 
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where C is the heat capacity for the path, which may be 
general expression for AS is therefore 

some arbitrary one. The 

AS= Jy dT= J Cd( In T). 

(6-14) 

Usually, however, we consider only isochoric and isobaric paths, for which AS 

is given by 


AS = j C v d( In T), 

(6-15) 

AS = j C P </(ln T). 

(6-16) 


B. Processes Involving an Ideal Gas 

We now extend the considerations of Section 4-7 to include calculations of JS 
for the various standard processes. Previously, the process was required to be 
reversible in order that P cx t might be replaced by P, the pressure of the gas. We 
again require each process to be reversible, now both for that reason and because 
the defining equation for entropy, Eq. (6-11), requires the use of q T ev • 

Equation (6-12) takes a special form in the case of an ideal gas. We replace 
dE by C y dT [Eq. (4-37)] and P by RT/V: 

RT 

C v dT = T dS — -p- dV. 


This rearranges to 


dS = Cy d( In T)+ R </(ln V) 

(ideal gas), 

(6-17) 

or, since </(ln V) = d( In 7^ — </(ln P), 



dS = C P d( In T) - R d( In P) 

(ideal gas). 

(6-18) 


Equations (6-17) and (6-18) may be applied as follows (the results of Section 
4-7B are included for completeness). 


Isochoric process : 


w = 0, dE = CydT — dq v , dH = C P dT, 
dS = ^ = C v </(In T), AS = C v In ^ (ideal gas). 

■* •'l 

Isobaric process: 

dw = P dV = R dT, w = R AT, 
dE = C v dT, dH = C P dT = dq P , 

dS = ~ Cp d( In T), 


(6-19) 


zlS = C„.n£ (ideal gas). 
^ 1 


( 6 - 20 ) 
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Isothermal process : 


dq = dw = RTd (In V) = -RTd(\n P), 

q — w = RT\ n-j^- = KTln J, 

'1 ' 2 

dE =0, dH = 0, 


( 6 - 21 ) 


dS = R d (In F), In = /? In ^ (ideal gas). 

'1 P 2 

Adiabatic process: 


dq = 0, dw = -</£; dE = CVdT; dH = C, </£; 
dS =*y = 0 (ideal gas). 

( 6 - 22 ) 

CVrfOn T) = -/? 41n K) [ideal gas, Eq. (4-45)], 

C P d (In T)= R d (In P) [ideal gas, Eq. (4-46)]. 

Note that Eqs. (4-45) and (4-46) follow from Eqs. (6-17) and (6-18) on setting 
dS = 0 for the adiabatic process. 


An interesting and important result is obtained if we consider the overall entropy 
change for the gas plus its surroundings. By surroundings, we mean the rest of the 
system or apparatus that is involved. In the isochoric process, the surroundings 
gain (algebraically) — q v , and therefore suffer an entropy change of — J dq v /T or 
— C v ln(7’ 2 /7’ 1 ). The total entropy change for the gas plus surroundings is thus zero. 
The same result is obtained for the isobaric process, in which the surroundings 
gain —dq P /dT or — C P ln(7’ 2 /7’ 1 ) in entropy, and this just balances the entropy 
change of the gas. The overall entropy change is again zero for the isothermal 
process, and, of course, for the adiabatic one since here both q and AS are zero. 

The conclusion is that in a reversible process the total entropy change is zero 
for the entire system. Since the entire system contains all the changes that occur, 
and therefore does not exchange heat with anything outside of itself, we speak of it 
as a thermally isolated system. Although the examples cited are for an ideal gas, the 
result can be shown to be quite general (Section 6-6): 

AS = 0 for any reversible process in a thermally isolated system. (6-23) 

The Carnot cycle may be presented as an entropy versus temperature plot/ 
Thus, referring to Section 6-2, S at = R ln(K 6 /K a ); S bc = 0; S ci = R ln(K d /K c ); and 
hence, from Eq. (6-2), S cd = — S at ; S da = 0. The corresponding plot for the 
cycle is shown in Fig. 6-8. Here, too, AS for the cycle plus its surroundings is zero. 
The entropy change for the ideal gas at T 2 is q 2 /T 2 , and is just balanced by the equal 
and opposite entropy change in the heat reservoir at T 2 . Similarly, the entropy 
change at , qJTy , is again balanced by the equal and opposite entropy change in 
the reservoir at . 
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T 


r 2 


FIG. 6-8. The Carnot cycle as an S versus T plot. 


C. Phase Changes 

In the case of a pure substance, that is, in the absence of chemical equilibria, a 
change of phase occurs sharply at a definite temperature for a given pressure. 
This means that at the particular T and P the two phases are in equilibrium; the 
process of converting one phase into the other is thus a reversible one. As noted in 
Section 5-6, there is a latent heat for a phase change, usually determined at constant 
pressure; this is a q P and is equal to AH for the change. We have 



As an example, consider the process 

H 2 0(/, 100°C, 1 atm) = H 2 0 ig, 100°C, 1 atm), AH° m = 9.720 kcal. (6-25) 

The process is reversible; since liquid and vapor are in equilibrium, an infinitesimal temperature 
change one way or the other will cause either evaporation or condensation. To carry out the 
process as written, we suppose that a heat reservoir infinitesimally above 100°C supplies the 
necessary heat. The entropy change is then AS = 9720/373 = 26.1 cal K" 1 mole' 1 . The heat 
reservoir, naturally, loses this amount of heat at 100°C, and shows an entropy change of —26.1 
cal K' 1 ; as with the ideal gas processes, the entropy change for the entire system is zero. 


6-5 Calculation of A 5 for Various Irreversible Processes 

Irreversible processes are important because of their bearing on the question 
of equilibrium. In an irreversible process there is some imbalance— P e xt may be 
different from P or Text from T, or a chemical driving force may be present. In all 
cases the irreversible process is one that can occur spontaneously. By contrast, a 
system at equilibrium cannot be subject to spontaneous change. Thus the reversible 
process is associated with equilibrium and the irreversible one with a lack of 
equilibrium. 
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It is entirely possible to calculate AS for an irreversible process provided the 
initial and final states are given. It is only necessary to devise a reversible path for 
accomplishing the same change of state. As an example, suppose that one mole of an 
ideal gas initially at STP is allowed to expand into an evacuated space and thereby 
double its volume. Since the gas is ideal, there is no change in temperature, and the 
final state is 0.5 atm pressure and 44.8 liters. As illustrated in Fig. 6-9, the equi¬ 
valent reversible process is an isothermal expansion against a piston. As given in 
the preceding section, AS = R ln( VJ Vj) = R In 2 = 0.693.R, and this same value 
applies to the irreversible process. Note that in this particular irreversible process 
the gas is in effect its own thermally isolated system, and that now the system 
entropy change is 0.693.R, or positive. 

A second type of irreversible process would be one involving a phase change. 
Consider the process 

HjO(/, -10°C) = H t O(i, -10°C). (6-26) 

The process is one that could be realized experimentally. In the absence of dust, a 
liquid may be supercooled below its freezing point. Water is, in fact, particularly 
prone to this, and in careful experiments it has been possible to supercool water 
to —40°C. Such supercooled water is unstable of course, and will eventually freeze. 
Since the process (6-26) is written as an isothermal one, we suppose that the water 
is in contact with a heat reservoir at — 10°C; otherwise the latent heat released on 
freezing would warm the system. 

In order to calculate AS for Eq. (6-26), we must produce the same change of 
state by means of reversible steps. This may be done as follows: 

(a) H,0(/, -10°C) = H 2 0(/, 0°C), 

(b) HjO(/, 0°C) = H 2 0(s, 0°C), 

(c) H 2 O(j,0°C) = H 2 0(i, — 10°C). 

Step (a) is reversible even though the liquid water is unstable toward freezing. 



(b) 

FIG. 6-9. (a) Irreversible and ( b) reversible expansion of a gas. 
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That is, a system may be metastable —unstable toward some particular process 
but otherwise in equilibrium with its surroundings. A chemical example is a 
mixture of hydrogen and oxygen which is unstable toward chemical reaction but 
which, in the absence of a catalyst, will still behave as a nearly ideal gas toward 
reversible temperature and pressure changes. 

The entropy and heat changes for the three steps are as follows. (The heat 
capacities of solid and liquid water are 9.1 and 18 cal K -1 mole -1 , respectively, 
and the heat of fusion of water at 0°C is 1435 cal mole -1 .) 


Step (a): AH = q P = J C P dT = 18(273.2 - 263.2) = 180 cal. 

AS = C P f d (In D = 18 ln(273.2/263.2) = 0.67 cal K -1 

[by Eq. (6-16)]. 

Step (b): q P = AH = -1435 cal. 

AS = q P \T = -1435/273.2 = -5.25 cal K -1 . 


Step (c): AH = q P = 9.1(263.2 - 273.2) = -91 cal. 

AS = 9.1 ln(263.2/273.2) = -0.34 cal K -1 . 


The overall entropy change for the water is then (0.67 — 5.25 — 0.34) = —4.92 
cal K -1 . The overall AH = (180 — 1435 — 90) = —1345 cal; this is also q P for 
the actual irreversible reaction, Eq. (6-26), and gives the heat absorbed by the heat 
reservoir at — 10°C. The entropy change of the reservoir is therefore 1345/263.2 = 
5.11 cal K -1 . The overall entropy change is then —4.92 + 5.11 = 0.19 cal K -1 , 
or again positive. 

These results suggest that we can expect AS to be positive for a system and its 
surroundings, that is, for a thermally isolated system, in which a spontaneous 
process occurs. The conclusion is correct and may be proved by reference to the 
Carnot cycle. An ideal gas may still be carried through the succession of states of 
the Carnot cycle even though one or more of the steps may now be irreversible. 
For example, the opposing pressure on the piston during the first isothermal 
expansion, Pext , might be less than P. The expansion is then irreversible and 
spontaneous—it would not be reversed by an infinitesimal increase in P e xt. The 
process is still isothermal and still goes to the same final volume V b in Fig. 6-5, so 
AS for the gas is the same as before. The heat reservoir at T 2 has supplied less heat 
than in the reversible process, however, and its entropy change, a negative number, 
will now be less than [ q 2 (Tev)/T |. There will thus be an overall increase in entropy 
for the cycle plus its surroundings. Any irreversibility in the cycle must have the 
effect that either less heat is absorbed by the gas at T 2 or more heat is 
evolved at 7i . In either case, we find AS > 0 for the gas plus the heat reservoirs. 

It was shown in Section 6-3 that no actual cycle can do better than a Carnot cycle 
without violating the second law. Therefore, we can write the general statement 
that for any process in a thermally isolated system 


dS > 0, (6-27) 

where the equal sign holds for a reversible process and the inequality sign for an 
irreversible or spontaneous process. The thermally isolated system is a special 
one, and Eq. (6-27) may be made yet more general. In each case examined the effect 
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of irreversibility has been to decrease w (algebraically) and hence to decrease q 
(algebraically) relative to the reversible value. Since the entropy change is deter¬ 
mined by q iev , the general statement is 



(6-28) 


where the equal sign holds for q Tev and the inequality sign holds otherwise. In the 
thermally isolated system, 8q is zero and we return to Eq. (6-27). 


6-6 Free Energy. Criteria for Equilibrium 


A. The Gibbs Free Energy G 

Our preoccupation so far has been with entropy and heat quantities. In chemistry, 
we are also interested in the work that a process can perform, especially the 
chemical work. With the discovery that 8q Te v/T is a state function, we have a 
powerful tool for evaluating w> re v, or the maximum work permitted by certain 
important types of change in state. First, we have to recognize that chemical as 
well as mechanical work is possible. A good example of the former is the work that 
a battery can provide. We therefore write that in general 

Swrev = P dv + Swrev , (6-29) 

where Sw( ev denotes all work other than pressure-volume work, or, for us, chemical 
work. The more general combined first and second law statement is then 

dE = TdS- PdV - Swrev - (6-30) 

It is now convenient to introduce a new thermodynamic quantity G defined as 

G = H - TS. (6-31) 

Differentiation gives 

dG = dH - TdS - SdT = dE + P dV + VdP - TdS - S dT. (6-32) 
Elimination of dE between Eqs. (6-30) and (6-32) gives 

dG = -SdT + VdP - Swrev . (6-33) 

For a process at constant temperature and pressure Eq. (6-33) reduces to 

dG = — SvVrev . (6-34) 

and the usefulness of the G function is now apparent. The negative of dG gives the 
reversible and hence the maximum chemical work for a reaction at constant 
temperature and pressure. It is the free or available work energy, and G accordingly 
is called the Gibbs free energy, after an illustrious American scientist (see Com¬ 
mentary and Notes section). 

An alternative type of free energy function, the Helmholtz free energy A, is 
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A = E- TS. 

Differentiation gives 


(6-35) 


dA = dE - TdS - S dT, (6-36) 

and, in combination with Eq. (6-30), this gives 

dA = —S dT — P dV — Swrev . (6-37) 

For a process at constant temperature — dA gives the maximum total work, 
mechanical plus chemical. 


B. Criteria for Equilibrium 

We can now derive two criteria for equilibrium, including chemical equilibrium. 
If Eq. (6-28), dS Sq/T, is considered in terms of the first law, we obtain 

dE < TdS - 8w or dE ^TdS - PdV - 8w', (6-38) 

where the equal sign applies for a reversible process and the inequality sign for an 
irreversible or spontaneous one. Equation (6-38) may be rearranged to yield 

dS - dE 8w > 0. (6-39) 

If the system is isolated, 8q, and hence dE + 8w, is zero. We thus regain Eq. (6-27): 
dS > 0 (for an isolated system). 

The significance of this last statement with respect to equilibrium is that the entropy 
of an isolated system will increase until no further spontaneous processes are 
possible. As illustrated in Fig. 6-10(a), the entropy must then reach a maximum. 
At this point any change is a reversible one, and the system is in equilibrium. 
Insertion of relationship (6-38) into Eq. (6-32) gives 

-dG - SdT + V dP - 8w' > 0. (6-40) 

If the processes are restricted to constant temperature and pressure, then 

-dG > Sw' or dG ^ -Sw'. (6-41) 

If there is no provision for the system to do chemical work, 8w' — 0, and 

dG < 0 (constant T and P, no chemical work). (6-42) 

The significance of this statement is that the free energy of a system at constant 
temperature and pressure (and which may contain various reacting chemical 
species) will decrease until no further spontaneous processes are possible. As 
illustrated in Fig. 6-I0(b), the free energy is then at a minimum. Any changes 
around this minimum are reversible, and the system is at equilibrium. The 
restriction of constant temperature and pressure may seem severe. It is not, 



Process -»~ 

(b) 

FIG. 6-10. (a) For an isolated system S is a maximum at equilibrium. ( b) For a system at constant 

T and P, G is a minimum at equilibrium. 

however. Should some spontaneous fluctuation produce a local change in pressure 
or temperature, the reestablishment of uniform pressure and temperature equili¬ 
brium between the system and its surroundings would occur spontaneously. Thus 
no spontaneous irreversible changes at all can occur when G is at a minimum. 

The condition of 8w’ — 0 is the usual one in chemical equilibrium. That is, we 
do not ordinarily arrange to extract chemical work. The usual form of Eq. (6-33) is 
therefore 

dG = -SdT + VdP. (6-43) 

This applies to reversible changes in temperature and pressure under conditions 
such that Sw' = 0. (Just as dE = T dS applies under constant-volume conditions 
where 8w = 0.) Also, G is defined in terms of state functions [Eq. (6-31)] and hence 
is itself a state function; AG is independent of path and is determined only by 
the initial and final states. AG has a direct physical significance, however, only when 
the two states are at the same temperature and pressure. It then gives the maximum 
chemical work that is obtainable by the process at constant pressure and tempera¬ 
ture that takes the system from the initial to the final state. 

Like G, the Helmoltz free energy A is a state function by definition. The usual 
form of Eq. (6-37) is 


dA = -SdT - PdV. 


(6-44) 
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As in the case of Eq. (6-43), Eq. (6-44) applies to reversible changes in temperature 
and volume under conditions such that = 0. 


C. Calculations of Free Energy Changes 

The Gibbs free energy will be used throughout the rest of this text and its various 
applications will be illustrated as they come up. However, two very useful results 
may be written down immediately from Eq. (6-43). First, for a constant-pressure 
process, the change in G with temperature is dG = —S dT, that is, 



(6-45) 

or 



(6-46) 

For a constant-temperature process, the change of G with 
VdP, or 

pressure is dG = 

(■&),-■' 

(6-47) 

and 


AG = (j V4P) T . 

(6-48) 

In the case of an ideal gas, V = RT/P and Eq. (6-48) becomes 

dG = R p-dP = RTd( In P) (ideal gas) 

(6-49) 

or 


AG = /?rin ^ (ideal gas). 

* 1 

(6-50) 

Example. (1) AG for the isothermal expansion of one mole of ideal gas from STP as the 
initial state to the final state of 0.5 atm is given by Eq. (6-50), (1.987)(273.15) ln(0.5/l) or 
-376.2 cal. Alternatively, by Eq. (6-31), AG = —T{AS) since AH = 0; AG — -(273.15) 
(7? In 2) = -376.2 cal. 

(2) AG may be calculated for a process not at constant T. Consider the reversible isobaric 
expansion of one mole of N 2 from 1 atm at 298.15 K to twice the volume. T 2 is T 1 VJV 1 , or 
596.30 K. We can use Eq. (6-31) in the form AG = AH - A(TS ) = AH - (T 2 S 2 - T 1 S 1 ). 
5 X is given later in Table 6-2 as 45.79 and using Eq. (6-16) and a C P value of (5/2)7?, S 2 = 
45.79 + (5/2)7? ln(596.30/298.15) = 49.23 cal K' 1 mole -1 . Thus AG = (5/2)7?(596.30 - 298.15) 
— [(596.30)(49.23) — (298.15)(45.79)] = —14.22 kcal. [As an exercise, show that the same 


result is obtained by using Eq. (6-46).] 

(3) Finally, we may obtain AG for a process in which both T and P change. Consider a 
reversible adiabatic expansion of N 2 from the initial state of part (2) to 0.5 atm. From Eq. 
(4-48), we find ln(TJT 1 ) = (2/5) ln(0.5/l), whence T t = 225.96 K. Since <? rev = 0,JS = 0, and 
AG = AH = (5/2)^(225.96 - 298.15) = -358.6 cal. 

For none of the foregoing processes does AG have a simple physical meaning since for none 
of them are both T and P constant. The value of the free energy quantity will become apparent 
when we look at phase changes and at chemical reactions. 
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It similarly follows from Eq. (6-44) that 


and 



(6-51) 


M fl = ~ S - (6 - 52) 

These expressions are not suited to the usual applications of free energy in physical 
chemistry, but are very useful in theoretical treatments because of the relation of A 
to internal energy. 

Free energy changes may be obtained for chemical reactions and are then used 
in much the same way as are enthalpies in thermochemistry. One may use either 
free energies of formation, as discussed in Chapter 7 (on chemical equilibrium), 
or the so-called free energy functions, described in the Special Topics section of 
this chapter. 


6-7 Second Law Relationships 

It is worthwhile to assemble the various basic equations before deriving a few 
relationships. These basic equations are as follows. 

Statements of definition : 

H= E + PV [Eq. (4-25)], 

A — E — TS [Eq. (6-35)], 

G = H - TS [Eq. (6-31)]. 


Alternate forms of the combined first and second laws: 


dE = TdS - PdV [Eq. (6-12)], 

dH = TdS + VdP [Eq. (6-13)], 

dA = -SdT - P dV [Eq. (6-44)], 

dG — —S dT + V dP [Eq. (6-43)]. 


Immediate consequences 
AS = 
AS = 
C v — 
C P = 


of the definitions of entropy: 

(V and T constant), 
(P and T constant), 
[Eq. (6-15)], 


AE 

T 

AH 


(£), 

m 


(6-53) 

(6-54) 


[Eq. (6-16)]. 
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Criteria for equilibrium : 

dS ^ 0 (isolated system) [Eq. (6-27)], 

dG 0 (constant T and P) [Eq. (6-41)]. 

These relationships provide a number of secondary ones. For example, the 
alternative forms of the combined first and second laws are all exact differentials. 
This means that each generates an Euler or cross-differentiation relationship [Eq. 
(4-11)]. Two important cross-differentials come from the statements for dA and 
dG: 


( == 

\ 8V ) T 

(■£■),• 

(6-55) 

II 

S3 *■< 

-(■Jr),- 

(6-56) 


A more general and complete picture is given in the Special Topics section along 
with some derivations of useful special equations. 


6-8 The Third Law of Thermodynamics 

A. Entropy and Probability 

We now take another look at entropy—in a way that will lead to the third law of 
thermodynamics as well as introduce the statistical mechanical approach. 

Consider the situation shown in Fig. 6-11. We have a flask of volume V x 
connected to a second flask of equal volume, so that the combined volume V 2 is 
twice V x . The flasks are kept at some uniform temperature. Suppose that a single 
molecule of an ideal gas is present in the system. Clearly, the chance of the molecule 
being in V x is f. If two molecules are present, the chance of both being in V x is 
(|) 2 ; being molecules of an ideal gas, their behavior is independent of one another. 
If N 0 molecules are present, the chance that all of them will accidentally collect in 
V x must be (£)*<>. 

The probability calculation may be generalized to the case of an arbitrary ratio 
of V x to V 2 . The probability of all of the molecules being in V x is now (V 1 /V 2 ) N <>. 
As a further generalization, we can assign an individual probability weight p to a 


1 

_A_ 

/ \ 



FIG. 6-11. 
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molecule being in a given volume. That is, p 1 for a molecule being in volume V 1 is 
proportional to V 1 , and, similarly, p 2 is proportional to V 2 . The ratio of p values 
will then give the relative probability of any two volume conditions for a molecule. 
Thus for the general process 

State 1 (molecule in F a ) —*■ State 2 (molecule in K x ), 

the relative probability is VJV 2 . For N 0 molecules, the relative probability is then 
(Fi/J / 2 ) f, '°. We can make the dependence on the number of molecules additive 
rather than exponential by introducing a new variable r, defined as r = k In p (the 
reason for introducing the Boltzmann constant will be apparent shortly). Then for 
the process 

state A (N 0 molecules in V 2 ) -*■ state B (N 0 molecules in K,), (6-57) 

we have 

or 

N 0 Ar = kN 0 In £ = R In £ . (6-58) 

V 2 V 2 

The right-hand side of Eq. (6-58) is the same as that of Eq. (6-21), so for 
isothermal volume changes of an ideal gas we can identify N 0 Ar with AS, or Jr with 
the entropy change per molecule. Alternatively, we see that the entropy of a state 
can be written 

S = a. + k In p, (6-59) 

where s is the entropy per molecule, p is the probability weight of the state, and a 
is a constant. The relation between entropy and probability was proposed by 
Boltzmann in 1896 [see also Eq. (6-66)]. 

Although Eq. (6-59) was obtained by consideration of volume changes for an 
ideal gas, the analysis can be made in quite general terms, where p would be the 
probability weight of a given state. In quantum theory, molecules are limited to 
definite energy states; p is now interpreted as the number of ways in which a 
molecule could, over a period of time, have a given average energy e. Alternatively, 
for N equivalent molecules, p N is proportional to the number of ways for their 
average total energy to be Ne. 

There is one condition such that p should be unity. That is the situation in 
which only one arrangement of molecules in energy states is possible. For this 
to be true, there can be only one energy state and all molecules must be equivalent. 
The physical picture meeting this requirement is that of a perfect crystalline solid 
at 0 K. At 0 K all molecules must, by the Boltzmann principle, be in their lowest 
possible energy state, and if the solid is perfectly crystalline, all lattice positions are 
equivalent. The entropy per molecule should then be just the constant of Eq. (6-59). 


B. The Third Law of Thermodynamics 

The third law of thermodynamics has evolved out of considerations such as 
those just given. It adds one additional statement, namely, that the constant a is 
intrinsic to each element (a could, for example, include some nuclear probability 
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weight). If we now consider a general chemical reaction 
aA + bB + ••• = mM + wN + — , 

then AS for the reaction must be zero at 0 K. That is, no chemical reaction can 
change the number of each kind of atom, and therefore the constants a for each 
atom must cancel. Since we do not know the a’s and since they must always 
cancel out, we simply proceed on the basis that they are zero. Acceptance of this 
assumption or reference point allows the third law to be stated in the following 
useful way: 

Third law of thermodynamics : The entropy of all perfect pure crystalline 
substances is zero at 0 K. 


C. Application of the Third Law of Thermodynamics 


Since the third law affirms that S 0K = 0 for any perfect pure crystalline sub¬ 
stance, we can calculate its entropy at some higher temperature, using the methods 
of thermochemistry. Suppose we want S 29s for some gaseous substance. We start 
with the crystalline solid as close to 0 K as possible and determine the entropy 
change on warming it to its melting point: 

AS 1 = f ! C P (s) d (In T). 

Jq K 


There is next an entropy contribution for the melting of the solid: 


AS 2 


AH t 
T t ’ 


where AH t is the enthalpy of fusion. The liquid is then further warmed to its 
normal boiling point: 

T 

AS 3 = f b C P (l) d(\n T). 

We now add the entropy of vaporization: 


AS 4 = 


AHy 
T b ' 


Finally, the gas is warmed to 298 K: 

298 

AS 5 =f C P (g)d(lnT). 

The sequence is illustrated in Fig. 6-12; the sum of all the terms gives the entropy 
at 298 K: 


^298 — S 0 + AS 4 + AS 2 + AS 3 + AS 4 + , 
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FIG. 6-12. Sequence of steps involved in obtaining a third law entropy. 

where S 0 is the entropy at 0 K and is affirmed to be independent of the chemical 
state of the substance or, in practice, zero. In the analogous calculation of the 
enthalpy changes on heating, shown in Fig. 5-2, the enthalpy at 0 K became equal 
to the internal energy E 0 , but this latter depends on the chemical state. That is, 
AE 0 , unlike dS 0 , is definitely not zero for a chemical process at 0 K. 

As may be imagined, the obtaining of data for experimental third law entropies 
is an arduous task. It has been done for a number of substances, however, and 
results are given later in Table 6-2. As is seen in the next section, statistical thermo¬ 
dynamics provides an alternative means for calculating S % 9g values. The whole 
subject is discussed further in Section 6-CN-3. 


6-9 Statistical Mechanical 
Treatment of Second Law Quantities 


A. Entropy 


Entropy may be expressed in terms of the partition function Q, using Eq. (4-58), 
which gives the statistical thermodynamic formulation for C v , 

R r d 2 (ln Q) i 
K T*l d(l/T) 2 ly' 
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We substitute this expression for C v into Eq. (6-15), 



The required integration is then made: 

or, since d(\/T) = —dT/T 2 , 

S = R J y] 8[r2 8(1 g n r Q)/ar] j ^ dT + constant. (6-60) 

Equation (6-60) may be expanded into two terms, 

5 _ 2* / [-^g> ] r dT + R f 7 -[ ^ d T + constant 

and, on integrating the second term by parts, we obtain 

S = R In Q + + constant. (6-61) 

The last term in Eq. (6-61) is, by Eq. (4-56), the average energy divided by T: 

S = - t-i?lnQ4- constant. (6-62) 

The constant of Eq. (6-61) may be set equal to zero for most purposes, on the 
following grounds. As 0 K is approached only the first term of the partition 
function is important, and so Q reduces to g^ tolkT , where e 0 is the energy of the 
lowest state and g 0 is its degeneracy. Then InQ becomes — ( eJkT ) -f In g„ . The 
average energy E becomes N 0 e 0 and we have 

S 0 = + N ° k ln go + constant » 

or 

i> 0 = N 0 k In g 0 + constant. (6-63) 

Equation (6-63) corresponds to Eq. (6-59) for 0 K and per mole. Thus the constant 
corresponds to <x and N^c ln g 0 corresponds to the probability weight of the ground 
state. As already discussed, a will always cancel out in any process, and is conven¬ 
tionally set equal to zero. Although the ground state of a molecule may often be 
described as degenerate, at the limit of 0 K even the most minor perturbation 
would remove such degeneracy, so we can expect g 0 to be unity. It is thus essentially 
as an aspect of the third law of thermodynamics that we take S 0 to be zero. An 
interesting exception to this is mentioned in the Commentary and Notes section. 

Ground state degeneracy does make a contribution to the entropy, however, 
above 0 K. This degeneracy is implicitly contained in the spectroscopic term 
symbol (Section 19-2A). It is 2 for atomic hydrogen, for example, because the odd 
electron has two possible orientations; we should add R ln 2 to the translational 
entropy given by Eq. (6-85). Other common cases are (molecule, g 0 ): (Cl, 2), 
(O a , 3), (NO, 4). For molecules with all electrons paired, g 0 = 1. 
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The resulting equation for S, 


S = + R In Q (distinguishable molecules), (6-64) 

applies, as indicated, to the case where molecules in different energy states are 
distinguishable. This is true for the case of an ideal crystal and also for the internal 
energy states (rotation and vibration) of the molecules of an ideal gas. 

As one way of seeing this reservation, we can now return to discuss the quantity 
p in Eq. (6-59) in more detail. It is usually called the thermodynamic probability 
and is the number of distinguishable ways in which molecules can be permuted 
among their most probable energy states. That is, p is the same as the quantity 
W mSiX that was described by Eq. (2-10). As a reminder, the number of ways of 
permuting A 0 molecules is just A 0 !, but these molecules populate energy states 
such that N 1 are in state e 1 , A 2 are in state e 2 , and so on, and we regard the piole- 
cules of a given energy state as indistinguishable. We must then divide out the 
numbers of ways of permuting N 1 molecules within state e x , of A 2 molecules 
within state e 2 , and so on. The net number of distinguishable permutations is then 


W = 


N 0 '. 

A x ! N 2 \ - A,! 


N 0 '- 

n<w’ 


(6-65) 


where the populations of the various states are the most probable ones; for this 
case W is usually called f¥ m&x . 

Equation (6-59) now becomes 

S — a + k In Ifmax • (6-66) 


It is essentially this form of Eq. (6-59) that was proposed by Boltzmann. We 
proceed to evaluate using Stirling’s approximation; we also set a equal to 

zero. Thus 

5 = k[N 0 ln(A 0 ) - A 0 ] - k £ [A, ln(A f ) - A<] 

i 

or 

S = kN 0 In A 0 - k £ A, In A< (6-67) 


since £ N t = N 0 . The second term of Eq. (6-67) can be written as follows. We 
can write 

p -<{/kT o- ( i /kT 

M = M _£_ — iM _ 

* 0 £ e-'i/KT Q 


The summation term of Eq. (6-67) becomes 

k X A, In A, : = k X (A, In A„ - ^ - A,- In Q) 
= kN 0 In A 0 — y ~ kN o In Q 
and after the substitution, the terms kN 0 In A 0 cancel to give 


5 = y + R In Q, 


which is the same as Eq. (6-64). 
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The thermodynamic probability W ma , x is proportional to the probability of a 
state of the system but obviously is usually a very large number. It is not the same 
as the probability itself—this last is a number which does not exceed unity and 
might be given by W divided by some normalizing factor. 

It is the assumption of distinguishable molecules, on which Eq. (6-64) is based, 
that allows us to write the entropy for a mole of particles as just N 0 times the 
entropy per particle. The situation is somewhat similar to that discussed in Section 
4-9B except that we are now talking about the total partition function for a set of N 0 
molecules. If the energy states for each molecule are distinct, then the total partition 
function Qtot can be written 

Qtot — Q1Q2Q3 ■■■ Qn 0 = Q °. 

Q enters in the various expressions for thermodynamic quantities as In Q, and since 
In Qtot = N 0 In Q, the effect is that the quantity per mole is always N 0 times that 
per molecule. 

This element of distinguishability is not present, however, in the case of trans¬ 
lational energy states. Thus the translational energy of a molecule of an ideal gas is 
determined wave mechanically as that of a standing wave occupying the whole 
space. The translational energy states for a set of molecules are, in other words, 
not localized; the molecules are in this respect indistinguishable. The result is that 
when we take the product of the partition functions for each molecule, Q to t has too 
high a multiplicity. We have overcounted the number of distinguishable energy 
states by the number of ways of permuting N 0 molecules among themselves, 
or by the factor iV 0 !. For the ideal gas, then, we have 

Qtot = ^! Q ' V °- (6 ' 68) 

The factor 1/2V 0 ! does pot affect the average energy, since E involves only the 
derivative 3(ln Qtot) /8T — N 0 3(ln Q )/8T. This complication could therefore be 
ignored until now. The entropy, however, depends on In Q to t and not just on its 
derivative. 

Equation (6-64) should now be written 

5 = ^+i?lnQ t0t (6-69) 

or 

S = y + - k\nN 0 \. (6-70) 

The last term is evaluated by means of Stirling’s approximation, In ;c! = x In x —x, 
and Eq. (6-70) becomes 

£ 

S = Y + R \nQ — R\n N 0 + R (indistinguishable molecules). (6-71) 

This result is the one that must be used for an ideal gas. We ordinarily consider the 

partition function as a product Q trans Q rot Q vib and, if this is done, we can write the 

separate expressions 

Swans = + R In Qtrans - R In N 0 + R, (6-72) 

Srot = + R In Q rot , 


(6-73) 
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S nb =^ + R\nQ vlb . (6-74) 

The correction for indistinguishability occurs only once, of course. The total 
entropy is the sum of the three contributions. 


B. Free Energy and Related Quantities 


The expressions for A follow from the defining equation, Eq. (6-35), A 
TS: 


or, in general, 


^trans — — .RTln Q trans + RTIn N 0 — RT, 

A r ot = i?Tln Q ro t i -dvib = In Q v j b , 

A = — kT In Q tot . 


= E - 

(6-75) 

(6-76) 

(6-77) 


In order to evaluate G and H, we need a statistical thermodynamic expression 
for pressure and use Eq. (6-51) in combination with Eq. (6-77) to obtain 


P = 



(6-78) 


Then, by Eq. (6-31) we have G = H — TS = A + PV, and 

G trans = -RTln Q tran3 + RTV [ ^ - || rans) ] T + RT In N 0 - RT, (6-79) 

Grot = -RT In Q rot + RTV , (6-80) 

G vlb = -J?rin Q Tlb + RTV [^^] r • (6-81) 


Enthalpy is given by 

H = E + PV=RT 2 + RTV ]p^\ T ■ (6-82) 

If the absolute energy at 0 K is H 0 = E 0 , this term must be added to Eq. (6-82). 
As with E, H is not affected by the question of distinguishability. 

The derivatives of In Q that appear in Eqs. (6-79)—(6-81) are easy to evaluate 
for an ideal gas; in fact, those of In Q rot and In Q vlb are zero. This last is not true 
for liquids and solids. Furthermore, for liquids the energy states are largely but 
not entirely localized and the term for indistinguishability is only partially de¬ 
veloped. The statistical thermodynamics of condensed phases thus presents some 
very difficult problems. 


C. Statistical Thermodynamic Quantities for an Ideal Gas 

The explicit expression for 5 tran3 is obtained by substituting that for Q tra ns 
[Eq. (4-68)], 


Qtrans — 


C 2nmkT ) 3 / 2 . 

h 3 V ’ 
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into Eq. (6-72), to obtain 

Strans = \r + R + R ln [( • (6-83) 

Note that we have used V, the volume per mole, in Eq. (4-68). 

Equation (6-83) is known as the Sackur-Tetrode equation ; it is one of the more 
valuable relations of statistical thermodynamics since it gives the absolute trans¬ 
lational entropy of an ideal gas. Further manipulation puts the equation in the 
form 

Strans = ^R + R ln [(-^) 3/2 ^ R+ R ln( - ) ( 6 - 84 ) 

(V has been replaced by RT/P). On evaluating the collections of constants, we see 
that Eq. (6-84) reduces to 

*Strans (cal K -1 mole -1 ) = R ln(7’ 6/2 4/ 3 ' 2 ) - 2.31 (6-85) 

for an ideal gas at 1 atm pressure. [The units of R as used in various parts of 
Eq. (6-84) must be chosen with care!] As an example, the entropy of argon at 
298.1 K may be calculated as follows: 

S 298 = 1.987 ln[(298.2) 5,2 (39.95) 3/2 ] - 2.31 = 36.98 cal K -1 mole- 1 . 


A variation of the Sackur-Tetrode equation, important in surface chemistry, is the version 
for a two-dimensional gas. The physical situation is that of molecules adsorbed at an interface 
but able to move freely about on it. They thus behave as a two-dimensional gas, for which 
Qtr&ns can be found by interpolation between Eqs. (4-67) and (4-68): 


Qtr&nuC 8-dlm) — 


2n mkT 
h* ‘ 


( 6 - 86 ) 


Insertion of this into Eq. (6-72) (remembering that E is now just RT) gives 

Smh im» = 2R + R In ^-). (6-87) 

On substituting numerical values for the various constants, we obtain 

*Stran8(2-<llm) = R ln(MTo) + 65.8 (cal K' 1 mole' l ), (6-88) 

where a denotes the area per molecule. As an example, argon at 25°C and 1 atm pressure has 
a concentration such that the molecules are, on the average, about 34 A apart. A corresponding 
state for argon as a two-dimensional gas would then be one with a = (34) a A a per molecule. 
Substitution of this value into Eq. (6-88) gives 

■W-dim) = 1.987 ln[(39.95)(298.1)(1.16 x 10-“)] -I- 65.8 
= 25.3 cal K- 1 mole' 1 . 

Notice that this value is about two-thirds of that for the three-dimensional gas at 1 atm and 
25°C. Why? 


Now that both E tr&ns and S tTans have been evaluated through statistical thermo¬ 
dynamics, the remaining thermodynamic functions follow directly. One simply 
uses the defining equations as assembled, for example, in Section 6-7. 

The contributions from rotation and vibration are obtained by substitution of 
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the appropriate partition function expressions into Eqs. (6-73) and (6-74). Thus 

S TO t = R + R In ^— (6-89) 

for an A-B type molecule [from Eq. (4-75) and remembering that £ ro t = RT]. 
A I0 t and G ro t are the same since Q ro t does not depend on volume: 

A I0 t = Grot = — RT In ^ — . (6-90) 

The vibrational partition function is given by Eq. (4-80): using it and E vih from 
Eq. (4-82), we get 

Svib = R[ JSr T _ i - ln(l - ^ ,T )\ (6-91) 

Notice that the \hv 0 term in the expression for E cancels out. Again, A vih = G vlh , 
so 

^4vib - G v ib = Ao(^) + /?Tln(l - e-wr). (6-92) 

As with E and H, the zero-point energy term \hv 0 is present. 

The preceding equations, plus those of Sections 4-11 and 4-12, allow the cal¬ 
culation of the rotational and vibrational contributions to the various thermo¬ 
dynamic quantities provided d TO t and 0 v ib are known. These are generally obtained 
spectroscopically from an analysis of the spacings of rotational and vibrational 
energy states. These, in turn, are given by the absorption spectrum of the molecule, 
infrared for vibration and rotation and microwave for rotation only. The discussion 
of molecular spectroscopy as such is deferred until Chapter 19 but it is useful at 
this point to supply some of the results. These are given in Table 6-1 for some 
gaseous diatomic molecules. In the case of polyatomic molecules there is more 
than one degree of vibrational freedom and hence more than one 0 vib . Additional 
data for such molecules are given in the reference cited with the table. 

We can illustrate the use of the preceding equations by calculating the thermodynamic quantities 
for N 2 (#) at 25°C and 1 atm pressure, assumed to be an ideal gas. For translation, we have 

£ trao , = }RT = 889 cal mole -1 , 

Stwis = 1.987 ln[(298.15) 5,s (28.01) 3,s ] - 2.31 = 35.93 cal K -1 mole -1 . 


Then 


tftrans = Etrans + RT = 1481 Cal mole -1 , 

G trass = Fftrans FStrans = 9232 cal mole 

(The superscripts merely confirm that the pressure is 1 atm.) 

For rotation, 0 rot = 2.89 K; E tot is then given by the equipartition value, 


Eto t = RT = 592 cal mole 1 . 
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TABLE 6-1. Spectroscopic Constants for Some Diatomic Molecules a 


Molecule 

V 0 (cm- 1 ) 

0,ib (K) 

0rot (K) 

h 2 

4160.2 

5986 

87.5 

n 2 

2330.7 

3353 

2.89 

o 2 

1556.4 

2239 

2.08 

CO 

2143.2 

3084 

2.78 

H 35 C1 

2885.9 

4152 

15.2 

HBr 

2559.3 

3682 

12.2 

35 C1 2 

556.9 

801.3 

0.351 

h 

212.3 

306.8 

0.0538 

HI 

2230.1 

3209 

9.43 


° Adapted from S. M. Blinder, “Advanced Physical Chemistry,” 
p. 450. Macmillan, New York, 1969. 


By Eq. (6-89), 


1.987 + (1.987) in ggj 
9.82 cal K- 1 mole" 1 


(the factor of two enters because the symmetry number for N 2 is two). Then 

//rot = /'rot = 592 cal mole- 1 , 

Grot = ^rot = /rot — TS ro t = —2340 cal mole -1 . 

Finally, for vibration, 0, lb = 3353 K, so 8, lb IT = 11.24. The consequence is that the vibrational 
contribution is negligible in all cases. 

The total values are as follows: 

/tot = E q + 889 + 592 = E 0 + 1481 cal mole -1 
(where E„ represents the unknown absolute energy at 0 K), 

HI U = E 0 + 1481 + 592 = /„ + 2073 cal mole- 1 , 

/got = 35.93 + 9.82 = 45.75 cal K _1 mole" 1 , 

G?ot = E 0 - 9232 - 2336 = E 0 - 11,570 cal mole” 1 . 

Certain points of interest are brought out by the preceding calculation. First, the 
calculated S° ot is in quite good agreement with that obtained from heat capacity 
data using the third law. As cited in Table 6-2, the third law value is 45.90 cal 
K -1 mole -1 . It seems amazing that the calculated value, resting entirely on the 
partition functions for N 2 as an ideal gas, agrees with the thermal value obtained 
by considering the warming of crystalline nitrogen through its melting point and 
boiling point. The basic reason is that the entropy is zero for the perfect crystalline 
solid at 0 K and is also zero for the hypothetical ideal gas at 0 K. For that transi- 
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tion, AS is thus zero, and what we are observing is that entropy is a state function 
whose value is independent of path. The situation may be shown as follows: 

N 2 (ideal gas, 0 K, 1 atm) 

\ 

t dS = 0 N,(*, 298 K, 1 atm). 

/ 

N 2 (crystal, 0K)-> liquid 

A second point has to do with the large negative values for (G° — E 0 ). These 
arise from the contribution of the — TS° term. Had the calculation been made at 
some lower temperature, the contribution of this term would have been smaller, 
not only absolutely, but relative to E and H°. In effect, at low temperatures H° 
makes the principal contribution to G°, while at high temperatures the —TS° term 
dominates. 


COMMENTARY AND NOTES 


6-CN-l Summary of the 
Statements of the Laws of Thermodynamics 

The remainder of this text will make much use of the results of thermodynamics, 
but in terms of specific applications. This seems an appropriate place to collect 
the various alternative general statements of the laws of thermodynamics. 

First Law of Thermodynamics [Eq. (4-5)]: 
dE = 8q — Sw. 

The internal energy of an isolated system is constant. 

The internal energy change of a cyclic process is zero. 

Internal energy is a state function. 

Second Law of Thermodynamics'. 
dS = Sqrev/T ; dS > q it rev! T. 

Entropy is a state function. 

Corollaries are: 

It is not possible to convert heat into work by means of an isothermal, 
cyclic process. 

The entropy of an isolated system tends to a maximum. 

Third Law of Thermodynamics'. 

If the entropy of each element in some perfect crystalline state is taken as 
zero at 0 K, then the entropy of any perfect crystalline substance is also 
zero at 0 K. 

AS for any isothermal process is zero at 0 K. 

This last statement is sometimes known as the Nernst heat theorem. The various 
standard thermodynamic equations have been summarized in Section 6-7 and need 
not be repeated. A more general approach to obtaining such relationships is referred 
to in the Special Topics section. 
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6-CN-2 Statistical Thermodynamics— 

Ensembles—and J. Willard Gibbs 

An account was given in Section 4-2 of a brilliant scientist, Benjamin Thompson 
or Count Rumford. Another brilliant scientist, also American by birth, was 
Josiah Willard Gibbs. The two men differed in all other respects, however, in about 
the most complete way imaginable. 

J. Willard Gibbs was born in New Haven, Connecticut on February 11, 1839, 
and died there in April, 1903. He was of English descent; we can trace his ancestry 
back to Sir Henry Gibbs of Warwickshire. It was a son of Sir Henry that emigrated 
to Boston in 1658, to establish the Gibbs family in the New England area. The 
family was academically oriented. After several generations of graduates from 
Harvard, we come to Josiah Gibbs who graduated from Yale in 1809 and remained 
as Professor of Sacred Literature. This was the father of J. Willard Gibbs. 

The young Gibbs entered Yale College in 1854 and graduated in 1858, receiving 
several prizes in Latin and mathematics; he received his doctorate in 1863 and was 
for a while appointed a tutor. He then spent several years abroad, in Paris, Berlin, 
and Heidelberg, with exposure to such eminent scientists as Magnus, Kirchhoff, 
and Helmholtz. In 1871 he was appointed Professor of Mathematical Physics at 
Yale College, which position he retained until his death. He never married, and 
lived with his sister and her family. As a person, he was modest and of a retiring 
disposition; his constitution was weak as a result of a childhood bout with scarlet 
fever. As a scientist he was thorough and meticulous, never publishing until he had 
worked and reworked even the most minor aspects of a paper. The one perhaps 
unfortunate consequence of this extreme care is that each word in his writings 
conveys a precise meaning and that no words are wasted; therefore, Gibbs’ papers 
must be studied word by word—they cannot be speed-read! 

Gibbs was one of the most brilliant scientists of the last century. He had the 
insight and power to perceive the most far-reaching logical consequences of funda¬ 
mental postulates and had great inventive powers in mathematics. He made major 
contributions in vector analysis, as in the development of the theory of dyadics, 
and in the electromagnetic theory of light. He enjoyed geometry and graphical 
approaches. For physical chemists, Gibbs is almost the father of thermodynamics, 
both classical and statistical. He began publishing a series of lengthy articles in the 
Transactions of the Connecticut Academy in 1873. He developed in great depth the 
thermodynamic structure for dealing with heterogeneous equilibrium; he discovered 
the phase rule (Chapter 11) which bears his name and largely developed the ther¬ 
modynamics of systems having an interface. We speak of the Gibbs adsorption 
equation in surface chemistry. He built much of the structure of statistical 
mechanics. Although his work was before the development of wave mechanics, 
statistical thermodynamic results do not require the use of quantum ideas—they 
are derivable and were derived by Gibbs on the basis of classical mechanics. 

There were some delays in the general appreciation of Gibbs—perhaps because 
he chose to publish in a relatively obscure journal. Later, private copies of his 
papers were in circulation throughout the European scientific world and were 
avidly studied by his peers. Today the “Collected Works of J. Willard Gibbs” 
(Gibbs, 1931) remains virtually a bible for serious students of physical chemistry. 
By the late 1870’s Gibbs had become an honored man, and he received a great 
variety of awards and honorary degrees during the following two decades. A major 
award of the American Chemical Society today is the J. Willard Gibbs medal. 
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Gibbs made much use of what are called “ ensembles This is a rather elegant 
word whose simple paraphrasing would be “collections” or “assemblies.” An 
ensemble is simply the set of molecules, states, or other entities which is being 
examined. In statistical thermodynamics, it is the set which is being considered and 
over which summations are to be made. We have used, for example, a set called 
the microcanonical ensemble. This is the set of molecules, usually N 0 in number, 
which occupies a specified volume and is at a specified total energy. As discussed 
in Section 2-2, if the energy is specified, there will be only certain ways in which the 
molecules can be distributed among the energy states. For most purposes the 
results obtained from the microcanonical set are the same as those from a canonical 
ensemble. This last corresponds to a collection of molecules occupying a specified 
volume and at a specified temperature. The system is in thermal contact with a 
heat reservoir and is not isolated as is the microcanonical set. The effect is to allow 
variations in average energy. However, if the number of molecules is large, this 
variation will be minute; the distribution will peak so sharply at the same place as 
that for the microcanonical ensemble of the same average energy that the difference 
is neglected unless the fluctuations themselves are being examined. The general 
derivations of thermodynamic quantities have so far been based on a canonical 
ensemble. 

The third type of ensemble, known as the grand canonical ensemble, is a set of 
sets of molecules, each in thermal contact with the surroundings. The different sets 
of molecules may vary, however, in the number of molecules they contain. We speak 
of the grand canonical ensemble as an open system, meaning that molecules are 
allowed to enter or leave. This type of ensemble is used in statistical thermo¬ 
dynamics in calculations of a change in a thermodynamic property per mole of 
substance primarily in dealing with mixtures or solutions. While the elaborate 
formality of the grand canonical ensemble will not be used here, it does constitute 
the statistical thermodynamic basis for treating partial molal quantities as discussed 
in Chapter 9. 


6-CN-3 Additional Comments on the Third 
Law of Thermodynamics and on the Attainment of 0 K 

A corollary of the Nernst heat theorem (Section 6-CN-l) is the statement: 
It is impossible to reduce the temperature of any system to absolute zero in a finite 
number of steps. To understand this statement, we need to consider how, in general, 
one can try to reach absolute zero. There is no lower-temperature heat reservoir 
now, and the only way to have a system cool itself is by a spontaneous adiabatic 
process. Suppose that the system consists of a hypothetical ideal gas; then since 
dS ^ 0, by Eq. (6-17), 


C r ln J + R\n^- >0. 

Let 7\ and Fj be the starting condition, and now let the gas expand adiabatically 
to V 2 ; we want T 2 to be exactly 0 K. The term C v ln(7’ 2 /7’ 1 ) has now become minus 
infinity, and so the term R In(F j/Kj) must exceed plus infinity—clearly an impossi¬ 
bility! 

The same type of analysis can be made in a more general way, but the added 
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elaboration seems unnecessary. The conclusion remains the same: One can 
approach closer and closer to 0 K by some series of adiabatic processes but one 
cannot attain it in any finite number of steps. 

The adiabatic expansion of an ideal gas is unrealistic as a practical procedure; 
all substances are solid near 0 K. A very imaginative method, developed by 
W. F. Giauque is the one generally used. It is known as adiabatic demagnetization 
and the procedure is to cool a paramagnetic material to as low a temperature as 
possible (liquid helium temperature) while in as strong a magnetic field as possible. 
The field is then turned off and the temperature drops. A temperature of 
2 x 10 -5 K has been reported (de Klerk et al., 1950). The physical reason that 
the temperature drops on demagnetization is roughly as follows. The magnetic 
field tends to align the molecular magnetic poles (discussed in Section 3-ST-2), 
reducing the entropy of the system because of the greater order or lower thermo¬ 
dynamic probability of the system. It is, in effect, a restriction on the thermal 
motion of the molecules. On removal of the magnetic field, new energy states 
become available and more randomness or greater thermodynamic probability 
is sought. Since the system is adiabatic, the increase in entropy must be 


TABLE 6-2. Thermochemical and Statistical Thermodynamic 
Entropies at 298.1 K a 


Substance 

Thermochemical 
(cal K -1 mole -1 ) 

Calculated 
(cal K -1 mole -1 ) 

Solid 

Ag 

10.20 

— 

AgCl 

23.00 

— 

Al 

6.77 

— 

C(graphite) 

1.37 

— 

Ca 

9.95 

— 

CaO 

9.5 

— 

Cd 

12.37 

— 

Cu 

7.97 

— 

Liquid 

Br 2 

36.4 

— 

H a O 

16.73 

— 

Hg 

18.17 

— 

C,H, 

41.3 

— 

Gas 

ch 4 

44.47 

— 

CO 

46.20 

47.3 

co 2 

51.08 

— 

Cl 2 

53.29 

53.31 

h 2 

31.21 

31.23 

HC1 

44.64 

44.64 

HBr 

47.6 

47.53 

n 2 

45.90 

45.79 

NO 

50.34 

50.43 

o 2 

49.01 

49.03 


“ From G. N. Lewis and M. Randall, “Thermodynamics,” 
2nd ed. (revised by K. S. Pitzer and L. Brewer). McGraw- 
Hill, New York, 1961; andE. A. Moelwyn-Hughes, “Physical 
Chemistry,” 2nd ed. Pergamon, Oxford, 1961. 
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accompanied by a decrease in temperature. The formal analysis is not actually 
very different from that for the adiabatic expansion of a gas into a larger volume. 

Although 0 K has not been reached exactly, nor is ever expected to be reached, 
it has been approached closely enough to suggest that heat capacity data can 
be extrapolated accurately from a few degrees Kelvin to 0 K by means of the 
Debye theory (Section 4-ST-2). The thermochemical procedure outlined in Section 
6-8C has been carried out for a number of substances, with representative results as 
given in Table 6-2. As a specific example, an early value for the entropy of nitrogen 
at 25°C was obtained from the series of increments given in Table 6-3. 

The third law of thermodynamics may be checked in two types of way. A most 
satisfying one is through statistical thermodynamics. If the final state is that of an 
ideal gas, then the equations of Section 6-9C may be used. The sample calculation 
given there led to S| 98 for nitrogen of 45.75 cal K -1 mole -1 using the Sackur-Tet- 
rode equation for an ideal gas and spectroscopic data giving the rotational and 
vibrational temperatures. The thermochemical value is 45.90 cal K -1 mole -1 . The 
agreement in this and several other cases is remarkably good, as shown in Table 6-2. 

The second way of checking the third law is by means of a net chemical reaction. 
For example, combination of the separate thermochemical values for S£ 98 gives 
dS® 98 = 4.78 cal K -1 for the reaction 


H, + Cl, = 2HC1. 


If now q rev can be determined for the reaction, then AS is also given, by the second 
law, as qrev/T. Several verifications of this type have been made, again with good 
agreement. Parenthetically, the usual procedure actually is to determine the 
equilibrium constant for the reaction and its temperature dependence (Section 
7-4), but this amounts to the same thing. 

In the process of checking thermochemical and statistical thermodynamic 
entropies, occasional discrepancies have been found, of the order of a few calories 
per degree Kelvin per mole, always with the thermochemical entropy too low. 
Instances where freezing produces a glass rather than a crystalline solid can be 


TABLE 6-3. The Entropy of N 2 °. 


Entropy increment 


Step (cal K* 1 mole -1 ) 


0-10 K (by extrapolation) 0.458 

10-35.61 K (integration of heat capacity data) 6.034 

Crystal structure transition at 35.61 K 1.536 

35.61-63.14 K (integration of heat capacity data) 5.589 

Melting at 63.14 K 2.729 

63.14-77.32 K (integration of heat capacity data) 2.728 

Vaporization at 77.32 K 17.239 

77.32-298.2 K (integration of heat capacity data) 9.37 

Correction for gas nonideality 0.22 


Total 45.9 


“ W. F. Giauque and J. O. Clayton, J. Amer. Chem. Soc. 55, 4875 
(1933). 
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explained immediately on the basis of a residual entropy of disorder of the glassy 
structure. However, in cases such as CO, N 2 0, and H 2 0 the crystals appear 
perfect, and the problem has been traced to a disorder on a molecular scale. Thus 
with CO the two atoms are so nearly the same that when the solid first crystallizes 
the end-to-end orientation of the CO is essentially random; that is, a crystal layer 
might appear thus: 

CO OC OC CO CO OC CO 
CO OC CO CO OC OC CO. 

The effect is that each CO has two possible positions, so for N 0 molecules the 
thermodynamic probability is 2 N ° and a contribution of R In 2 is predicted by 
Eq. (6-59). As 0 K is approached, all the CO’s should orient one way or the other 
but apparently they are prevented by an energy barrier from doing so in a finite 
time. Thus the thermochemical summations start with R In 2 or 1.4 cal K" 1 mole“ 1 
rather than with zero entropy and come out too low. The actual results are: 
spectroscopic entropy, 47.30; thermochemical entropy, 46.2. Adding 1.4 brings 
the thermochemical value to 47.6, or a little too high. Evidently the disorder is not 
complete. 

Ice constitutes another type of example. Here one has a three-dimensional 
network of hydrogen bonds, and since hydrogen atoms could not be located by 
x-ray crystallography, for a long time it was uncertain whether they were positioned 
midway between oxygens or whether each hydrogen was closer to one oxygen than 
to another. A calculation on the latter supposition, assuming that each oxygen has 
two close and two distant hydrogens, but randomly chosen, leads to a thermo¬ 
dynamic probability of (|)^°. This corresponds to an entropy contribution of 
R In | or 0.806 cal K" 1 mole"\ which matches closely the discrepancy between the 
spectroscopic and thermochemical values. The two-position picture for hydrogen 
bonding in ice has since been confirmed by neutron diffraction measurements, 
which show (statistically) half a hydrogen atom at each of two positions between 
oxygens: 0-|H-|H-0. The result is interpreted to mean that each oxygen has two 
close and two distant hydrogens but that the pattern throughout the crystal is 
random. 


SPECIAL TOPICS 


6-ST-l Thermodynamic Relationships 


The various defining equations and statements of the combined first and second 
laws were summarized in Section 6-7. There are a number of thermodynamic 
relationships that stem from these and that can be produced in a fairly organized 
manner. We summarize such procedures here and use them to obtain a few of the 
more useful additional thermodynamic equations. 

The various forms of the combined laws are repeated for convenience: 


dE = TdS - PdV 
dH = TdS + V dP 
dA = —S dT — P dV 
dG = - SdT+ VdP 


[Eq. (6-12)], 
[Eq. (6-13)], 
[Eq. (6-44)], 
[Eq. (6-43)]. 
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First, the equations lead directly to several simple coefficients. Thus 



represent four out of the total of eight; the complete listing seems unnecessary. 

Second, the equations are all exact differentials. This means that each generates 
an Euler or cross-differentiation relationship [Eq. (4-11)]. We then have four new 
equations 


(*L\ = _ lli-\ 

\8V L \ 8S )y ’ 


8P 


l*L\ 

\ 8P ) s \ 8S Jp’ 


8V 


(JL) = (*L) 

\8V! t \ 8T 1 


8S 

8P 


= _ (1L\ 

\ 8P ) T \ 8T 1 


8V 


[Eq. (6-55)], 
[Eq. (6-56)]. 


(6-93) 

(6-94) 


These equations find a great deal of use in thermodynamic derivations. 

Third, the four original statements of the combined laws generate a set of four 
equations based on the general procedure of Eq. (4-12). Thus 



li 

Co 

co co 

CO co 

P 

T > 

(6-95) 

(8H/8P) S 

(8Hj8S) P 

V 

T ’ 

(6-96) 

II 

{** U. 

co co 

CO CO 

P 

S ’ 

(6-97) 

(8G/8P) t 

(8G/8T) p 

V 

S • 

(6-98) 


In addition, one may hold a dependent variable constant to give, for example, 



(6-99) 


Finally, one can in a general way express E = f(V, T), H = f(P, T), A = f(V, T), 
and G = f(P, T) and obtain relationships such as Eq. (4-14). Rules for obtaining 
any desired partial differential coefficient have been worked out (Lewis and Randall, 
1961). 

Some brief applications of these secondary relationships are as follows. If we 
differentiate Eq. (6-12) with respect to volume at constant temperature, we get 



- P. 


( 6 - 100 ) 
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Use of Eq. (6-55) gives 



(6-101) 


Equation (6-101) is called a thermodynamic equation of state. It provides a relation¬ 
ship among E and the state variables P, V, and T, which is valid for all substances. 
Its application to the calculation of internal pressures was discussed in Section 
4-CN-l. A completely parallel derivation beginning with the differentiation of 
Eq. (6-13) with respect to pressure at constant temperature and using Eq. (6-56) 
leads to a similar thermodynamic equation of state: 



( 6 - 102 ) 


As discussed in Section 4-ST-l, Eq. (6-102) allows an evaluation of the Joule- 
Thomson coefficient from an equation of state such as the van der Waals equation. 
We can now develop Eq. (4-34) further. The equation is 


*-*-['+(-wim 


ev 


On replacing ( 8Ej8V) T by means of Eq. (6-101), we get 




8V 


(6-103) 


or, since 



(8V/dT) P a 
(8V/8P) t ~ ft 


(Eq. (4-14)], 


where a. is the coefficient of thermal expansion and jS the coefficient of compressi¬ 
bility, 


_ 1 / 8V \ 

“ K\ 8t) p ' 


'--•Mr) 


(6-104) 


the final form of Eq. (6-103) becomes 


Cp — C v — 


odVT 

ft 


(6-105) 


6-ST-2 Thermodynamic Treatment 
of a Nonideal Gas—Fugacity 

This topic is included for two reasons. First, gases are generally assumed to be 
ideal in this text, and it seems desirable to indicate in at least one place how to 
proceed if the assumption is to be avoided. Second, the procedure is a fairly typical 
one in chemical thermodynamics and will be used again in connection with non- 
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ideal solutions. In the case of an ideal gas, various thermodynamic relationships, 
such as Eq. (6-50), contain pressure as a variable by virtue of the ideal gas law. 
One now seeks to find an effective or thermodynamic pressure for a nonideal gas, 
defined so that it can be used in thermodynamic equations in the same way as 
actual pressure is in the case of an ideal gas. 

In the case of an ideal gas, we can write Eq. (6-50) in the form 

G = G° + RT\nP, (6-106) 

where G° is the molar free energy in the reference state of unit pressure, usually 
1 atm. As suggested by G. N. Lewis, let us define an effective pressure such that 
the same form of equation is exact for a nonideal gas. We call this effective pres¬ 
sure the fugacity,f : 

G = G« + RT In /. (6-107) 

Clearly, /->-/* as P 0 since all gases approach ideality in this limit. Application 
of Eq. (6-47) gives 

{w)r~ V ~ RT] rW 1 ]r <6 -‘ 08) 

or 

RTd(lnf)=VdP (at a given temperature). (6-109) 

Fugacity may be obtained experimentally by means of the following procedure. 
We define a as F ldeal — F actuaI , 


a 



( 6 - 110 ) 


Substitution into Eq. (6-109) and integration at constant temperature gives 


f dQnf) = f d (In P) - jL f a dP. 


( 6 - 111 ) 


Since /and P become identical in the limit of zero pressure, Eq. (6-111) reduces to 


In/ = In P 


wf.' 


dP. 


( 6 - 112 ) 


The integral may, for example, be obtained graphically from a plot of a versus P. 
Where the nonideality is not large, a useful rule is that the observed pressure of a 
gas will be the geometric mean of the fugacity and the ideal gas law pressure given 
by RT/V: 

Actual = (^) 1/2 . (6-113) 

The procedure for determining the fugacity of a gas in a mixture is similar, although 
more complicated. See Section 7-ST-l for the treatment of equilibria using fuga- 
cities. 

Note that neither the definition of fugacity nor the preceding derivations require 
that the substance be gaseous. We can obtain the fugacity of a solid or a liquid 
by integrating Eq. (6-109). The molecular weight used must be that of the gas at 
F-^O, however, since this is the condition on which the definition of/is based. 

Returning to the case of a nonideal gas, the law of corresponding states amounts 
to the observation that a plot of the compressibility factor Z against reduced pres- 
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sure P/P c for various reduced temperatures TjT c gives a set of plots which are well- 
obeyed by all gases. This was illustrated in Fig. 1-10. It should not be surprising 
that fugacities obey the law of corresponding states fairly well. Actually, it is more 
convenient to introduce a further quantity, the activity coefficient y defined by 
/i = YtPt ■ The activity coefficient is the factor by which the fugacity differs from 
the actual pressure of the gas. Activity coefficients also obey the law of correspond¬ 
ing states and Fig. 6-13 shows a chart of y versus P r for various T r . It is used in 
much the same way as is Fig. 1-10. 

Example. Calculate the fugacity of NH a at 350 K and 500 atm pressure. From Table 1-4, 
T 0 and P 0 are 304 K and 72.8 atm, hence T t = 350/304 = 1.15, and P T = 500/72.8 = 6.87. 
From Fig. 6-13, we read y = 0.35 and thus the fugacity is/ = 500 x 0.35 = 175 atm. 



0 2 4 6 8 10 12 14 16 18 20 

P 



0 20 40 60 80 100 

Pr 


FIG. 6-13. Activity coefficients for gases as a function of reduced pressure P T for various reduced 
temperatures T r . [From R. H. Newton, lnd. Eng. Chem., 27, 302 (1935). Copyright 1935 by the 
American Chemical Society. Used by permission of the copyright owner.] 
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6-ST-3 The Free Energy Function 

We continue here the approach initiated in Section 5-ST-2. In that section the 
internal energy function E — E 0 was introduced, obtainable through either 
Eq. (5-39) or Eq. (5-42): 


E-E 0 = J* Cydt or E — E 0 = RT*( 

It could thus be determined either thermochemically or spectroscopically. Similarly, 
the enthalpy function H° — E 0 is defined by Eq. (5-45). It is now convenient to 
introduce a more symmetric function, H° — H 0 °, given by 


H° 


- H 0 o= r CpdT, 

J o 

or, from Eq. (6-82) 

H ° - «f - -^r 1 ], + RTV \^-\, ■ 


(6-114) 


(6-115) 


The enthalpy function may therefore also be determined either thermochemically 
if the substance is an ideal gas or from spectroscopically obtained values of 0 vib and 
drot and the various partition functions given in Section 6-9. Recall that the super¬ 
script zero denotes 1 atm pressure and the subscript zero the value at 0 K. 

Since by definition G = H — TS, we can write 


G° - H 0 ° _ Ho - H° _ „ 0 
T T ^ 


(6-116) 


(// 0 ° has merely been subtracted from both sides). The quantity ( G° — H 0 °)/T is 
called the free energy function and (H° — H 0 °)/T the enthalpy function. As with the 
other functions, (G° — Hf)jT may be obtained purely from thermochemical 
data, including now a third law determination of S°, or, in the case of an ideal gas, 
from the various partition function expressions. 

We now consider data for some chemical reaction. For the general reaction 

aA + bB + = mM + nN + — 

we can write A G° for some temperature T as 

AG° A(G° - H 0 °) AH 0 ° 

T — T t T 

Similarly, 

AH° = A(H° - H 0 °) + AH 0 ° 

If AG a jT can be evaluated for the reaction and A(G° — H 0 °)IT obtained either 
thermochemically or spectroscopically, then AH 0 ° can be determined. For this 
reaction AHf is a constant and Eq. (6-117) can be used for the calculation of AG° 
at any other temperature. As in thermochemistry the practice is to compile values 
of AH 0 ° for reactions in which a given substance is formed from the elements. 


(6-117) 

(6-118) 



218 CHAPTER 6: THE SECOND AND THIRD LAWS OF THERMODYNAMICS 
TABLE 6-4. Free Energies for the Elements a 


Element 

- 

(G° - iV)/r(cal K -1 mole 

- 1 ) 

K,, - AHf' 

(kcal mole -1 ) (kcal mole -1 ) 

298.15 K 

500 K 

1000 K 

1500 K 

2000 K 

Br 2 (g) 

50.85 

54.99 

60.80 

64.31 

66.83 

2.325 

8.37 

Br 2 (() 

25.5 

— 

— 

— 

— 

3.240 

0 

C(graphite) 

0.53 

1.16 

2.78 

4.19 

5.38 

0.251 

0 

ci 2 0r) 

45.93 

49.85 

55.43 

58.85 

61.34 

2.194 

0 

F 2 Gr) 

41.37 

45.10 

50.44 

53.74 

56.17 

2.110 

0 

H 2 (tf) 

24.42 

27.95 

32.74 

35.59 

37.67 

2.024 

0 

Ug) 

54.18 

58.46 

64.40 

67.96 

70.52 

2.148 

15.66 

M*) 

17.18 

— 

— 

— 

— 

3.154 

0 

n 2 o?) 

38.82 

42.42 

47.31 

50.28 

52.48 

2.072 

0 

0,(g) 

42.06 

45.68 

50.70 

53.81 

56.10 

2.07 

0 


“ From G. N. Lewis and M. Randall, “Thermodynamics,” 2nd ed. (revised by K. S. Pitzer 
and L. Brewer), p. 680. McGraw-Hill, New York, 1961 (where additional values are given). 

6 Of formation from the element in its standard phase; Hf includes the ^hv„N 0 contribution 
from the zero-point vibrational energy. 


One can then calculate AH 0 ° for any other reaction in the same way as with enthal¬ 
pies of formation [Eq. (5-23)]. 

It is well at this point to summarize the reasons for using the above functions. 
First, they provide a natural arrangement that facilitates the use of statistical 
thermodynamics. Once AH 0 ° has been determined for a reaction we can often 
calculate A(G° — H 0 °)/T for any desired temperature without recourse to further 
experimental data. In this way we can find AG° for a reaction at a temperature not 
experimentally accessible. Second, the free energy function (G° — H 0 °)/T changes 
much more slowly with temperature than does G° itself. Tabulations of this function 
may then be for rather widely spaced temperature intervals. Tables 6-4 and 6-5 give 
some illustrative data of this type. 

It will be seen later (Section 7-2) that AG° determines the equilibrium constant 
for a reaction, the equation being 

AG° = —RT\n K, (6-119) 

where K is the equilibrium constant. Equation (6-117) may then be written in 
the form 

(6 . 120) 

The ability to calculate a AG° for a reaction is equivalent to the ability to determine 
its equilibrium constant; hence the great importance of AG°. 

The following calculation will demonstrate the use of the tables. Consider the reaction 

3H 2 + N 2 = 2NH S . (6-121) 

We used this in Section 5-ST-2 to illustrate the calculation of H° — E 0 from partition functions. 
We now want to obtain AG° (and hence the equilibrium constant) at 1000 K. First, d/f 2 ° 88 is 
just the standard enthalpy of formation of 2 moles of ammonia. From Table 5-2 we get = 
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TABLE 6-5. Free Energies for Various Gaseous Compounds a 


Compound 


—(G° - H, 

°)/r(cal K' 1 mole 

- 1 ) 

1/0 17 0 

I1 298 11 0 

(kcal mole -1 ) 

AH 0 0b 

(kcal mole -1 ) 

298 K 

500 K 

1000 K 

1500 K 

2000 K 

CH. 

36.46 

40.75 

47.65 

52.84 

57.1 

2.397 

-15.99 

C 2 H 2 

39.98 

44.51 

52.01 

57.23 

61.33 

2.392 

54.33 

QH, 

43.98 

48.74 

57.29 

63.94 

69.46 

2.525 

14.52 

c 2 h 6 

45.27 

50.77 

61.11 

69.46 

— 

2.856 

-16.52 

c 3 h 8 

52.73 

59.81 

74.10 

85.86 

— 

3.512 

-19.48 

c 6 h 6 

52.93 

60.24 

76.57 

90.45 

— 

3.401 

24.00 

c 2 h 6 oh 

56.20 

62.82 

75.28 

85.15 

— 

3.39 

-52.41 

CO 

40.25 

43.86 

48.77 

51.78 

53.99 

2.073 

-27.202 

co 2 

43.56 

47.67 

54.11 

58.48 

61.85 

2.238 

-93.969 

HBr 

40.53 

44.12 

48.99 

51.95 

54.13 

2.067 

-8.1 

HC1 

37.72 

41.31 

46.16 

49.08 

51.23 

2.065 

-22.019 

HI 

42.40 

45.99 

50.90 

53.90 

56.11 

2.069 

6.7 

h 2 o 

37.17 

41.29 

47.01 

50.60 

53.32 

2.368 

-57.107 

nh 3 

37.99 

42.28 

48.63 

53.03 

56.56 

2.37 

-9.37 

NO 

42.98 

46.76 

51.86 

54.96 

57.24 

2.194 

21.48 

so 2 

50.82 

55.38 

62.28 

66.82 

70.2 

2.519 

-70.36 

SO, 

51.89 

57.14 

66.08 

72.40 

77.1 

2.77 

93.06 


a From G. N. Lewis and M. Randall, “Thermodynamics,” 2nd ed. (revised by K. S. Pitzer 
and L. Brewer), p. 682. McGraw-Hill, New York, 1961. 
b Of formation from the elements. 


—2(11.04) = —22.08 kcal, and from Tables 6-4 and 6-5 we have 

A{Hl„ ~ W) = 2(2.37) - 3(2.024) - 2.072 = -3.40 kcal. 
Then from Eq. (6-118) we have 

AHf = -22.08 - (-3.40) = -18.68 kcal. 

We next calculate A(G° — H„ a )IT for 1000 K using the tables: 


A(G° - Hf) 
T 


-2(48.63) - [-3(32.74) - 47.31] = 48.27 cal K -1 


or, multiplying by T = 1000 K, we get 


Finally, we have 


A(G a - Hf) = 48.27 kcal. 


AG« = 48.27 - 18.68 = 29.59 kcal. 


We can complete the calculation by obtaining the equilibrium constant. From Eq. (6-120) 
we have 


In K 


29,590 

(1.987)(1000) 


K = 3.41 x 10-’. 


-14.89 , 


This example could have been made yet more complete if we had carried out the evaluation of 
(7° — H 0 ° for each substance at 1000 K using the appropriate partition functions. Essentially 
the same calculation was made in Section 6-9C for N 2 at 25°C. 
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EXERCISES 


6-1 An ideal heat engine operates between — 40°C and 40°C. How many joules of work does 
it deliver per joule of heat energy absorbed at the upper temperature ? 

Ans. 0.255 J. 


6-2 The same machine as in Exercise 6-1 is operated as a refrigerator. How much power (in 
watts) must be supplied to the machine so that its low-temperature coils can maintain 
a cryostat bath at —40°C? The bath gains 100 cal sec -1 from its surroundings. 

Ans. 144 W. 


6-3 The same machine as in Exercise 6-1 is used as a heat pump. How much power must be 
supplied to it if its hot coils are to replace a 40,000 Btu hr -1 house furnace. (This is a 
Canadian winter with —40°C outside, and the 40°C inside temperature will make the house 
rather warm!) 


Ans. 3000 W. 


6-4 The available cooling water for an ideal heat engine is 10°C. What must be the upper 
operating temperature if the efficiency is to be 35% (and the lower temperature 10°C)? 

Ans. 162°C. 


6-5 One mole of an ideal monatomic gas is initially at STP and is put through the following 
alternative reversible processes. For each process, calculate w, q, AE, AH, and AS. (a) 
Isochoric cooling to — 100°C. (b) Isothermal compression to 100 atm. (c) Isobaric heating 
to 100°C. (d) Adiabatic expansion to 0.1 atm. 

Ans. (a) w = 0, q = —298 cal, AE = q, AH = —497 cal, AS = —1.36 cal K -1 mole -1 . 

(b) w = q = -2500 cal, AE = AH = 0, AS = -9.15 cal K -1 mole -1 , 

(c) w = 199 cal, q = AH = 497 cal, AE = 298 cal, dS = 1.55 cal K -1 mole -1 . 

(d) w = -AE = 490 cal, q = AS = 0, AH = -817 cal. 


6-6 Five moles of an ideal gas of C v = 7.50 cal K" 1 mole -1 and initially at STP are com¬ 
pressed adiabatically and reversibly until the temperature rises to 500°C. Calculate the 
final pressure. 


Ans. 144 atm. 
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6-7 Two moles of an ideal monatomic gas initially at 1 atm and 25°C undergo an irreversible 
adiabatic expansion in which 200 cal of work is done. Calculate, if possible, the final 
state of the gas and q, AE, AH, and AS for the change. 

Ans. q = 0, T f = 265 K, AE = -200 cal, AH = -333 cal 
(the final volume or pressure and AS cannot be obtained 
without more knowledge of the details of the expansion). 


6-8 What is the change in entropy when one mole of water freezes at 0°C? 

Ans. —5.25 cal K" 1 mole* 1 . 


6-9 What are the changes in energy, enthalpy, and entropy when one mole of water condenses 
at 100°C from vapor at 1 atm to liquid water? 

Ans. AH — —9.717 kcal mole* 1 , AE = —8.976 kcal mole* 1 , 

AS = -26.04 cal K* 1 mole* 1 . 


6-10 Calculate from the data of Tables 5-4 and 6-2 the molar entropy of liquid water at 100°C 
and 1 atm pressure and of water vapor at 200°C and 1 atm pressure. 

Ans. .S 0 (HaO liq, 100°C) = 20.78 cal K* 1 mole* 1 , 
5°(H t O gas, 200 °C) = 48.80 cal K* 1 mole* 1 . 


6-11 Calculate AG for the isothermal expansion of one mole of water vapor at 25°C from 
20 to 0.50 Torr. 


Ans. —2185 cal. 

6-12 Calculate the value of AG when one mole of water is taken from liquid at 1 atm and 
80.1°C to vapor at 1 atm and 80.1°C and thence to vapor at 0.5 atm and 200°C. (Assume 
ideal gas behavior for the vapor.) C F is given by (8.00 + 0.0807’) and (2.46 + 0.06027’) 
for liquid and gaseous benzene, respectively, and S|»8 is 41.3 for benzene liquid, all 
values in cal K* 1 mole* 1 . 

Ans. (a) AG = 0, (b) AG = —9271 cal mole* 1 (the process is not 
isothermal and so the negative sign does not imply spontaneity). 


6-13 Show from Eq. (6-103) that C P — C v = R for an ideal gas. 

6-14 Calculate the coefficients of compressibility and of thermal expansion for an ideal gas. 

Ans. = 1/P, oc = 1/r. 

6-15 Verify the constant —2.31 in Eq. (6-85); obtain two more significant figures. 

6-16 Verify the constant 65.8 in Eq. (6-88). 

6-17 Calculate the translation entropy and Helmholtz free energy of H 2 0 gas at 1 atm and 100°C. 

Ans. S° = 35.72 cal K* 1 mole" 1 , A 0 = —12,220 cal mole* 1 . 

6-18 Calculate the vibrational contribution to the entropy and free energy of 35 C1 2 at 100°C; 
neglect the zero-point energy contribution. 


Ans. Swb — 0.811 cal K* 1 mole" 1 , A = G — —92.1 cal. 
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6-19 Calculate the rotational contribution to the entropy and free energy of 85 C1 2 at 100°C. 

Arts. S TO t = 15.83 cal K' 1 mole' 1 , A = G = —5167 cal. 


PROBLEMS 


6-1 A reversible heat engine operates between 20°C and an upper temperature T 2 with 25 % 
efficiency; it produces 10,000 J per cycle. Calculate T 2 , q lt and q 2 . Make a plot of S versus 
T for the Carnot cycle corresponding to this engine. Also calculate the performance factors 
for the engine operating as a refrigerator and as a heat pump. 

6-2 A heat engine operates between 0°C and 1000°C and is ideal except that 20% of the work 
produced is dissipated by friction at 0°C. How much heat must be supplied at 1000°C if 
1000 J of useful work is to be done by the machine? 

6-3 A system experiences the following reversible constant-pressure process: 

(P 1 = 1 atm, \\ = 3 liter, 7\ = 400 K) -*■ (P 2 = 1 atm, V 2 = 4 liter, T 2 = 700 K). 

The heat capacity of the system for this process is 20 cal K' 1 ; the entropy of the system 
is initially 30 cal K" l . Calculate AE, AH, AS, AG, q, and w for the process. 

6-4 Show that (dEldV)r = 0, for an ideal gas, using the first and second laws and related 
definitions. 

6-5 A mercury vapor engine operates at a boiler pressure of 2 atm; the condenser is at 25°C. 
Calculate the theoretical efficiency. Calculate also the theoretical efficiency of a steam 
engine operating at the same boiler pressure and condenser temperature. 

6-6 The heat of fusion of mercury is 2.82 cal gr 1 at its melting point of —39°C and the heat 
capacities of solid and liquid mercury are both 6.76 cal K' 1 mole' 1 . Calculate AS and 
AG for the irreversible process 

Hg(/, — 50°C) — Hg(.s, — 50°C). 

The negative AS found does not mean that supercooled liquid mercury will not spon¬ 
taneously freeze, because the process to which the AS refers is not one that could occur 
in an isolated system. Show that this last statement is correct and write down the process 
that would occur if the same supercooled liquid mercury were isolated from its surroundings 
and then the spontaneous process took place. Calculate AS for this second process (neglect 
mechanical work due to volume changes, assume C y = C P and AH = AE). 

6-7 Given the process 

H 2 0(j, -10°C, 1 atm) — H 2 0(/, -10°C, 1 atm) 

and the necessary thermal data from handbooks, (a) calculate AS. Note that AS is positive; 
explain whether this means that the process is spontaneous. If not, set up and calculate 
AS for the process [starting with H 2 0 (j, — 10°C)] that would be spontaneous, (b) Calculate 
AG and AH for the first process. 

6-8 Calculate AS, AH, and AG for the process 

18 g ice (0°C) + 200 g H z O (50°C) = equilibrium system at t°C. 
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The process is carried out by placing the water in a Dewar flask and then dropping the ice 
in; it may be assumed that the flask is perfectly insulated. 

6-9 Calculate AG for the following changes of state for one mole of an ideal monatomic gas 
initially at 0°C and 1 atm pressure: (a) volume doubled at constant pressure; (b) pressure 
doubled at constant volume; (c) pressure doubled at constant temperature. Assume 
at 1 atm to be 26 cal K - 1 mole ~ 1 . 

6-10 Derive the equation 

from the first and second laws and related definitions ((a is the Joule-Thomson coefficient). 

6-11 Derive the equation 

from the first and second laws and related definitions. 

6-12 Suppose that for a certain gas ( dEI8V) T = 0 but P(V — b) — RT t where b is a constant. 
Calculate ( dH/dV) T and C f — C v ■ 

6-13 Calculate AG and AA for three moles of an ideal gas that expands irreversibly from 2 atm 
at 25°C to 0.1 atm at 25°. Repeat the calculation for ammonia assuming it to obey the 
van der Waals equation. No work is done. 

6-14 The principal vibrational frequencies for C0 2 are n = 1388.3 cm -1 , v t = 667.3 (twice), 
and v 3 = 2349.3 cm -1 . Calculate the vibrational partition functions for C0 2 at 25°C and at 
50°C and make an approximate calculation of the vibrational contribution to the heat 
capacity at 37°C. Compare this with the experimental value. Also calculate the percentage 
of the equipartitional heat capacity that is present at 37°C. Finally, calculate the vibrational 
contribution to the entropy of C0 2 at 25°C. 

6-15 The vibrational frequency for I 2 is 214 cm -1 . Calculate (a) the separation of the first 
vibrational level from the ground state in calories per mole; (b) the vibrational contribution 
to the energy at 100°C; and (c) the vibrational contribution to the entropy at 100°C. 

6-16 An adsorbed molecule is often thought to be confined or localized to a relatively small 
area around a particular active site of the adsorbent. Calculate the spacing between the 
n = 1 and n = 2 levels of translational energy for the case of argon molecules each confined 
to a two-dimensional box of 25 A 2 area, assuming 0°C. Explain whether the approximation 
made in obtaining Eq. (4-66) should still apply. 

6-17 Calculate the total entropy of HC1 gas at STP assuming it to be an ideal gas and taking the 
fundamental vibration frequency to be 2886 cm -1 and the moment of inertia to be 2.72 x 
10 -40 g cm 2 . That is, calculate and sum the translational, vibrational, and rotational 
contributions to the entropy. 

6-18 Calculate the molar entropy of Kr gas at STP assuming it to be ideal and using the Sackur- 
Tetrode equation. Also calculate the entropy per mole ofKr adsorbed on a surface assuming 
that it behaves as an ideal two-dimensional gas and that its state is 0°C and a surface 
concentration such that the average distance apart of molecules is the same as in the three- 
dimensional gas at STP. 
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6-19 Giauque and Blue (1936) obtained the following data for hydrogen sulfide: 


T 

(K) 

Cp 

(cal K -1 mole -1 ) 

T 

(K) 

Cp 

(cal K -1 mole -1 ) 

20 

1.25 

110 

11.79 

30 

2.48 

120 

13.27 

40 

3.56 

126.2 

C) 

50 

4.56 

130 

13.25 

60 

5.51 

140 

13.33 

70 

6.43 

150 

13.45 

80 

7.31 

170 

13.92 

90 

8.26 

187.6 

0 

100 

9.36 

190 

16.21 

103.5 

(“) 

210 

16.31 

105 

11.25 

212.8 

(“) 


° Solid-state transition with AH — 368 cal mole -1 . 
b Solid-state transition with AH = 121 cal mole -1 . 
c Melting point, AH = 568 cal mole -1 . 
d Normal boiling point, AH = 4463 cal mole -1 . 

Below 20 K the heat capacity obeys the law O = aT‘. Calculate the absolute entropy of 
hydrogen sulfide at 1 atm and 212.8 K. 

6-20 One mole of an ideal monatomic gas expands adiabatically and reversibly from 500°C 
and 10 atm to 25°C. Calculate AS, AH, AE, q, and w. 

6-21 One mole of an ideal monatomic gas at STP expands into an evacuated flask so that its 
volume triples. Calculate AS, AE, AH, AG, q, and w. 

6-22 A cylinder which is closed at both ends has within it a frictionless piston head. Both the 
piston and the walls of thecylinder are of insulating material so that no heatcan passthrough 
them. Initially the left side of the cylinder contains one mole of gas at 10 atm while the 
right side contains one mole of gas at 0.2 atm, as illustrated in the accompanying diagram. 
Both sides are initially at the same temperature, 25°C, and the gas is ideal and monatomic. 
The catch holding the piston in place is released and the piston moves to its equilibrium 
position. Calculate the final temperature and pressure on each side and AE, AH, and AS 
for the overall process. 



10 atm 



0.2 atm 




Frictionless 
piston head 


SPECIAL TOPICS PROBLEMS 


Problems marked with an asterisk require fairly lengthy computations. 

6-1 The general equation for Cp — Cy is given by Eq. (6-105). (a) Show that the dimensions 
are the same on both sides of the equation, (b) Calculate Cp — Cy for liquid water at 20°C. 
(c) Show that the equation reduces to Cp — Cy — R for an ideal gas. (d) Show that 
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C P — C v = R + (2aP/RT 2 ) + (a 2 P' l jR'T 1 ) for a van der Waals gas. [Note: This equation 
is obtained by making certain approximations. Start with the van der Waals equation in the 
form PV = RT — (a/V) + bP + ( ab/V 2 ), then neglect the term ab/V 2 and approximate 
ajV by aPIRT.] (e) Using the van der Waals constants, calculate C P — C v for C0 2 at 
35°C and 10 atm. 


6-2 Assume that a gas obeys the equation P(V — b) = RT. Derive an expression for the 
fugacity of such a gas as a function of pressure and temperature. 

6-3* Assuming that water vapor obeys the van der Waals equation, calculate the activity 
coefficient of water vapor at 200°C from zero pressure up to the saturation vapor pres¬ 
sure. Activity coefficient is the ratio of fugacity to ideal gas law pressure. 

6 - 4 * Find the appropriate data in a handbook and calculate the fugacity of CO a as a function 
of pressure at 25°C up to 20 atm pressure. 

6-5 Calculate AG° and the corresponding equilibrium constants at 298 K and at 1000 K for 
the reactions 

3C 2 H 2 = CeHete) and H 2 + Cl 2 = 2HClte). 

6-6 Verify the value of (G° — H 0 0 )l T at 298 K for 0 2 (g) given in Table 6-4 by evaluating the 
appropriate partition functions. 

6-7 Calculate the degree of dissociation of I a (£) at 1000°C using data from Table 6-4 and the 
appropriate statistical mechanical calculation for the I atom. 

6-8* Calculate 5°, E — E 0 , and G — E„ for H a from 80 K to 25°C at close enough intervals 
to allow accurate plots to be made of these two quantities against temperature. Do the 
same for N s . Both gases are in their standard states of 1 atm pressure. 

6-9 Calculate dS 2 , 8 K for the reaction H 2 + Br 2 = 2 HBr. 

6-10 Consider the following hypothetical attempt to approach 0 K by successive adiabatic 
expansions of an ideal monatomic gas. We start with 1000 moles of gas at 10 4 atm and 0°C 
and let it expand adiabatically to 1 atm. We then take one-third of the expanded, cold 
gas and compress it adiabatically to 10 4 atm; the compressed gas is then allowed to come 
to thermal equilibrium with the remaining two-thirds that is still cold. The 1000/3 moles of 
compressed, cooled gas is allowed to expand adiabatically to 1 atm. Calculate the final 
temperature. 

6-11 Calculate K F for reaction (6-121) at 2000 K. 

6-12 Calculate Kp for C + 2H a = CH t (g) at 298 K, 1000 K, and 2000 K. 

6-13 Calculate the fugacity of methane at 25°C and 500 atm pressure. 



CHAPTER SEVEN 


CHEMICAL EQUILIBRIUM 


7-1 Introduction 

Early chemists considered that different substances exhibited either empathies 
or antipathies towards each other. Those that reacted were thought to possess some 
kind of mutual affinity, and alchemical language was rich in phrases implying 
almost emotional attitudes on the part of various chemicals. Chemistry was then 
largely preparative in nature; reactions either occurred or did not occur. The 
concept of equilibrium gradually developed, however, with one of the first advances 
being made by C. L. Berthollet in 1801. Berthollet served as an advisor to Napoleon 
in an expedition to Egypt in 1799 and had observed that there were deposits of 
sodium carbonate in various salt lakes. He concluded that the usual reaction 

Na 2 C0 3 + CaCI 2 —► CaC0 3 + 2NaCl 

could be reversed in the presence of a sufficiently high salt concentration, so that 
chemical affinity was more than an inherent attribute of a substance but also 
depended on its concentration. 

Later, in the period 1850-1860, L. Wilhelmy and M. Berthelot added the 
important conclusion that chemical equilibrium resulted from a balance between 
forward and reverse reaction rates, rather than being a static condition. Their 
particular studies dealt with the hydrolysis of sugars and of esters, but the general 
conclusion was that for a reaction such as 

A + B = M + N (7-1) 

the forward and reverse reaction rates must be equal at equilibrium. These rates 
were taken to be proportional to the concentrations, in what is known as the law of 
mass action. Thus for the preceding reaction 

forward rate = Rt = &f(A)(B), (7-2) 

backward rate = Rh = &b(M)(N), (7-3) 
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where the parentheses denote concentrations. At equilibrium Rt = Rt , and on 
equating the respective expressions, we find 


k t (M)(N) 
kx, (A)(B) ' 

A more general formulation for a chemical reaction is 

aA + bB + "• = mM + «N + ••• 

and the corresponding equilibrium constant becomes 

(M) m (N)” - 
(A) a (B) 6 ••• ' 


(7-4) 


(7-5) 


(7-6) 


The constant K is known, in this context, as the mass action equilibrium constant. 

In more modern language, the contribution of the mass action approach was in 
establishing that, experimentally, an equilibrium system is one in dynamic balance. 
The important consequence is that a small change in condition, such as that 
caused by the addition or removal of one of the reactants or products, shifts the 
position of equilibrium accordingly. The same is true for a small change in tem¬ 
perature or pressure. Such changes are therefore reversible ones. Since they do not 
occur spontaneously, the free energy of the system is at a minimum, by the criterion 
for equilibrium of Section 6-6B. 

One of the initial difficulties was in distinguishing between amount as such and 
concentration. Berthollet’s reaction was between a concentrated NaCl solution 
and the CaC0 3 present in limestone or as a solid. The problem was in recog¬ 
nizing that the equilibrium depends on the amount of sodium chloride present, 
since this does affect its concentration, but does not depend on the amount of 
limestone, since this does not affect the concentration of CaC0 3 . After a period 
of some confusion, it was realized that the mass action formulation had to be 
phrased in terms of “active masses” or concentrations. Another early problem lay in 
understanding the role of catalysts. If a catalyst can change the rate of a reaction, 
might it not also change the position of equilibrium? One of the important contri¬ 
butions of thermodynamics to chemical equilibrium studies is the conclusion that 
the free energy change for a chemical reaction is determined by the states of the 
reactants and products and is therefore independent of path. As a consequence, 
the position of equilibrium cannot be affected by a catalyst; some further analysis 
of this point is given in the Commentary and Notes section. 

Another difficulty with the mass action approach is that rates will not necessarily 
be given by the simple mass action law based on the overall reaction, such as Eqs. 
(7-2) and (7-3). As will be seen in Chapter 14, the actual rate law depends on the 
detailed reaction path or mechanism. Thus, the equilibrium constant written in 
terms of concentrations, or the mass action equilibrium constant, is not in general 
simply related to the separate expressions for the experimental forward and reverse 
reaction rates. The thermodynamic approach, however, deals only with initial and 
final states, so that this treatment of chemical equilibrium by-passes questions of 
reaction mechanism. In effect, the application of thermodynamics to chemical 
equilibrium separates the subject from that of chemical kinetics. 

The treatment of chemical equilibrium is restricted in this chapter to reactions 
involving gases only, or gases and pure solid phases. The thermodynamics is quite 



7-2 THE THERMODYNAMIC EQUILIBRIUM CONSTANT 229 


general, however, and is applied to solution equilibria in Chapter 12 with only 
minor modifications in terminology. 


7-2 The Thermodynamic Equilibrium Constant 

The formal statement of the free energy change accompanying a chemical 
reaction such as that of Eq. (7-5) is 

AG — (fnG M + wGn + ••') — (&G A + bG B + •••). (7-7) 

In the case of a gaseous species the molar free energy is given by Eq. (6-49), which 
is, in integrated form, 

G = G° + RT\nP. (7-8) 

G° is the molar free energy of the gas in its standard or reference state of unit 
pressure, ordinarily taken to be 1 atm. Equation (7-8) applies to an ideal gas; 
for nonideal gases, fugacity/replaces P, as discussed in the Special Topics section. 
Equation (7-7) becomes 

AG = ( mG M ° + «G n ° + •••) - (aG A ° + bG B ° + •••) 

+ RT[(m In P M + wln/’s + •••) *— (fl In Pa + b In P B + •;•)] (7-9) 

if we assume that only ideal gases are involved and that the process is written for 
some constant temperature T. Equation (7-9) reduces to 

p m p n ... 

AG = AG° + RT In - -= AG° + flrin Q, (7-10) 

P \P B ■" 

where AG° is the free energy change when the reaction occurs with the reactants 
and products in their standard states of 1 atm. The equation is a general one, in 
the sense that it gives the free energy change when the process occurs with pressures 
P M , Pn , Pa > 7>b , and so on, defining some arbitrary value of Q. 

The general case will not be one of chemical equilibrium, and reaction in one 
direction or the other will occur spontaneously so as to reduce the free energy of 
the system to a minimum. At this point AG will be zero for any small degree of 
reaction in either direction and the system will be in equilibrium. Equation (7-10) 
becomes 

AG° = -RTln K r , (7-11) 

where K P is the equilibrium value of Q, and is the thermodynamic equilibrium 
constant for the reaction. 

It should be appreciated that any set of individual pressures which combine to 
give the value of K P will represent an equilibrium system. Alternatively, K P is 
determined by AG°, which depends only on the standard-state free energies of the 
reactants and products and is a constant for the system. However, AG° and hence 
K P will vary with temperature, as discussed in Section 7-4. The value of AG° is a 
measure of the tendency of the reaction to occur. If it is large and negative, K P is 
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a large number, and at equilibrium the concentrations of products will be large 
compared to those of the reactants. Conversely, if AG° is a large positive number, 
K P will be small, and the degree of reaction will be small at equilibrium. Finally, 
Eq. (7-11) relates equilibrium constants to the general body of thermodynamic data. 
Free energies for individual substances may be obtained from spectroscopic 
information through the methods of statistical thermodynamics so that equilibrium 
constants can be calculated indirectly (Section 7-8) or measured equilibrium 
constants can be given a thermodynamic interpretation. 

The equilibrium constant for a reaction involving ideal gases may be expressed 
in several alternative forms. Since P 4 = ( n t IN)P , where N and P are, respectively, 
the total moles present and the total pressure at equilibrium, it follows that 


K P 


»M m «N n ■■■ (JL_\ An 
n A a n B b ■■■ \ N ) 



(7-12) 


where An denotes the number of moles of products minus those of reactants. Since 
K P is independent of pressure, it is evident that K n must be a function of pressure. 
Therefore K n is not a true equilibrium constant; it is useful, however, as an inter¬ 
mediate quantity in equilibrium constant calculations. Similarly, we have 


Kp = P An = k x p*\ (7-i3) 

X A X B 

where x denotes mole fraction; K x , like K n , is a function of pressure. 

We may also express K P in terms of concentration since C = n/v = P/RT. 
We obtain 

Kp = (RT)*> = K c (RT) An , (7-14) 


where K c , like K P , is independent of pressure and is a true equilibrium constant. 
It is customary to specify units. Thus the units of K P will usually be (atmosphere)- 1 " 
and those of K c , (moles per liter) J " (see Commentary and Notes). 

It is important to remember that an equilibrium constant is written for a specific 
reaction. Thus we have 

p2 

2H„ + 0 2 = 2H 2 0, K P = - (atm)- 1 

p 

H 2 + i0 2 = H 2 0 , Kp = -p (atm)- 1 / 2 . 

H 2 0 2 

Halving the scale of a reaction halves the value of AG° and makes the new equilib¬ 
rium constant the square root of the original one. A related aspect is that of 
adding or subtracting equations. One adds or subtracts AG° values, as with other 
A quantities, and therefore multiplies or divides the corresponding K P ’s. For 
example, 

(a) H 2 Ote) + C(s) = COG?) + H 2 Gr) 

(b) h 2 ( ? ) + Jo 2 (r) = h 2 0(«-) 

(c) = (a) + (b) C(j) + t (g) = CO(g) 

It follows that AG° W + AG Q fh) = AG° m and Kp^Kp^ = K P(c) . 
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7-3 The Determination of 
Experimental Equilibrium Constants 

A. Experimental Procedures 

Equations (7-12)—(7-14) provide alternative specifications for the quantities that 
must be determined for an equilibrium system. Since K P varies with temperature, 
we assume that the temperature has a known, specified value. Several types of 
experimental approaches are used. A direct one is simply to analyze an equilibrium 
mixture by chemical means. It is necessary, of course, that the equilibrium not 
shift during the process of analysis, which means that the reaction must be slow. 
This will be the case if the equilibrium is being studied at some high temperature 
and samples of the equilibrium mixture are cooled suddenly, or “quenched.” The 
effect is to freeze the system at its equilibrium composition, so that analyses may 
be made at leisure. Alternatively, if a catalyst is used to hasten equilibration, then 
removal of the catalyst makes chemical analysis possible. As an example, the 
reaction 

h 2 + I 2 = 2HI (7-15) 

is rapid at high temperatures or in the presence of a catalyst such as platinum 
metal. A sample of the mixed gases, cooled rapidly to room temperature and away 
from the catalyst, is now just a mixture of nonreacting species. The I 2 and HI can 
be absorbed in aqueous alkali and analyzed and the hydrogen gas determined by 
gas analysis methods. 

The overall composition of an equilibrium mixture is usually known from the 
amounts of material mixed. In the example here if the initial mixture consists of 
certain definite amounts of hydrogen and iodine, then analysis of the hydrogen in 
the equilibrium mixture suffices. The amount of hydrogen lost indicates the number 
of moles of HI produced and the amount of I 2 reacted and hence the number of 
moles of I 2 remaining. Equation (7-12) then gives K P if the total pressure of the 
equilibrium mixture is known. 

It is often possible to determine the equilibrium composition without disturbing 
the system. For example, the concentration of the various species may be found 
from some characteristic physical property. Thus I 2 vapor has a distinctive absorp¬ 
tion spectrum and measurement of the optical density of an equilibrium mixture at 
a suitable wavelength gives the I 2 concentration directly. Such a measurement, in 
combination with the initial composition, allows calculation of the concentrations 
of H 2 and of HI, and hence of K c . The equilibrium 


N 2 0 4 = 2N0 2 (7-16) 

can be followed by magnetic susceptibility measurements. Nitrogen dioxide is 
paramagnetic, while N 2 0 4 is diamagnetic. 

Methods such as the preceding are specifically tailored to the individual system; 
they have in common that the amounts or concentrations of specific species are 
determined. The degree of reaction may also be found from the P-v-T properties 
of the equilibrium mixture provided that An is not zero. Thus the density of an 
equilibrium mixture gives its average molecular weight: 


-II a v 


pRT 

P 


(7-17) 
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In the case of Eq. (7-16), we have 

Af av = 46 x N q 2 4* 92xn 2 o 4 = 92 46xno 2 (7 _ 18) 

and so a determination of Afav gives x NC , 2 and ^n 2 o 4 • Substitution into Eq. (7-13) 
gives K P . This approach would not work for reaction (7-15); since An — 0 the 
average molecular weight does not change during the course of the reaction. 


B. Effect of an Inert Gas on Equilibrium 

It might be supposed that, by definition, an inert gas should have no effect on 
an equilibrium. This is true in the sense that the presence of the inert gas does not 
affect K P . Further, if one has an equilibrium mixture contained in a vessel at a 
given P and T, then introduction of an inert gas in no way affects the equilibrium 
composition (assuming ideal gas behavior). This is the intuitive expectation and it 
may also be shown to follow from Eq. (7-12). Addition of the inert gas increases 
both P and N but their ratio remains constant, and hence so does K n . The numbers 
of moles of reactants and products remain the same. 

If, however, inert gas is added, keeping the pressure constant, then N increases 
but not P. Therefore K n must increase if An is positive and decrease if An is negative. 
In other words, if the number of moles increases with the degree of reaction, then 
the equilibrium must be shifted toward more reaction on dilution with the inert 
gas. Thus the degree of a reaction such as (7-16) should increase on dilution with 
an inert gas at constant pressure. Conversely, the degree of a reaction such as the 
following should decrease on such dilution: 


3H 2 + N 2 = 2NH 3 . (7-19) 

The effect of adding an inert gas at constant pressure is to increase the volume 
of the system and the results are just the same as if the equilibrium mixture were 
expanded into the larger volume. With no inert gas now present the total pressure 
decreases, and by Eq. (7-13), the mole fractions of products must increase if An is 
positive and decrease if An is negative. 


C. Some Sample Calculations 

The algebraic techniques for obtaining an equilibrium constant from experi¬ 
mental data generally require use of the stoichiometry of the reaction. In the 
experience of this writer, a good approach is to set up statements for the various 
mole numbers and first to evaluate K n . Where intensive quantities such as density 
are given it may be useful to assume a certain amount of equilibrium mixture; the 
assumption should later cancel out. Also, a convention that is very helpful is to 
express by n° the amount of a species that would be present were the mixture 
entirely unreacted. 

Suppose that the equilibrium of Eq. (7-16) is studied. When 9.2 g of NO a is 
introduced into a 36-liter flask at 25°C, the equilibrium pressure is found to be 
0.1 atm. From the ideal gas law, N = (0.100)(36)/(0.082056)(298.15) = 0.147. The 
material and mole balance statements are 

0.2 = «no 2 + 2n Ns o 4 , 0.147 = n NOt + «k 2 o 4 > 
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whence M Na04 = 0.053, n NOj = 0.094, and 

K _ K P _ ( 0 . 094)2 0 .1 
p n N 0.053 0.147 


0.113 atm. 


(7-20) 


Alternatively, only the equilibrium density and pressure might be known, 0.256 g 
liter -1 and 0.1 atm, respectively, in this case. From Eq. (7-17), A/ av = (0.256) 
(0.0821)(298.2)/(0.1) = 62.7. We now write 

62.7 46x NOa + 92.Vy 2 Q i or 1.36 = -Xxo 2 + 2xu a o 4 

whence x NOj = 0.64, x Na0l = 0.36, and 

K P = K X P = 0.1 = 0.113 atm. 


Reactions such as Eq. (7-16), in which a single species dissociates into products, 
are often characterized by a degree of dissociation a. We write 


«n 2 o 4 — m n 2 o 4 (1 — a), «no 2 — «N 2 o 4 (2a), N = «n 2 o 4 (1 + »)• 
The equilibrium constant expression is 


4«n 2 o 4 ^ P 

_ "Njo/ 1 "I - “) 


4a 2 

-jP= 0.113 atm. (7-21) 


For this example, since P = 0.1 atm, a = 0.470. If the equilibrium pressure were 
1 atm, then a would be 0.166. As expected from the preceding discussion, an 
increase in pressure shifts the equilibrium to the left. 

Suppose, finally, that we take the original equilibrium mixture, with P = 0.1 
atm, and add inert gas at constant pressure until the volume is 50 liters instead of 
the original 36 liters. The various statements of mole numbers become 


M NO, — W NO, » W N 2 0 4 — W N 2 0 4 — — 0.1 — £«N0 2 » 

Mg = « g (inert gas), N = n g + 0.1 + |m no , . 

The total number of moles N is also given by the ideal gas law, N = (0.1)(50)/ 
(0.0821)(298) = 0.205. Substitution into Eq. (7-12) gives 


Mno. 0.1 

*'- on3 -oT=feo305- 

On solving for m NOj , we obtain 0.105, or a = (0.105)/(2)(0.1) = 0.525. Thus the 
degree of dissociation has increased from 0.470 to 0.525 on dilution with the inert 
gas. 

A second illustration can be based on reaction (7-19). A mixture of hydrogen and 
nitrogen in a 3:1 mole ratio is passed over a catalyst at 500°C. K P = 2.49 x 10 -6 
atm - 2 . What should the total pressure be if the mole fraction of ammonia in the 
equilibrium mixture is to be 40% ? Again it is convenient to set up a table of mole 
quantities, letting y denote the number of moles of ammonia present in a sample of 
equilibrium mixture which consists initially of three moles of hydrogen and one 
of nitrogen: 

"nh, =7, M Ha = 3 - f y, m Nj = 1 - \y, N = 4 - y, 
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where «h 2 and n Na are given by the stoichiometry of the reaction. We want yj'N 
to be 0.4, or y/(4 — y) = 0.4, whence y = 8/7 and N = 20/7 moles; n Hs is then 
9/7 and « N - 2 = 3/7. Inserting these values into Eq. (7-12) gives 


2.49 X IQ” 5 = 


(8/7) 2 (20/7) 2 
(9/7) 3 (3/7) P 2 


11.71 

P 2 


Recall that = —2 in this case; note also that the denominators for the various 
mole numbers cancel out. The result obtained, P = 686 atm, is thus independent 
of the original choice of amount of reaction mixture. See, however, Section 7-ST-l. 
As a final example, consider the reaction 


PCUte) = PCi 3 te) + C\ 2 (g). 


(7-22) 


An equilibrium mixture consists of 1 mole of each species, in volume V and at 
temperature T. Three and one-third moles of Cl 2 are now added, keeping P and T 
constant. Calculate the number of moles of Cl 2 present when equilibrium is 
reestablished. Obtain also the ratio of the final to the original total volume. For the 
original mixture 


(1X1) p 

1 3 3 


We let y equal the number of moles of PC1 3 in the new equilibrium mixture, so that 
1 — y gives the PC1 3 lost as a result of the shift in equilibrium to the left. The table 
of mole quantities is 


«pci 3 = y, «pci 6 = 1 + (1 - y) = 2 - y, 

«ci a = 1 + 3J — (1 — y) = 3£ + y, N = 5£ + y. 


We then have 

„ p y(?i + y) p 

P 3 2 - y 5k + y ' 

The pressure cancels out, and on solving for y we obtain y — f. The total number 
of moles present is then 5J + f = 6, as compared to the original three moles. 
Since the pressure has remained constant, the volume must have doubled. Had no 
reaction occurred, the added Cl 2 would have increased the total number of moles 
to 3 + 3£ = 6J. 


7-4 The Variation of K P with Temperature 


One of the valuable features of Eq. (7-11) is that it permits a thermodynamic 
treatment of the variation of K P with temperature. According to Eq. (6-45), 
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If this result is applied to each term in Eq. (7-7), we get 


r s(AG) 

[ 8T 



Equation (7-23) holds for AG° as well, so we have 



(7-23) 


(7-24) 


We can thus obtain the standard entropy change for a reaction from the tempera¬ 
ture coefficient of AG°. 

Alternatively, we have 

[-^L = -;P c + t(IR,--P (c + 7s) - <7 - 25 > 

By definition, G = H — TS, so Eq. (7-25) becomes 


r JtG/TU = _H 
L 8T ip r 2 ' 


(7-26) 


Since a chemical reaction is written with each substance at the same temperature, 
Eq. (7-26) can be applied to Eq. (7-7) term by term to give 


and also 


■ 8(AG/T) i 

AH 

(7-27) 

8T ip 

T 2 

■8(AG°/T)} 

8T ip 

ah 0 
^2 * 

(7-28) 


Substituting the expression for AG° from Eq. (7-11) gives 


d(ln K P ) __ AH 0 
dT ~ RT 2 ' 


(7-29) 


The restriction of constant pressure is not required for ideal gases. Equation (7-28) 
is usually called the van’t Hoff equation, after a famous Dutch physical chemist. 
Since dT/T 2 = —d(\/T), an alternative form is 


d{ In Kp) _ AH 0 
d(l/T) ~ R 


(7-30) 


Equation (7-29) provides some immediate qualitative information. If AH 0 is 
negative, so that the reaction is exothermic, then K P decreases with increasing 
temperature. Conversely, a positive AH 0 means that K P increases with increasing 
temperature. More quantitatively, Eq. (7-30) indicates that a plot of In K P versus 
l/T should be a straight line of slope equal to —AH°/R. Integration of Eq. (7-30) 
gives 


RT ’ 


( 7 - 31 ) 



236 CHAPTER 7: CHEMICAL EQUILIBRIUM 


TABLE 7-1. The PC1 5 = PCI, + Cl, Equilibrium “ 


T (K) 

< X 

Kp (atm) 

439 

0.124 

0.0269 

443 

0.196 

0.0329 

462 

0.244 

0.0633 

485 

0.43! 

0.245 

534 

0.745 

1.99 

556 

0.857 

4.96 

574 

0.916 

9.35 

613 

0.975 

40.4 


“ Adapted from E. A. Moelwyn-Hughes, “Physical 
Chemistry,” 2nd revised ed., p. 998. Pergamon, Oxford, 
1961. 


where / is an integration constant, or if carried out between limits, 


In 


K t 


p.t 2 


K, 


P.T , 


AH 0 ,1 lx 
~R~ \7\ “ 7y‘ 


(7-32) 


By way of illustration, some data from Holland (1913) on the equilibrium for the 
dissociation ofPCl s , Eq. (7-22), are summarized in Table 7-1 and plotted according 
to Eq. (7-31) in Fig. 7-1. From the plot, K P = 10 atm at l/T = 1.73 X 10~ s and 
0.1 atm at l/T = 2.15 X 10~ s and the slope is therefore (log 10 — log 0.1)/ 
(1.73 — 2.15)(10- 3 ) = -4.76 x 10 s . Then 


A IP = (2.303X1.987X4.76 x 10 s ) = 21,800 cal. 


The foregoing integration assumed that AH 0 was itself independent of tempera- 



FIG. 7-1. Variation with temperature of Kpfor the equilibrium PCI, = PCI, + Cl 2 (data from 
Table 7-1). 
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ture. As discussed in Section 5-6, this is not strictly correct, since AC P ° will not in 
general be zero. Equation (5-29) may be written in the form 

AH T ° = B + AaT + ^p-^r, (7-33) 

where B is a constant of integration. The formal integration of Eq. (7-29) gives 

, —- B Aa Ab r . Ac 1 . . 

In K P — RT + R InT + 2 R T + 2 R + I- (7-34) 

In order to use Eq. (7-34), we must know AH 0 at some one temperature so as to 
determine B, and K P at some one temperature so as to evaluate the integration 
constant /. In addition, of course, the coefficients Aa, Ab, and Ac for the tempera¬ 
ture dependence of the heat capacity of reaction are needed. The application is 
tedious, although straightforward. A more elaborate but ultimately more con¬ 
venient approach was described in Section 6-ST-3. 


7-5 Gas-Solid Equilibria 

A special case of heterogeneous equilibrium is that between a pure solid phase 
(or phases) and a gas (or mixture of gaseous products). Consider, for example, 
the reaction 

CaC0 3 (s) = CaO(j) + CO„te). (7-35) 

The expression for the AG of reaction is 

AG = G ° c0a + RT\n P COi + G° Ca0 - G£ aCOs (7-36) 

or 

AG = AG° + RT In P COl . (7-37) 

At equilibrium AG = 0 and 


AG° = —RTln P COt . (7-38) 

The equilibrium constant for the reaction is simply K P = P C o 2 • However 
— RT\nK P = AG°, which involves the standard free energies of all three 
substances. The point is that unless C0 2 is in equilibrium with both CaC0 3 (s) and 
CaO(s), its pressure will not correspond to K P . With only one gaseous species 
present there is an all-or-nothing aspect to the equilibrium. If CaO(s) is exposed 
to a pressure of C0 2 less than the K P value, no CaC0 3 (j) forms at all. If the pressure 
is increased to the equilibrium value, then further addition of C0 2 results in con¬ 
version of CaO(j) to CaC0 3 (i), the pressure remaining constant. Once the con¬ 
version is complete, the C0 2 pressure may increase again. The situation is illustrated 
graphically in Fig. 7-2(a), which shows the phases present for systems of various 
overall compositions and pressures. The system might, for example, be contained 
in a piston and cylinder arrangement at constant temperature. For system 
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compositions lying between CaO and CaC0 3 if P is greater than K P , then no gas 
phase is present at all but just a mixture of the two solids. 

The corresponding temperature-composition diagram is shown schematically 
in Fig. 7-2(b), for a system under 1 atm pressure. The equilibrium pressure K P is 1 
atm at T 0 . Below this temperature a system of overall composition x l consists of 
just C0 2 and CaC0 3 . When heated to T 0 , the CaC0 3 decomposes to give more 
C0 2 , plus CaO, and above T 0 only the last two phases are present. A system of 
overall composition x 2 initially consists of CaC0 3 and CaO; again the former 
dissociates at T 0 , and above T 0 only C0 2 and CaO are present. Diagrams of this 
type thus have the aspect of a phase map. They are discussed further in Chapter 8 
(on liquids) and in a more formal way, in Chapter 11 (on the phase rule). 

As another example of solid-gas equilibrium, K P for the reaction 

NH 4 HS(j) = NH a te) + H 2 S(£) (7-39) 

is 

K P = P nh 3 P h 2 s • (7-40) 

As in the preceding case, solid NH 4 HS must be present in order for the ammonia 
and hydrogen sulfide pressures to be equilibrium pressures. One may also phrase 
K P in terms of the total dissociation pressure above NH 4 HS(s). Since NH 3 and 
H 2 S are formed in equal amounts, the pressure of each is half of the total pressure, 
so we have 


K P = i P\ (7-41) 

A third example will serve to illustrate an important point in stoichiometry. 
For the decomposition of methane K P = 20.5 atm at 800°C: 

pi 

CH 4 C?) - C(s) + 2H ft), K P = = 20.5. (7-42) 

“ch. 

Suppose that we initially have 3 mole of CH 4 in a 5-liter vessel at 800°C and wish 
to calculate the number of moles of each species at equilibrium. Let y be the 




(a) (b) 


FIG. 7-2. The system CO s -CaO. (a) Pressure versus composition, (b) Temperature versus 
composition. 
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number of moles of H 2 present. Then we have 

«h 2 = y, «ch 4 = 3 — iy, N = 3 + \y. 

Also P\N = RT/V = (0.0821)(1073)/5 = 17.6 atm mole -1 . Substitution into 
Eq. (7-12) gives 

20.5 = , y \ - 17.6, 

3 - %y 

from which y = 1.60. Then N = 3.80 and P = 17.6N = 66.9 atm. The number of 
moles of CH 4 are 3 — %y or 2.20, so 0.80 mole has decomposed, and n c is therefore 
0.84. 

We next wish to compute how much hydrogen gas should be introduced into 
the same 5-liter vessel at 800°C in order to just convert 3 mole of carbon into 
methane. We first observe that there will then be 3 mole of methane, so that 
P C h 4 = 3(17.6) = 52.8 atm. Since the carbon is to have just disappeared, the 
hydrogen pressure will be the equilibrium pressure, or P| 2 = K P P C3t = (20.5)(52.8), 
P Bi = 32.9 atm, and « Ha = 32.9/17.6 = 1.87 mole. The total number of moles of 
hydrogen required is then 1.87 plus the number of moles required to convert the 
carbon to methane, or plus an additional 6 mole, for a total of 7.87 mole. Thus the 
stoichiometry of the reaction must be considered as well as the equilibrium pressure. 


7-6 Le Chatelier’s Principle 

A principle put forth by H. Le Chatelier about 1890 reads as follows: A change 
in a variable that determines the state of an equilibrium system will cause a shift in 
the position of the equilibrium in a direction tending to counteract the effect of the 
change in the variable. We can see qualitatively that this principle must hold quite 
generally. Were the opposite to hold, namely, that a small change in a variable 
would cause a shift which magnified the effect of the change, then equilibrium 
systems would never be stable. A small fluctuation in condition would lead to a 
large change, which is contrary to observation. 

Specific applications of Le Chatelier’s principle to gas equilibria follow. First, 
it was observed in Section 7-3B that if an equilibrium system is diluted or expanded, 
then a shift occurs such as to increase the number of moles of gas present and 
therefore such as to oppose the effect of the expansion. That is, owing to the shift, 
the change in pressure on expansion is less than it would be otherwise. The examples 
of Sections 7-3C and 7-5 illustrated the point that addition of a product causes a 
shift in the equilibrium to the left, or such as to consume some of the added species. 
Thus addition of Cl 2 to the PC1 5 -PC1 3 -C1 2 equilibrium causes more PC1 6 to form, 
and the addition of hydrogen to carbon causes the formation of methane. 

The effect of temperature also obeys Le Chatelier’s principle. As noted in Section 
7-4, if heat is evolved by the reaction, then an increase in temperature shifts the 
equilibrium to the left, or in the direction such as to absorb heat and thus reduce 
the change in temperature that a given amount of heating would otherwise produce. 
Conversely, if the reaction absorbs heat, addition of heat to the system shifts the 
equilibrium to the right. 
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7-7 Free Energy and Entropy of Formation 

Free energies of formation are defined in the same way as were enthalpies of 
formation in Section 5-5, and a number of values are given in Table 7-2. The 
combined Tables 5-2 and 7-2 allow a calculation of entropies of formation from 
the relationship 

AG t ° = AH t ° - T AS t °. (7-43) 

The use of AGt° values is similar to the use of AHt° values. 

As an illustration, the example used in Section 5-5A on the calculation of the enthalpy of 
hydrogenation of ethylene may be repeated using free energies of formation. The reaction is 

QH.O) + H t (g) = C 2 H,te). (7-44) 

AG° ae = —7.860 — 16.282 = —24.142kcal. The corresponding AH° te was previously found 
to be -32.74 kcal, and by Eq. (7-43), dSt 98 = [(-32,740) - (-24,142)1/298.2 = -28.83 cal 
K' 1 . Also, from Eq. (7-11), In K P = 24,142/(1.987)(298.2) and K P = 4.96 X 10 17 atm -1 . (See 
Commentary and Notes regarding the use of units at this point.) 

If we ignore the complication of the AC P " for the reaction and assume that AH° is constant, 
then we may use Eq. (7-32) to obtain K P at some other temperature, say 200°C. We have 

. K p , 2 qo-c _ 32,740 /_1_1_\ 

K P , a . c (1.987) \ 298.2 473.2) 

= -20.43 


TABLE 7-2. Standard Free Energies of Formation “ 


Substance 

AG° 

(kcal mole -1 ) 

Substance 

^g ?, 298 

(kcal mole -1 ) 

AgCICs) 

-26.224 

H 2 0(/) 

-56.6902 

Br 2 fe) 

0.751 

H 2 Ofe) 

-57.6357 

C(diamond) 

0.6850 

HCIte) 

-22.769 

C(graphite) 

(0.000) 



CaC0 3 (i) 

-269.78 

HBrQr) 

-12.72 

CaOQ) 

-144.36 



CO(g) 

-32.8079 

Hl(r) 

0.31 

CO ,(g) 

-94.2598 

KCl(s) 

-97.592 

CH 4 (g) 

-12.140 

NaCl(i) 

-91.785 

C 2 H 2 (g) 

50.000 

NH s (g) 

-3.976 

C 2 H 4 fe) 

16.282 

NO(g) 

20.719 

C 2 H 6 (g) 

-7.860 

N0 2 (g) 

12.390 

CjH,(^) 

17.217 

O 3 (g) 

39.06 

C»H,(/) 

29.756 

P (S') 

66.77 

C 2 H 6 te) 

-7.860 

PCI 3 (g) 

-68.42 

C 2 H 6 OH(/) 

-41.77 

PCl 6 fe) 

-77.59 

CH 3 COOH(/) 

-93.8 

S(rhombic) 

(0.000) 

ca 4 (/) 

-16.4 

S(monoclinic) 

0.023 

Fe 2 0 3 (i) 

-177.1 

S0 2 (ir) 

-71.79 

Glycine, 




H 2 NCH 2 COOH(i) -88.61 

so 3 («-) 

-88.52 

Glycine(a^) 

-89.1 



Glycylglycine(a?) 

-117.3 




° Data from F. A. Rossini et al.. Selected Values of Chemical Thermodynamic 
Quantities, Nat. Bur. Std. Circ. No. 500. U. S. Govt. Printing Office, 
Washington, D.C., 1959;F. W. Carpenter,/. Amer. Chem. Soc. 82,1111 (1960). 
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whence K Pti00 «c = 6.62 x 10 s atm. As expected from Le Chatelier’s principle, K P decreases 
with increasing temperature. 

It was noted in Section 6-CN-3 that we may obtain absolute standard entropies 
thermochemically, using heat capacity data close to 0 K and assuming the third 
law of thermodynamics. A number of values so determined were given in Table 
6-2. The study of chemical equilibria interacts with such results in two ways. First, 
the temperature dependence of measured equilibrium constants gives experimental 
values for d5° of reaction. These may then be compared with the values calculated 
from third law entropies, and one of the major evidences of the validity of the 
third law is the excellent agreement that has resulted. (The other is the agreement 
between thermochemical and spectroscopic absolute entropies.) 

The second interaction is that if dS° is found experimentally for a reaction for 
which absolute entropies are known for all but one species, then the absolute 
entropy for this additional species can be calculated. A large number of the entries 
in the tables of absolute entropies have been obtained in this way. Just as an 
illustration, the absolute entropies for H 2 (g) and C 2 H 4 (g) are 31.21 and 52.45 
cal K -1 mole -1 , respectively, at 298 K. The experimental dS| 98 was found to be 
—28.8 cal K -1 mole -1 for reaction (7-44); hence 

$UC 2 H 6 (g)] = -28.8 + 31.21 + 52.45 = 54.86 cal K -1 mole -1 . 


COMMENTARY AND NOTES 


7-CN-l Chemical Equilibrium 
and the Second Law of Thermodynamics 

Equations (7-29) and (7-30) constitute one of the major triumphs of the second 
law of thermodynamics. The connection between the temperature dependence of 
an equilibrium constant and the enthalpy change of a reaction is not otherwise 
deducible and provides a means for obtaining a calorimetric quantity, AH 0 , from 
equilibrium constant data, that involves only measurements of equilibrium con¬ 
centrations. The equations provide a means for verifying the second law, since the 
AH 0 of a reaction obtained using them should be the same as the directly deter¬ 
mined calorimetric value. A number of such checks have been made, and three 
examples are given in Table 7-3. Since An = 0 for the reactions in question, 


TABLE 7-3. Comparison of Second Law and Calorimetric Heats of Reaction ° 




AE° (kcal) 

Reaction 

Kp, 298 

Second law 

Calorimetric 

2HC1 = H 2 + Cl 2 

5.50 x 10-** 

43.96 


2HBr = H 2 + Br 2 

1.05 x 10- 19 

24.38 

24.2 

2HI = H 2 + I 2 

5.01 x 10-* 

2.95 

2.94 


“ Adapted from E. A. Moelwyn-Hughes, “Physical Chemistry,” 2nd revised ed., 
p. 994. Pergamon, Oxford, 1961. 
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AH 0 = AE°. It is quite likely that the calculated AE° values are more accurate than 
the directly measured ones, but the two agree within experimental error. 

Another application of the second law yields the conclusion that a catalyst 
cannot affect the equilibrium constant for a reaction. Consider the situation 
illustrated in Fig. 7-3. A reaction A + B to give products M + N ordinarily 

| Catalyst j 

/ \ 

A + B - M + N (+9) 


FIG. 7-3. 


proceeds by some direct path. Alternatively, it may occur with the aid of a catalyst. 
Thus the reaction H 2 + I 2 = 2HI is a direct reaction, but it may also be catalyzed 
by platinum metal. Suppose that, as indicated in the figure, the catalyst affects 
only the forward reaction. In its presence, the sum of the forward rates would 
clearly be larger than otherwise, while the backward rate would be unchanged. 
The position of equilibrium would therefore shift to the right, by the law of mass 
action. If we suppose further that the reaction produces heat q when it occurs, then 
a violation of the second law would be possible. We first allow equilibrium to be 
reached without the catalyst (Pt, in the case of the formation of HI), and then add 
the catalyst, and heat 8q is produced as the equilibrium is shifted. This heat is 
used to run a machine, and thus do work, cooling the system back to its original 
temperature in the process. We then remove the catalyst and the equilibrium shifts 
back. Heat 8q is now extracted from the surroundings, which must warm the 
system back to the ambient temperature. A cycle has therefore been completed for 
which the net effect has been the isothermal conversion of heat energy into work, 
and a perpetual motion machine of the second kind has been found. 

We conclude that the supposed situation is impossible and that the catalyst must 
accelerate the forward and backward reactions equally. A catalyst is simply a 
chemical intermediate that is regenerated and hence not consumed in the reaction; 
it is in this respect no different from any reaction intermediate through which the 
reaction can proceed. We also conclude that for any reaction path the forward and 
backward rates must be the same at equilibrium. Further, if a reaction can occur 
by two or more different paths, catalyzed or not, at equilibrium the molecular 
traffic must be balanced for each path separately. This general conclusion is known 
as the principle of microscopic reversibility. It will be of use in Chapter 14 (on 
chemical kinetics). 

A minor point has to do with the use of unit designations for equilibrium 
constants. It was mentioned in Section 7-2 that K P is usually given in atmosphere 
units and K c in moles per liter units. Equation (7-11) relates In K P to AG °, and 
there appears to be a difficulty since it is mathematical nonsense to take the 
logarithm of a quantity having dimensions. One is, in effect, taking the base e to a 
power expressed in atmospheres, which is meaningless; all exponents must be 
dimensionless numbers. The problem traces back to Eq. (7-8), which, in turn, was 
obtained by integration of Eq. (6-48): 


dG = ^ dP. 


The limits of integration used in obtaining Eq. (7-8) were from P = 1 atm and 
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G = G° to P and G, so the more precisely stated result is 

G < = G < +RTl *TlL- 

Thus, while it is perfectly all right to substitute values of pressures in atmospheres 
in equations such as this, the values are really relative to 1 atm, and hence dimen¬ 
sionless. The statement of units in writing a K P or a K c supplies the necessary 
information as to the unit of pressure or of concentration to which inserted values 
are relative. 


SPECIAL TOPICS 


7-ST-l Effect of Pressure on 
Chemical Equilibria Involving Gases 

There are two quite different ways in which the total pressure of a mixture of 
gases affects the equilibrium. The first was discussed in Section 7-3B and involves 
the Le Chatelier principle. The second, the subject here, involves nonideal behavior. 
The material so far has been developed on the basis that gases are ideal; the assump¬ 
tion is a good one for low-boiling gases at pressures around 1 atm. Otherwise 
rather serious errors can develop. 

It was shown in Section 6-ST-2 that a quantity known as the fugacity/functions 
as a thermodynamic pressure. By this is meant that all thermodynamic equations 
calling for the partial pressure P { of an ideal gas remain exact for nonideal gases 
if fi is used instead. Equation (7-8) then reads 

Gi = G? + RT \nfi (7-45) 

and on carrying through the subsequent derivation, Eq. (7-11) becomes 


AG° = -RT In K f , 


(7-46) 


where K f has the same form as K P , but with fugacities instead of partial pressures. 
Fugacity is so defined that/; -»■ P t as P t —>■ 0. It follows that K f -> K P as P -*■ 0. If, 
further, we adopt the convenience of writing/; = (see Section 6-ST-2), where 
Yi is the activity coefficient, we have 


K _ /m to /n” - ■■■ Ywi m Yv n = 

' /a7b 6 - 7V/V-- y A “y B i> ••• 


(7-47) 


Since y t -> 1 as P t -> 0, it follows that AT y —> 1 as P -> 0. 

The procedure is to evaluate y for each species, calculate K y , and then calculate 
K f . Alternatively, if K P is known at low pressures, so that K f ~ K P , one may 
determine K P at high pressures by estimating K y and using Eq. (7-47). Certain 
approximations are tolerated at this point. First, the law of corresponding states 
will begin to fail at very high pressures, as the individual shapes of molecules begin 
to be important. Second, it is usually assumed that in a mixture of gases the fugacity 
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TABLE 7-4. 



P c (atm) 

Pi 

T 0 (K) 

Tr 

y 

nh s 

112.2 

6.11 

405.5 

1.91 

0.90 

n 2 

33.5 

20.5 

126.0 

6.14 

1.35 

h 2 

12.8 

53.6 

33.2 

23.3 

1.29 


of any one component is determined by the reduced pressure of that component, 
based on the total gas pressure. Again at high pressures this assumption will lead 
to some error. The procedure is adequate, however, for most purposes. 

Example. We can continue the example of Section 7-3 on the equilibrium, 3H 2 + N 2 = 
2NH S , for which K P was given as 2.49 x 10“ 6 at 500°C. This is actually the K, value (as 
obtained from Tables 6-4 and 6-5). It was calculated that a pressure of 686 atm was required 
if the equilibrium mixture wqs to contain 40% NH S . We obtain a more correct answer as 
follows. The various values of P T , 7V, and y are summarized in Table 7-4 and we obtain 
K y = (0.90) 2 /(l-29) 3 (1.35) = 0.280. At this total pressure, then, the value of K P that should 
be used is 2.49 x 10 _8 /0.280 = 8.89 x 10“ 8 and the equilibrium percent of ammonia should 
be about 50% instead of 40%. 


7-ST-2 Application of Statistical 
Thermodynamics to Chemical Equilibrium 

The various expressions for obtaining the translational, rotational, and vibra¬ 
tional contributions to the enthalpy, free energy, and entropy of an ideal gas were 
developed in Section 6-9. Their application to the case of N 2 (g) at 25°C was illus¬ 
trated in Section 6-9C and the statistical thermodynamic calculation of the enthalpy 
change for the reaction 3H 2 + N 2 = 2NH 3 was carried out in detail in Section 
5-ST-2. 

An important point is that statistical thermodynamics can give the absolute 
entropy of a substance if the translational, rotational, and vibrational partition 
functions are known but cannot give the absolute energy, enthalpy, or free energy. 
The reason is that while the third law allows us to set the entropy equal to zero 
at 0 K, we do not know the energy at 0 K. As a result, the statistical thermo¬ 
dynamic calculations yield, for some temperature T, S°, ( H° — E 0 ) or (H 0 — H 0 °), 
and ( G° — E 0 ) or (G° — H 0 °). The subscript zero denotes values at 0 K, and 
enthalpies and free energies can only be obtained relative to E 0 or to H 0 °. The 
differences H° — H 0 ° and ( G° — H 0 °)/T are known as the enthalpy and free energy 
functions, respectively. 

The consequence is that if all the partition functions are available, statistical 
thermodynamics can give for a reaction and quantities such as AH 0 — AH 0 ° 
and AG° — AH 0 °. It is therefore necessary to have an experimental value of AH 0 
for some one temperature; this allows AH q ° to be calculated, and hence AH 0 
and AG°, at any other temperature. 

Because of their natural relationship to the statistical approach, the enthalpy 
and free energy functions are now often tabulated instead of free energies of 
formation, as in Tables 6-4 and 6-5. A further advantage is that the quantity 
(G° — H 0 °)/T varies only slowly with temperature. It is therefore possible to 
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tabulate it for rather widely spaced temperature intervals, and tables of such 
values allow a calculation of a AG° of reaction over a wide range of temperature 
without the awkwardness of Eq. (7-34). The approach using free energy functions, 
although valuable, is somewhat specialized, and is not emphasized here. The 
procedure is detailed in Section 6-ST-3. Yet another way of applying statistical 
thermodynamics to the formulation of equilibrium constants is given in Section 
14-ST-2. 

An alternative and often useful approach is as follows. We can write the standard 
free energy of a substance as 

G° = E 0 + G t °, (7-48) 

that is, as the sum of its energy at absolute zero and of the free energy developed 
on raising the temperature to T. The free energy G T ° may be calculated, for example, 
from Eqs. (6-79)—(6-81); it may thus be written as a sum of contributions for 
translation, rotation, and vibration as given by the explicit statistical thermo¬ 
dynamic expressions. 

We next define a quantity q as 


/ G-p 0 \ 

q = exp( RT ). 

(7-49) 

Equation (7-11) may be written as 


*-“■>( rt) 

(7-50) 

and on using Eqs. (7-48) and (7-49), we obtain 


K = K„ exp^ ^), 

(7-51) 


where K q is the product and quotient of the q’s for the reaction products and reac¬ 
tants; thus for a reaction A + B = C, K v = q c /q A qB . We can think of q as a statis¬ 
tical thermodynamic concentration (sometimes called the rational activity—see 
Section 9-CN-3). 

If the species are all ideal gases, then the expression for q becomes rather simple. 
Thus combination of Eqs. (4-68) and (6-79) gives 


Qtrans 


/ 2nmkT \ 3 / 2 1 
l h 2 ) N 0 ’ 


(7-52) 


provided the standard state is taken to be 1 molecule cm 3 . Equation (6-90) yields 


for a linear molecule and 


8t rHkT 
qrot- t ~2 


T 

vOrot 


(7-53) 


wV* f87 r 2 (4/ v 4) 1 / 3 kTfl* 

a L h 2 J 


(7-54) 


for a nonlinear molecule, where I x , I y , and I z are the three principal moments of 
inertia and a is a degeneracy factor defined as the number of equivalent ways of 
orienting the molecule in space. Thus a Hj = 2, a HI = 1, ct H o0 = 2, a NHs = 3, 
and (^benzene = 12. 

Finally, Eq. (6-92) gives 

qvib = n D - ex p(- -^p)] ' 


(7-55) 
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where the product is over all vibrational modes, the zero point energies being 
included in E 0 . The total q is then the product q trans q r o t q v ib . 

If K is known for a gaseous equilibrium at some one temperature, a calculation 
of AE 0 is in principle possible from spectroscopic values of 6 ro t and 0 vih . One may 
then calculate K for any other temperature. 
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EXERCISES 


7-1 Calculate AG° and K P at 25°C for the reaction C(graphite) + 2H 2 = CH 4 . 

Ans. AG° = —12,140 cal, K P = 7.94 X 10 8 atm- 1 . 

7-2 Calculate AG° and K P at 25°C for the reaction S0 2 + £O a = SO„. 

Ans. AG° = -16.73 kcal, K P = 1.84 X 10 12 atm- 1 ' 2 . 

7-3 The value of AG° is —29.82 kcal for the reaction 2CH 4 + C 2 H 2 = n-C 4 H 10 at 25°C. 
Calculate the free energy of formation of n-butane at this temperature. 

Ans. —4.10 kcal mole -1 . 

7-4 Given the reaction C0 2 (g) + H 2 (g) — CO (g) + H 2 0(g-), calculate K P , K„ , and K c if 
after the mixing of 1 mole of C0 2 and 1 mole of H 2 , the equilibrium mixture at 0.1 atm 
and 25°C contains 1.92% by volume of CO. 

Ans. K P = K c = K„ = 1.59 x 10' 2 . 

7-5 A flask initially contains 1 mole of HI and then equilibrates according to the reaction 
2HI = H 2 + I 2 . The equilibrium degree of this dissociation is 0.220 at 45°C and 1 atm 
total pressure. Calculate K P . Calculate also the degree of dissociation if the equilibrium 
mixture is allowed to expand until the pressure falls to 0.1 atm. 

Ans. K P = 0.0200; a. = 0.220 (unchanged). 

7-6 The value of K c is 11.39 liter mole" 1 at 900°C for the reaction 2SO a + 0 2 = 2SO,. 
Calculate the value of K P and the equilibrium composition and pressure if 2 mole of 
SO, are introduced into a 50-liter flask at 900°C. 

Ans. K P = 0.1183 atm" 1 , %SO s = 21.2, 
%S0 2 = 52.6, %O a = 26.2; P = 5.22 atm. 

7-7 The reaction 4HC1 + 0 2 = 2C1 2 + 2H 2 0 comes to equilibrium in the presence of a suitable 
catalyst. A mixture initially contains 50 mole % of HC1 and of 0 2 and at 480°C, 75 % 
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of the HC1 is converted to Cl 2 at equilibrium if the total pressure is 720 Torr. Calculate K P . 
Alternatively, calculate K P from Tables 6-4 and 6-5. 

Ans. 11.92 atm -1 ,13.3 atm -1 . 

7-8 K P changes by 0.200% deg -1 (around 100°C) for a certain reaction. Calculate AH 0 . 

Ans. 553 cal. 

7-9 For the reaction 2S0 2 + 0 2 = 2SO, , K P = 1.16 x 10* atm -1 at 800 K and 44.1 atm -1 
at 900 K. Calculate AH 0 . 

Ans. 46.8 kcal. 

7-10 Calculate K P at 25°C and at 398 K for the reaction SO, + CO = SO a + CO,. Use 
data from Tables 5-2 and 7-2. 


Ans. 6.09 x 10 8a , 4.63 x 10 84 . 


7-11 Verify the plot in Fig. 7-1 of the data in Table 7-1 and the calculated value of AH 0 . 

7-12 In a study of the equilibrium 3Fe(r) + 4H 2 0 = Fe,0 4 (s) + 4H 2 it was found that if the 
partial pressure of water vapor is 10.0 Torr, then at 900°C the total pressure of the equilib¬ 
rium gases is 24.2 Torr. Calculate K P and the percentage of steam converted at 1 atm to 
H 2 when it is passed over iron at 900°C. 

Ans. 4.066, 58.7%. 

7-13 Calculate K P at 25°C for the reaction 2C(s) + 3H 2 (p) = C 2 H»(,g). How many moles of 
hydrogen must be added to a 5-liter flask containing 12 mg of carbon at 25°C in order 
to just convert all of the carbon to C 2 H, ? 

Ans. K P = 5.78 X 10 5 atm -8 ; 1.83 X 10 -8 mole. 


PROBLEMS 


7-1 An equimolar mixture of H 2 ,1 2 (^), and HI comes to equilibrium at 25°C. Calculate the 
composition of this mixture. (Note: use Table 6-5 or use Table 7-2 plus the information 
that AG ° 2a8 for I 2 (j) = l t (g) is 4630 cal mole -1 .) 

7-2 The standard enthalpies of formation and absolute entropies at 25°C are —7.590 kcal 
mole -1 and 81.81 cal K -1 mole -1 and —18.46 kcal mole -1 and 70.00calK -1 for 
rra/u-2-pentene and cyclopentane, respectively. Calculate the equilibrium constant for 
the conversion of the former to the latter compound at 25°C. 

7-3 Calculate the equilibrium constant for the reaction: 2 glycine(ag) = glycylglycine(a<?) + 
H a O at 25°C. 

7-4 Assuming that the saturated solution of glycine in water at 25°C is ideal, calculate its 
solubility from the data of Table 7-2. 

7-5 Let p r be the density of an equilibrium mixture of N 2 0 4 and N0 2 divided by the density 
that would be observed at the same temperature and pressure if the N 2 0 4 were not disso¬ 
ciated. Derive an expression for K P involving only p r and the equilibrium total pressure 
P. Find the degree of dissociation a and K P for an equilibrium mixture if P is 500 Torr 
at 50°C (use Table 5-2). 
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7-6 Determine the ratio of initial partial pressures of S0 2 and 0 2 that will give the maximum 
yield of S0 3 in the reaction 2S0 2 + 0 2 = 2SO a , assuming a flask of constant volume and 
temperature. 

7-7 Solid NaHS0 4 is transformed on heating to Na 2 S 2 0,. The equilibrium pressure over the 
salts is 2.15 Torr at 140°C and 17.84 Torr at 180°C. What amount of heat must be added 
to 1 mole of NaHS0 4 to convert it all to Na 2 S 2 0, at constant temperature? 

7-8 Ammonium carbamate dissociates completely in the vapor phase as shown by the equation 
NH 4 C0 2 NH 2 (s) = 2NH 3 (#) + C0 2 (g), and at 25°C the dissociation pressure at equilibrium 
is 0.117 atm. The dissociation pressure at 25°C for the equilibrium LiCl • 3NH 3 (j) = 
LiCl • NH s (i) + 2NH 3 (£) is 0.168 atm. 

(a) Neglecting the volume of the solid phases in comparison with the volume of the 
vapor phase, calculate the final total pressure when equilibrium is reached in a 24.4-liter 
vessel at 25°C when it initially contains 0.050 mole of CO 2 (g) and 0.20 mole of 
LiCl-3NH 3 (i). 

(b) Calculate the number of moles of each solid phase present at equilibrium. 

(c) Calculate the equilibrium total pressure at 25°C in a 24.4-liter vessel containing 
initially 0.050 mole C0 2 (y) and 0.10 mole of LiCl • 3NH 3 (s). 

7-9 Calculate the degree of dissociation of CH 4 into C(graphite) and H 2 at 0.01 atm total 
pressure and 2000 K. Use Eq. (7-34) and data from Tables 5-2, 5-4, and 7-2. 

7-10 For the reactions (a) H 2 = 2H, (b) CI 2 = 2C1, (c) 2HC1 = H 2 + Cl 2 , the values of log K f 
at 2000 K are (a) —5.509, (b) —0.245, and (c) —5.560 (pressures in atm). By successive 
approximations find the equilibrium pressures accurate to one or two places (that is, to 
about 10 %) for HC1, H 2 , Cl 2 , H, and Cl on heating HCIQ?) to 2000 K at the total pressure 
of 1 atm. 

7-11 A glass bulb initially contains a mixture of N 2 and NO at a total pressure of 1 atm. Some 
Br 2 is added such that the total pressure would have been 2.25 atm (T constant) had not the 
equilibrium 2NO + Br 2 = 2NOBr been established; as a result of the equilibrium the 
actual pressure after adding the bromine was 2.12 atm. A second addition of bromine 
was made such that the total pressure would have been 22.75 atm had no reaction at all 
occurred, while the actual equilibrium total pressure was 22.50 atm. Calculate A> for the 
equilibrium. Nitrogen is inert. 

7-12 Ammonium iodide (solid) dissociates into NH 3 and HI; in a particular experiment excess 
NH t I(s) is introduced into an evacuated flask and at 400°C the equilibrium pressure of the 
gases is 705 Torr. Eventually the HI dissociates into H 2 and I 2 , its degree of dissociation 
being 21 % at this temperature. Calculate the final equilibrium pressure above the solid 
ammonium iodide. 

7-13 A mixture of S0 2 and 0 2 at a certain P and T is passed over a catalyst so that the equilib¬ 
rium amount of S0 3 is formed. Assuming constant P and T throughout, derive mathe¬ 
matically the ratio of SO a to 0 2 in the entering gas that will give the highest number of 
moles of S0 3 per mole of S0 2 in the effluent gas. Derive the corresponding equation for 
the case where a mixture of S0 2 and air (1 mole of 0 2 to 4 mole of N 2 ) is used and show 
that the optimum ratio of initial number of moles of S0 2 to number of moles of air is now 
less than the ratio of S0 2 to 0 2 in the first part of this problem. 

7-14 The density of acetic acid vapor at 453.66 Torr and 110.1°C corresponds to an apparent 
molecular weight which is 1.520 times the simple mole weight (formula weight). The 
corresponding figure is 1.190 at 458.37 Torr and 155.73°C. Find AW for the reaction 
2HAc(#) = (HAc) 2 (g) assuming the gas to contain only single and double molecules 
(Fenton and Garner, 1930). 
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7-15 Given the following C P 0 values (cal °C -1 mole -1 ): 

H 2 fe): -6.85 + 0.000287 + 0.00000022T 2 , 

CH 4 ( ? ): 4.38 + 0.014177, 

C(graphite): 1.22 + 0.00489 T - 0.00000111 T\ 

For the reaction 

C(graphite) + 2H Jig) = CH<(g) 

(4//“ 98 = — 18,062 cal, dG£ 98 = —11,994 cal), calculate (a) ACp°,( b) the equation giving 
AH 0 as a function of temperature, (c) AH 0 at 873 K, (d) the equation giving AG° as a 
function of temperature, and (e) AG° and K P for the reaction at 873 K. 

7-16 For the gaseous reaction C 2 H 2 + D 2 0 = C 2 D 2 + H 2 0, AH = 520 cal and K P = 0.80 
at 25°C. How many moles of C 2 D 2 are formed when 2 mole of C 2 H 2 and 1 mole of D 2 0 
are mixed at 100°C and at a total pressure of 1 atm? Assume that C P for C 2 H 2 is the same 
as for C 2 D 2 and that the C F values for D s O and H 2 0 are the same. 

7-17 For the equilibrium 2HI = H 2 + I 2 with K P = 0.020 at 184°C and AH = 3000 cal, 
the following calculations are to be made on the basis of one mole of total gases. Assume 
that AH does not vary with temperature and that the heat capacities per mole are the same 
for the three gases. On heating of an equilibrium mixture, there would be no change in the 
heat capacity except for the fact that an increasing dissociation occurs with an attendant 
absorption of heat. The heat capacity of the mixture will therefore be, per mole, C P = 
Cp° + C P \ where C P ° is the constant heat capacity per mole of HI, H 2 , or I 2 and Cp 
is the added effect due to the increasing dissociation. 

(a) Calculate the change in equilibrium constant AK f for the temperature ranges 
0-rC and lOO-lOlX. 

(b) Calculate the change in number of moles of H 2 or I 2 over the two temperature ranges. 

(c) What is the heat absorbed by the dissociation that occurs over the two temperature 
ranges, that is, C>'? 

(d) On the basis of the results, sketch the expected variation of C F with temperature 
between 0°C and 300°C. 

7-18* Calculate dG 2# , for the reaction CO 2 (g) + H 2 (g7 = CO(^) + H 2 0(g+ Use Table 5-4 
to express the temperature dependence of AG° as a polynomial in temperature and plot 
AG° versus T from 25°C to 1500°C. Calculate and similarly plot AH 0 and AS 0 for the 
reaction. 

7-19 Show that for an equilibrium involving ideal gases, d In K c /dT = AE/RT *. 

7-20* The following data are reported for the reaction S0 2 + J0 2 = SO s . 


t(°C) 

K f (atm -1 ' 2 ) 

tc C) 

Kp (atm -1 / 2 ) 

528 

31.3 

727 

1.86 

579 

13.8 

789 

0.96 

627 

6.55 

832 

0.63 

680 

3.24 

897 

0.36 


Obtain the best least squares slope for the plot of In X> versus 1 IT and calculate AH 0 
for the reaction and its standard deviation. 
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SPECIAL TOPICS PROBLEMS 


7-1 Calculate K P for the reaction 3H a + N, = 2NH, at 1000°C, assuming a low total pressure, 
then evaluate K v if the pressure is 800 atm, and obtain the K P for this condition. 

7-2 Calculate K P for the equilibrium C a H, + H, = QH, at 300 atm total pressure at 400°C. 
(Obtain K, from the appropriate tables of free energies and enthalpies of formation at 
25°C, applying the necessary heat capacity corrections, or use Tables 6-4 and 6-5.) 

7-3 Calculate K P for CO -I- |0 2 = C0 2 at 25°C from free energies of formation and find the 
K a [Eq. (7-51)] from the spectroscopic constants for the molecules. Evaluate AE 0 for the 
reaction and calculate K P at 1000°C. The rotational constant B t is 0.3906 cm -1 for C0 2 , 
where B e = kd rot lhc, and the fundamental vibrational wave numbers are v, = 1388.3 cm -1 , 
v 2 = 667.3 cm -1 (twice), and v, = 2349.3 cm -1 . 

7-4 Calculate K P for H 2 + I 2 = 2HI from free energies of formation and Kq [Eq. (7-51)] 
from the spectroscopic constants for the molecules. Evaluate AE„ and calculate K P at 
2000°C. 

7-5 Calculate the statistical mechanical value of K P for the reaction H 2 = 2H at 2000°C. 
Assume AE 0 is 103.2 kcal mole -1 . 

7-6 Derive Eq. (7-52); calculate q t rans for I s at STP. 




CHAPTER EIGHT 


LIQUIDS AND THEIR 
SIMPLE PHASE EQUILIBRIA 

8-1 Introduction 

The study of the liquid state may be approached from several points of view. 
On the macroscopic level there is a body of phenomenological data dealing with the 
thermodynamic properties of a liquid, including surface energy and free energy, 
and with the equilibrium between a liquid and either its vapor or its solid. This 
aspect will make up the bulk of the present chapter. Still at the macroscopic level 
are dynamic coefficients such as those of viscosity and diffusion; some features of 
viscosity that are special for liquids will be mentioned, but the subject of diffusion 
is deferred until Chapter 10. 

The molecular or microscopic treatment of liquids constitutes a rather difficult 
field. Some qualitative material on the structure of liquids is given in the Commen¬ 
tary and Notes section. The problem here is that liquids are neither so dilute that 
intermolecular forces can be neglected in a first approximation, as with gases, nor 
so highly regular in molecular structure that they can be treated in terms of a 
repeating lattice, as with solids. The time scale over which a measurement applies 
makes a difference. The vibrational frequencies of molecules are around 10 13 sec -1 
and properties that depend on the average behavior over intervals long compared 
to 10~ 13 sec tend to equate a liquid to a rather dense gas. For example, the various 
equations of state for nonideal gases predict the thermodynamic properties of 
liquids fairly well. The picture is one of molecules in random motion, although 
strongly experiencing each other’s potential fields. 

On the other hand, x-ray diffraction studies suggest a different emphasis. 
Although the diffraction patterns are very diffuse, they are not as diffuse as they 
would be if intermolecular distances were entirely random. The x-ray findings may 
be reported as the density, relative to the average density, of molecules at a given 
distance from some particular molecule. Two such results are illustrated in Fig. 8-1. 
In the case of liquid potassium it is probable that a potassium atom will have a 
neighbor at a distance of about 4.5 A; the probability of finding one at twice this 
distance is larger than for a random distribution, but beyond this the liquid appears 
isotropic. The result for mercury is similar, the nearest-neighbor spacing being 
about 3 A. In the case of liquid water the nearest neighbors are at about 2.9 A. 
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(a) 



(b) 

FIG. 8-1. Radial distribution functions, (a) Liquid potassium. [From C. D. Thomas and N. S. 
Gingrich, J. Chem. Phys. 6, 412 (1938).] ( b) Liquid mercury. [See C. N. J. Wagner, H. Ocken and 
M. L. Jashi, Z. Naturforsch. 20a, 325 (1965).] 


The general picture of a liquid is thus one of a semicrystalline local order, with 
each molecule tending to have a certain number and geometry of nearest neighbors. 
The structure fluctuates with time, however, and is not perfectly regular. The 
consequence is that any regularity around a given molecule has essentially vanished 
by the third or fourth molecular diameter distance away. 

This local crystallinity or organization is often called the liquid or solvent cage. 
Individual molecules are regarded as vibrating within their nearest-neighbor 
confines somewhat as though they were in a crystal, but only for a relatively few 
vibrational periods. Fluctuations break the cage and establish a new one. This 
structural picture of a liquid becomes very important in dealings with dynamic 
processes—viscous flow, diffusion, and rates of chemical reaction. It will be invoked 
in Chapter 15 (on chemical kinetics). 

The central problem of the statistical mechanics of liquids should now be 
evident. On the one hand, the properties to be determined are thermodynamic 
quantities whose values depend on average rather than transient structures. On the 
other hand, specific, detailed assumptions as to structure are necessary if energy 
states or thermodynamic probability functions are to be formulated, and any 
accurate picture will lead to extremely complex mathematics. The natural result is 
that various model structures are tried which are designed not to be too unrealistic 
but also with an eye on mathematical tractability. It is consequently difficult to 
assert that more than semiempirical agreement with experiment has resulted. 

This discussion has been intended to explain why the central part of this chapter 
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is mainly phenomenological. Much of the formal thermodynamic material is, 
incidentally, as applicable to solids as to liquids. 


8-2 The Vapor Pressure of Liquids (and Solids) 

Perhaps the most important thermodynamic leverage on the properties of either 
a liquid or a solid substance is that obtained through its vapor pressure. The 
reason is that at equilibrium the molar free energy of the condensed phase must be 
the same as that of the vapor phase—otherwise, by the free energy criterion for 
equilibrium, Eq. (6-42), spontaneous evaporation or condensation should occur. 
The vapor phase will generally be nearly ideal as a gas, and will be so treated here; 
this means that the thermodynamics of an ideal gas can be related to that of a 
solid or a liquid. 

We can write Eq. (6-43) for each phase separately. Thus, for the gas phase we 
have 


dG g = -S g dT + Vg dP (8-1) 

for any small change in temperature and pressure. Similarly, for the condensed 
phase, solid or liquid, but for the moment designated as liquid we have 


dG l = -S t dT + V, dP, 


( 8 - 2 ) 


where P must be the vapor pressure since no other gas is present in the vapor 
phase. If the two phases are in equilibrium, G g must equal G t , and if they are to 
remain in equilibrium after a small change in temperature, then for this change 
dG g must equal dG,. This means that dP and dT must so change that 

--V g dT + K g dP = -St dT + V t dP 
or 

dP Sg - St AS 
dT~ Vg - Vt ~ A V ’ 

where AS and A V refer to the process 

liquid(.P, T) = vapor(/ > , T). (8-5) 


(8-3) 

(8-4) 


This is a constant-temperature process and is reversible, so that AS — q/T; it is 
also at constant pressure, so that q — q P — AH. Equation (8-4) can therefore be 
written 


dP _ AH 
dT~ TAV' 


( 8 - 6 ) 


Equation (8-6) is known as the Clapeyron equation. On looking back over the 
derivation, we see that it applies to any phase transition. This includes not only a 
solid-vapor equilibrium, but also that between two condensed phases. Equation 
(8-6) is thus valid for the general process: 

substance in phase a(P, T) = substance in phase fi(P, T), (8-7) 

where a and $ may be any two coexisting phases. Of course, if a and ft are both 
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condensed phases, then no vapor is present, and the pressure is whatever mechanical 
pressure is established. The most important example of this situation is that of the 
equilibrium between a solid and a liquid, discussed in Section 8-4. 

Where j3 is a vapor phase we customarily make two approximations. The first 
is to neglect V t as compared to V g —for vapor pressures around 1 atm, the molar 
volume of the vapor will be a thousand times or more that of the liquid. We then 
further assume the vapor to be ideal and replace V g by RTjP. f Equation (8-6) then 
becomes 

dP° AH V 
dT ~ T(RT/P °) 


or 

d (In P°) AH V 

dT ~ RT 2 ‘ 


( 8 - 8 ) 


The superscript to P is introduced to make it clear that the pressure is the equilib¬ 
rium vapor pressure, and AH is now specifically designated as an enthalpy of 
vaporization. Equation (8-8) is known as the Clausius-Clapeyron equation. It is 
of sufficient importance that its behavior should be examined in detail. 

Integration, assuming that AH V does not vary with temperature, gives 

A FJ 

In P° = A-^, (8-9) 

or, if performed between the limits of 7\ and T 2 , 



AH V t 1 
R V7\ 



( 8 - 10 ) 


Equation (8-9) leads us to expect that a plot of In P° versus l/T should be a straight 
line. Moreover, the slope of the line should give —AH V /R. This expectation is 
fairly accurately met, provided that the equilibrium vapor density is not too high. 
This means that the liquid should be well below its critical temperature; there is 
usually no problem with solids. 

Liquid or solid vapor pressure is just that—the equilibrium pressure of vapor 
in the presence of the condensed phase. In the experimental procedure, however, 
one must make sure that the measured pressure does not include that of air or 
any other foreign gas. A simple way of doing this is by means of the isotensiscope, 
illustrated in Fig. 8-2. A sample of the liquid is vaporized to form, by condensation, 
a manometer of liquid in the adjacent U-tube and, in the process, to sweep out 
any foreign gases. One then adjusts the level of the mercury manometer outside 
so that the levels of the inside manometer are the same and reads the vapor pressure 
on the mercury manometer. One may, alternatively, bubble a known amount of 
inert gas through a known weight of liquid and determine the weight loss of the 
liquid. The exiting gas is saturated with respect to the liquid vapor, whose partial 
pressure is therefore P°. By Dalton’s law, the ratio P°/P, where P is the atmospheric 
pressure, must equal the mole fraction of vapor present: 


n v _ P^ 
n A +n v ~ P 


( 8 - 11 ) 


+ The approximation may alternatively be thought of as writing P(V g — V,) = RT, which 
amounts to neglecting a/ V 2 in the van der Waals equation. 
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The number of moles of inert gas n A is known and the number of moles of liquid 
vaporized n v is given by the weight loss, Thus P° can be calculated from Eq. (8-11). 

Some experimental vapor pressures are plotted in Fig. 8-3(a) as a function of 
temperature and again in Fig. 8-3(b) in the form of a semilogarithmic graph of 
P° versus I/7~. Note that Eq. (8-9) is rather well obeyed, not only for the liquids 
but also for the solids. The normal boiling point may be read off the graphs as 
well since it is, by definition, the temperature at which the vapor pressure is 1 atm. 

As an illustration of the use of Eqs. (8-9) and (8-10), let us use the data for water. The normal 
boiling point of water is, of course, 100°C. Its vapor pressure at 80°C is 0.4672 atm. On rearrange¬ 
ment of Eq. (8-10), we have 


AH, 


RT i T 1 In (P 2 °/A°) 
AT 


(8-12) 


where AT = T, — 7\ . Then, since In(/ > »°/Fi°) = 0.7610, we have 

. „ (1.987X373.15)(353.15)(0.7610) 

AH, = -20- 

= 9960 cal mole -1 . 

Alternatively, the plot for water in Fig. 8-3(b) is, around 100°C, a straight line for which 
1/T = 2.456 x 10 - ’ at P° = 3 atm and 2.919 x 10 - ’ at p° — 0.3 atm. The slope of the line 



Inert gas Inert gas plus vapor 



(b) 

FIG. 8-2. Vapor pressure determination, (a) The isotensiscope. (b) The evaporation method. 
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is then 

By Eq. (8-9), AH, is 


. 2.303(log 3 - log 0.3) 

Sl0pe = (2.456 - 2 . 9 1 9)10-> 


= -4.974 x 10 s . 


AH, = —(.RXslope) = —(1.987)(—4.974 x 10 s ) = 9880 cal. 


This result is lower than the first one mainly because the log P versus 1 /T plot is slightly curved, 
and we have in effect taken the slope of the straight line between two fairly well-separated points. 
This curvature is discussed further below. 



FIG. 8-3. Temperature dependence of some liquid vapor pressures. 
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One of the assumptions that we made in obtaining the integrated forms, Eqs. 
(8-9) and (8-10), was that AH V does not vary with temperature. Figure 8-3(b) 
shows that this is a fairly good assumption but that curvature does set in at the 
higher pressures. Some curvature is expected at all temperatures; we know from 
Eq. (5-27) that [8(AH V )I8T] P = AC P . For water AC P is about —10 cal K -1 
mole -1 , so at low pressures, where constancy of pressure is not an important 
restriction, AH V for water should decrease by about 10 cal K -1 —not a very large 
effect. The situation at high pressures is more serious. At the critical temperature 
the two phases have become the same and AH V must approach zero. This decrease 
toward zero is not strong, however, until the vapor density is several per cent of 
that of the liquid or until perhaps eight-tenths of the critical temperature has been 
reached. This is illustrated in Fig. 8-4 for C0 2 , which shows the liquid and vapor 
enthalpies (relative to that of the liquid at 0°C) as functions of temperature. The 
difference between the two enthalpies gives the heat of vaporization at each 
temperature. AH y is dropping fairly rapidly even at — 30°C, which is about 0.8 T c ; 
the vapor density at this point is about 4 % of that of liquid C0 2 . For this region, 
then, one must go back to Eq. (8-6) in treating the data; in fact the fugacity or 
thermodynamic pressure of the gas should be used in place of P (see Section 
6-ST-2) since gaseous C0 2 has become appreciably nonideal. 




FIG. 8-4. Liquid and vapor enthalpies for CO,, and the heat of vaporization of C0 2 as functions 
of temperature. 
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8-3 Enthalpy and Entropy 
of Vaporization; Trouton’s Rule 

The Clapeyron equation, the Clausius-Clapeyron equation, and the van’t Hoff 
equation, which apply to chemical equilibrium (Section 7-4), belong to a family 
which marks one of the major achievements of thermodynamics. They all rest on 
the combined first and second laws of thermodynamics and have in common that 
the temperature dependence of an intensive quantity, vapor pressure in the present 
case, gives a thermochemical property, AH. That is, from vapor pressure measure¬ 
ments alone one is able to calculate the calorimetric heat of vaporization. In the case 
of the van’t Hoff equation the temperature dependence of the equilibrium constant 
gives the AH 0 of reaction. The relationships are phenomenological—no model or 
other picture of molecular properties is needed. Except for deliberately introduced 
approximations, as in the Clausius-Clapeyron equation, they are as exact and as 
valid as the laws of thermodynamics themselves; and they can be verified by doing 
the calorimetry. These equations have become commonplace in physical chemistry, 
but we should not therefore become inured to their remarkable power. One prac¬ 
tical consequence is that much laborious calorimetric work is made unnecessary; 
many thermochemical quantities are determined indirectly through these relation¬ 
ships. 

With this preamble, let us look at some actual enthalpies of vaporization, 
assembled in Table 8-1, and mostly calculated from vapor pressure data. Enthalpies 
of vaporization are usually reported at the normal boiling point of the liquid, as 
in the table. This is partly a matter of convenience and of convention. Also, how¬ 
ever, the normal boiling temperatures represent approximately corresponding 
states (Section 1-10); the normal boiling temperature of a liquid is often about 
two-thirds its critical temperature. In a related series of compounds, such as the 
n-alkanes, AH V increases regularly with increasing molecular weight; otherwise, 
however, there is little consistency in this respect. Thus oxygen although it has a 
higher molecular weight than water, has a much lower enthalpy of vaporization. 
Iodine is heavier than most metals and yet the latter have far higher AH V values. 
This matter is important because it bears directly on the size and nature of inter- 
molecular forces. We have many indications that these forces are short-range. One 
is that the ordering in a liquid does not extend much beyond immediate neighbors, 
as mentioned in Section 8-1. Van der Waals forces, responsible for the nonideality 
of vapors, fall off with the inverse sixth power of the intermolecular distance 
[Section 1-9 and Eq. (1-70)]. Other indications of the short-range nature of inter¬ 
molecular forces come from surface chemistry. Thus the surface tension of a liquid 
is established within a surface layer only a few molecular diameters in depth. 

The conclusion that intermolecular forces are short-range means that, to a first 
approximation, the vaporization process can be viewed as shown in Fig. 8-5. 
Figure 8-5(a) illustrates schematically an attractive potential between two molecules 
eventually overridden by a short-range repulsion. The maximum attractive potential 
<f> 0 occurs at the equilibrium separation r 0 . If in the liquid a molecule has n nearest 
neighbors, then, to a first approximation, its total interaction with them is n<f). 
As illustrated in Fig. 8-5(b), the energy of vaporization should then be n<j>/ 2, the 
factor of two entering because <f> is a shared energy between two molecules. 

The wide variation in enthalpies and hence in energies of vaporization then 
implies a wide variation in <f> between different kinds of atoms and molecules. 
Intermolecular forces in fact fall into several main categories. The potential <f> 
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TABLE 8-1. Enthalpies and Entropies of Vaporization and Fusion a 


Substance 


Liquid % Vapor 



Solid % 

Liquid 


tnH (°Q 

AHf ASf 

(kcal mole -1 )(cal Kr’mole - 

■) /r(°C) 

AH, 0 

(kcal mole 

- 1 ) (cal 

/IV 

K -1 mole -1 ) 

He 

-268.944 

0.020 

4.7 

-269.7 

0.005 


1.5 

h 2 

-252.77 

0.216 

10.6 

-259.20 

0.028 


2.0 

n 2 

-195.82 

1.333 

17.24 

- 210.01 

0.172 


2.72 

o 2 

-182.97 

1.630 

18.07 

-218.76 

0.106 


1.95 

CH« 

-161.49 

1.955 

17.51 

-82.48 

0.225 


2.48 

C 2 H„ 

-88.63 

3.517 

19.06 

-183.27 

0.683 


7.60 

HC1 

-85.05 

3.86 

20.5 

-114.2 

0.476 


2.99 

Cl 2 

-34.06 

4.878 

20.40 

- 101.0 

1.531 


8.89 

nh 3 

-33.43 

5.581 

23.28 

-77.76 

1.351 


6.914 

so 2 

- 10.02 

5.955 

22.63 

-75.48 

1.769 


8.95 

7Z-C4H10 

-0.50 

5.353 

19.63 

-138.350 

1.114 


8.263 

CH 30 H 

64.7 

8.43 

24.95 

-97.90 

0.757 


4.32 

CC1« 

76.7 

7.17 

20.5 

-22.9 

0.60 


2.4 

C 2 H 6 OH 

78.5 

9.22 

26.22 

-114.6 

1.200 


7.57 

C e H, 

80.10 

7.353 

20.81 

5.533 

2.531 


8.436 

h 2 o 

100.00 

9.7171 

26.040 

0.000 

1.4363 


5.2581 

Fe(CO ) 6 

105 

8.9 

23.5 

-21 

3.25 


12.9 

CH 3 COOH 

118.3 

5.82 

14.8 

16.61 

2.80 


9.66 

Hg 

356.57 

13.89 

22.06 

-38.87 

0.557 


2.37 

Cs 

690 

16.32 

16.95 

28.7 

0.50 


1.6 

Zn 

907 

27.43 

23.24 

419.5 

1.595 


2.303 

NaCl 

1465 

40.8 

23.8 

808 

6.5 


6.3 

Pb 

1750 

43.0 

21.3 

327.4 

1.22 


2.03 

Ag 

2193 

60.72 

24.62 

960.8 

2.70 


2.19 

Graphite 6 

4347 

170.9 

— 

— 

— 


— 


a From F. A. Rossini et al.. Tables of Selected Values of Chemical Thermodynamic Quantities. 
Nat. Bur. Std. Circ. No. 500. U. S. Govt. Printing Office, Washington, D.C., 1959. 

6 Sublimes. 


may arise from direct chemical bonding, as in diamond or graphite; it may reflect 
the metallic bond, as in metals; or it may result largely from direct Coulomb’s 
law interactions, as in the alkali halide crystals. In many cases none of these types 
of interaction can be present, and we observe a weaker but very general attraction 
between molecules. These secondary forces are responsible for condensation 
to molecular liquids and crystals, as in the case of the rare gases, nitrogen, and 
the hydrocarbons. Such interactions have come to be known as van der Waals 
forces because of their representation in the a constant of that equation. Finally, 
molecules having a somewhat acidic proton, such as water and alcohols, can 
hydrogen-bond. Thus in ice each oxygen has four hydrogens around it, two closer 
and two farther away; if stretched out, a single chain of oxygens would look 
like this: 

H H 

I I 

: h ; 

; i ; 

—O —H-O-H-O-H-. 

I 1 1 

H ! 1 

1 I 

H H 
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(b) 


FIG. 8-5. (a) Qualitative potential function for the interaction between two molecules having a 
van der Waals type of mutual attraction. ( b ) Schematic process for estimating energies of vapori¬ 
zation. 



The actual crystal of ice has a three-dimensional network of such hydrogen bonds 
as shown in Fig. 8-6, and liquid water is confidently thought to have local regions 
of hydrogen-bonded clusters. The structure of water is discussed further in the 
Commentary and Notes section and the subject of van der Waals forces is taken up 
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in the Special Topics section. It is sufficient for the present to have emphasized the 
molecular significance of enthalpies of vaporization. 

Returning to Table 8-1, we observe one very great regularity, namely that 
enthalpies of vaporization increase almost linearly with r nbp . The result is that 
the entropy of vaporization is nearly constant. With the principal exceptions of He 
and H 2 , the values lie between 17 and 26 cal K -1 mole -1 over a range of boiling 
points from — 195°C to over 2000°C. A good average value for most ordinary 
liquids is about 21; this consistency of behavior was noted as early as 1884, in 
what is known as Trout on’s rule : 

AH 

=^~21 cal K -1 mole -1 or 88 JK -1 mole -1 . (8-13) 

■* nbp 

Trouton’s rule may be rationalized on a very simple basis and one which has 
suggested a useful model for liquids. Most liquids are somewhat expanded in 
comparison to their solid phase, usually by about 10% (the exception, water, is 
explained as due to the partial collapse of the very open ice crystal structure on 
melting). This expansion provides an extra or free volume Vt Tee for the molecules 
to move around in; it amounts to perhaps 3 cm 3 mole -1 for an ordinary liquid. 
If we assume that the liquid is merely a highly compressed gas whose effective 





(a) 


FIG. 8-7. Potential function and correspond¬ 
ing energy levels for (a) a gas, with extremely 
closely spaced translational energy levels, ( b ) a 
liquid with each molecule in a liquid cell or cage, 
with closely spaced energy levels corresponding 
to vibrations in a relatively flat potential well, 
and (c) a solid with each molecule in a crystal¬ 
line lattice with rather widely spaced vibrational 
levels corresponding to harmonic oscillation. 
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volume, or V — b term in the van der Waals equation, is about 3 cm 3 mole -1 and 
further assume that Q lnt is the same for both vapor and liquid (that is, that the 
rotational and vibrational partition functions are the same), then AS V is assigned 
entirely to the difference in translational entropy between liquid and vapor. By the 
Sackur-Tetrode equation, Eq. (6-83), S t rans = constant + R In V, so AS v ( tnna ) = 
R ln(K g /Ff ree). The molar vapor volume for a liquid boiling around 80 C is about 
30,000 cm 3 mole -1 and so we compute dS v(trans ) to be about R ln(10 4 ) or about 
18 cal K -1 mole -1 . 

This is too simple to be more than suggestive of an approach to the statistical 
thermodynamics of liquids. One of the more serious treatments assumes each 
molecule to be in a cell formed by its near neighbors, that is, a cage. Its potential 
function along a cross section might look as in Fig. 8-7(b), as compared to that for 
an atom in a crystalline solid, illustrated in Fig. 8-7(c). The model allows esti¬ 
mations of energy levels and hence of the partition function. An alternative has 
been to view the free volume as present in the form of actual pockets or holes, each 
of about molecular size. The liquid can then be treated as an intimate mixture of 
condensed, even crystalline, phase and rapidly moving holes. In fact, the law of the 
rectilinear diameter (Section 1-CN) suggests that if molecular size holes are present, 
the concentration of holes in the liquid is always about equal to the concentration 
of molecules in the equilibrium vapor. In this way the average density of the two 
phases remains nearly independent of temperature. The “hole” model has been 
useful in the treatment of rate processes, such as viscous flow and diffusion (see 
Special Topics section). 

To return to the data of Table 8-1, we see that water is unusual in having both a 
larger heat of vaporization and a larger entropy of vaporization than other liquids 
of similar molecular weight. We regard these differences as reflections of a relatively 
high degree of structure in liquid water as a result of hydrogen bonding. Hydrogen 
bonds have a bond energy of 5-7 kcal mole -1 and the breaking of such bonds on 
vaporization gives water a much higher heat of vaporization than would be expected 
were only ordinary van der Waals interactions present. (Compare, for example, 
water with methane.) The entropy of vaporization is high because of structure in 
the liquid. Structure reduces the number of ways in which a system can have 
energy, and hence reduces its thermodynamic probability and therefore its entropy. 
The entropy of liquid water is thus abnormally low, so AS V is high. 

Other molecules capable of hydrogen bonding generally show the same type of 
behavior; the Trouton constants are large for methanol and ethanol, for example. 
Liquid ammonia also is classified as hydrogen-bonded, as is acetic acid. In this 
last case, however, an unusually low entropy of vaporization is observed because 
the vapor contains a high percentage of dimers. In fact, it is the study of the 
dissociation of dimeric acetic acid vapor that provides one estimate of hydrogen 
bond energies. The dimer is believed to have the structure 

o-H—o 

h 3 c-c^ /C-ch 3 

\>—H-cr 


and its heat of dissociation of 14 kcal mole -1 gives the value of 7 kcal mole -1 per 

hydrogen bond quoted earlier. A better average value for an O—H-O type of 

hydrogen bond would be about 5 kcal mole -1 , as estimated for water and various 
alcohols. 
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8-4 Liquid-Solid and 
Solid-Solid Equilibria. Phase Maps 


It was noted that Eq. (8-6) applies to any phase equilibrium. We can apply it 
to the process 

solid(P, T) = liquid(P, T) 

The equation now reads 

dP AH t 
dT ~ T t AV t ’ 


(8-14) 

(8-15) 


where, in the absence of an equilibrium vapor phase, P is the pressure applied, 
either mechanically or by means of an inert gas, A Vt is the molar volume difference 
V t — V B ; and AHt is the enthalpy of fusion. Equation (8-15) is not amenable to 
much simplification, although for a small range of pressure A Vt will be approxi¬ 
mately constant. The equation then represents a straight-line plot of P versus 7). 
This is illustrated in Fig. 8-8(a) for the important case of the ice-water equilibrium. 
Here A Vt is negative; the molar volume of water is 18.02 cm 3 mole -1 and that of 
ice is 19.63 cm 3 mole -1 at 0°C. From Table 8-1 AHt = 1436 cal mole -1 , so 
we have 


dP (1436)(82.06/1.987) 
dT (273.2)(18.02 - 19.63) “ 


atm K -1 . 


Thus around 0°C the freezing point of ice decreases by 0.74°C per 100 atm pressure. 
To obtain a more exact result, we would have to know AHt and A V r as functions 
of temperature and of pressure. We will not concern ourselves with this level of 
complication. 

As further illustrated in the figure, A Vt is positive for most liquids, so the slope 
of the P versus 7) plot is usually positive, with the melting point increasing with 
pressure. 

A number of enthalpies and entropies of fusion are also given in Table 8-1. 
No particular regularities are present—there is no equivalent to Trouton’s rule 
in the case of entropy of fusion. This quantity is now very dependent on the degree 
of structural loosening that occurs on melting. As indicated in Fig. 8-7, the potential 
function for the vibration of a molecule in a liquid is weaker than that in a solid; 
the energy level spacings are closer, the partition function is larger, and hence so 
is the entropy. The effect is too sensitive to details of structure to allow much 
generalization, although a simple monatomic liquid and its solid, such as argon, 
can be treated fairly well, and so can small, nonhydrogen-bonded molecules. 

Returning to Fig. 8-8(a), we see that a rather large pressure is needed to produce a 
significant change in a melting point. The field of high-pressure chemistry is an 
interesting one and much of the work in this area has been done by Bridgman and 
his co-workers [see Bridgman (1949)]. Values as high as 400,000 atm have been 
reached using special construction materials, hydraulic presses, and other devices. 
Parenthetically, the very measurement of such large pressures becomes difficult. 

High-pressure chemistry leads to more than just simple extensions of diagrams 
such as Fig. 8-8(a). Reactions become feasible that do not occur ordinarily, such as 
the conversion of graphite into diamonds (small ones) and the formation of new 
types of crystal phases. The water system now looks as shown in Fig. 8-8(b). At 
around 2000 atm, the ordinary hexagonal structure of ice rearranges, that is, 
undergoes a phase transition, to a different and denser crystal structure known as 
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(a) 


(b) 
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FIG. 8-8. (a) Variation of melting point with pressure for water and for benzene. ( b ) Phase map 
or phase diagram for water, including the various high-pressure forms. 


ice III. The freezing point curve now slopes to the right. Further phase transitions 
take place at successively higher pressures to give ice V, ice VI and, finally, ice VII. 
Equation (8-6) applies also to transitions between two solid phases and governs 
the lines showing the effect of pressure on the transition temperature between any 
two of the solid forms of ice. The figure has taken on the appearance of a phase map. 
At a temperature below a two-phase equilibrium line only the lower-temperature 
phase is present; conversely, at a temperature to the right of the line only the 
higher-temperature phase exists. The various marked regions thus each consist 
of a single phase only and the boundaries are lines of two-phase equilibrium. 

An interesting current story is that of the development of the phase diagram for 
C(graphite), C(liquid), and diamond. The key to the synthesis of diamond from 
graphite, incidentally, has been the inclusion of catalysts, along with the use of 
high temperature and pressure. Figure 8-9 shows an example of a modern piece of 
high-pressure equipment. Such devices can be compact. A diamond anvil unit 
capable of producing 10 6 atm pressure can, for example, be held in the hand. 

We return to the low-pressure region to include the liquid-vapor equilibrium 
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FIG. 8-9. (a) A modern high-pressure 
cell. A screw-driven lever applies pressure 
to a piston, which in turn applies pressure 
to two diamond anvils, (b) Enlarged view 
of the diamond anvils. The material to be 
studied is placed between the anvils and 
is contained by a metal gasket. Diamond 
anvils are useful for optical studies since 
they are transparent. I From G. J. Pier- 
marini and S. Block, Rev. Sci. Instr. 46, 
973 (1975). ] (c) Data showing a high-pres¬ 
sure phase change in Pb; the ordinate is 
resistance relative to resistance at 90kbar. 
Data of this type may be obtained by 
using electrode disks, in this case AgCl, on 
either side of the sample. Since no optical 
measurements were involved, carbaloy 
rather than diamond anvils were used. 


Plate 
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FIG. 8-10. Phase diagram for water in the low-pressure region, showing the ice 1-liquid-vapor 
triple point at 4.6 Torr. 


line in the phase map for water, shown schematically in Fig. 8-10. Included as well 
is the ice-vapor equilibrium line, or the plot of the sublimation pressure of ice 
versus temperature to which the Clausius-Clapeyron equation (8-8) applies. The 
pressure scale of a diagram of this sort has a dual significance. In the case of the 
solid-vapor and liquid-vapor lines, pressure is the vapor pressure of the phase in 
question. For the solid-liquid line, however, no vapor phase is present, and 
pressure is now mechanically applied pressure. 

Note that the solid-vapor line is steeper than the liquid-vapor line; this is 
because the enthalpy of sublimation is greater than that of vaporization of the 



FIG. 8-11. Phase diagram for sulfur. Dashed 
lines represent metastable equilibria. 
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liquid. This must always be so: 


(a) solid = liquid, AH t , 

(b) liquid = vapor, AH V , 


(c) = (a) 4- (b) solid = vapor, AH R — AH, 4- AH V . 


(8-16) 


AH B must be the sum of AHt and AH V , and since both are positive, the conclusion 
follows that A H a > A H v . One consequence is that the solid-vapor and liquid- 
vapor lines must cross in the manner shown. In the case of water, they do so at 
0.0099°C and at the common vapor pressure of 4.579 Torr. This crossing is known 
as the triple point since three phases are in equilibrium: solid, liquid, and vapor. 
A further consequence is that the solid-liquid equilibrium line must also cross the 
other two at the triple point. The general rule is that any triple point marks the 
intersection of the lines representing the three ways of taking two phases at a time. 
Figure 8-8(b), for example, shows several triple points. 

The subject of phase equilibria and phase maps, commonly called phase diagrams, 
is taken up in Chapter 11. However, one other often encountered phase diagram is 
that for sulfur, shown in Fig. 8-11. The pressure scale is somewhat schematic, so as 
to make the diagram more easily displayed. Below 95°C rhombic sulfur is the stable 
crystal modification and line ab gives the sublimation pressure for this form. 
Transformation to monoclinic sulfur occurs at 95°C and line be gives its sublimation 
pressure: point b is then the rhombic-monoclinic-vapor triple point. Monoclinic 
sulfur melts at about 125°C and the vapor pressure of liquid sulfur is given by 
segment cd. A second triple point, at c, marks the monoclinic-liquid-vapor point. 
Rhombic sulfur is denser than monoclinic sulfur so the two-phase equilibrium line 
be slopes to the right; and monoclinic sulfur is denser than the liquid, so that line 
ce also slopes to the right. The relative slopes are such, however, that the two lines 
intersect at point e, a third triple point, at which one has a rhombic-monoclinic- 
liquid equilibrium. 

An additional aspect shown in Figs. 8-10 and 8-11 is metastable phase equilibrium. 
Thus liquid water may be cooled below its freezing point (to as low as —40°C); 
the liquid-vapor line in this region represents a metastable equilibrium since the 
liquid is unstable toward freezing. Such lines are shown in the figures as dashed 
lines. In the water diagram the extension of the liquid-vapor line is possible; 
a solid cannot be metastable toward melting, however, nor can a liquid or a solid be 
metastable toward establishing an equilibrium vapor pressure. However, one 
crystal modification can be metastable with respect to another. Thus rhombic 
sulfur can be heated above 95°C without immediately converting to the more 
stable monoclinic form; its metastable vapor pressure curve is given by line bf 
in Fig. 8-11. Liquid sulfur can be supercooled along line cf. The diagram therefore 
shows a fourth, metastable triple point for the rhombic-liquid-vapor equilibrium. 
This completes the possibilities; that is, four phases can show a maximum of six 
two-phase equilibrium lines and four triple points. A triple point may be entirely 
hypothetical, however, and not just metastable. For example, if rhombic sulfur 
happened to be less dense than monoclinic sulfur, line be of Fig. 8-11 would then 
slope to the left, and the rhombic-monoclinic-liquid triple point would be a 
hypothetical or totally unstable one lying somewhere in the vapor phase region. 
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8-5 The Free Energy of a Liquid and Its Vapor 

Equation (8-1) gives G g as a function of T and P; values of ( G g — E 0 ) (E 0 
being the internal energy at 0 K) can be obtained, for example, from the spectro¬ 
scopic constants for the gas, using the appropriate partition functions, as discussed 
in the preceding chapter. The graphical display of G g would look approximately 
as shown in Fig. 8-12; G g decreases with increasing temperature and increases with 
increasing pressure. The function G x for the liquid is not easily evaluated theoret¬ 
ically but should have the qualitative appearance shown in the figure; the pressure 
dependence should be much less than for G g , for example, and at low temperatures 
the surface must lie below that for G g since the liquid is then the stable phase. We 
also know that the line of intersection of the two surfaces must correspond to the 
P-T line of liquid-vapor equilibrium. A third surface for G a also exists; its inter¬ 
section with the other two would give the solid-liquid and solid-vapor equilibrium 
lines. 

Along the liquid-vapor line, then, G e = G t , and a convenient way of describing 
G x is in terms of the free energy of the vapor. We ordinarily deal with vapor 
pressures not much over 1 atm and will therefore make the assumption that the 
vapor behaves ideally. The free energy of a gas is given by Eq. (6-49), which 
becomes, in the present context, 

dG g = RT d(\n P) (ideal gas) (8-17) 

or 

G g = G g ° + RT In P (ideal gas) (8-18) 

for a change in pressure at constant temperature. Here G g ° is the free energy of 


p 



FIG. 8-12. Plot of G as a function of P and T for a liquid and its vapor. The crossing of the two 
surfaces marks the line of liquid-vapor equilibrium and hence gives vapor pressure versus tem¬ 
perature for the liquid. 
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the vapor or gas phase at the temperature in question and 1 atm pressure, and is 
thus the standard-state free energy. It follows that 

Gf = G g ° + RT\nP°, (8-19) 

where G t ° is the free energy of the liquid in its standard state and P° is the liquid 
vapor pressure. Strictly speaking, G t ° refers to the liquid under its own vapor 
pressure, but the small difference between this value and that for the usual standard 
state of 1 atm pressure can be neglected here. 

Equation (8-19) will be very useful in dealing with solutions. An immediate 
application is as follows. Returning to Eq. (8-2), we see that the free energy of a 
liquid increases with pressure at constant temperature; integration gives 

Gi, 2 = G° + f P V t dP~G°+ V t AP, (8-20) 

J po 

where P° is the vapor pressure of the liquid and P is some imposed mechanical 
pressure. If this higher pressure is established by using an inert gas to compress 
the liquid, there will still be a gas phase and the liquid will still have an equilibrium 
vapor pressure P°'. This vapor pressure P°‘ corresponds to a vapor free energy of 
G g ° + RT In P°', so we have 

G l 2 = G g ° + RT In P°'. (8-21) 

On combining Eqs. (8-19)—<8-21), we obtain 

/?rin^= f P VtdPczVtAP. (8-22) 

r J po 

Returning to Fig. 8-12, (j,, 2 corresponds to point a located on the free energy 
surface for the liquid at temperature T and mechanical pressure P 2 . The vapor 
having the same free energy at T is in the state given by point b, or at vapor or gas 
pressure P°'. 

A numerical illustration is as follows. Water has a molar volume of 18 cm’ mole -1 and if we 
neglect its compressibility, then for 100 atm pressure, the integral of Eq. (8-22) is just (18)(100) = 
1800 cm 8 atm. At 25°C, RT = (82.06)(298.2) = 24,470 cm 8 atm and ln(P°7P°) becomes (1800)/ 
(24,470) = 0.0736 and p°'IP° = 1.076. The vapor pressure is thus increased 7.6% by the 
application of 100 atm pressure. 


8-6 The Surface Tension of Liquids. 

Surface Tension as a Thermodynamic Quantity 

We have so far considered only bulk properties, that is, properties of a portion 
of matter which, if extensive, are proportional to the amount of substance or 
which, if intensive, apply to the interior of the phase. We now recognize that 
energy resides in the interface between two phases and, more specifically, that work 
is required to form or to extend an interface. For the present, the discussion is 
limited to the liquid-vapor interface of pure liquids. The treatment of solutions is 
deferred to Section 9-ST-2. 

The requirement of work to increase a liquid-vapor surface is most easily 
demonstrated experimentally by means of soap films, since these persist long 
enough to be handled. As illustrated in Fig. 8-13(a), if a soap film is formed in a 
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(a) 



(b) 

FIG. 8-13. Work of extending a surface: (a) Extending a soap film held in a wire frame by 
moving a side. ( b ) Extending the surface of a liquid by sliding back a cover of inert material. 

frame one side of which can move freely, one finds that the film will spontaneously 
contract, and that to prevent contraction, a force / must be applied. If/is decreased 
slightly, contraction occurs, and if / is increased, the film extends. The process is 
then a reversible one, and the work involved is reversible, constant-temperature 
and constant-pressure work. It therefore corresponds to a free energy quantity. 

For a small displacement dx of the movable side of the frame the work done 
by the film is 

w = —/ dx — —yldx, (8-23) 

where y is the force per unit length exerted by the film and is called the surface 
tension. The units of surface tension are evidently force per unit length, or, in the 
cgs system, dyne per centimeter. Since / dx is the change in area of the film dsf, 
a less geometrically specific form of Eq. (8-23) is 

w = —yds/. (8-24) 

Evidently, y can also be expressed in units of energy per unit area, or as erg per 
square centimeter. The two sets of units are equivalent, and surface tension may be 
stated in either way. The experiment with a pure liquid, rather than a soap solution, 
is the hypothetical one shown in Fig. 8-13(b). We imagine a container filled with 
the liquid and at a given T and P. There is a movable lid that can be slid back and 
forth to change the amount of liquid surface. (We stipulate that there is no inter¬ 
action between the liquid and the material of the lid.) The force on the lid is then 
yl as before. 

The free energy change associated with a change in surface area can be added to 
the usual statement of the combined first and second laws [Eq. (6-43)] to give 


dG = -SdT + VdP + y dst. 


(8-25) 
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Thus 



(8-26) 


where G B denotes the surface free energy per unit area. Further, since the process 
of Fig. 8-13(b) is a reversible one, the q associated with it is a q rev , and we have 

dq = TdS = TS 8 <M, (8-27) 

where S B is the surface entropy, also per unit area. Other thermodynamic relation¬ 
ships apply. By Eq. (6-45), (8G/8T) P — —S, and likewise, 



-5 s (8-28) 

-S’*. 

TS*. (8-29) 


Often, and as a good approximation, H a and the surface energy E B are not distin¬ 
guished, so Eq. (8-29) is usually given in the form 

E* = g* + TS B (8-30) 

or 

E* = y-T^ (8-30 

(constancy of pressure being assumed for dy/dT). 

The thermodynamics of curved interfaces constitutes a very important topic, 
one aspect of which is developed here. This is known as the Laplace equation and 
relates the mechanical pressure across an interface and its curvature. To illustrate 
the physical reality of the effect, we again use a soap film, now in the form of a 
soap bubble. As shown in Fig. 8-14, a manometer is attached to the soap bubble 
pipe, and after the bubble has been blown, the stem of the pipe is closed off. The 
manometer will now show a pressure difference. For an actual soap bubble this is 
about 1mm H 2 0 for a bubble of 2 mm radius. The physical explanation for the 
higher pressure inside the bubble is that the film tends spontaneously to decrease 
its area and hence its total surface free energy but, in doing so, shrinks the bubble 
to the point that the increased pressure prevents further change. 

The relevant equation may be derived as follows. Consider a bubble of radius R 
as shown in Fig. 8-14(b). Its total surface free energy is 4-rrR 2 y and if the radius were 
to decrease by dR, then the change in surface free energy would be 877 Ry dR. Since 
shrinking decreases the total surface free energy, at equilibrium the tendency to 
shrink must be balanced by a pressure difference across the film AP such that the 
work against this pressure difference (AP)4nR 2 dR is just equal to the decrease in 
surface free energy. Thus we have 


(AP)4ttR 2 dR = 877 Ry dR 
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(b) 

FIG. 8-14. ( a ) The pressure inside a soap bubble is larger than that outside. (6) Derivation of 
the Laplace equation for a spherical surface. 


or 

4P = . (8-32) 

K 

Equation (8-32) is the Laplace equation for a spherical interface. An important 
conclusion is that the smaller the bubble, that is, the smaller the value of R, the 
larger is AP. Conversely, AP goes to zero in the limit of R -*■ oo, which corresponds 
to the case of a plane interface. 

Parenthetically, common usage defines y as the surface tension for one interface. Because of 
this it would be better to use 2 y instead of y in relationships such as Eq. (8-32) when they are 
applied to soap or other films. 

In summary, the two most important relationships developed so far are Eq. (8-31) 
for surface energy, E B = y — T(dy/dT), and the Laplace equation (8-32), AP = 
2 y/R. The latter is one of the four principal special equations of surface chemistry, 
the other three being the Kelvin equation (Section 8-9), the Gibbs equation (Section 
9-ST-2), and Young’s equation [see Adamson (1976)]. 


8-7 Measurement of Surface Tension 

We do not usually devote much space to experimental procedures, but the 
various ways of measuring surface tension are so closely related to basic surface 
phenomena that discussion of the former illustrates the latter. 
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A . Capillary Rise 

If a small-bore tube is partially immersed in a liquid as shown in Fig. 8-15(a), 
one usually observes that the liquid rises to some height h above the level of the 
general liquid surface. This phenomenon may be treated by means of the Laplace 
equation. If, as shown in more detail in Fig. 8-15(b), the liquid wets the wall of the 
capillary tube, then if the radius of the tube r is small, the meniscus will be hemi¬ 
spherical in shape. Its radius of curvature is then equal to r, that is, R = r, and 
Eq. (8-32) becomes 

AP = h- . (8-33) 

If, as further illustrated in the figure, P x is the general atmospheric pressure, then 
the pressure just under the meniscus must be P x — (2 y/r). The AP in the Laplace 
equation is always such that the higher pressure is on the concave side of the curved 
surface. The pressure P x is also the pressure on the flat portion of the liquid surface 
outside the capillary tube, and hence the pressure at that liquid level inside the 
capillary. Then P x — P 2 must correspond to the change in hydrostatic pressure of 


FIG. 8-15. (a) The capillary rise phe¬ 
nomenon. ( b ) Detail for the case of a 
spherical meniscus. 



(a) 




(b) 
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the liquid, pgh. We can thus write 



(8-34) 


or 

h — —. (8-35) 

pgr 

(Strictly speaking, one should use Ap, the difference in density between the liquid 
and vapor phases.) The quantity 2 y/pg is a property of the liquid alone and Eq. 
(8-35) may be put in the form 

a 2 = rh, (8-36) 

where a is called the capillary constant. Equation (8-36) tells us that the plot of 
capillary rise h versus r is a hyperbola. Equation (8-36) is exact only in the limit of 
small r; otherwise corrections are needed. 

A more general case is that in which the liquid meets the capillary wall at some 
angle 6 as illustrated in Fig. 8-16. Without going through the details of the geom¬ 
etry, we can say that the radius of curvature of the meniscus R is now given by 
R = r /cos 6 (assuming the meniscus is still spherical in shape) and Eq. (8-35) 
becomes 

IrcosS 

pgr 

A liquid making an angle of 90° with the wall would show no capillary rise at all. 
Mercury, whose contact angle against glass is about 140°, shows a capillary 
depression. That is, cos 6 is now negative and so is h. 

The following is an alternative approach, but one which is equivalent to the 
preceding in the first approximation. The spontaneous contractile tendency of a 
liquid surface acts as though there were a surface force y per unit length. In the 
capillary rise situation, the total such force is 2-nry (or, more generally, the vertical 
component would be 2-nry cos 0). This force is balanced by the force exerted by 
gravity on the column of liquid which is supported, or (nr 2 )(pgh). On equating these 
two forces, we have Eq. (8-34) [or (8-37)]. 



FIG. 8-16. Capillary rise in the case of a nonwetting liquid. Detail shows the meniscus profile 
assuming a spherical shape. 
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Waler 




The capillary rise phenomenon is not only the basis for an absolute and accurate 
means of measuring surface tension but is also one of its major manifestations. 
The phenomenon accounts for the general tendency of wetting liquids to enter 
pores and fine cracks. The absorption of vapors by porous solids to fill their 
capillary channels and the displacement of oil by gas or water in petroleum 
formations constitute specific examples of capillarity effects. The waterproofing 
of fabrics involves a direct application of Eq. (8-37). Fabrics are porous materials, 
the spaces between fibers amounting to small capillary tubes. As shown in Fig. 
8-17(a), coating the fibers with material on which water has a contact angle of 
greater than 90° provides a Laplace pressure which opposes the entry or “rise” of 
water into the fabric. The material is not waterproof; once the Laplace pressure is 
exceeded (as, for example, by directing a jet of water onto the fabric or merely by 
rubbing of the wet fabric), then penetration occurs, and water will seep freely 
through the filled channels as illustrated in Fig. 8-17(b). 


B. Drop Weight Method 

It was pointed out earlier that one can assign a force y per unit length of a liquid 
surface as giving the maximum pull the surface can support. In the case of a drop 
of liquid which is formed at the tip of a tube and allowed to grow by delivering 
liquid slowly through the tube, a size is reached such that surface tension can no 
longer support the weight of the drop, and it falls. The approximate sequence of 
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FIG. 8-18. Sequence of shapes for a drop that detaches from a tip. [From A. W. Adamson, 
“The Physical Chemistry of Surfaces,” 3rd ed. Copyright 1976, Wiley ( Interscience ), New York. 
Used with permission of John Wiley & Sons, Inc.] 


shapes is shown in Fig. 8-18. To a first approximation, we write 

IFideai = 2 nry, (8-38) 

where fF ldea i denotes the weight of the drop that should fall and r is the radius of 
the tube (outside radius if the liquid wets the tube). Equation (8-38) is known as 
Tate's law. 

As also illustrated in the figure, the detached drop leaves behind a considerable 
residue of liquid, and the actual weight of a drop is given by 

^act = W m& yf, (8-39) 

where / is a correction factor which can be expressed either as a function of rja, 
where a is the square root of the capillary constant, or of r/V 1 / 3 , where V is the 
volume of the drop. Table 8-2 gives some values of /; a more complete table is 
given in the reference cited therein. Note that the correction is considerable. The 
method, using the correction table, is accurate and convenient, however. In practice, 
one forms the drops within a closed space to avoid evaporation and in sufficient 
number that the weight per drop can be determined accurately. It is only necessary 
to form each drop slowly during the final stages of its growth. 


C. Detachment Methods 


A set of methods that are somewhat related in treatment to the drop weight 
method have in common that one determines the maximum pull to detach an 

TABLE 8-2. Correction Factors for the Drop Weight 
Method' 1 


r/V */« 

/ 

r/V 11 * 

/ 

0.30 

0.7256 

0.80 


0.40 

0.6828 

0.90 

0.5998 

0.50 

0.6515 

1.00 

0.6098 

0.60 

0.6250 

1.10 

0.6280 

0.70 

0.6093 

1.20 

0.6535 


° See A. W. Adamson, “Physical Chemistry of Sur¬ 
faces,” 3rd ed. Wiley (Interscience), New York, 1976. 
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FIG. 8-19. The Wilhelmy slide method. A thin plate is suspended from a balance. 

object from the surface. If the perimeter of the object is p, then the maximum weight 
of meniscus that the surface tension can support is just 

^ideai = PY- (8-40) 

The so-called du Nouy tensiometer uses a wire ring, usually made of platinum, and p 
is then 4 irR, where R is the radius of the ring, and one is allowing for both the 
inside and the outside meniscus. As with the drop weight method, rather large 
correction factors are involved, and these have been tabulated [see Adamson 
(1976)]. 

If, instead of a ring, one uses a thin slide, either an actual microscope slide or a 
metal one of similar size, then it turns out that Eq. (8-40) is quite accurate and may 
be applied directly. The method is now known as the Wilhelmy slide method and is 
shown schematically in Fig. 8-19. Alternatively, the slide need not be detached but 
need merely be brought into contact with the liquid and then raised until the end is 
just slightly above the liquid surface. The extra weight is again the meniscus weight 
and is given by Eq. (8-40). The Wilhelmy method is one of those most widely used 
today. It is especially valuable in studying the surface tension of solutions and of 
films of insoluble substances. 


8-8 Results of Surface Tension Measurements 

Some representative surface tension values are assembled in Table 8-3. Notice 
the very wide range in values, from 0.308 dyn cm -1 for liquid helium to 1880 
dyn cm -1 for molten iron. An important datum is the value for water, 
72.88 dyn cm -1 at 20°C; other common solvents have surface tensions around 
20-30 dyn cm -1 . Some values for the interfacial tension between two liquids are 
included. The SI unit of surface tension is newton per meter (N m" 1 ); 1 N m -1 = 
10 3 dyn cm -1 . 

One may use the table to illustrate characteristic values in the various methods for determining 
surface tension. For example, the constant a 2 is 0.15 cm 1 for water, about 0.05 cm 2 for a typical 
organic liquid, and around 0.5 for a molten metal. Equation (8-36) then allows an easy estimate 
of the capillary rise. Thus, for water in a 0.1-cm-diameter capillary, A = 0.15/0.05 = 3.0 cm and 
for a 0.01-cm-diameter capillary, A = 30 cm. 

Had the drop weight method been used, an average weight of about 0.085 g would have been 
found using a tip of 0.3 cm outside radius. The quantity r/V 113 is 0.68 and from Table 8-2, 
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TABLE 8-3. Surface Tension of Liquids 



Temperature 

y 


Liquid 

fC) 

(dyn cm -1 ) 

dyldT 

He 

-270.7 

0.308 

-0.07 

n 2 

-198 

9.41 

-0.23 

Perfluoroheptane 

20 

13.19 

— 

n-Heptane 

20 

20.14 

— 

n-Octane 

20 

21.62 

-0.10 

Ethanol 

20 

22.39 

-0.086 

CC1 4 

20 

26.43 

— 

Benzene 

20 

28.88 

-0.13 

Water 

20 

72.88 

-0.15 

KC10 a 

368 

81 

— 

NaNO, 

308 

116.6 

— 

Ba(N0 3 ) 2 

595 

134.8 

— 

Sodium 

97 

198 

-0.10 

Mercury 

20 

486.5 

-0.20 

Silver 

1100 

879 

-0.184 

Iron 

1535 

1880 

-0.43 

Liquid-Liquid Interfaces, 20°C 


y 


y 

Liquids 

(dyn cm -1 ) 

Liquids 

(dyn cm -1 ) 

n-Butanol-water 

1.8 

Water-mercury 

415 

n-Heptanoic acid-water 

7.0 

Ethanol-mercury 

389 

Benzene-water 

35.0 

n-Heptane-mercury 

378 

n-Heptane-water 

50.2 

Benzene-mercury 

357 


f= 0.61. Thus 


(0.085)(981) 
y (2ir)(0.3)(0.61) 


= 72.5 dyn cm l . 


Finally, for a Wilhelmy slide having a typical width of 3 cm, the meniscus weight for water 
at 20°C would be 

W — (2)(3)(72.88) = 437 dyn or 0.446 g. 


We assume the slide to be thin enough that the edges do not contribute appreciably to the peri¬ 
meter. An edge effect does exist and usually is allowed for by using slides of varying widths. 

The table lists values for dy/dT for several liquids. Surface tension decreases 
with temperature, often almost linearly, and a relationship due to Eotvos gives 

yV 2/3 = k(T e - T). (8-41) 

Another, due to Guggenheim, is of the form 

y = y° (1 - -jrf, (8-42) 

where n = 11/9 for organic liquids. Both equations correctly predict that the 
surface tension should go to zero at the critical temperature T e and the former, in 
combination with Eq. (8-31), requires that the surface energy E s should be inde- 
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pendent of temperature if V is constant. E s does remain nearly constant until fairly 
close to the critical temperature, and then drops rapidly toward zero. The situation 
in this respect is similar to that for enthalpies of vaporization. 


8-9 The Kelvin Equation. Nucleation 


According to the Laplace equation (8-32) a small drop of liquid should be under 
an excess mechanical pressure AP = 2y/R. We can combine this result with Eq. 
(8-22), which gives the effect of mechanical pressure on the vapor pressure of a 
liquid. If V t is assumed to be constant, we get 


or 


RT In ~ = 


V, AP - 


R 


pot 

RT In^r 


2 yV, 


(8-43) 


where r is the radius of the drop. Equation (8-43) is known as the Kelvin equation 
and, as mentioned earlier, is one of the four principal equations of surface 
chemistry. 

The effect predicted by Eq. (8-43) is not very large until quite small values of r 
are reached. Thus for water at 25°C, p°'jp° is about 1.001 if r = 10 -4 cm and 
1.11 if r = 10“ 6 cm. The equation has been verified experimentally for water, 
dibutyl phthalate, mercury, and other liquids, down to radii of about 10“ 5 cm 
(by using aerosols). For the inverse case of a vapor or gas bubble in a liquid, P°' 
is less than P° 

The increase in vapor pressure called for by the Kelvin equation is not large 
enough to be of any concern in the case of macroscopic systems. The phenomenon 
is central, however, to the mechanism of vapor condensation. If a vapor is cooled 
or compressed to a pressure equal to the vapor pressure of the bulk liquid, then 
condensation should occur. The difficulty is that the first few molecules condensing 
can only form a minute drop and the vapor pressure of such a drop will be much 
higher than the regular vapor pressure. In practice, condensation may occur on 
the walls of the container or on dust particles, but in clean systems, large degrees of 
supersaturation are possible. In the case of water, for example, the vapor at around 
0°C may be compressed to about five times the equilibrium vapor pressure before 
spontaneous homogeneous condensation sets in. Similar results have been found 
for many other vapors. 

The crucial step in the condensation process is the formation of droplets big 
enough that their further growth by condensation of vapor onto them is rapid. 
Such droplets are called nuclei and their formation is called nucleation. The theory 
of homogeneous nucleation calculates the excess surface free energy of a drop as a 
function of its size. The free energy necessary to form a given drop is then deter¬ 
mined by size and by the ratio of the actual pressure of the vapor P to P°. For each 
value of P there is a certain critical drop size; drops larger than this decrease in free 
energy with increase in size and should grow spontaneously. One next obtains 
the concentration of drops of this critical size, using the Boltzmann equation, and 
their rate of growth, using the surface collision frequency equation (2-45). The final 
conclusion is that only when P has reached a certain critical ratio with respect to 
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P° will the rate of condensation suddenly become rapid. Nucleation theory has 
been fairly successful; predicted and observed values of PjP° agree well. 

The same analysis and, with modifications, the same equations apply to the 
supercooling of a liquid, where the critical nuclei are now incipient crystals, and 
to the precipitation of a solute from solution. As an example of this last, aqueous 
S 2 Ol" slowly decomposes in acid solution to give elemental sulfur. At first the 
sulfur produced simply builds up in solution, but at a very sharp critical concen¬ 
tration nucleation begins, and thereafter all further sulfur produced adds to the 
existing nuclei. The result is a dispersion of sulfur which consists of spherical 
particles of virtually uniform size. Such monodisperse sulfur sols now show 
beautiful light scattering effects—incident white light is scattered as a rainbow of 
color. The same effect occurs, incidentally, with natural opals. These consist of 
close-packed spheres of silica, originally slowly deposited from solution, which are 
monodisperse. The flashes of color seen in an opal are again due to interferences 
among light rays scattered from the arrays of spheres. 


8-10 Viscosity of Liquids 

The viscosity of liquids is considered briefly here as an example of an important 
nonthermodynamic property. The subject of viscosity was treated in an 
introductory way in Section 2-8 with special emphasis on the kinetic molecular 
theory of gas viscosities. Perhaps the most common manifestation of viscosity in the 
laboratory and in engineering is in the flow of a fluid through a pipe or tube. The 
basic observation is that the volume rate of flow is proportional to the pressure 
drop, provided the flow is streamline, as illustrated in Fig. 2-8. The actual equation, 
known as the Poiseuille equation, was also given earlier [Eq. (2-58)], 

_ _ *(Pi-P *)r*t 
1 8 VI 

where is the viscosity (in poise, abbreviated P), P x — P 2 is the pressure drop (in 
dynes per square centimeter), r is the radius of the tube (in centimeters), V is the 
volume flowing (in cubic centimeters), / is the length of the tube (in centimeters), 
and t is time (in seconds). Equation (2-58) is derived in the Special Topics section 
and only its application is considered here. 

Viscosities may be measured experimentally by the direct application of 
Eq. (2-58). Some liquids have viscosities that vary greatly with the rate of shear, 
and measurements on them should be made with a carefully controlled flow rate. 
Often a coiled capillary tube is used. For example, if a capillary of 0.1 mm radius 
and 1 m long is used, then a rather viscous liquid of 30 P would have a flow rate 
under 10 atm (10 7 dyn cm -2 ) pressure drop of 

T = = 131 X 10-5 cm3sec_1 or 0 0471 cm 8 hr- 1 . 

Exercise. Repeat the calculation in SI units. 


In the case of the usual, well-behaved liquid it is much more convenient to use 
an Ostwald viscometer, illustrated in Fig. 8-20. A definite volume of liquid is intro- 
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FIG. 8-20. An Ostwald viscometer. 

duced into bulb B and the liquid is sucked up into bulb A and past the mark a; 
the volume is such that bulb B is not quite emptied. The liquid is then allowed to 
flow back and the time for the meniscus to pass from a to b determined. The 
theory of the viscometer is essentially that of Eq. (2-58), except that the pressure 
drop changes with time, as the liquid level drops, and hence so does the flow rate. 
The average pressure drop is proportional to the density p of the liquid, however, 
and the other terms of Eq. (2-58) are constant. We can thus write 

V = k pt, (8-44) 


where k is a constant for a given viscometer and is determined by measurement of 
the time of flow for a liquid of known viscosity. 

A selection of viscosity data is given in Table 8-4. Ordinary solvent liquids have 
viscosities of a few centipoise. Oils, such as heavy lubricating oils, lie in the range 
of a few poise; glycerin has a viscosity of about 10 P at 25°C. Viscosities are 


TABLE 8-4. Viscosity of Liquids “ 


Liquid 


Viscosity (cP) 


E* 

(cal mole -1 ) 

0°C 

20°C 

40°C 

h 2 o 

1.792 

1.005 

0.656 


n-Octane 


0.5419 

0.4328 


Ethanol 

1.773 

1.200 

0.834 


Benzene 

0.912 

0.652 

0.503 


CC1 4 

1.329 

0.969 

0.739 

2600 

Mercury 

1.684 

1.547 

1.483 

600 

° From 

International 

Critical Tables, 

Vol. 7. 

McGraw-Hill, 


New York, 1930. 
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generally very temperature-dependent, as also illustrated by the data of the table. 
The fluidity <f>, or reciprocal of the viscosity, usually varies nearly exponentially 
with temperature: 


<f> = A exp^— 



(8-45) 


As the form of Eq. (8-45) suggests, the temperature dependence is attributed to the 
presence of a characteristic energy for flow to occur, and values for E* are 
included in the table. These are around 2 kcal mole -1 , except for water, whose 
value is unusually high, presumably because of the structure-breaking that must 
occur in flow (see both Commentary and Notes and Special Topics sections). 


COMMENTARY AND NOTES 


8-CN-l Additional 

Thermodynamic Properties of Liquids 

There are, of course, fairly extensive tabulations of the free energies, enthalpies, 
and entropies of various liquids. A selection of these may be found in the tables 
of Chapter 5 and Table 7-2. More complete listings are given by the National 
Bureau of Standards, Circular No. 500 (Rossini et al., 1959). The remaining 
thermodynamic properties of interest consist of coefficients such as those of 
thermal expansion and compressibility and of heat capacities. A sampling of these 
quantities is given in Table 8-5. 

Coefficients of compressibility and of thermal expansion are small for liquids, of 
the order of 0.01-0.1 % volume change per atmosphere or per degree. The two 
coefficients are related to the heat capacity difference C P — C v as discussed in 
Section 6-ST-l and given by Eq. (6-105): 


C P -C 


r — 


a ?VT 

P 


TABLE 8-5. Some Thermodynamic Coefficients for Liquids at 25° C a 


Heat capacity 
(cal K -1 mole -1 ) 


Liquid 

Wcx 
( K -1 ) 

10*0 

(atm -1 ) 

V 

(cm 3 mole -1 ) 

Pint (atm) 

CAD 

CAD 

Cv(g) 

h 2 o 

0.48 

4.6 

18 

3,110 

18 

17.3 

6.0 

CC1 4 

1.24 

10.6 

97 

3,486 

31.5 

21.4 

18.7 

CS 2 

1.22 

9.5 

60 

3,829 

18.1 

11.3 

10 

C,H e 

1.24 

9.7 

89 

3,811 

32.1 

22 

22 

Hg(/) 

0.18 

0.34 

14.8 

15,800 

6.65 

5.6 

3.0 

Zn(s) 

0.0893 

0.15 

7.1 

— 

6 

5.7 

— 


a = (l/K)(3K/37>./3 = -(1 IV)(dVldP) T . 
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The difference can be surprisingly large. The explanation is, clearly, not in terms 
of the work of expansion against atmospheric pressure, as with gases, but rather 
in terms of expansion against the internal pressure, P lnt (see Section 4-CN-l). 
From the definition of P int it follows that 

Cp-Cy= *V(P + Pint) (8-46) 


or 


P + Pm = -j -. (8-47) 

The table includes values for P mt and these are indeed far larger than P (which 
is 1 atm). Notice, however, that C P — C v is relatively small for a solid, as illustrated 
by the listing for zinc metal. 

One ordinarily measures C P directly; this gets around the experimental task of 
confining a liquid to a fixed volume while measuring its heat capacity. Water, as 
usual, is unusual. The density of water goes through a maximum at 4°C, and a is 
therefore zero at this temperature, and is still unusually small at 25°C. The imme¬ 
diate consequence is that the difference C P — C v is small, and F lnt likewise is 
smaller than one would expect. All this is yet another reflection of the structural 
changes that are occurring in liquid water as it is warmed from 0°C (and 
as discussed later). 

It is instructive to compare the values of C v (l) and C v (g). The increase from 3.0 
to 5.6 cal K -1 mole -1 on going from Hg(g) to Hg(/) strongly suggests that the 
3 N 0 degrees of freedom per mole of mercury atoms are present in the liquid as 
vibrations rather than as translations. That is, the heat capacity of the liquid is 
close to 3 R in value, rather than to -|R (see Section 4-8). The same is true for water; 
the value of CV(/) of about 17 cal K -1 mole -1 is close to that for 9 N 0 degrees of 
vibrational freedom per mole, or 9 R in heat capacity. Again, it appears that water 
molecules have exchanged translational motion for vibrations in going from the 
gas to the liquid phase. Moreover, the fact that the heat capacity is close to the 
equipartition value must mean that the vibrational energy states are close together. 
The structure of water is pursued further in the next section. 


8-CN-2 The Structure of Water 

Water has been described rather frequently in this chapter as “unusual.” It does 
not obey Trouton’s rule well, having too high an enthalpy and entropy of vapori¬ 
zation. The liquid is denser than the solid and shows a maximum density at 4°C, so 
that between 0°C and 4°C the density increases with temperature. Its heat capacity is 
abnormally large and suggests that all 9 N 0 degrees of freedom per mole are involved 
as weak vibrations. The surface tension of water is unusually high for so small a 
molecular species. The x-ray scattering data give radial distributions (as in Fig. 
8-1) suggesting about 4.5 nearest neighbors, as compared to 4.0 in the ice structure. 

Water is, after all, the most important chemical in our lives, both biologically 
and geologically. The problem of the structure of water has thus presented a 
scientific challenge not only of great intrinsic interest but also of great general 
significance. Ice has a very open structure, and the increase in density on melting 
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was at first explained as just due to the breakdown of the ice into individual water 
molecules, with perhaps small hydrogen-bonded units present. This picture could 
not account for many of the properties, including the high critical temperature of 
water. 

Next, a number of models were proposed which involved extensive structuring 
different from that of ice. L. Pauling, for example, suggested cages of hydrogen- 
bonded water molecules with an additional molecule in the center. Structures of 
this type have seemed too crystalline and rigid. Current theory is along the following 
lines. H. S. Frank and co-workers suggested that hydrogen bonding might be 
somewhat cooperative, that is, the formation of a second and a third hydrogen 
bond should be easier, based on dipole moment considerations, than that of the 
first bond. The effect would be that once a few molecules had hydrogen-bonded, a 
rather large cluster would grow easily. A later fluctuation would cause the cluster 
break up. The idea is one of “flickering clusters." Dielectric studies on water show 
that molecules are able to respond to an alternating electric field up to very high 
frequencies, about 10 10 sec -1 . This means that any structured region must be very 
short-lived—about 10 -10 sec, or about 10 3 vibrations; hence the term “flickering 
clusters.” Judging from the characteristic energy for the change in fluidity with 
temperature and similar energy values obtained from dielectric relaxation and from 
sound absorption, it would appear that a cluster lasts until fluctuation in the local 
energy density gives it 4-5 kcal of extra energy per molecule; it then breaks up 
while, on the average, another cluster is forming elsewhere in the liquid. A schematic 
illustration of this model is given in Fig. 8-21. 

The cluster model was further developed by Nemethy and Scheraga (1962) in 
terms of a statistical thermodynamic calculation. Energies were assigned according 
to the average number of hydrogen bonds per oxygen, which ranged from zero for 
uncoordinated molecules to a maximum of four. A product of partition functions 
was then set up, with appropriate expressions for vibration,rotation,and translation 
of each type of cluster. The result led to moderately good agreement with a number 
of properties of water, and this type of picture is generally accepted as correct in 
principle if not in detail. It leads to rather large clusters—ones with 50-100 
water molecules are fairly probable. [See also Benson (1978).] 

The thermodynamic and other properties of water are thus those of a highly 
structured medium. A related consequence is that water as a solvent behaves 



FIG. 8-21. The “flickering cluster ” model 
for liquid water. The structured and un¬ 
structured regions come and go quickly. 
[From A. Nemethy and H. A. Scheraga, 
J. Chem. Phys. 36, 3382 (1962).] 


Clusters 
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unusually. It appears, for example, that small ions order their immediately neigh¬ 
boring water molecules into a local structure which is not compatible with the 
general liquid structure, so that there’ is a nonstructured transition zone between 
the hydrated ion and the solvent. Nonpolar solutes such as hydrocarbons show a 
peculiar behavior. There is a small, negative AH of solution, strongly counter¬ 
balanced by a very large negative entropy change. An early idea, from H. S. Frank 
and M. J. Evans, was that such solutes induced a local structuring of the water—the 
picture was, in 1945, known as the “ iceberg ” model. A more recent, although 
similar interpretation, is that nonpolar molecules prefer the interstices between 
clusters and in this way promote structure and hence decrease the entropy of water. 

8-CN-3 Anomalous Water 

Some mention should be made of perhaps the major topic of conversation among 
surface and colloid chemists during the period 1966-1973. The story begins with 
a report in 1955 that liquids in small capillaries exhibited much lower vapor pres¬ 
sures than predicted by the Kelvin equation [Eq. (8-43)], but the real onset of the 
“anomalous water” chain of events came with a series of papers by the Soviet 
physical chemists Fedyakin and Deryaguin [see Allen (1971)]. 

The reports were amazing. Water condensed from the vapor phase into 10- to 
100-/x-diameter quartz or Pyrex capillaries had a density of 1.4gem -3 , about 10 
times the viscosity of ordinary water, a low and not sharp freezing point, a very 
different thermal expansion behavior, a surface tension of around 75 dyn cm -1 , 
an abnormal nmr spectrum, and, very important, a lower vapor pressure than 
ordinary water. Various molecular weight measurements indicated a molecular 
weight of around 180, corresponding to (H 2 O) 10 . This last, plus the vapor pres¬ 
sure results, meant that a new molecular form of liquid water existed, which was 
more stable than ordinary water. The heat of vaporization was estimated at 6 kcal 
mole -1 as compared to about 10 for ordinary water. 

The Russian scientists called this new form of water anomalous water or water II. 
After visits by Deryaguin to Great Britain and to the United States in 1966 and 
1967, Western scientists became very interested. There was much controversy— 
how could nature have hidden the existence of a more stable form of water than the 
one we know V Perhaps the data were wrong. 

By 1968 various laboratories in England and in the United States had repeated 
Deryaguin’s experiments, and largely confirmed his results. Strong government 
funding was directed toward anomalous water research. Excited stories appeared 
in the popular press. There was talk of preparing gallons and then thousands of 
gallons of anomalous water for all kinds of great technical benefits. 

Scientific reinforcement mounted further. The first infrared spectra were reported 
in 1969; these were unlike those of any known substance, and a hexagonal poly¬ 
meric structure was proposed. The name “polywater” was suggested. Theory 
entered. Wave mechanical calculations were stated to “establish the existence and 
characterize” poly water, or “cyclimetric” water. A new bonding scheme was 
presented. A major portion of the 1970 National Colloid Symposium was organized 
around anomalous water (see the August 1971 issue of Journal of Colloid and 
Interface Science for the papers of this symposium). 


* The science fictional consequence was explored in 1963 by K. Vonnegut in the Cat’s Cradle. 
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By late 1969 the gathering of the storm of refuting evidence began; this evidence 
was to demolish the idea that a new, stable form of water existed. The micro¬ 
amounts of anomalous water that were available had made analysis difficult, but 
new techniques were brought to bear, to obtain elemental analyses on samples 
extruded onto a flat substrate. A landmark paper in early 1970 reported large 
impurity contents in samples that essentially duplicated the earlier infrared spectra. 
The point was crucial; previously, reports of impurities could be discounted on 
the grounds that preparations of impure materials did not disprove the ability of 
others to make pure ones. All attempts to make large-scale preparations of anoma¬ 
lous water were failing. The unusual circumstance that only freshly drawn capil¬ 
laries could be used began to receive more attention. It had been thought that the 
fresh surface had the special catalytic properties needed to form polywater, but it 
was becoming apparent that it also provided a host of leachable impurities. 

A mass of scientific (and anecdotal) detail has necessarily been omitted. The 
story ends with the honest and brave paper by Deryaguin and co-workers [Derya- 
guin (1974)] confirming and acknowledging that anomalous water was just a 
mixture of colloidal and molecularly dissolved impurities. 

This history provides an outstanding example of how science reacts to an 
announcement of great discovery and eventually confirms or denies it. There are 
lessons. The problem was not one of data, which were real, but one of interpreta¬ 
tion. There was a great tendency to ignore small but disturbing clues, as well as the 
limits of things possible set by the laws of thermodynamics. We relearned what is 
sometimes forgotten, namely that spectroscopy and wave mechanics are confirma¬ 
tory disciplines not yet capable of providing rigorous answers. 


SPECIAL TOPICS 


8-ST-l Intermolecular Forces 

It was noted in Section 8-3 that several distinct types of intermolecular and 
interatomic forces are known. Here we take up those that are loosely described as 
van der Waals forces , that is, interactions that are not due to actual chemical bond 
formation nor to simple electrostatic forces as in an ionic crystal. The hydrogen 
bond is also excluded. What remains are the attractive forces that neutral, 
chemically saturated molecules experience. 

These may be divided into the following categories: (a) dipole-dipole, (b) dipole- 
induced dipole and ion-induced dipole, and (c) induced dipole-induced dipole 
(dispersion). 

It is best to start with Coulomb’s law, according to which the force between two 
point charges is given by f 


J f 2 ■ 


(8-48) 


f The dielectric constant for vacuum is unity in the cgs-esu system, the natural one to use 
for interactions between charges. In the SI system, Eq. (8-48) becomes/= C 1 C 2 le 0 r 8 where 
C is charge in coulombs, r is in meters, e 0 is the permittivity of vacuum, 8.854 X 10” 12 kg -1 
m" 8 sec 8 C 8 , and/is in newtons. See Section 3-CN-2. 
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The potential energy of interaction, <f> = j f dx, is given by 


/ _ ? 1#2 
9 r 

The potential V of a charge q is defined as 



(8-49) 


(8-50) 


with the meaning that unit opposite charge q 0 will experience a potential energy 
—qqjr at a separation r. The sign of V is negative if that of q is negative. 

We next consider a molecule having a dipole moment n (see Section 3-4), that 
is, one in which charges q + and q~ are separated by a distance /, giving a dipole 
moment p — ql. A dipole experiences no net interaction with a uniform potential 
since the two charges are affected equally and oppositely. If there is a gradient of 
the potential, or a field, defined as F = dV/dr, then there is a net effect. As illus¬ 
trated in Fig. 8-22(a), the potential energy of a dipole in a field is 

M = -rq + (r-%i)q = -n f. (8-51) 

Conversely, a dipole produces a potential. Thus a test charge q 0 experiences the 
potential energy [Fig. 8-22(b)] 


if / is small compared to r, then 


r r + T 


Wo . <Wo A l \ 
r r \ r ) 



<t>(q 0 ) = 


(8-52) 
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or the potential of a dipole is 


*V) = £ (8-53) 

and its field is 

F(/*) = ^ • (8-54) 


(Potentials and fields are reported with a positive sign; the interaction energy of a 
charge or a dipole is minus if attractive and positive if repulsive.) 

Two dipoles then interact each with the field of the other to give 

*(#*.#*)= = “ 7 ?- ( 8 - 55 ) 


This is the interaction for dipoles end-on, as shown in Fig. 8-22(c). In a liquid, 
thermal agitation tends to make the relative orientations random, while the 
interaction energy acts to favor alignment. The analysis is similar to that of Eq. 
(3-31) and leads to the result [due to W. H. Keesom in 1912]: 

M*. F>av = - ■ (8-56) 


This orientation attraction thus varies inversely as the sixth power of the distance 
between the dipoles. Remember, however, that the derivation has assumed sepa¬ 
rations large compared to /. 

A further type of interaction is that in which a field induces a dipole moment in a 
polarizable atom or molecule. We have from Eq. (3-19) that the induced moment is 
proportional to F: 

Find = oF, 

or, by Eq. (8-51), 

#«, F) = -(FindXF) = ->F* (8-57) 


(the factor | enters because, strictly speaking, we must integrate j" 0 /x ind dF). 
The induced dipole is instantaneous (as compared to molecular motions) and the 
potential energy between a dipole and a polarizable species is therefore independent 
of temperature: 


<A(f> <*) 



(8-58) 


The interaction must be averaged over all orientations of the dipole; one then 
obtains 

*0*. oi) = - . (8-59) 

This is known as the induced attraction, worked out by P. Debye in 1920. 

Both types of attraction show an inverse-sixth-power dependence on distance, 
as is found experimentally, for example, in the ajV 2 term of the van der Waals 
equation. However, van der Waals interactions are not as sensitive to temperature 
as the orientation attraction calls for and also exist between molecules having 
no dipole moments, such as N 2 and other homopolar diatomic molecules, 
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symmetric ones such as methane, and of course, rare-gas atoms. Yet another type 
of attraction must be present, and its source was discovered by F. London in 1930. 
The London effect is known as the dispersion attraction, and the derivation, while 
basically a quantum mechanical one, can be explained as follows. 

The energy of an atom 1 in a field is, by Eq. (8-57), 

<£( a i»F) = — £“iF 2 - 

The source of the field is attributed to the average dipole moment (root mean square 
average) for the oscillating electron-nucleus system of the second atom, or 

F - 2 ^ 2 

Fs-TT- 

Now the polarizability of an atom can be expressed as a sum over all excited states 
of the transition moment, ex (charge times displacement) squared, divided by the 
energy. If approximated by the largest term, then for atom 2 we have 


(8-60) 


where hv 0 is the ionization energy. The quantity (ex) 2 is now identified with /x 2 2 , so 
we have 


#*, <*) 




2oc 1 oc 2 hv 0 


2ot 2 hv 0 


A more accurate derivation gives for the dispersion (or induced dipole-induced 
dipole) attraction 


</>(«, a) 


3oi 2 hv 0 
4 r 6 


(8-61) 


The situation to this point is summarized in Tables 8-6 and 8-7; in Table 8-7 
expressions in boxes are for the three types of net attractive interactions between 
neutral molecules. They all vary with the inverse sixth power of the distance 
between molecules and all are approximate, particularly in assuming that the 
distance between molecules is large compared to the molecular size. Nonetheless, 
it is instructive to compare their relative magnitudes. The calculated energies will 
be in ergs if dipole moments are given in units of esu centimeter, polarizabilities 
in cubic centimeter and ionization energy hv 0 in ergs. Table 8-8 summarizes some 


TABLE 8-6. Electrical Interactions 


A molecule with: 

Produces: 

Has an energy of 
interaction with: 

Potential V 

Field F 

A potential V A field F 

Charge q 

1 qlr I 

1 qlr 2 1 

4> = qV — 

Dipole n 

1 1 

1 2/x/r* | 

— 4> = — pF 

Polarizability a 

— 

— 

- = -|aF 2 
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TABLE 8-7. Interaction Energies <f> 



Ion q 

Dipole n 

Polarizable molecule <* 

Ion q 

1 q 2 /r 1 

1 9M/P i 



Dipole /x 

— 

! V/r* 1 

—2a/x 2 /r 6 




<t>„ = -2/x 6 /3 kTr* 


<£av = -<V/r 6 


Polarizable 



— fathvjr* 


molecule a 






calculations. The dispersion attraction is large for all types of molecules, the 
induced attraction is relatively small for all types, and the orientation attraction 
can be dominant for very polar molecules. The numbers in the table are for <f>r e and 
actual energies can be obtained on insertion of a value for the intermolecular 
distance. For example, if we set r = 4 A, then <f> for argon becomes 48 X 10 -80 / 
4.1 x 10 -46 or 1.17 x 10 -14 erg molecule -1 or 170 cal mole -1 . If the liquid is 
close-packed, each atom has 12 nearest neighbors and the energy of vaporization 
should be 12<£/2, or about 1000 cal mole -1 . The actual value is 1600 cal mole -1 . 
The calculation for water leads to about 5 kcal mole -1 for AE V , and the much 
higher observed value of 10 kcal mole -1 is explained in terms of hydrogen bonding. 


8-ST-2 The Viscosity of Liquids 

Before we take up some further aspects of the viscosity of liquids, the derivation 
of the Poiseuille equation (2-58) is in order. The situation is illustrated in Fig. 
8-23(a), which shows the flow lines for a liquid undergoing streamline flow 
down a circular tube. An inner cylinder of radius r has an area of 2 nr per unit 
length of tube, or a total area of 2nrl. It therefore experiences a frictional 


TABLE 8-8. Contributions to the Interaction Energies between Neutral Molecules • 


10 60 ^r 6 (erg cm 6 ) 


Molecule 

10‘V (esu cm) 

10 24 a (cm 3 ) 

hv 0 (eV) 6 


fi-a 

a—a 

He 

0 

0.2 

24.7 

0 

0 

1.2 

Ar 

0 

1.6 

15.8 

0 

0 

48 

CO 

0.12 

1.99 

14.3 

0.0034 

0.057 

67.5 

HC1 

1.03 

2.63 

13.7 

18.6 

5.4 

105 

nh 3 

1.5 

2.21 

16 

84 

10 

93 

h 2 o 

1.84 

1.48 

18 

190 

10 

47 


“ Adapted from J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, “Molecular Theory of Gases 
and Liquids,” corrected ed., p. 988. Wiley, New York, 1964. 

” One electron-volt (eV) corresponds to 1.602 x 10 -12 erg (or 23 kcal mole -1 ). 

* Calculated for 20°C. 
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(a) 



(b) 

FIG. 8-23. Streamline flow down a cylindrical tube: (a) velocity profile , (b) derivation of Eqs. 
(8-64) and (2-58). 



drag or force, according to the defining equation for viscosity, Eq. (2-57): 


f=r,(2nrl)f r . 


(8-62) 


This force is balanced by the pressure drop acting on the area nr 2 , so we have 


or 


(Pi - P 2 )(^ 2 ) = V(2nrl)£ 


dv 


Px-p 2 

2 rjl 


r dr. 


(8-63) 


Integration now gives the velocity profile. We take v to be zero at the wall, and so 
obtain 


(Pi - P 2 )(r 0 a - r 2 ) 
Vr ~ 4 v l 


(8-64) 


where v T is the velocity at radius r, and r 0 is the radius of the tube. The volume flow 
of an annulus of thickness dr is v r (2nr) dr and the total volume flow through the 
pipe is obtained by integration [Eq. (2-58)] 


V __ 7r(P x - P 2 )V 

t m 


which is the desired equation. 

We turn now to a different aspect. An important theory of liquid viscosity is 
due to H. Eyring. The liquid is viewed as being somewhat structured, as shown in 
Fig. 8-24, so that in order for a molecule to pass into a nearby hole, it must get 
through a bottleneck or energy barrier. It must, in other words, escape from the 
solvent cage spoken of earlier. Were it not for this barrier, the rate of jumping 






through would be about that corresponding to a vibration frequency—for a 
vibration of energy hv 0 equal to kT, the frequency v 0 is kTjh, and we take this to 
be the natural jump frequency. The presence of the barrier reduces the probability 
of the jump by the Boltzmann factor e~ t ’/ kT , where e* is the energy required. We 
now have 

rate of jumping = e~ t * /kT . (8-65) 

n 

In the absence of any stress, jumps occur equally frequently in either direction, 
but if a shear force is applied, then the effect is to make jumps easier one way than 
the other. If the force is/ per unit area and the effective area of a molecule is a, then 
the theory assumes that the energy barrier gains or loses an increment of energy 
equal to fa times the distance over which the force acts. This last is taken to be 
|A, where A is the jump distance. Thus we have 

kT 

rate of forward jumps: e - u *-V ak)lkT 

kT 

rate of backward jumps: —j— e _|E * +i/<T '' ,/47 '. 

The net rate of jumping is the difference between the forward and backward rates: 

kT 

net jump rate: -y e~ ( * lkT [e ,c,mkT — e~ ,amkT \. 

The quantity faXjlkT is usually small compared to unity, and so the exponentials 
are customarily expanded and only the first terms taken: 


net jump rate: 


kT g-c'/kT-fok 
h e kT' 
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The net flow velocity in the layer is the jump rate times A, so we have 



-c’lkT 


fcrX 

kT 


A. 


Since / is the relative force between adjacent layers, v is therefore the relative 
layer velocity. It follows that the velocity gradient dv/dx is just v/S. From the 
definition of viscosity, Eq. (2-57), we have 


so 


or 


force/unit area 
dv/dx 


V 


ffr 

v/S 


8 

C7 2 A 2 


het'ikr 


rj ~ nhe e * /kT , 


( 8 - 66 ) 

(8-67) 


where n denotes the concentration in molecules per cubic centimeter. 

Equation (8-67) is now in the same form as Eq. (8-45), where A of the latter 
equation is equal to l/nh according to the Eyring theory. The preceding discussion 
is not complete in that the theory adds, in effect, that the jump frequency may be 
(kT/h)A' e~ u * ! kT) , where A' is an added factor. Equation (8-67) does not fare too 
badly, however. As an example, e* = 2600 cal mole -1 for CC1 4 (from Table 8-4) 
and n = 6.02 X 10 23 /97. Insertion of these numbers into the equation gives 
t) = 0.51 (centipoise) at 0°C, as compared to the observed value of 1.329. 

An interesting point is that the energy for the jump process looks rather similar 
to that required for vaporization. One finds in fact that the characteristic energy 
for viscosity tends to be about one-third the energy of vaporization. The values are 
also not very different from the surface energies per mole. There are a number of 
interrelations among the various properties of liquids whose general explanation 
can be given now but whose rigorous treatment is yet to come. 
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EXERCISES 


8-1 The normal boiling point of acetone is 56°C and its heat of vaporization is 124.5 cal g 1 . 
Calculate its vapor pressure at 25°C. 

Arts. 0.317 atm. 

8-2 Calculate the boiling point of CC1 4 under 2 atm pressure; its normal boiling point is 76.8°C 
and its heat of vaporization is 46.4 cal g _I . 

Arts. 102.1°C. 

8-3 The vapor pressure of liquid nitrogen is 1 Torr at —226.1°C and 40Torr at —214.0°C. 
Calculate the heat of vaporization of nitrogen and its normal boiling point. 

Arts. 1686 cal mole" 1 , 74.4 K (the actual boiling point is 77.3 K; 

why is the calculated answer so far off?). 

8-4 Calculate the weight loss due to evaporation that should occur if five liters of dry air is 
bubbled through liquid benzene at 26°C. The vapor pressure of benzene is 100 Torr at this 
temperature. The air volume is measured at 1 atm at 26°C, and atmospheric pressure is 
755 Torr. 

Arts. 2.41 g. 

8-5 Estimate the vapor pressure at 25°C of a liquid which obeys Trouton’s rule and whose 
normal boiling point is 100°C. 

Arts. 0.070 atm. 

8-6 Calculate the vapor pressure at infinite temperature of a liquid which obeys Trouton’s 
rule and whose heat of vaporization does not change with temperature. 

Arts. 3.89 x 10 4 atm. 

8-7 Using data from Table 8-1, calculate the change in the freezing point of benzene under 
1000 atm pressure. The densities of liquid and solid benzene near the melting point are 
0.8787 and 0.9000 g cm" 5 , respectively. 

Arts. 5.6°C. 

8-8 The melting point of a substance increases 0.100°C per 1500 atm applied pressure; the 
respective liquid and solid densities are 2.300 and 2.350gem -8 . Calculate the entropy of 
fusion. 

Arts. 3.36 cal K" 1 g" 1 . 


8-9 Calculate AG for the process 

Hg(/, 357°C, 1 atm) = Hgfo 357°C, 0.1 atm) 


(the normal boiling point of Hg is 357°C). 


Arts. —2880 cal mole' 1 . 


8-10 Calculate the free energy change and the increase in vapor pressure if liquid benzene at 
26°C is subjected to 500 atm mechanical pressure. The ordinary vapor pressure is 100 Torr 
at 26°C and the density of liquid benzene is 0.879 g cm -8 . 

Arts. AG increases by 1076 cal mole' 1 , the vapor pressure increases by 511 Torr. 
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8-11 The surface tension of water around 25°C decreases by 0.15 dyn cm -1 °C _1 . Calculate 
the surface energy of water at 25°C. 

Ans. 117 erg cm -1 . 

8-12 The surface tension of a soap solution is 6 dyn cm -1 . What is the value of AP for a soap 
bubble blown with this solution and of radius 2 cm? 

Ans. 9.1 x 10 _s Torr. 

8-13 Obtain the value for the capillary constant a for benzene at 20°C and the height of 
capillary rise for benzene in a 0.1-mm diameter capillary. 

Ans. a = 0.259 cm, h = 13.4 cm. 

8-14 Find the ideal and the actually observed drop weight in the case of benzene at 20°C and a 
dropping tip of 3 mm diameter. The density of benzene is 0.879 gem - *. 

Ans. 27.8 mg, 17.7 mg. 

8-15 What pull should be required to detach a 3-cm wide Wilhelmy slide from the surface of 
benzene? 

Ans. 173 dyn or 177 mg. 

8-16 Calculate the percentage increase over the normal value of the vapor pressure exerted by a 
mist of 1 (i (1 micron, 10“* m) radius droplets of benzene at 20°C. 

Ans. 0.21%. 

8-17 How many liters per second of «-octane should flow through a 0.1-mm-diameter, 200-cm- 
long tube at 40°C? The pressure drop is 2 atm. 

Ans. 5.67 X 10“’ liter sec" 1 . 


PROBLEMS 


8-1 Calculate the vapor pressure of water at 25°C if the water is present in a tank of compressed 
nitrogen gas at 2000 lb in.~* pressure (state your assumptions). 

8-2 Show that, according to Trouton’s rule, all liquids should have the same hypothetical 
vapor pressure at infinite temperature. Assume that heats of vaporization do not vary 
with T. 

8-3 The heat of vaporization of acetone at its boiling point of 56.2°C is 7.642 kcal mole' 1 ; 
the densities of the liquid and vapor at this temperature are 0.7899 and 0.00215 gem’*, 
(a) Calculate the value of dP/dT by exact and by approximate methods, (b) Estimate the 
boiling point at 730 mm Hg pressure, (c) If it is to be distilled at 25°C, to what value 
must the pressure be reduced ? 

8-4 When 15 liters of nitrogen measured at 39.8°C and 770 mm Hg were bubbled through 
a saturater containing tert. butyl alcohol at 39.8°C, 6.547 g of the alcohol were evapora¬ 
ted. Calculate its vapor pressure. 

8-5 Eighteen grams of water supercooled to — 10°C are placed in a bomb, completely filling 
it. The bomb is placed in a thermostat at — 10°C. Eventually ice forms and the pressure 
increases until equilibrium is established. Calculate the number of moles of ice present at 
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equilibrium and the final pressure if the heat of fusion of water is 80 cal gr 1 (independent 
of T) and the compressibility of liquid water is 0 = —(1 IV)(8VI8P) T = 5 x 10' 5 atm -1 
(independent of T). Assume ice to be incompressible; molar volumes are water, 18 cm 3 
and ice, 20 cm 3 (independent of T ). 


8-6 A sealed vessel contains 1 mole of liquid water in equilibrium with 1 mole of water vapor 
and is at 100°C. Calculate the heat capacity of this system at 25°C, 100°C, 110°C, and 
125°C, and make a sketch of C versus T, that is, calculate the heat capacity dqjdT at these 
temperatures, ignoring the heat to warm up the vessel itself. [ Note : Assume that AH of 
vaporization is 9.7 kcal mole' 1 at 373 K and that C P for water liquid and vapor is 18 and 
8 cal K' 1 mole' 1 , respectively. Assume also that the volume of vapor is constant (that is, 
ignore the relatively small changes in vapor volume due to evaporation or condensation 
to give more or less liquid water), and assume the vapor to be an ideal gas and water to be 
incompressible.] 

8-7 Naphthalene melts at 80.2°C with a heat of fusion of 35.6 cal g ~ *, and the heat of vapori¬ 
zation is 75.5 cal g' 1 at the normal boiling point of 217.9°C. The density of the solid is 
1.15 gem' 3 and that of the liquid may be taken to be 10% less. Construct the phase 
diagram for naphthalene along the lines of Fig. 8-10; calculate the vapor pressure at the 
triple point. 

8-8 Derive the equation for the height of capillary rise between two parallel glass plates d 
centimeters apart. Assume the liquid wets the glass and that end effects may be neglected, 
that is, the plates are very long, and only the rise in the middle is being considered. (See 
accompanying diagram.) 



8-9 The surface tension of an organic liquid is determined by the drop weight method. With 
a tip whose outside diameter is 0.5 cm and whose inside diameter is 0.01 cm, it is found 
that the weight of 15 drops is 0.60 g. The density of the liquid is 0.85 g cm' 3 ; the liquid 
wets the glass tip. Calculate the surface tension of this liquid using Table 8-2. 

8-10 For tlje case of zero contact angle, a more accurate capillary rise equation than that given 
is one which takes into account the weight of the meniscus: y — \pgr(h + Jr). Derive this 
equation. 

8-11 The surface tension of a liquid of density 0.80 g cm' 3 is measured by the differential capil¬ 
lary rise method as shown in the accompanying diagram. One capillary has a radius of 
0.05 cm and the other a radius of 0.20 cm. The difference in height of the two menisci is 
2.50 cm. Calculate the surface tension of the liquid. 


r = 0.05 


r = 0.20 
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8-12 Derive from Eq. (8-42) expressions for 5* and E*. Assuming that n = 11 / 9 , calculate y„ 
for water and 5 s and E’ at 20°C. 

8-13 The surface tension of an organic liquid is determined by the drop weight method. Using 
a tip with outside diameter 0.4 cm and inside diameter 0.1 cm, it is found that the weight 
of 20 drops is 0.964 g. The density of the liquid is 0.88 g cm -8 ; the liquid wets the glass tip. 
Using Table 8-2, calculate the surface tension of this liquid. What error would have been 
made had Tate’s law been used? 

8-14 The contact angle of water against Teflon (polytetrafluoroethylene) is 108° at 20°C. Cal¬ 
culate the value of h in the capillary rise equation for the case of a Teflon capillary dipped 
into water at 20°C. The capillary has 0.3 cm outside diameter and 0.1 mm inside diameter. 

8-15 From the following information make a rough sketch of the phase diagram for acetic 
acid, and explain what phases are in equilibrium under the conditions represented by the 
various areas and curves in the diagram: (a) Its melting point is 16.6°C under its own 
vapor pressure of 9.1 mm; (b) solid CH s COOH exists in two modifications, I and II, 
both of which are denser than the liquid, and I is the stable modification at low pressure; 

(c) phases I, II, and liquid are in equilibrium at 55.2°C under a pressure of 2000 atm; 

(d) the transition temperature from I to II decreases as the pressure is decreased; (e) the 
normal boiling point of the liquid is 118°C. 

8-16 Carbon tetrabromide forms three solid phases. Phase II changes to I at 50°C and 1 atm; 
I melts at 92°C with an increase in volume; the liquid boils at 190°C. The triple point for 
I, II, and III is at 115°C and 1000 atm, and there are two phases at 2000 atm and 135°C 
and at 2000 atm and 200°C. 

(a) Draw the phase diagram and letter the phase regions. 

(b) Draw a curve showing how pressure changes with volume at 120°Cfor a pressure 
increase from 1 to 2000 atm. 

8-17 Several solid forms of ammonium nitrate are known, all capable of existing in stable 

equilibrium with the vapor. These forms are designated as Si, S.. and the following 

triple-point temperatures are known: 

Sx.Sa.V — 18°C S 4 ,S s ,V 125°C 

5.. 5.,V 32°C S s , L, V 169°C 

5.. 5 4 , V 83°C S a ,S, ,S 4 50°C. 

Also, it is known that the order of increasing density is L < S a < S 4 < S 6 < S a < S x . 
Sketch a reasonable P-T diagram based on this information. 


8-18 The accompanying P-T diagram is for phosphorus; dashed lines denote that the two- 
phase equilibrium in question is unstable with respect to some other phase change. Sj and 
S a denote white and red phosphorus, respectively. 
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(a) Write along each line the two phases which are supposed to be in equilibrium. 

(b) State the phases supposed to be in equilibrium at each triple point. Are all four 
triple points realizable as a stable or metastable equilibrium? Explain. 

(c) Under what conditions (if any) is white phosphorus stable with respect to red phos¬ 
phorus. How might it be possible to prepare white phosphorus from red phosphorus? 

(d) What would you expect to happen on heating at constant pressure some white 
phosphorus initially at point P x , 7\ ? 

8-19 The vapor pressure of antimony is given here for various temperatures. Make a semi- 
logarithmic plot of P versus 1 IT and calculate the heat of vaporization, the normal boiling 
point, and the value for the Trouton constant. 

P (Torr) 50 100 200 300 400 500 600 

t(°C) 1070 1137 1190 1225 1252 1280 1300 

8-20* Determine the best least squares straight line for the plot of Problem 8-19 and the 
standard deviation in the calculated heat of vaporization. 

8-21 Equation (8-9) was obtained with the assumption that the heat of vaporization does not 
change with temperature. Derive the corresponding equation assuming that there is a 
constant AC P for the vaporization process. Would a plot of In P versus 1 IT still be linear? 
If not, would the slope at any point give the correct AH V for that temperature? 

8-22 Using data from a handbook, make a semilogarithmic plot of the vapor pressure of water 
against l/T from 25°C up to the critical temperature. Evaluate AH V for various temperatures 
from this graph, and plot AH V against T. 

8-23 The coefficient of compressibility of liquid acetic acid is 9.08 x 10 _u cm 2 dyn -1 and its 
coefficient of thermal expansion is 1.06 x 10' 3 "K” 1 , both at 20°C. Calculate the internal 
pressure of acetic acid, and the difference C P — Cy. Compare your value of Pint with 
that obtained from the van der Waals constant a for acetic acid. 


SPECIAL TOPICS PROBLEMS 


8-1 Using the data of Table 3-2, calculate (a) the interaction energy between a nitrogen 
molecule and a point electronic charge 4 A away and (b) the interaction energy between 
two nitrogen molecules separated by 4 A. Explain in each case whether the interaction is 
attractive or repulsive. The ionization potential of N a is 15.5 eV. 

8-2 Make the calculations needed to add a line to Table 8-8 for HI. The ionization potential 
for HI is 12.8 eV. 

8-3* Consider two identical dipoles regarded as consisting of point charges q* and q~ sepa¬ 
rated by distance /. The first is held fixed at the origin and directed along the x axis, while 
the second is a distance x away, also with its center on the x axis, but is allowed to rotate 
as shown in the accompanying figure. Suppose first that x = 100/ and calculate the 


y 



X 
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mutual interaction energy between the two dipoles as a function of 8 and also the field 
of the rotating dipole at the origin, defined as = — nF. Plot F as a function of 8. Do the 
same for the case where the center of the rotating dipole is a distance x = 1.21, 1.51, 41, 
101, and 30/from the origin and plot F as a function of 8 in each case. Finally, plot F as a 
function of x for various 8; compare the behavior of these plots with the inverse-third- 
power law given by Eq. (8-54). 

8-4 Derive the equation corresponding to Eq. (8-64) but for the case of flow between parallel 
plates separated by distance r and of length /. The flow V, is now per centimeter width. 

8-5 Look up the necessary data and calculate ** for water and for glycerin. Test how closely 
Eq. (8-67) gives the actual viscosities, using your values for «*. 



CHAPTER NINE 


SOLUTIONS OF 
NONELECTROLYTES 


9-1 Introduction 

We introduce, with this chapter, the physical chemistry of systems for which 
composition is a state variable. A solution is a mixture at the molecular level of 
two or more chemical species; it may be gaseous, liquid, or solid. If clusters of 
molecules are present, the situation becomes more complex. If the clusters are of 
the order of 100 A to a few thousand A or around 10“ 4 cm in size, the system is 
colloidal in nature. If they reach to 10 -4 to 10 -3 cm, we speak of the mixture as a 
suspension, an emulsion, or an aerosol. Beyond this, we simply have a mechanical 
mixture of two or more bulk phases. 

There are no sharp natural boundaries in this sequence, but there are practical 
ones. Most physical chemists have concentrated on the extremes, that is, on mole¬ 
cular solutions or on systems having well-defined bulk phases which themselves 
may be solutions. On the other hand, much of the biological and physical world 
involves mixtures of the colloidal or intermediate type of dispersity. The physical 
chemistry of these last systems is difficult, and its introduction is reserved for 
Chapter 21. We confine ourselves here to the simpler case of molecular solutions. 

A solution or mixture of gases presents little problem, at least at the level of 
complexity of this text. Unless very dense, gases are always fully miscible and, in 
the usual laboratory pressure range of around 1 atm, form essentially ideal 
solutions. Dalton’s law of partial pressures [Eq. (1-18)] is well obeyed. We will 
consider the entropy and free energy of formation of gaseous mixtures in 
Section 9-4. 

Solid solutions, that is, molecular dispersions of two or more species in a solid 
phase, are quite common. Alloys are one example; also, many ionic crystals are 
able to substitute one type of ion for another (of the same charge) almost randomly 
within their crystal lattices. Solid solutions are more difficult to study experi¬ 
mentally, however, and are less studied than liquid ones. Their behavior is also 
more subject to eccentricities. Most of our data are from, and most of our common 
experience is with, liquid solutions. For these reasons, the material that follows 
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refers mainly to liquid solutions. It should be remembered, however, that the 
formal thermodynamics is the same for both types of solutions. 

It is now desirable to define the term composition more precisely. A phase may 
consist of a number of molecular species and yet still qualify thermodynamically 
as a pure substance. Liquid water, for example, contains not only a large assortment 
of transient clusters (see Section 8-CN-2), but also definite concentrations of hydrogen 
and hydroxide ions. These are all in equilibrium with each other, however, and 
their relative proportions are not subject to arbitrary change. Composition with 
respect to these species is not an independent variable; once we fix the temperature 
and pressure of a sample of water, we automatically also fix the various equilibrium 
constants and hence compositions. It is therefore not necessarily the number of 
species present that serves to characterize a solution. Nor is it necessarily the 
number of constituents. By constituents, we mean chemical species that we can 
physically measure out in making up a solution. The term formal composition 
denotes the composition calculated in terms of what is weighed out and mixed. 
We may, for example, prepare a mixture of hydrogen, nitrogen, and ammonia. 
In the presence of a catalyst, these would be in equilibrium, and it would be suffi¬ 
cient to specify the formal composition with respect to only two of the three 
species. In the absence of the catalyst, however, all three compositions are inde¬ 
pendently variable, and the formal composition with respect to all three would 
have to be specified. 

We meet this type of complication by using the term component. The number of 
components of a solution (or of any mixture) is the least number of independently 
variable chemical species required to define the composition of the solution (and 
of all phases present, if there is more than one). Hydrogen plus nitrogen plus 
ammonia plus catalyst is a two-component system; without the catalyst, it becomes 
a three-component system. Ordinary water is a one-component system; water plus 
solute is a two-component system, and so forth. 

As to compositions themselves, various measures are used. A common oneforthis 
chapter will be the mole fraction, denoted by x { for a liquid solution and, for clarity, 
by y t for a gaseous solution. Mole fractions are strictly additive. That is, the total 
number of moles of a solution is just the sum of the numbers of moles of each 
species, and the mole fraction composition of a solution formed when two others 
are mixed is strictly obtainable on this basis. Volume fractions fa are sometimes 
used, but the volume of a solution is not in general equal to the sum of the volumes 
of the constituents mixed, and care must be taken in the definition of the exact 
experimental basis for a volume fraction. 

The term molality, m, denotes a kind of mole fraction which is well suited to 
aqueous solutions. It means the number of moles of the dilute or solute compo¬ 
nent per 1000 g of the major or solvent component. Finally, it is convenient both 
for the laboratory chemist and in certain theoretical treatments to use volume 
concentration. The term molarity, M , will be used here to denote moles per liter 
of solution (not of solvent alone), and n to denote the rational concentration unit 
of molecules per cubic centimeter of solution. 

Finally, we will deal with solutions mainly from the phenomenological or 
classical thermodynamic point of view. Much formal statistical thermodynamics 
has been developed for solutions, but the complications are such that this approach 
is not as yet a powerful one in actual application. The statistical thermodynamic 
point of view is therefore discussed only briefly, in the Commentary and Notes 
section. 
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9-2 The Vapor Pressure of 
Solutions. Raoult’s and Henry’s Laws 

The vapor pressure and vapor composition in equilibrium with a solution of 
volatile substances constitute important and very useful information. The practical 
usefulness lies in the application to distillation processes, and the physical chemical 
importance, in the provision of a means of studying the thermodynamic properties 
of liquids and of testing models for the structure of liquids. One function of this 
section is therefore to introduce characteristic data and behavior as a preliminary 
to the thermodynamic treatments. 


A. Vapor Pressure Diagrams 

Vapor pressure data are customarily displayed in the form of vapor pressure- 
composition diagrams for some particular temperature, as illustrated schematically 
in Fig. 9-1. Here Ptot is the total combined vapor pressure above varying compo- 



FIG. 9-1. Vapor pressure-composition diagram. 


sitions of a solution of liquids A and B. The liquids are, in this example, taken to 
be fairly similar, and the Ptot curve, although not linear, decreases steadily from 
P A °, the vapor pressure of pure A, to P B °, that of pure B, as x B is varied from 0 
to 1. The vapor is a mixture of gaseous A and B, and the variations of the partial 
pressures P A and P B are also shown. We assume that no other gases are present 
and that the vapors are ideal, so that 

Ptot = Pa + Pb ■ (9-1) 

If A and B are very similar, the limiting case being one of two substances differing 
only in isotopic content, then the vapor pressure diagram takes on an especially 
simple appearance. A good example is provided by the benzene-toluene system, 
shown in Fig. 9-2. The values of P to t , Pb , and P t are now given by nearly 
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(b) 

FIG. 9-2. The benzene-toluene system at 20°C: ( a ) vapor pressure-liquid composition diagram; 
(6) liquid and vapor composition diagram. 

straight lines. Thus we have 


Ft = Pt°x u Ft, = P b °{ 1 - x t ) = P b °x b , (9-2) 

where xt and Xb denote the mole fractions of toluene and of benzene, respectively, 
and the degree superscript indicates a pure phase. Then Ftot is simply 

Pm = Pt + Pb = Pb° + (Pt° - Pb ) xt, (9-3) 

which is the equation of the straight line connecting Pt>° with Pt°. A solution with 
this behavior is called an ideal solution, and the general form corresponding to 
Eqs. (9-2) is called Raoult's law (1884): 

Pi = Pi°Xi . (9-4) 

For simplicity, we will largely restrict the discussion to two-component systems, 
for which the Raoult’s law statements are 


Pi = PlXi , 


P 2 = P 2 °x 2 , 


(9-5) 
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with the corollary that 

Ptot = Pi + (P 2 ° - Pi ) x 2 . (9-6) 

As will be seen in the Commentary and Notes section, Raoult’s law corresponds 
to a particularly simple picture of a solution—essentially one in which the com¬ 
ponents are distinguishable, but just barely, so that their physical properties are 
virtually identical. The situation is rather analogous to that of the ideal gas; the 
ideal gas law also corresponds to a particular, very simple picture. The ideal gas 
law is, moreover, the limiting law for all real gases, and, in this respect, is not 
hypothetical or approximate at all. The same is believed to be true for Raoult’s 
law. Experimental evidence suggests that Raoult’s law is the limiting law for all 



(a) 



(b) 


FIG. 9-3. The acetone-chloroform system at 35°C, showing negative deviation from ideality; 
(a) vapor pressure-liquid composition diagram; ( b ) liquid and vapor composition diagram. 



306 CHAPTER 9: SOLUTIONS OF NONELECTROLYTES 


solutions, approached by each component as its mole fraction approaches unity. 
That is, as a limiting law statement, Eq. (9-4) reads 

lim P< = P t ° Xi . (9-7) 

*r»I 

Notice that the curves for P A and P B are drawn in Fig. 9-1 so that they 
approach the Raoult’s law line as x A and x B approach unity. The acetone-chloro¬ 
form system shown in Fig. 9-3 provides a specific illustration. In this case, the 
partial pressure curves lie below the Raoult’s law lines, whereas in Fig. 9-1, they 
lie above the Raoult’s law lines. We speak of the first situation as one of negative 
deviation, and the second, as one of positive deviation (from ideality). 

Raoult’s law as an ideal law is easy to understand theoretically. It is the expected 
behavior if there is complete uniformity of intermolecular forces, just as the ideal 
gas law is the expected behavior in the complete absence of intermolecular forces. 
Raoult’s law as a limiting law, Eq. (9-7), is a statement of experimental observation. 
While we assume that it is the limiting law for all systems, there is no rigorous 
theoretical proof. By contrast, the ideal gas law can be shown to be the expected 
limiting law for all real gases. 

Acceptance of Raoult’s limiting law provides a basis for the understanding of 
a second limiting law, Henry's law. Henry’s law states that the partial pressure of 
a component becomes proportional to its mole fraction in the limit of zero con¬ 
centration: 

lim P t = kiXf. (9-8) 

*,->0 

This is illustrated in Fig. 9-4, in which the vapor pressure curves of Fig. 9-1 are 
shown approaching the limiting slopes k A and k B ; these slopes define straight lines 
whose intercepts are k A and k B . Under the limiting Henry’s law condition each 
molecule of component A has become surrounded by B molecules. The 
environment is thus not one of pure A, but another environment determined by 



FIG. 9-4. System showing positive deviation from ideality; illustration of Henry's and Raoult’s 
laws. 
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the nature of the A-B interactions. We can regard k A as the hypothetical vapor 
pressure that pure A would exert if the molecules all had this different environment, 
and similarly, k B as the hypothetical vapor pressure that pure B would exert in an 
environment consisting of A molecules. 

Like Raoult’s law, Henry’s law applies as a limiting law to systems of both 
positive and negative deviation from ideality. Thepartial pressure curves in Figs. 9-3 
and 9-4 obey both limiting laws. 


B. Solubility of Gases 

Henry’s law is approximately valid for any solute in a dilute solution, and a 
particular application is to the solubility of gases in liquids. As an approximate 
law, Eq. (9-8) becomes 

P 2 = k 2 x 2 , (9-9) 

where species 2 in a two-component system will, by convention, be taken to refer 
to the solute. The solubilities of permanent, inert gases (such as N 2 ,0 2 , CO, 
and CH 4 ) in water at 25°C give k 2 values of ~10 5 atm. Thus k 2 is 0.426 X 10® atm 
for 0 2 in water; the solubility is then x Qi = 1/(0.426 x 10 s ) = 2.35 X 10“ 8 at 
1 atm. Since there are 55.5 moles of water per liter, this solubility corresponds to 
1.30 X 10“ 3 M per atm at 25°C. The partial pressure of oxygen in air is 0.2 atm, 
so the actual concentration, due to equilibration with air, is (1.30 X 10~ 3 )(0.2) = 
2.61 X 10~ 4 M. In this case, there will also be dissolved nitrogen present, corre¬ 
sponding to its k 2 value of 0.86 x 10 s atm. 

Some of the literature report Henry’s law constants for gases in terms of the 
volume of gas dissolved, measured at the temperature and pressure in question, 
per unit volume of solvent. The Henry’s law constant for oxygen becomes, on 
this basis, (1.30 x 10~ 3 )(0.082)(298)/1.0 or 0.032 liter of 0 2 per liter of water. 


C. Vapor Composition Diagrams 

A vapor pressure diagram also contains the information to give the composition 
of the vapor in equilibrium with a given composition of solution. Thus, for the 
system of Fig. 9-1, we have 


7 a = 


P A 

P tot 


Pa 

Pa ~~ Pb 



Pb 

Pa “b Pb 


(9-10) 


where y A and y B denote the mole fractions of A and B in the vapor, respectively. 
A conventional way of supplying this information is to plot the vapor composition 
corresponding to each value of Ptot, along with Pm versus liquid composition, as 
shown in Fig. 9-5. For example, for a liquid of composition x x , Pm has the value 
P 1 , and the solution is in equilibrium with vapor of composition y x . The corre¬ 
sponding vapor composition plots are included in Figs. 9-2(b) and 9-3(b). 

Vapor composition diagrams are in effect phase maps or phase diagrams. If the 
system is contained in a piston and cylinder arrangement thermostated to the given 
temperature, then from Fig. 9-5, liquid of composition x 1 cannot vaporize if the 
pressure is greater than P 1 ; the system will consist of liquid phase only. The same 
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A jr B B 

FIG. 9-5. Use of vapor pressure and vapor composition diagrams—the lever principle. 

will be true for any composition and pressure defining a point lying above the 
liquid line. The upper region of the diagram is one of liquid phase only. Similarly, 
a system of composition x x at a pressure less than P 3 will consist of vapor phase 
only. The lower region of the diagram must be one of vapor phase only. The liquid 
and vapor composition lines thus mark the boundaries of the liquid-only and vapor- 
only regions, respectively. Finally, a system whose overall composition and pressure 
locate a point between the two lines will consist of a mixture of phases. 

A diagram such as that of Fig. 9-5 allows a complete tracing of the sequence of 
events as the pressure of a system is changed at constant temperature. Suppose, for 
example, that a system of composition x 1 is initially under some high pressure. As 
the pressure is reduced vaporization will begin at P x , producing vapor of compo¬ 
sition y 1 . With further decrease in pressure more and more vaporization must 
occur, and since the vapor is richer in A than is the liquid, the latter must move to 
the right in composition. When the pressure has reached P 2 , liquid of composition 
x 2 is now in equilibrium with vapor of composition y 2 . Finally, when the pressure 
has been reduced to P 3 all the liquid will be vaporized and further reduction in 
pressure will merely expand the mixed vapors. 

Since the entire system is a closed one, the vapor and liquid phases are always of 
some uniform relative composition, and their relative amounts can be calculated 
by material balance. For example, if the system consists of n moles total, then at 
any point 

n = rt v + , (9-11) 

where n t and n v are the number of moles of liquid phase and of vapor phase, 
respectively. Thus for a system of overall composition x 1 and at pressure P 2 the 
material balance in B is 


nxj. = n v y 2 + rt t x 2 = n v y 2 + (n — n v ) x 2 . 


( 9 - 12 ) 
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Equation (9-12) rearranges to give 


Wy X2 

n *2 — J2 ’ 


(9-13) 


Equation (9-13)can be given a very simple and useful graphical interpretation. 
The horizontal line connecting the points y 2 and x 2 is known as a tie-line. In general 
a tie-line connects the compositions of equilibrium phases. The difference x 2 — y 2 
corresponds to the length of the tie-line at P 2 and the difference x 2 — x lf the length 
of the right-hand section of the line. Alternatively, if the tie-line is regarded as 
a balance pivoted at the point jq , then weights proportional to n v and « E will just 
balance if placed at the y 2 and x 2 ends, respectively. Equation (9-13) with its 
associated graphical interpretation is known as the lever principle. 


D. Maximum and Minimum Vapor Pressure Diagrams 

The acetone-chloroform system of Fig. 9-3 shows a minimum in Ftot • The 
physical interpretation is along the lines of Fig. 8-5, where for a pure liquid the 
energy of vaporization was attributed to n<f>l 2, where n is the number of nearest 
neighbors and <f> is the interaction energy. A negative deviation then suggests that 
cf > AB is greater than cf> AA or <f> BB , so that the ease of vaporization is reduced if A 
and B molecules mutally surround each other. 

Such an increase in interaction energy between unlike molecules would, as an 
extreme, lead to the formation of an actual compound. In the case of Fig. 9-3 the 
appearance is more that of a tendency toward association. The fact that the 
deviation of Aot from the ideal or Raoult’s law line is at a maximum at about 50 % 
mole fraction suggests that the association is of the AB type (and not A 2 B or AB 2 , 
and so on). 

The extreme case, in terms of this picture, would be one in which a very stable 
AB compound actually formed, as illustrated in Fig. 9-6. Systems in which the 
overall composition x B is less than 0.5 consist of a solution of A and AB, those of 




FIG. 9-6. Formation of a stable compound AB, but with the solutions A + AB and B + AB 
ideal. 
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FIG. 9-7. The benzene-ethanol system at 35°C. 

composition greater than 0.5 consist of a solution of B and AB. These two solutions 
are shown as ideal but need not be. Note that there is a discontinuity in the slope 
of the Ptot line at x B = 0.5. In the acetone-chloroform system, however, the P t ot 
line is rounded at the minimum—an indication that no very stable AB complex 
forms. One may, in fact, estimate the dissociation constant of such a complex from 
the degree of curvature around this minimum. 

Deviations from ideality may, of course, be positive. This is illustrated in Fig. 9-7 
for the system benzene-ethanol. The physical argument is now reversed; we con¬ 
clude that <f> AB is less than <f> AA or <f> BB . The extreme of this situation is that in which 
the two liquids have limited solubility in each other. This means that two phases 
a and /3 of different composition can coexist, and that therefore 

Pa* = V = Pa , P B °= P B B = Pf, P = Pa + P* , (9-14) 


where the superscript a or /3 refers to a quantity for a single phase and the super¬ 
script aft stands for a quantity when both phases are present. 

The limiting situation of complete immiscibility is shown in Fig. 9-8. The pos¬ 
sible types of sequences are those for the systems x 2 and x x . All systems now 
consist of two liquid phases initially, and when the pressure is reduced to P AB 
vapor phase of composition y AB forms and continues to do so until one liquid or 
the other is gone. The remaining liquid then continues to vaporize along the 
appropriate vapor composition line. The composition y AB is in this case given by 


= 


P A° + P B 


p AB 


(9-15) 


E. A Model for Nonideal Solutions 

A fairly simple treatment developed by M. Margules in 1895 is still a very useful 
one. The difference between <j> AB and <f> AA can be regarded as an energy term which 
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enters as a Boltzmann factor modifying P A over its ideal value. This energy 
difference should be approximately proportional to x B 2 on the basis of arguments 
about the proportion of A-A and A-B interactions, and one writes 

Pa = Pa°x a exp(a* B 2 ), (9-16) 

where a is a characteristic constant (and is temperature-dependent). Since the A-B 
interaction is a mutual one, a similar equation applies to P B : 

P B = P B x B exp(a* A 2 ), (9-17) 

where a is the same constant as in Eq. (9-16). Notice the Eqs. (9-16) and (9-17) 
give Raoult’s law as a limiting law, and reduce to Raoult’s law for all compositions 
if a = 0. 

The model also provides a relationship between the Henry’s law constants 
k A and k B [Eq. (9-8)]. Thus from Eq. (9-16) we have 

Ap 

= F A °[exp(a* B 2 )](l - 2oiX A x B ) (9-18) 

and in the limit when x A —*■ 0, 

k A = P A °e°. (9-19) 

The situation is symmetric, and so 

k B = P B °e«. (9-20) 

Thus the two Henry’s law constants are predicted to be in the ratio of the P° 
values. This rule is obeyed reasonably well except for strongly associated liquids 
(a very negative). 

In the case of positive deviation a is positive, and if sufficiently so, the curve 
calculated from Eq. (9-17) will show a maximum and a minimum, as illustrated 
in Fig. 9-9. The situation is reminiscent of that with respect to the van der Waals 



312 CHAPTER 9: SOLUTIONS OF NONELECTROLYTES 



FIG. 9-9. Plot of P a according to the Margules equation (9-17). (The plot of P A is similar, but 
increases from right to left, of course.) 

equation and the conclusion is that the experimental vapor pressure curve must 
show an equivalent horizontal portion and that the system is one of partial 
miscibility. The “critical temperature” is such that a = 2. For this value of a the 
system just fails to show a miscibility gap. 


9-3 The Thermodynamics of Multicomponent Systems 

Some aspects of the more formal thermodynamics of solutions, gaseous, liquid, 
or solid, must now be taken up. An important result will be the introduction of a 
new quantity, the chemical potential, which plays much the same role for solutions 
as G does for pure substances. The criterion for phase equilibrium is then expanded 
to the case of phases that are solutions, and an important new relationship, the 
Gibbs-Duhem equation, is introduced. Further developments are given in the 
Special Topics section, including the thermodynamic treatment of the surface 
tension of solutions. The principal new concept to be understood is that of partial 
molal quantities. Thermodynamics has become more complicated, but unavoidably 
so. 


A. The Chemical Potential 

The various thermodynamic functions must now include the amount of each 
component as a variable. That is, we consider what is called an open system, or 
one which may gain or lose chemical species. Thus the total energy E is a function 
of S, v, and now n t , where n f denotes the number of moles of the ith species, and 
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sans serif (E, S, and so on) denotes extensive quantities not on a per mole basis. The 
total differential for E is 


-(I).,"+(S), * + © s , ^+(§J S *.+ 

v * n i S,n* 1 S»v,nf#n x 2 S,v,ni#nj 


(9-21) 


Comparison with Eq. (6-12), to which Eq. (9-21) should reduce if the dn t are zero, 
gives 1 


d£ 


= ^s-i.^ + 2(f) s 

* ' S t v t n f ^ni 


dn. 


(9-22) 


Similarly, free energy is now a function of T, P, and also « t , so we have 


dG = 



Comparison with Eq. (6-43) identifies the first two coefficients, so that 


(9-23) 


dG= -SdT+vdP + l(-^-) Tp d ni . 


(9-24) 


Alternatively, however, we have 

dG = dH - d{TS) = d£ + P dv + v dP - TdS - S dT, (9-25) 
so, in combination with Eq. (9-22), it must also be true that 


Thus we have 




/ SE \ _ 

/ dG \ 

\ 8n ( /s,„ 

\ dn t !t,p 


where /x, is a new quantity called the chemical potential. 
Equations (9-22) and (9-26) can now be written 

dE — T dS — P dv + Yj Pi dnt , 


dG = — S dT + v dP + Yj Pi d n i ■ 

i 


(9-26) 


(9-27) 


(9-28) 

(9-29) 


The second of these is perhaps the more useful since it identifies the chemical 
potential /x 4 as the free energy change of a system per mole of added component i, 
with temperature, pressure, and the other mole quantities kept constant. The 
chemical potential is a coefficient (like heat capacity) and we are really talking 
about the change dG for a small increment dn ( . The added amount of the ith 


* To simplify the appearance of equations, the reminder n, # n t will be taken for granted in 
derivatives such as (dG/drti)s.».n**nr 



314 CHAPTER 9: SOLUTIONS OF NONELECTROLYTES 


component should not be sufficient to change the composition of the system 
appreciably since /x, will depend on composition as well as on temperature and 
pressure. 


B. Partial Molal Quantities 

The chemical potential is one of a family of partial molal quantities. If, in 
general, we have some extensive property SP, then for a solution ^ is the partial 
molal property for the ith component: 


Thus 


and 


3>t= ( 

d0> \ 

drii / 

T,P 

(9-30) 

v t = 

/ 8v 
\ dn t 

) T.P ’ 

(9-31) 

Hi = 

/ aH 

\ dn ( 

■) . 

' T.P 

(9-32) 

Si = 

/ as 

\ 8n t 

^ T.P 

(9-33) 


Further, the various thermodynamic coefficients that were derived for a single 
substance retain the same form for the ith component of a solution if the corre¬ 
sponding partial molal quantities are used. As useful examples, we have 


( d ^ ) 

= 

[ 8G ) 

= A i 

r 8G ) -| 

( dv ) 

\ 8P ) T 

8P 1 

' drii ) p t 

8m ' 

\ 8P ) T 1 

(an, / p T 


(9-34) 


and, similarly, 

= <” 5 > 


Equation (9-34) may be applied to a mixture of ideal gases. By Eq. (9-31), 


Then 


and 


V, = 


/ dv ’ 

\ -RT 

(dn\ 

\8«j. 

It .p P 1 

\ 8nJ 



RT 
P ' 


dm = RT — = RT = RT d In P t (ideal gas) 


(9-36) 


since P { = x,P and, under the conditions of the differentiation, dP t = x t dP { . We 
thus have 


Pi(g) = p°(g) + RT\n P ( (ideal gas), 


(9-37) 
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where /j.°(g ) is the chemical potential of the gas in its standard state, ordinarily 
taken to be 1 atm. (The same equation applies for a nonideal gas with fugacity 
fi replacing P t —see Section 6-ST-2.) Since fx t °{g) refers to pure component /, it 
could just as well have been written G/(g); it seems preferable, however, to keep 
the notation symmetric. [See Robinson (1964) for a discussion of the preceding 
derivation.] 


C. Criterion for Phase Equilibrium 

We are dealing with equilibrium systems, and hence with systems for which 
no spontaneous change in temperature or pressure occurs. Equation (9-29) then 
reduces to 

dG = Z #*, dn t . (9-38) 

i 

If the system consists of a single phase and is chemically isolated, that is, if no 
chemical species can enter or leave, then the criterion for equilibrium given by 
Eq. (6-42) applies, so we have 

dG = 0, £ Pi dm = 0. (9-39) 

i 

Alternatively, the system might consist of two (or more) phases in equilibrium. 
For each phase there will be an equation of the form of Eq. (9-38): 

dG* = Y, p/ dnf, dG B = £ fx/ dn/, (9-40) 

i i 

and so forth, where 

dG = dG* + dG B + •••. (9-41) 

If the entire set of phases is in equilibrium and constitutes a chemically closed 
system overall, then again dG is zero, and we now have 

0 = YPi° dn “ + Z H-Z dn/ +-. (9-42) 

i i 

Suppose that some process occurs in this equilibrium system of phases whereby 
dn t moles of the /th species is transferred from phase a to phase j3; all other dn 
quantities are zero. For this process it follows that 

fj.* dn* + fj./ dn/ = 0. (9-43) 

Since dn f — —dn/ (the total number of moles of the /th species remains the same 
in the overall system), we have 

K = fx/. (9-44) 

The very important conclusion is that for phase equilibrium between solutions 
the chemical potential of each species must be the same in every phase in which it 
is present. Equation (9-44) is a more general statement of the equilibrium condition 
for a pure substance, G a = G B . 
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D. The Gibbs-Duhem Equation 

A very useful relationship may be obtained from Eq. (9-28). Since our appli¬ 
cations will be restricted to two-component systems, we will make the derivation 
on that basis. The differentials of Eq. (9-28) are all of the form 

(intensive property) x ^(extensive property). 


We can therefore imagine that we introduce additional amounts of components 
1 and 2, keeping the temperature, pressure, and composition (and hence ^ and 
/x 2 ) constant. The result amounts to an integration giving 



E = TS — PV + /LtjHj + fJ. 2«2 • 

(9-45) 

Since 

G = E + Pv - TS, 


we can write 

G = nq .ij + « 2/*2 • 

(9-46) 

Differentiation of Eq. (9-46) gives 



dG = djx i + /xj dn x + n 2 dfx 2 + /u. 2 dn 2 

(9-47) 

and comparison with Eq. (9-38) leads to the result 



n x 4*i + «2 4*2 = 0- 

(9-48) 

We divide by the total number of moles to obtain 



4*! -F *2 4*2 = 0- 

(9-49) 


Equations (9-48) and (9-49) are alternative forms of the Gibbs-Duhem equation. 
Its great usefulness is in relating the chemical potential change of one component 
(for a constant-temperature, constant-pressure process) to that of the other. The 
next section provides some specific applications. 

An alternative way of obtaining Eq. (9-48) is as follows. Equation (9-45) is of 
general validity and may be differentiated to give 

dE = T dS + S dT — P dv — v dP + fx x dn x n x dq. 1 + fx 2 dn 2 + n 2 dfi 2 . (9-50) 

Comparison with Eq. (9-28) gives 

0 = S dT — v dP + dfj .i + « 2 4*2 • (9-51) 

For a process at constant temperature and pressure, Eq. (9-51) reduces to Eq. (9-48). 
We will find this type of procedure useful in obtaining the Gibbs adsorption 
equation (see Special Topics section). 


9-4 Ideal Gas Mixtures 

The chemical potential of a component of an ideal gas mixture is given by 
Eq. (9-37), 

Pi(g) =lH°(g) -b^rinF,. 
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FIG. 9-10. 

We can apply this equation to calculate the free energy and entropy change for the 
isothermal process 

/^(gas 1 at P) + n 2 (gas 2 at P) 

= mixture (at P, with P t = x r P and P 2 = X 2 P). (9-52) 

The process, physically, corresponds to the procedure shown in Fig. 9-10. For pure 
gases, = «i[^ 1 0 (g) + F7Tn P\ and G 2 = n 2 \jj. 2 {g) + .RFln P\. The free 
energy of the mixture is, by Eq. (9-46), 

G m ix = «il/^i 0 (g) + RT\n FJ + n 2 [jj. 2 (g) + FT In P 2 ], 

or, since P t — and P 2 = x 2 P, substitution gives 
G m ix = «i[^i 0 (g) + RT In P + RT In *i] + n 2 [ji 2 °(g) + RT In P + RT\r\ x 2 ]. 


The free energy change for process (9-52) is G mlx — 

Gj — G 2 or 


JG M = n x RT In + n 2 RT In x 2 

(ideal gas). 

(9-53) 

The free energy of mixing per mole of mixture is 



A C M = x x RT In + x 2 RT In x 2 

(ideal gas). 

(9-54) 

Since AS — —[d(AG)ldT] P , the entropy of mixing 

per mole of solution is 


/1S M = — OqF In x t + x 2 R In x 2 ) 

(ideal gas). 

(9-55) 


Notice that the free energy of mixing is independent of P and that the entropy of 
mixing is independent of both P and T. The latter could have been obtained on the 
basis of the probability arguments of Section 6-8A (see Commentary and Notes 
section). 


9-5 Ideal and Nonideal Solutions. 

Activities and Activity Coefficients 

We can apply the criterion for equilibrium to the case of a solution and its 
vapor. The treatment will be in terms of a liquid solution, but it is equally applicable 
to solid solutions. The vapor phase is assumed, as usual, to be ideal, and for 
simplicity we consider only a two-component solution. The requirement that the 
chemical potential of a component be the same in two phases that are in equi- 
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librium may be combined with Eq. (9-37) to give 

Mi(0 = MiA) = Ml °(g) + RT In P x . (9-56) 

In the case of a pure liquid n X {1) becomes n x °(l) [or just GAO] and Eq. (9-56) 
reduces to 

mAO = M°i(g) + RT\n P x °. (9-57) 

Alternatively, we may add and subtract RT\nP x ° on the right-hand side of 
Eq. (9-56) to obtain 

Mi(0 = W(g) + RT In P x °] + RTln A 
or 

Mi(0= MAO + ^lnA. (9.58) 

We thus have two ways of expressing the chemical potential of component one. 
Equation (9-56) does so in terms of fi x °(g) and P x , while Eq. (9-58) does so in 
terms of n x (f) and P x /P x °. In the first case the standard or reference state is the 
vapor at unit pressure, 1 atm, and in the second case it is the pure liquid. The 
equations are symmetric with respect to the components and so a parallel set of 
relationships applies for component 2: 

M*(0 = mAs) + RT In P 2 , (9-59) 

MA) = M2°(/) + RT\n A . (9-60) 

r 2 


A. Ideal Solutions 

Equations (9-58) and (9-60) take on a very simple form if Raoult’s law is obeyed, 
since then P x /P x ° = x x and P 2 /P 2 ° = * 2 • Thus 

H x (l) = | u x °(l) + 7?rin x x (ideal solution), (9-61) 

fi 2 (l) = + RT\n x 2 (ideal solution). (9-62) 

We can use Eq. (9-46) to obtain the total free energy of the solution: 

G = « 1 /x 1 °(/) + n,jx 2 (l) + n x RT In x x + n 2 RT\n x 2 (ideal solutions). (9-63) 
If we now consider the process of preparing the solution by mixing the pure liquids, 
^(component 1) + « 2 (component 2) = solution, (9-64) 

the corresponding free energy change is 

AG m = n x RT In x x 4- n 2 RT\n x 2 (ideal solution). (9-65) 

or, per mole of solution, 

AG m = x x RT In x x + x 2 RTln x 2 (ideal solution). (9-66) 
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We can also obtain the entropy of mixing. From Eqs. (9-35) and (9-61), 

— Sj(/) = —Sj°(l) + R In (ideal solution), (9-67) 

and similarly for component 2. The total entropy of the solution is then 

S = n.VtO + n 2 S 2 °(l) - (n.R In x, + n 2 R In x 2 ), (9-68) 

and, for the mixing process, per mole of solution, 

^5 m = — (x t R In x, + x 2 R In x 2 ). (9-69) 

Note that Eqs. (9-66) and (9-69) are identical to Eqs. (9-54) and (9-55) for the 
mixing of ideal gases (see Commentary and Notes section). 

Since AG = AH — T AS for a constant-temperature process, it follows from 
Eqs. (9-66) and (9-69) that 

AH m = 0. (9-70) 

The heat of mixing for an ideal solution (and for ideal gases) is zero. 


B. Nonideal Solutions 

Equations (9-58) and (9-60) could be used for nonideal solutions, but it would be 
inconvenient always to have to refer to vapor pressures. A more general form, 
preferably analogous to Eqs. (9-61) and (9-62) for ideal solutions, would be very 
advantageous. We obtain this form by introducing the effective or thermodynamic 
concentration, called the activity. Activity or effective mole fraction a is defined so 
as to retain the form of Raoult’s law: 

Pi = ai P;. (9-71) 

Equation (9-58) becomes 

= RTlna,, (9-72) 

and similarly for component 2. Since Raoult’s law is the limiting law for all 
solutions, as x x -*■ 1 , a x must approach X!. We may retain the Raoult’s law form 
even more explicitly by using the term activity coefficient y,, defined as the factor 
by which a t deviates from x,: 

a t = y.x,. (9-73) 

Since a { -*■ x ( , y ( -> 1 as x f -*■ 1. Equation (9-72) becomes 

fhff) = Fi°(0 + RT In Xj + RTln Yl . (9-74) 

The equation for the free energy of mixing, corresponding to the process of 
Eq. (9-64), can be put in a form that allows AG M to be expressed as the sum of 
an ideal and a nonideal contribution. Equation (9-65) becomes 

AG m — Xj7?r In a 1 + x 2 7?rin a 2 (9-75) 

or 

AG m = XjRF In Xj + x 2 RT In x 2 + x x RT In y 1 + x 2 RT In y 2 . 
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Alternatively, 

AG e = AGm — ^<JM(ideai> = Xj^RT In y 1 + x^Tln y 2 . (9-76) 

The difference AG m — ^G M (tdeai) is known as the excess free energy of mixing AG e . 
Similarly, 

AS e = zJSm — ■dS'M(ideal) • (9-77) 

The evaluation of AS E involves the change in activity coefficients with temperature 
or, alternatively, a measurement of AH m (see Special Topics section). Also, 
AG e = AH e — T AS e , where 

AH e = AH m (9-78) 

since A // M (ideal) is zero. 

Note that if the vapor pressure shows a positive deviation from ideality, then 
and a 2 will be greater than the corresponding mole fractions and the y’s will be 
greater than unity. Conversely, if the deviation is negative, the y’s will be less than 
unity. The Gibbs-Duhem equation provides some important conclusions in this 
respect. If we evaluate dp.fl) from Eq. (9-72), then, by Eq. (9-49), 


d (In af) + x 2 <7(ln af — 0 

(9-79) 

J r((ln a 2 ) = - J ~ d (In a 2 ). 

(9-80) 


Thus if the activities of component 1 are known for a range of concentrations, 
integration of Eq. (9-80) allows a calculation of the change in activity of com¬ 
ponent 2 (see Section 9-5C and Special Topics section). Further analysis shows 
that if component 1 has a positive deviation from ideality, so must component 2, 
and vice versa. That is, the deviation must be of the same type for both components. 


C. Calculation of Activities and Activity Coefficients 

The preceding material is sufficiently complicated that we now offer a detailed numerical example 
to help clarify just how the various definitions and procedures are implemented. The data of 
Fig. 9-3 for the acetone-chloroform system will be used. Values for the two partial pressures, 
interpolated from the original data, are given in Table 9-1. There are a number of regularities 
and interrelations to notice. First, the activity coefficients are given either by y c = flo/xc and 
y* = ajxi (c = chloroform and a = acetone) or by y c = PJP C ( ide »i> and y» = PJP* (Weal) , 
where P ideal is the Raoult’s law value for the partial pressure. The two calculations are equivalent. 

Next, the plot of the activity coefficients given in Fig. 9-11 shows that y„ —► 1 as x c -*■ 1, and 
y 0 approaches the limiting value of 0.485 as x c approaches zero. This limiting value is just the 
ratio of the Flenry’s law limiting slope to Pc°; that is, from Fig. 9-3(a), k Q = 142 Torr and P e ° = 
293 Torr, so that the ratio is 142/293 = 0.485. Similarly, y a —»-1 as x a —► 1, and y a approaches 
the limiting value of 0.449 as x a ->-0; here the ratio is 155/345, where it a = 155 Torr and 
P*° = 345 Torr. 

The data serve to test the Margules model (Section 9-2E). By Eqs. (9-19) and (9-20), /fc 0 /ifc a 
should be equal to Pe°IP*° or 293/345 = 0.85; the actual ratio is 142/155 or 0.92. Alternatively, 
the model predicts that the limiting value of y„ as x 0 -*■ 0 should be the same as the limiting value 
of y a as x a -* 0, and equal to e". The respective limiting values are actually 0.485 and 0.449, or 
about 8 % different. The model is thus approximate in this case, but still is not too bad, con¬ 
sidering its simplicity. 

The data may also be used to illustrate the application of Eq. (9-80). Figure 9-12 shows the 
plot of xjx c versus log a a . The shaded area corresponds to the integral between x 0 = 0.9 and 
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TABLE 9-1. The Acetone ( dy-Chloroform (c) System at 35°C a 


X C 


Vapor pressure (Torr) 

Activity*' 

Activity 

coefficient' 

Observed 

Raoult’s law 

Pc 

Pa 

Pc 

Pa 

a c 

<7& 

yc 

ya 

0.00 

0 

345 

0 

345 

0 

(1.00) 

(0.485) 

(1.00) 

0.10 

16.0 

310 

29.3 

311 

0.0546 

0.899 

0.546 

0.998 

0.20 

35 

270 

59 

276 

0.119 

0.783 

0.597 

0.978 

0.30 

57 

227 

88 

242 

0.195 

0.658 

0.648 

0.940 

0.40 

82 

185 

117 

207 

0.280 

0.536 

0.700 

0.894 

0.50 

112 

140 

147 

173 

0.382 

0.406 

0.765 

0.812 

0.60 

142 

102 

176 

138 

0.485 

0.296 

0.808 

0.739 

0.70 

180 

65 

205 

104 

0.614 

0.188 

0.878 

0.628 

0.80 

219 

37 

234 

69 

0.747 

0.107 

0.934 

0.536 

0.90 

257 

16.5 

264 

34.5 

0.877 

0.048 

0.975 

0.478 

1.00 

293 

0 

293 

0 

(1.00) 

0 

(1.00) 

(0.449) 


“Data from the “International Critical Tables,” Vol. 3. McGraw-Hill, New York, 1928. 

6 a c = P 0 /Pc°, a* = Pa/Pa°. 

‘ y e = adxc , ya = a a /xa . 


x c = 0.3: 

log a c (* c -o.a) - log a c (* c -o.3> = — rfflogoj. (9-81) 

J x c -0.S X c 


The area is approximately —0.66, so 


log <Jc<i 0 = o.») = log a o<i 0 = o.#) — 0-66 = log(0.877) - 0.66 (9-82) 

whence a c = 0.192, in good agreement with the observed value of 0.195. 

Finally, we can calculate the free energy and excess free energy of mixing, using Eqs. (9-75) 



FIG. 9-11. Activity coefficient plot for the acetone-chloroform system at 35°C. 
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FIG. 9-12. Application of the Gibbs-Duhem equation to the acetone-chloroform system at 35°C. 


and (9-76). We have 


AG e = (1.987)(308)(x o In y 0 + In y») 
= 612(x 0 In y 0 + In y a ). 


(9-83) 


The calculated values for AG E are plotted in Fig. 9-13 for 25°C. Here AGe is negative and goes 
through a minimum at about x c = 0.6; it is zero, of course, for either pure liquid. We must know 
the temperature dependence of AGe in order to obtain AS M and hence dS E or, alternatively, 
calorimetric heat of mixing data so as to obtain A He ■ These quantities have been obtained, and 
are included in the figure. Notice that T ASe and A He are both relatively large but partially cancel 
to give a much smaller AG e ■ This often happens. 



FIG. 9-13. The acetone-chloroform system at 25°C. (See Section 9-ST-l for explanation of the 
dashed line.) [Data from I. Prigogine and R. Defay, “Chemical Thermodynamics” (D. H. Everett, 
translator). Longmans, Green, New York, 1954.] 
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9-6 The Temperature Dependence of Vapor Pressures 

We can obtain a relationship analogous to the Clausius-Clapeyron equation by 
proceeding as follows. Differentiation of 

MO = M(*f) + RT In P t [Eq.(9-56)], 

with respect to temperature, and use of Eq. (9-35), gives 

-S,(/) = -Sftg) + R\n P t + . 


The term R In Pi is replaced by [ju.,(/) — p°(g)]/T to give 


RT 


dQn Pd 
dT 


[M(g) + TS°(g)] [MO + ism 
T T 


(9-84) 


The defining equation for G, 

G = H - TS [Eq. (6-31)] 


becomes, for a component of a solution, 

Pi = Hi — TSi 


(9-85) 


[obtained by differentiating Eq. (6-31) with respect to dn, at constant T and P]. The 
terms in brackets in Eq. (9-84) may next be replaced by the corresponding enthalpies 
to give, on rearrangement, 


<f(ln Pi) AH Vii 

dT RT 2 ’ 


(9-86) 


where 

AH V 'i = H°(g) - Hi(l), (9-87) 


and is the partial molal heat of vaporization for the z'th component. In the case of 
pure liquid H t d) becomes H°Q) and Eq. (9-86) reduces to the Clausius-Clapeyron 
equation. The same is true for an ideal solution, since AH M is zero. 

The ideal solution form of Eq. (9-86) may be developed more explicitly. First, 
for a pure liquid the Clausius-Clapeyron equation can be written 



(9-88) 


where T^ t is the normal boiling point of liquid i; Eq. (9-88) follows from Eq. (8-10) 
when we set the vapor pressure equal to 1 atm at 7b°. For an ideal solution, 
Pt = XiP°, so Eq. (9-88) becomes 


P, 


= 



(9-89) 


Equations (9-87) and (9-89) apply equally well to the vapor pressure of the zth 
component of a solid solution, ideal in the case of Eq. (9-89). The enthalpy quanti¬ 
ties are then those for sublimation, of course. 
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9-7 Boiling Point Diagrams 


A. General Appearance 


The material of Section 9-2 is now extended to show the various types of boiling 
point diagrams that one finds for a solution of two volatile liquids. It is first 
necessary to consider how the total vapor pressure of the solution should vary 
with composition and temperature. This is most easily done for the case of an 
ideal solution, for which the two partial pressures are, from Eq. (9-89), 


and 


The total pressure P is just 


\ Am. A / i 

__L\i 

(9-90) 

l r \ n.A 

T )\ 

■ ah?. B / i 

-—'ll 

(9-91) 

• R ' K. b 

t )v 

— Pa + Pb ■ 


(9-92) 


Substitution of the expressions for P A and P B into Eq. (9-92) gives the equation for 
the variation of P with composition and temperature. 

The general appearance of this function is shown in Fig. 9-14; it is assumed that 
component A is the one with the lower boiling point. 

The upper surface gives the total vapor pressure and the lower one the vapor 
composition for solutions of a given composition and temperature. The front of 
the projection corresponds to a cross section at constant temperature, and thus 
constitutes the vapor pressure-composition diagram for that temperature, as 
shown in Fig. 9-l5(a). The top surface in Fig. 9-14 corresponds to a cross section 
at constant pressure and therefore to the boiling point diagram for that pressure, as 
shown in Fig. 9-15(b). Notice that the liquid composition line is now curved and 
lies below rather than above the vapor composition line. 



FIG. 9-14. Variation of P with temperature and composition for an ideal solution. 
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FIG. 9-15. Two cross sections of Fig. 9-14. (a) At constant T, giving the vapor pressure and 
vapor composition diagram. ( b) At constant P = 1 atm, giving the boiling point and vapor com¬ 
position diagram. 


The normal boiling point diagram is given by a cross section at P = 1 atm. 
We can obtain the boiling point versus composition line analytically by setting 
P = 1 in Eq. (9-92): 


1 = x A 



AHl a 
R 


( 


1 


b,A 




ah v ,% 

R 




(9-93) 


Equation (9-93) reduces to two variables since x A + x B = 1. Since it is trans¬ 
cendental, it is best solved by picking successive choices for 7\> and solving 
for corresponding x A or x B . The resulting plot is shown in Fig. 9-15(b). The 
vapor line gives the compositions of vapor in equilibrium with boiling solutions 
and is calculated from the corresponding P A and P B values: 



(9-94) 
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The boiling point diagram is again a phase map. Referring to 9-15(b), we see that 
if a system of composition x 0 is contained in a cylinderwith a piston arranged so that 
the pressure is always 1 atm, the system consists entirely of vapor if T > T t . 
On cooling to T), liquid of composition x 1 begins to condense out and by 
temperature T 2 the system consists of liquid of composition x 2 and vapor of 
composition y 2 . The relative amounts are given on application of the lever principle 
to the tie-line at T 2 . At T 3 the last vapor, of composition y 3 , has condensed, and 
below T 3 the system is entirely liquid. 

Figure 9-15 illustrates another point, namely, that the boiling point diagram is 
(roughly) similar in appearance to that of the vapor pressure diagram turned 
upside down: The higher vapor pressure liquid is the lower boiling one, and the 
relative positions of the phase regions are reversed. A similar situation holds for 
nonideal systems as shown in Fig. 9-16. Positive deviation, leading to a maximum in 
the vapor pressure diagram, will usually give a minimum boiling system as in Fig. 



(a) 



(b) 

FIG. 9-16. Vapor pressure and boiling point diagrams: (a) Positive deviation from Raoult’s law, 
giving a minimum boiling diagram. ( b ) Negative deviation from Raoult’s law, giving a maximum 
boiling diagram. 
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9-16(a), whereas a negatively deviating system with a minimum in the vapor 
pressure diagram usually shows maximum boiling behavior, as in Fig. 9-16(b). 
Compare with Figs. 9-7 and 9-3. 


B. Distillation 

If a boiling system is arranged so that the vapors are continuously removed 
rather than being contained as in the cylinder and piston arrangement, a somewhat 
different sequence of events occurs. Referring to the case of Fig. 9-15(b), we see 
that liquid of composition x 0 would first boil at T 3 , producing vapor of compo¬ 
sition y 3 . Since the vapor is richer in A than is the liquid, and is steadily being 
removed, the liquid composition progressively becomes richer in B, passing 
compositions x 2 and Xj, respectively. Unlike the situation with the closed system, 
however, liquid remains when T 1 is reached. This is because the overall vapor 
composition is not x 0 , but rather the average of the compositions of the succession 
of vapors produced, ranging from y 3 to x 0 . For example, this average vapor 
composition might be about equal to y 2 , in which case the relative amount of 
liquid remaining would be given by the lever ( y 2 — x 0 )/(y 2 — x^, or about 50 %. 
Continued boiling would continue to shift the liquid composition to the right, and 
the last drop of liquid remaining would be essentially pure B. 

A similar analysis applies to Fig. 9-16(a). Liquids of composition either x 0 or x 0 ' 
produce initial vapors of composition y 1 ory/jin both cases the vapor composition 
is closer to the minimum boiling composition than is the liquid composition. As a 
a consequence, continued boiling of system x 0 moves the liquid composition 
progressively toward pure benzene, and continued boiling of system x 0 ' moves it 
toward pure ethanol. If there is a maximum boiling point, the vapor compositions 
lie away from the maximum, as compared to the liquid composition, as shown in 
Fig. 9-16(b). The result is that continued boiling of either liquid x 0 or x 0 ' eventually 
produces liquid of composition x msx , the maximum boiling composition. At this 
point the liquid and vapor compositions are the same and continued boiling 
produces no further change. The system now behaves as though it were a pure 
liquid and is called an azeotropic mixture. The value of x max depends on the pres¬ 
sure; Fig. 9-16(b) is, after all, merely one particular isobaric cross section of a 
general diagram of the type shown in Fig. 9-16. It is possible, however, to use this 
maximum boiling feature as a means of preparing a standard solution. An example 
is the hydrochloric acid-water system, for which the maximum boiling composition 
is 20.222 % HC1 at 760 Torr (but shifts to 20.360 % HC1 at 700 Torr). The standard¬ 
ization procedure consists simply in boiling a solution until no further change in 
boiling point occurs and recording the concentration appropriate to the ambient 
or barometric pressure. 

Fractional distillation comprises a series of evaporation-condensation steps. 
It is helpful at this point to refer to a diagram of the type shown in Fig. 9-17, in 
which vapor composition y is plotted against liquid composition x. The case 
illustrated is that of a relatively ideal solution. Liquid of composition x 0 produces 
some vapor of composition yj. If this vapor is condensed, the effect is to locate 
a new liquid composition x x on the diagonal. Liquid x 1 produces vapor y 2 and on 
its condensation, liquid x 2 results. The series of steps gives the number of operations 
needed to reach the final liquid composition x 3 . This analysis assumes that only 
a small amount of each liquid is vaporized; in actual practice the fraction is 
appreciable and so the vapor compositions are always less enriched in the more 
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FIG. 9-17. Plot of y versus x. 


volatile component than in the ideal situation. The detailed treatment of fractional 
distillation constitutes a major subject in chemical engineering and is beyond the 
scope of this text. 

A special case in distillation is that of two immiscible liquids. A mixture of two 
such liquids will boil when their combined vapor pressure reaches 1 atm. We thus 
write the separate Clausius-Clapeyron equations for each pure liquid: 


= exp[ 


r Am. a 

f 1 

_ JL\l 

L R 

^ Ka 

T )\ 

r Am. b , 


_ _Lyi 

L R 1 

[ n,B 

T /} 


(9-95) 

(9-96) 


The normal boiling point of the mixture of liquid phases is given by 


1 = exp[^ 


r aw, a 

1 M 

] + exp 

Am, b 

( 1 Ml 

l R 

> 

R 



since we require that P A ° + P B ° = I. The situation is illustrated in Fig. 9-18. 
Boiling of such a mixture produces vapor of composition 


Pb = p /l p B c (= P B ° if P = 0, (9-98) 

where P A ° and P B ° are the vapor pressures of the pure liquids at T\>. On continued 
boiling, one or the other liquid phase will eventually disappear and the boiling 
point will then revert to that of the remaining liquid. 

A procedure of this type is often known as a steam distillation, since a frequent 
application is the distillation of a mixture of water and an insoluble organic liquid 
or oil. The advantage is that the oil is thereby distilled at a much lower temperature 
than would otherwise be needed and with less danger of decomposition. It is also 
possible to obtain the molecular weight of the oil from Eq. (9-98). If component 
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FIG. 9-18. The case of two immiscible liquids. 


A is water, then P A is given by the measured 7b and P B ° is then the ambient or 
barometric pressure minus P A ° and y B is given by Eq. (9-98). With y B and the weight 
fraction of the distillate known, M B can be calculated. 

As an example, suppose that a mixture of an insoluble organic liquid and water boiled at 
90.2°C under a pressure of 740.2 Torr. The vapor pressure of pure water is 530.1 Torr at this 
temperature. The condensed distillate is 71 % by weight of the oil. Evidently P B ° is 740.2 — 530.1 
or 210.1 Torr; therefore y B = 210.1/740.2 = 0.2838. Since 


W b ,M b 

+ 0V a IM a )’ 


where W denotes weight of substance, or 


then, per 100 g of distillate. 


W B Vb Wa 
M b 1 ~y B M A 


Wb 

M b 


0.2838 29 
0.7162 18.02 


0.638 


and M 2 = 71/0.638 = 111.2 g mole -1 . 


9-8 Partial Miscibility 

The equilibrium between a liquid solution and a pure solid phase of one of the 
components is treated in Chapter 10 and that between liquid and solid solutions 
in Chapter 11. There remains the case of two partially miscible liquid phases. If 
liquid phases a and ft are in equilibrium, then if the system is one of two compo- 
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nents A and B, the condition for equilibrium is that 

Ma“ = P a b and /x B a = n B B . (9-99) 

As discussed in the Special Topics section, this means that a plot of the molar 
free energy of the solution, G/(n A + n B ), versus composition shows a double mini¬ 
mum, and therefore so, too, does a plot of AG mix versus composition. 

The situation is one in which there is a limited solubility of B in A, giving A-rich 
solutions designated as a. phase, and a limited solubility of A in B, giving B-rich 
solutions designated as f3 phase. The maximum solubilities may then be designated 
as S a and S B , where S“ is the composition of a solution saturated with respect to B 
and S B is that of a solution saturated with respect to A. The compositions S a and S B 
are not very dependent on pressure; quite large pressures are needed to change the 
free energies of liquids appreciably. They are temperature-dependent, however, 
and this dependence is customarily shown in plots of solubility versus temperature 
at 1 atm pressure. 



A B 

FIG. 9-19. Miscibility gap between two liquids with an upper consolute temperature. 


Figure 9-19 shows a schematic temperature-composition plot for two liquids A 
and B. The left-hand line gives the variation with temperature of S a and the right- 
hand line the variation of S B . The behavior illustrated is the very common one in 
which both solubilities increase with increasing temperature. There is therefore a 
temperature T c at which they have become equal and above which the two liquids 
are completely miscible. The temperature T c is known as a consolute temperature, 
in this case, an upper consolute temperature. The figure again has the properties of 
a phase map. Systems whose overall composition and temperature locate a point 
in the region between the S a and S B lines, such as system x 0 at 7\ , will consist of 
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two liquid phases. The compositions are given by the ends of the tie-line as 
and Xj 8 , and the relative amounts present may be obtained by means of the lever 
principle. Thus we have 


h“ _ x 0 — x/ 
n« + n B ~~ xf — x/ ’ 


(9-100) 


where n a and n B are, respectively, the number of moles of phase a of composition 
and of phase j8 of composition x^. When the system is warmed to T 2 the two 
phases are of composition x 2 and x 2 B and application of the lever principle shows 
that the proportion of phase a has increased. At J 3 phase jS disappears and the 
system consists of phase a of composition x 0 . 

One may, alternatively, make a horizontal traverse of the diagram. Thus addition 
of liquid B to pure liquid A at 7\ gives a phase of increasing mole fraction of B. 
When composition xf is reached phase of composition x/ begins to appear, and 
further addition of B steadily increases the proportion of /8 phase. When the system 
composition reaches xf no more a phase remains and continued addition of B now 
merely increases the concentration of B in the /S phase. 

The phenol-water system shows this type of behavior, as illustrated in Fig. 9-20(a). 
The upper consolute temperature in this case is about 70°C. It can also happen that 
the solubilities increase with decreasing temperature, as illustrated by the water- 



lb) < c > 


FIG. 9-20. Examples of partially miscible liquid pairs. 
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triethylamine system of Fig. 9-20(b). There is now a lower consolute temperature. 
Finally, both types of behavior may be shown, as in the case of the water-nicotine 
system of Fig. 9-20(c). The compositions are given in weight fraction in all these 
figures and application of the lever principle will therefore give the relative weights 
of the two phases that are present. 


COMMENTARY AND NOTES 


9-CN-l Other Properties of Solutions 


The emphasis of this chapter has been almost entirely on the vapor pressure of 
solutions. Vapor pressures provide experimental access to the thermodynamic 
quantities for solutions, solid or liquid, as well as vapor pressure and boiling point 
diagrams of great general utility. These topics have therefore received first priority. 
Unfortunately, anything approaching a complete outline of the physical chemistry 
of solutions would take entirely too much space. Actually, all of the various types 
of properties mentioned in previous chapters have been measured for solutions. 
Examples are molar refractions and polarizations, usually with additivity of the 
solvent and solute contributions assumed, density, compressibility, thermal 
expansion, and surface tension. 

The molar volume of a solution might be discussed briefly, however. At constant 
temperature and pressure, volume is a function of composition only, and for a 
two-component system we have 


or 




dn 2 


T.P.ni 


(9-101) 


dv = dn Y + V 2 dn 2 , 


(9-102) 


where V 1 and V 2 are the partial molal volumes. Integration at constant, composition 
gives 

v = n 1 V 1 +n 2 F 2 or K av = x 1 V 1 + x 2 V 2 , (9-103) 

where K av is the average molar volume. 

Differentiation, and subtraction of Eq. (9-102), leads to the important relation 


n i dV 1 + n 2 dV 2 = 0 (9-104) 

or 

dV 1 + dV 2 = 0. (9-105) 


The procedure is analogous to that used in obtaining the Gibbs-Duhem equation 
[Eq. (9-48)] and, in fact, is one that can be applied to any extensive property (see 
Special Topics section). 

The partial molal volume of a component of an ideal solution will be the same 
as the molar volume of the pure substance. For most ordinary organic liquids the 
average molar volume v/n varies almost linearly with composition. In the acetone- 
chloroform system, for example, the volume change on mixing amounts to a few 
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tenths of a percent at the most. The molar volume of acetone is 72.740 cm 3 mole -1 
at 25°C and the partial molal volume increases slightly on dilution with chloroform 
to a limiting dilute solution value of 73.993 cm 3 mole -1 . Solutions involving water 
are often anomalous; there is almost a 3% volume change when a water- 
methanol solution is made up, and an actual shrinkage in total volume may occur 
when an electrolyte is dissolved in water. The explanation for this last is that ions 
attract water molecules so strongly that the resulting compaction more than 
compensates for the added volume of the ions themselves. The existence of negative 
partial molal volumes serves to emphasize that F, and other partial molal quantities 
are coefficients of the system and do not have the same literal meaning as do the 
corresponding properties of a pure substance. 

The viscosity of a solution of similar substances will again vary nearly linearly 
with composition; often a better straight line is obtained if the reciprocals or 
fluidities are used instead. Deviations from linearity in the plot of viscosity versus 
mole fraction tend to correlate with such deviations in the corresponding vapor 
pressure diagrams. The acetone-chloroform system, which shows a minimum in 
the vapor pressure diagram attributable to greater A-B than A-A or B-B types 
of interactions, has a maximum in the viscosity-composition plot. Diffusion has 
also been studied a good deal in binary liquid systems. There is a single mutual 
diffusion coefficient, but, in addition, self-diffusion coefficients may be obtained 
for each component separately by means of isotopic labeling. As with viscosity, 
there are a number of semiempirical models but no really satisfactory ones. 

The surface tension of solutions constitutes a large subject. Figure 9-21 displays 
typical categories of surface tension versus composition plots. In the case of similar 
liquids the surface tension plot is roughly symmetric relative to a straight line con¬ 
necting the values of y for the pure liquids, as exemplified by the data shown in 
Fig. 9-21(a). If the molecular areas o of the two species are similar, then a simple 
treatment based on the energy ya required to bring a molecule into the surface 
gives the equation 

e -yo/kT = Xie -r*/*T + X2e -v 2 o/*r (9- 106 ) 

The surface tensions of the respective pure liquids are given by y 1 and y 2 . Another 
form, derived for regular solutions (Section 9-CN-2), is 

y = 7 i*i + 72*2 — £* 1*2 > (9-107) 

where f3 is an empirical constant related to the constant a of Eq. (9-16). 

If the two liquids have rather different surface tensions, then the plot will look 
like that shown in Fig. 9-21(b) for the water-ethanol system. The surface tension 
drops rapidly over the first 10 or 20% of ethanol added and then approaches the 
value for pure ethanol more slowly. This type of behavior becomes accentuated 
in the case of a long-chain solutes having a polar end group, such as sodium lauryl 
sulfate. As illustrated in Fig. 9-21(c), there is a sharp drop in y even for very dilute 
solutions. Such long-chain solutes include the common soaps and detergents 
and belong to the class of so-called surface-active agents (surfactants). As discussed 
in the Special Topics section, the thermodynamic implication is that the surfactant 
concentrates at the solution-air interface. With sodium lauryl sulfate, there is 
nearly a monolayer or complete film of the surfactant by 0.01 M concentration. 
With a higher molecular weight and less soluble surfactant, the monolayer is 
usually formed simply by adding the material directly to the surface. One may drop 
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FIG. 9-21. Surface tension-composition behavior: (a) similar liquids; ( b ) a high surface tension 
liquid and a low surface tension liquid; (c) an aqueous surfactant system: (d) an aqueous electrolyte 
system. [Part (a) from H. B. Evans , Jr. and H. L. Clever, J. Phys. Chem. 68, 3433 (1964). Copy¬ 
right 1964 by the American Chemical Society. Reprinted by permission of the copyright owner.] 


a hexane solution of stearic acid carefully onto a water surface and thus obtain 
a monolayer of the acid after the hexane has evaporated. The film may be com¬ 
pressed between movable barriers and its surface tension measured as a function 
of surface concentration (see Section 9-ST-2). 

A fourth category of system is that of an electrolyte solution such as aqueous 
sodium chloride, shown in Fig. 9-21(d). The surface tension increases somewhat 
with concentration. The thermodynamic implication is that the surface region is 
more dilute in electrolyte than the bulk solution, or that negative adsorption occurs 
at the interface. 

To return to the general sequence of this section, we see that yet another aspect 
of the physical chemistry of solutions is the somewhat special behavior of solution- 
vapor and solution-solid equilibria when only one component is present in both 
phases. This subject is taken up in the Chapter 10. Finally, electrolyte solutions 
constitute a large topic in their own right and are discussed in Chapter 12. For 
these solutions, the new property of electrical conductivity is very important. 
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9-CN-2 Ideal, Regular, and Athermal Solutions 

Several of the attributes of an ideal solution have been introduced in the 
preceding sections. These, plus some further ones, are assembled here to provide 
an overall picture. The ideal solution obeys Raoult’s law, so that 

/) = + RTln Xi [ideal solution, Eq. (9-61)]. 

The free energy of mixing to form an ideal solution is given, for the case of two 
components, by 

AG M = x x RT In + x 2 RT\n x 2 [ideal solution, Eq. (9-65)], 
and the entropy of mixing by 

= —(xjR In + x 2 R In Xj) [ideal solution, Eq. (9-69)]. 

By definition, of course, the excess free energy and entropy of mixing are zero. 
Since AH — AG + T AS, it follows that the heat of mixing is zero for an ideal 
solution. Figure 9-13 shows the variations of AG M , AS U , and d// M with com¬ 
position for a nonideal solution. It is necessarily also true that H ( = H°, that is, 
the partial molal enthalpy of an ideal solution component is equal to that of the 
pure species. 

Differentiation of Eq. (9-61) with respect to P at constant T, and with the use 
of Eq. (9-34), gives 

v i - y° = o. 

The partial molal volume of an ideal solution component is thus the same as that 
of the pure component. Consequently A V M is zero. 

Nonideal solutions may be viewed in terms of the excess quantities of mixing 
AG E , AS e , and AH E = AH M . If, for example, Eqs. (9-16) and (9-17) are obeyed, 
then 

AG e = x 1 x 2 <xRT. (9-108) 

Solutions obeying Eq. (9-108) have been called “ simple ” solutions by E. A. 
Guggenheim. One simple model for solutions concludes that a is just an interaction 
energy divided by RT. It follows that d(AG E )ldT and hence the excess entropy of 
mixing should be zero, but not, of course, AH^ . This type of solution is known, 
after J. H. Hildebrand, as a regular solution. The implication is that the two com¬ 
ponents are randomly distributed in the solution as though it were ideal, although 
their interaction energies with themselves and with each other are different. 

Finally, an athermal solution is one for which AH M = 0, although JS E and AG n 
are not necessarily zero. This situation may occur with components rather similar 
in chemical nature but very different in molecular size. A simple treatment on this 
basis leads to the equation for the free energy of mixing: 


AG m = Xi-RTln <f> x + x 2 RT In <f > 2 , 


(9-109) 
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where </> t and <f> 2 are the volume fractions. There is some statistical thermodynamic 
basis for the supposition that for a solution to be ideal the molar volumes of the 
components should be about the same (see the next section) and Raoult’s law may 
in fact be less general, even as a limiting law, than is customarily thought. 


9-CN-3 Statistical Thermodynamics of Solutions 

Needless to say, the statistical thermodynamic treatment of solutions is difficult 
and fragmentary in its achievements. One may, in principle, set up the partition 
functions, which now involve the chemical potential of a component as a weighting 
factor. Useful in this connection is what is called the absolute or rational activity q, 
given by 

p t = RT In < 7 ,-. (9-110) 

Like the chemical potential, the absolute activity of a species is the same in all 
equilibrium phases in which the species is present. 

Certain simple entropy calculations can be made. One consideration is the 
following. It will be recalled that the translational partition function for a gas 
required the factor l/N\ 

Qtot = [Eq. (6-68)]. 

In the case of a crystalline solid each molecule is restricted to its own volume V/N 0 
and the translational partition function becomes 

v / V \ N ° 

Qiot = Q vw) (9 ' m) 

Equation (9-111) follows from Eq. (4-68) if the volume is made V/N 0 rather than v, 
the volume of the whole system. The difference between the two corresponding 
entropies is, by Eq. (6-64), just k ln(Q/Q'), since the energies for the two situations 
are the same. Thus 

S'fgas) - ^(lattice) = k ln(-^f-) = NJc (9-112) 

[using Stirling’s formula for ln(A f 0 !)]. 

This entropy factor is known as the communal entropy, and is thought to develop 
by stages as a solid melts and the liquid is heated. The lattice model may 
be approximately applicable to the liquid, in other words. Although absolute 
calculations of thermodynamic quantities are most difficult, we can obtain the 
entropy of mixing. We assume the solution to consist of lattice sites, all equiv¬ 
alent, which may be occupied either by a molecule of component 1 or by a mole¬ 
cule of component 2. In addition to all other contributions there is now one which 
has to do with the ways in which N 1 molecules of species 1 and N 2 molecules of 
species 2 may be distributed, where N 1 ^ N 2 = N 0 . The reasoning at this point 
is very similar to that of Section 2-2. There are N 0 \ ways in which N 0 molecules 
can be arranged among the sites, but we assume that those of component 1 are 
indistinguishable among themselves, and likewise for those of component 2. We 
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must then divide by the number of ways in which molecules can be arranged 
among themselves, and similarly for the N 2 molecules. The thermodynamic pro¬ 
bability of the solution is 


W = 


N 0 \ 

N ± \ N 2 \ ■ 


(9-113) 


The relationship between entropy and thermodynamic probability [Eq. (6-66)] 
now gives for the mixing entropy of the solution 


JS “ = * ln (w)- < 9 - |14 > 

Use of Stirling’s approximation for factorials and some straightforward algebraic 
maneuvering yields the final form 

AS M = —(x 1 R In x r + x 2 R In x 2 ) [Eq. (9-69)], 

which is the same as that previously obtained. The uniform lattice concept does 
seem to imply that the two species should be of about the same molecular size for 
ideal solution behavior to hold, as mentioned in the preceding section. This is only 
an implication, however, since the lattice picture is not essential to obtain a correct 
expression for the entropy of mixing. Thus Eq. (9-69) also applies to the mixing 
of two ideal gases, although the basis of obtaining it is through the Sackur-Tetrode 
equation [Eq. (6-83)], which gives the volume dependence of the entropy of an 
ideal gas to be R In V. Then AS for the mixing process of Eq. (9-52) is, per mole, 

AS m = x,R In ~ + x 2 R In -y -, (9-115) 


where V 1 and V 2 are the initial volumes of the two gases and V is their common 
final volume. Since V 1 — x x V and V 2 = x 2 V, Eq. (9-69) again results. 

Thus two very different pictures have produced the same conclusion. One must 
be cautious in assuming that, simply because a particular model yields a correct 
equation, the model itself is therefore correct. 


SPECIAL TOPICS 


9-ST-l Partial Molal Quantities 

The derivations of the Gibbs-Duhem equation [Eq. (9-49)] and of Eq. (9-104) for 
volumes are specific examples of a more general procedure. If the independent 
variables of some function y =f{u, v, w ,...) are extensive quantities, that is, ones 
which increase in proportion to the amount of the system, then by a theorem due to 
Euler, it must be true that 
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This theorem was invoked implicitly in integrating Eq. (9-28), with E = f(S, v, n { ), 
to obtain Eq. (9-45). 

In the case of partial molal quantities we restrict ourselves to a system at constant 
temperature and pressure, so that the amounts n t of the various components are the 
only variables. Thus in the case of a two-component system, for some property SP, 
we have 

" = *.+(-£-)„ *< • <■>-> 17 > 


where SP X and are the partial molal values. Then, by Euler’s theorem, 

gp = n x ^ x + n^ 2 . (9-118) 

Differentiation and comparison with Eq. (9-117) gives 

n 1 d& 1 + n 2 d@ 2 = 0. (9-119) 


Equation (9-48) corresponded to the case of gP = G and Eq. (9-104) to that of 
SP = v. For gP — H we have 

H = njl x + n 2 H 2 (9-120) 

and 

«! dH 1 + n 2 dH 2 = 0. (9-121) 


There are some useful special procedures for obtaining partial molal quantities 
from experimental data, which can be illustrated easily for volume. We define the 
average molar volume as 


Then 


Since 


K av = 


«1 + «2 


(9-122) 



Kv + («i + «z) 


. 8x 2 )m \dnjn,' 


8x 2 \ = _ n 2 

8*1 K t ~ («i + «2 f ’ 


it follows that (note Problem 9-18) 


V x = 


Fav -^2 


dV av 

dx 2 


(9-123) 


Equation (9-123) has a simple geometric meaning. If V av is plotted against mole 
fraction, then dV^ldx 2 is the slope of the tangent at composition x 2 , and the inter¬ 
cept of the tangent at x 2 = 0 then gives V 1 . Since the equation is symmetric, the 
intercept at x 2 = 1 gives V 2 . The situation is illustrated in Fig. 9-22 for the 
acetone-chloroform system. Also, of course, Eq. (9-105) may be used for the 
calculation of V 2 if V x is known as a function of composition. 

The volume change when the pure components are mixed is 


^ I’m — F av XiV 1 x 2 V 2 , 


(9-124) 
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FIG. 9-22. Variation of F av with composition for the acetone-chloroform system at 25°C. The 
intercepts of the tangent give F» and V„ for that composition. 

where Vf and V 2 ° are the molar volumes of the pure species. Alternatively, using 
Eq. (9-103), we obtain 


AV m = xfV, - V j°) + x 2 (V 2 - V 2 °). (9-125) 

Enthalpies are treated somewhat similarly, but a complication is that, unlike 
volumes, absolute enthalpies are not known. It is necessary, then, to deal entirely 
with heats of mixing. The enthalpy change for the process 

(component 1) + n 2 (component 2) = solution 

is called the integral heat of solution, as an alternative expression to the heat of 
mixing A H M . For this process 

AH m = H soln - n.Hf - n 2 H 2 °, (9-126) 

where Hf and H 2 ° are the enthalpies of the pure components. Alternatively, using 
Eq. (9-120), we obtain 

Z1H M = nfH, - Hf) + n 2 (H 2 - Hf) (9-127) 

or 

= «i6i + n 2 Q 2 , (9-128) 

where Q denotes the enthalpy relative to the pure component. According to 
Eq. (9-128), Q 2 is given by 

a - [-Tsr 1 ]., 

and could be obtained experimentally from the slope of a plot of A H M versus n 2 , 
from data on the heats of dissolution of various amounts of solute in a fixed 
amount of solvent. Therefore Q 2 is called the differential enthalpy of solution. 
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Equation (9-128) may alternatively be written in the form 

A u 

ah M = = *1 Qi + ■ (9-130) 

n i I “2 

The same graphical procedure may now be applied as was used for obtaining 
partial molal volumes. Thus if a plot of AH M versus mole fraction is constructed, 
then the tangent at a given composition will have intercepts at x r = 1 and x 2 = 1 
of Q 1 and Q 2 , respectively, as illustrated in Fig. 9-23. 



FIG. 9-23. Variation of the molar heat of 
mixing AH U with composition. The inter¬ 
cepts of the tangent give the differential 
heats of solution Qi and (5 a for that 
composition. 


Many of the results on heats of solution are for electrolytes or other solid solutes, 
and for such systems it is customary to polarize the treatment around the solute 
species, component 2. One refers heats of solution of solutes to the value g 2 ° for 
an infinitely dilute solution by introducing a quantity called the relative enthalpy 
of solution L: 


A = 5* — Q*° =H»- H 2 °, (9-131) 

where H 2 is the partial molal enthalpy of the solute at infinite dilution and 
Q 2 = h 2 ° — H 2 . By definition L 2 ° = 0. Usually the pure liquid solvent is kept 
as the reference state for component 1, so we have 

A = 2i = ^ - Hi 0 . (9-132) 

Since H 2 ° and H,° are constants, insertion of the definitions for and L 2 into 
Eq. (9-121) gives 

«i dL-L + n 2 dL 2 — 0. (9-133) 

The L quantities may thus be used in the same way as the Q quantities, or in general 
as ordinary partial molal quantities. We also have 

AH MiX2 - dH M ° = L = «iLi + n 2 L 2 , (9-134) 

where is the enthalpy of mixing of n x moles of solvent and n 2 moles of 

solute to give a solution of composition x 2 , and ^H M ° is the heat of solution of 
n 2 moles of solute to give an infinitely dilute solution. 

One may obtain L x or Q r experimentally as suggested by the equation analogous 
to Eq. (9-129), that is, from the variation of dH M with n 1 , as solvent is added to a 
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fixed amount of solute. The alternative, and equivalent, measurement is that of 
the heat evolved on the addition of a small amount of solvent to a solution of 
a given composition. This last is known as a heat of dilution. One may also obtain 
L 1 by the graphical method of Fig. 9-23 or indirectly from Z 2 values by the 
integration of Eq. (9-133). 

As a numerical illustration, for a 1.11 m solution of sodium chloride = 4.0 cal mole -1 and 
£ 2 = —248 cal mole -1 . The heat of solution at infinite dilution is, from Tables 5-2 and 5-3, 

NaCICs) + H 2 0 = NaCl(infinitely dilute solution) 

AH = -97,302 - (-98,232) = 930 cal mole -1 . 

The heat of solution to give a 1.11 m solution differs from this value by 

L = n x L x + n 2 £ 2 [Eq. (9-134)], 

or by (55.5)(4.0) + (1.11)(—248) = 222 — 275 = —53 cal per 1.11 mole or by —48 cal mole -1 . 
The actual heat of solution is then 930 — 48 = 882 cal mole -1 . 

Heats of mixing or of solution are direct, calorimetrically determined quantities, 
and the preceding framework of relationships and definitions has been developed 
with this in mind. Free energies of mixing are determined indirectly, through vapor 
pressure measurements, but may still be treated in just the same way. The equation 
analogous to Eq. (9-130) is 


■dG M — x lt x Uren + -X^Krel) » (9-135) 

where /A 1(rel) = ^ and /x 2(reI) = /x 2 — [x 2 °. Equation (9-135) is the same as 

Eq. (9-75). Again, if AG M is plotted against mole fraction, the tangent line at a 
given composition has intercepts at x x = 1 and X 2 — 1 corresponding to /x Ure]) and 
^(rei)» that is, to RT In a x and RTIn a 2 , respectively. If the plot is of AG E , the 
intercepts give I?7Tn y 1 and 7?Tln y 2 , as indicated in Fig. 9-13 for x c = 0.4. 
Figure 9-24 is calculated from the Margules equations using an a of 2.5, and 



FIG. 9-24. Free energy of mixing for a system obeying the Margules equations with an a of 2.5. 
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illustrates an important further point. Since there are two minima, there are two 
compositions, and x 8 , for which the a t and a 2 values are the same. The situation 
is one of partial miscibility and a system of overall composition lying between 
x a and x 8 will spontaneously separate into phases of those two compositions. The 
figure is symmetric because of the simplicity of the model; in most actual cases of 
two partially miscible liquids the two minima would not be symmetrically disposed. 


9-ST-2 The Surface Tension 
of Solutions. The Gibbs Equation 

An important application of thermodynamics is to the variation of surface 
tension of a solution with its composition. The following derivation is essentially 
that of J. W. Gibbs, and the result is known as the Gibbs adsorption equation. We 
wish to deal with surface thermodynamic quantities and we must somehow separate 
their contribution from those of the bulk phases that form the interface. We do 
this by locating an arbitrary dividing plane S-S roughly in the interfacial region 
as shown in Fig. 9-25. We then assign a total energy and entropy to bulk phase a 
assuming it to continue unchanged up to this dividing plane, and similarly for 
bulk phase f3. The actual total energy and enthalpy of the system are then written 
as 

E = E“ + E fl + E s , S = S“ + S« + S 8 , (9-136) 

where E 8 and S 8 are now called the surface excess energy and entropy. Similarly, 
we have 

n t = + nf + «i 8 . (9-137) 

For a small, reversible change dE in the energy of the whole system, 
dE = dE* + dE B + dE* = T dS« - P dv + Z dnf + TdS B - P dv B 

i 

+ Z Pi d n i B + TdS 8 + Z Pi dn» + y dstf 

(9-138) 

(the volume is entirely taken care of by v* + v B ). Equation (9-28) applies separately 


Unit cross section 
through interface 

0 phase 


S 


S 


a phase 


FIG. 9-25. 
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to phases a and 6, so these terms all drop out, to leave 


dE s = T dS s + ^ H-t dnf + y dd. (9-139) 

i 

The Euler theorem (preceding section) may now be applied; that is, Eq. (9-139) 
may be integrated, with T, , and y kept constant, to give 

E s = TS* + Y «,» + yd. (9-140) 

i 

Differentiation and comparison with the preceding equation gives 

0 = Ss dT + £ «» s dfi { + d dy. (9-141) 

i 

For a two-component system at constant temperature, 

«! 8 dfi 2 + « 2 S dfJ -2 + dy = 0. (9-142) 

It is convenient for us to divide through by the area d to obtain 

dy = — F 1 dji^ — r 2 dfi 2 , (9-143) 

where A and F 2 are the excess quantities per unit area. 

The exact position of the dividing surface shown in Fig. 9-25 is not specified; 
clearly the values of F will depend on this. We now specify the location to be such 
that F x = 0, so that Eq. (9-143) reduces to 


A 


1 — 



(9-144) 


where the superscript is a reminder of the choice that has been made. The chemical 
potential may be expressed in terms of activity, 


1 dy 
RT d (In a 2 ) ' 


(9-145) 


Finally, in dilute solution the activity will be proportional to concentration, so 
that an approximate form is 


A 


i 


C dy 
~RT~dC' 


(9-146) 


The preceding are various forms of the Gibbs equation. 

Figure 9-26 may help to explain the physical meaning of this conventional choice 
of location of the dividing surface. The figure shows schematically how the con¬ 
centrations of solvent and of solute might vary across the interfacial region. The 
phase is assumed to be vapor, so the concentrations in it are negligible. The surface 
excess is the difference between the amount actually present and that which would 
be present were the bulk phase to continue unchanged up to S-S so that the phase 
boundary became a step. The net shaded area for the solvent is then its surface 
excess, and S-S has been located so that this is zero. The surface excess of the 
solute is also given by its net shaded area and is positive in this example. An 
alternative, operational definition is as follows. If a sample of interface is taken, 
of 1 cm 2 area, and deep enough to include at least some bulk phase on either side, 
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FIG. 9-26. Illustration of the ZY convention for the Gibbs equation. The dividing surface is 
located so that the shaded areas for the solvent curve balance. [From A. W. Adamson, "The 
Physical Chemistry of Surfaces” 3rd ed. Copyright 1976, Wiley ( Interscience ), New York. Used 
with permission of John Wiley & Sons, Inc.] 


then r 2 1 is the (algebraic) excess of solute over the number of moles that would 
be present in a bulk region containing the same number of moles of solvent. The 
excess /y may be measured directly. In an experiment by J. W. McBain, a fast- 
moving knife blade (called a microtome) scooped a 3.2 g sample of solution at 
20°C from the surface of a trough having a surface area of 310 cm 2 . The solution 
contained 5 g of phenol (M = 94 g mole -1 ) per 1000 g of water, that is, it was 
0.053 m. It was found, by means of an interferometer, that the sample contained 
2.52 X 10 -8 g more of phenol per gram of water than did the bulk solution. The 
value of iY is thus (2.52 X 10-«)(3.2)/(94)(310) = 2.77 X lO -10 mole cm -2 . 

The Gibbs equation allows an indirect calculation of jy from surface tension 
data. Continuing with the preceding example, the surface tensions of 0.05 m and 
0.127 m solutions were 67.7 and 60.1 dyn cm -1 , respectively, at 20°C. A plot of 
y versus C gives a slope, —dy/dC, of 100 dyn cm -1 Af -1 and application of Eq. 
(9-146) yields 


r 1 — 

1 9 . - 


(0.063)(100) 
(8.31 X 10 7 )(293) 


= 2.2 X 10" 10 


mole cm -2 . 


The two numbers agree fairly well—the microtome experiment is a very difficult 
one and was, in fact, a triumph of its day (1930’s). 

The value of iy obtained is, in one sense, a very small number. It corresponds, 
however, to about 80 A 2 per molecule, or perhaps twice the value for a close-packed 
monolayer of molecules lying, flat on the surface. The surface population is thus 
quite high. 

As the example illustrates, if the surface tension of a solution decreases with 
increasing concentration, then jy is positive and the solute is concentrated at the 
interface. Conversely, as with electrolyte solutions, if dy/dC is positive, then /y 
is negative, meaning that the surface concentration of electrolyte is less than it is 
in solution. In the case of 1 M sodium chloride, the negative surface excess is 
equivalent to a surface layer of pure water about one molecule thick. 

In sufficiently dilute solution, the surface tension will approach proportionality 
to concentration, that is, 

y = y° - bC , (9-147) 

where y° is the surface tension of the pure solvent. The product C dyjdC is now 
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just —(y° — y), so Eq. (9-146) reduces to 

p i = Y° ~ Y 
2 RT 

It is now convenient to introduce the quantity n, called the surface pressure, and 
defined as 

tt = y° — y. (9-148) 

Also F a 1 = 1 /ct, where a is the area per mole. With these substitutions Eq. (9-146) 
becomes 

ttcj = RT. (9-149) 

This is the equation of state of a two-dimensional ideal gas! The film pressure does 
in fact correspond to a two-dimensional pressure. As illustrated in Fig. 9-27, if 


FIG. 9-27. The PLAWM ( Pockets- 
Langmuir-Adam- Wilson-McBain) trough 
—a means of measuring directly the film 
pressure v for a solution. 


a flexible membrane, separates pure solvent from solution, the floating barrier 
will experience a force irl, where / is its length. Returning to the numerical example, 
the film pressure of a 0.05 m solution of phenol was given as 5.2 dyn cm -1 . Again, 
this seems like a small number. The force is being exerted by a monolayer, however, 
and so we obtain the equivalent three-dimensional pressure by dividing by the 
depth of a molecule. In this case, the result is about 5.2/(4 x 10~ 8 ) or 
1.3 X 10® dyn cm -2 , which corresponds to 130 atm. Thus the lateral compression 
on the monolayer is quite appreciable at the molecular level. 

More generally, the Gibbs equation allows surface tension-concentration 
data to be translated into values of w versus <r and such plots often look much like 
the ones of P versus V for a nonideal gas. A two-dimensional van der Waals 
equation may be used, for example, 

(tt + -£-)(«x -b) = RT. (9-150) 

Such films are known as Gibbs monolayers, since they are normally studied through 
use of the Gibbs equation. 

If the surfactant is quite insoluble, then, as mentioned in Section 9-CN-l, it 
may be spread directly onto the liquid surface, usually one of water. Now Tf is 
known directly, as the amount placed on a known area of surface, and hence a also 
is known. The film pressure is usually obtained from surface tension measurements, 
by the Wilhelmy slide method, although the force on a floating barrier may also be 
measured directly. The data are again usually reported as tt versus a plots. 

Such plots may resemble those for bulk phases. As illustrated in Fig. 9-28, a 
film or monolayer of stearic acid has a very low compressibility; the tt versus o 
plot extrapolates to an area of about 22 A 2 per molecule, corresponding to close- 
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Area, square Angstroms per molecule 


FIG. 9-28. Isotherms of n versus a for stearic acid, tri-p-cresyl phosphate, and an equimolar 
mixture. [From H. E. Ries, Jr., and H. D. Cook, J. Colloid Sci. 9, 535 (1954).] 

packing, and in general the film behaves as though it were a two-dimensional solid. 
On the other hand, the bulky tri-p-cresyl phosphate molecule forms a highly 
compressible film and one whose properties are like those of a low-density but 
viscous fluid. Note that nonideal two-dimensional mixtures are possible! The 
mixed film shows a it -a behavior that departs significantly from that expected for 
an ideal solution. At low film pressures the tri-p-cresyl phosphate seems to domi¬ 
nate, whereas at high film pressures the mixed film behaves more like stearic acid. 
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EXERCISES 


Take as exact numbers given to one significant figure. 


9-1 Assume that benzene and toluene form ideal solutions; the normal boiling point of benzene 
is 80°C and at this temperature the vapor pressure of toluene is 350 Torr. Calculate the 
separate partial pressures and the total vapor pressure at 80°C of a solution of x b = 0.2. 
What composition of solution would boil at 80°C under the reduced pressure of 500 Torr? 

Arts. P b = 152 Torr, P t = 280 Torr, P to t = 432 Torr; x t = 0.634. 

9-2 Calculate the composition of the vapor in equilibrium with each of the two solutions of 
Exercise 9-1. 

Arts. y b = 0.352, y b = 0.556. 

9-3 The vapor pressure of propyl acetate (pa) is 21.5 Torr at 17°C. A mixture of 0.2 mole of 
pa with 0.5 mole of ipa (isopropyl acetate) has a total vapor pressure of 34.7 Torr at 17°C. 
Assuming ideal solution behavior, calculate the vapor pressure of ipa at this temperature 
and the composition of the vapor above the solution. 

Arts. Pf pa = 40.0 Torr, y pa = 0.177. 

9-4 The molecular weight of substance B is 70 g mole -1 and dissolving 0.300 g in 2 mole of 
nonvolatile solvent A gives a solution of vapor pressure 2.50 Torr. Calculate the Henry’s 
law constant for B dissolved in A. 

Arts. 1170 Torr. 

9-5 The Henry’s law constant for Kr in water is 2.00 X 10* atm at 20°C. How many grams 
of Kr should dissolve in 1000 g of water at this temperature under pressure of 30 atm? 

Arts. 6.99 g. 

9-6 The Henry’s law constant for H 2 in water is 5.51 x 10 7 Torr at 30°C. How many cubic 
centimeters of H 2 , measured at 30°C and the pressure used, should dissolve in 1 cm 5 of 
water? 

Arts. 0.0191 cm 5 of H 2 per cm 3 of water. 

9-7 Two mole of toluene and 8 mole of benzene are introduced into a vessel at 20°C and the 
total vapor pressure is found to be 60 Torr. Using Fig. 9-2(b), estimate the number of 
moles of vapor formed and the compositions of the liquid and vapor phases present. 

Arts. x t = 0.35, y t = 0.18, rt, — 8.8. 

9-8 Water and toluene are essentially immiscible. The vapor pressures of the pure liquids at 
90°C are 525 and 400 Torr, respectively. Calculate the composition of the vapor above a 
mixture of the two liquids. 

Arts. x t = 0.43. 

9-9 Isopropyl alcohol (ipa) and benzene (b) form nonideal solutions. If x Ipa is 0.059, the partial 
pressure of ipa is 12.9 Torr at 25°C. The vapor pressures of the pure liquids are 44.0 and 
94.4 Torr, respectively. Calculate fc lps and a and estimate k b . 

Arts. k ips = 269 Torr, a = 1.81, = 577 Torr. 

Calculate the free energy, enthalpy, and entropy of mixing for the process 0.2 0 2 (1 atm, 
25°C) -f 0.8 N 2 (l atm, 25°Q = air(l atm, 25°C). Assume ideal gas behavior. 

Arts. dG M = -297 cal, JH„ = 0, dS M = 0.994 cal K _1 . 


9-10 
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9-11 Assuming ideal solution behavior, calculate the free energy, enthalpy, and entropy of 
mixing of 0.25 mole of benzene with 0.50 mole of toluene at 30°C. 

Am. JG m = -288 cal, dH M = 0, dS M = 0.949 cal K' 1 . 

9-12 Determine the activity and the activity coefficient of ipa in the solution of Exercise 9-9 
using pure ipa as the standard state. 

Am. flip* = 0.293, y ipa = 4.97. 

9-13 Using the data of Exercise 9-9, calculate the excess free energy of mixing one mole of ipa 
with sufficient benzene to form a solution of x lpa = 0.059 at 25°C. 

Am. 1009 cal. 

9-14 A certain amount of an ethanol-benzene solution of x b = 0.20 is introduced into a flask; 
some of it vaporizes and the residual solution has a total vapor pressure of 750Torr at 
72.5°C. Find the compositions of the final solution and of the vapor phase in equilibrium 
with it at 72.5°C, and the percent of original solution that vaporized. 

Am. x b (final) = 0.10, y h = 0.30, 50%. 

9-15 The final solution as in Exercise 9-14 is boiled in an open flask until the boiling point 
(under 750Torr pressure) rises from 72.5°C to 75°C. Estimate the number of moles of 
liquid remaining per mole originally present. 

Ans. 0.71. 

9-16 In a steam distillation of an insoluble oil the boiling point of the mixture is found to be 
95°C and the distillate is found to contain 80% by weight of the oil. Atmospheric pressure 
is 755 Torr, and the vapor pressure of water at 95°C is 634Torr. Calculate the molecular 
weight of the oil. 

Am. 377 g mole' 1 . 

9-17 One hundred grams of a 60 mole % solution of phenol in water (x p = 0.60) initially at 
80°C is cooled, (a) At what temperature will the solution become turbid? (b) What are the 
amounts and compositions of the phases present at 40"C? (The abscissa scale of Fig. 
9-20(a) is in mole fraction.) 

Am. (a) 55°C; (b) 95 g of phenol-rich phase with x p = 0.67 
and 5 g of water-rich phase with x p = 0.10. 

9-18 (a) Triethylamine is added to 0.2 mole of water at 30°C until the solution just becomes 
turbid. How many moles are added ? (b) Water is added to 0.3 mole of triethylamine at 
30°C until the solution just becomes turbid. How many moles are added? (c) The solutions 
of (a) and (b) are combined. Give the compositions and amounts of the phases present. 

Am. (a) 0.013 mole; (b) 0.013 mole; (c) 0.31 mole of 
triethylamine-rich phase with x t = 0.96 
and 0.21 mole of water-rich phase with x t = 0.06. 


PROBLEMS 


9-1 Calculate the solubility of chloroform in water at 98.6°F and 0.1 atm pressure assuming 
that Raoult’s law is obeyed; the vapor pressure of chloroform is 320 mm Hg at this 
temperature. 
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9-2 The vapor pressures of ethylene bromide and propylene bromide are 172 and 127 Torr, 
respectively, at 80°C; the compounds form nearly ideal solutions. Thirty grams of 
ethylene bromide and 25 g of propylene bromide are equilibrated at 80°C and a total 
pressure of 150 Torr. Calculate the composition of the liquid phase and the moles of 
each compound in the vapor phase. 

9-3 Calculate the minimum work to “unmix” air, that is, to obtain 80 liter of pure nitrogen 
and 20 liter of pure oxygen, each at 25°C and 1 atm pressure, from 100 liter of air at this 
pressure and temperature. The AHu may be assumed to be zero. 

9-4 Calculate the total vapor pressure of solutions of toluene and benzene of compositions 0.2, 
0.4, 0.6, and 0.8 (mole fraction) for the temperatures 85, 95, 100, 105°C. Assume Raoult’s 
law to hold, and look up the necessary data. Plot the results as P (in atm) versus mole 
fraction and also calculate and plot the composition of vapor in equilibrium with each of 
the solutions at each temperature. Construct from this information a plot of the normal 
boiling point versus composition. Give also the vapor composition line. 

A small amount of the vapor in equilibrium at 95°C with solution of x, = 0.5 condenses. 
What is the vapor pressure of the condensate at 95°C? What is the boiling point of the 
original solution? Of the condensate? What is the composition of the vapor in equilibrium 
with the original solution at 95°C and with the condensate at 95°C? If the original solution 
were boiled in an open vessel until the boiling point rose 5°C, what would be the com¬ 
position of the remaining solution and the number of moles of each component present 
in it, assuming that the original solution contained one mole of benzene? 

9-5 Liquids A and B form an ideal solution. A solution of mole fraction x A — 0.4 is treated 
as follows: (a) 0.30 mole is introduced into an evacuated vessel of volume such that, at 
25°C, 15% of the liquid (mole %) evaporates. The final total pressure is 82.2 Torr at 
25°C. (b) A portion of the equilibrium vapor is drawn off, condensed completely, and then 
found to have a total vapor pressure of 92.3 Torr at 25°C. Calculate the vapor pressures 
of pure liquids A and B at 25°C. 

9-6 An aqueous solution of ammonia at 20°C has x» = 0.0300 and the equilibrium water and 
ammonia vapor pressures are 17.5 and 18.2 Torr, respectively. A vessel of two liters 
capacity contains one liter of water, and 1.35 mole of ammonia is introduced. Calculate 
the total equilibrium pressure in the vessel. 

9-7 Para-xylene and toluene form solutions which can be regarded as ideal. The vapor pressure 
of pure p-xylene is 34.0 mm and of pure toluene is 59.1 mm at 40°C. A liquid mixture of 
the two, containing 0.002 mole of each, is introduced in a previously evacuated 1-liter 
flask at 40°C. Neglecting the volume of the liquid phase in comparison with 1 liter, cal¬ 
culate the equilibrium composition of the liquid which remains after vaporization has 
occurred. 

9-8 A solution of 1 mole of NaOH in 4.559 mole of water has a vapor pressure of 4.474 Torr 
at 15°C, whereas the vapor pressure of pure water is 12.788 Torr at 15°C. What is (a) the 
activity of water in the solution (that is, the effective mole fraction) and (b) the difference 
between the chemical potential (that is, molar free energy) of the water in the solution and 
in pure water (Fricke, 1929!)? 

9-9 The total vapor pressure of a 5 mole % solution of NH S in water at 20°C is 51.78 Torr 
and the vapor pressure of pure water at the same temperature is 17.36 Torr. Apply Henry’s 
and Raoult’s laws to calculate the partial pressures and total vapor pressure of a 2 mole % 
solution at the same temperature. 

9-10 A solution containing 20 mole % of phenol in water is cooled to 50°C and the phenol-rich 
layer which separates out is drawn off. This phenol-rich layer is then cooled to 30°C, and 
of the two layers present, the one richest in phenol is again drawn off. If 100 g of original 
solution were used, how many grams of the final phenol-rich layer are obtained and what 
is the composition of this layer? 
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9-11 Suppose that a liquid A is miscible with a liquid B to the extent of 15 mole % and that 
B is miscible with A to the extent of 25 mole %. Construct the phase diagram analogous 
to Fig. 9-8 for this system and label each phase region. 

9-12 The accompanying diagram shows the activity coefficients versus composition for carbon 
disulfide-acetone solutions, (a) Calculate and plot the corresponding vapor pressure 



diagram, (b) Calculate and plot the partial molal free energies and the total excess free 
energy as functions of solution composition. Assume 25°C; look up necessary P° values. 


9-13 Construct an accurate diagram of the type of Fig. 9-8 for the water-toluene system at 
90°C. (Use the data of Exercise 9-8.) Two-tenths mole of water and 0.3 mole of toluene 
are placed in a piston and cylinder arrangement kept at 90°C; the mixture is initially 
gaseous. The piston is gradually depressed so as to compress the mixture. At what pressure 
will liquid begin to condense? Which liquid? What will be the composition of the last 
vapor to condense as the pressure is further increased ? What will this pressure be ? 

9-14 Demonstrate that the critical temperature for a system obeying the Margules equations is 
one for which a. = 2. 

9-15 Complete Fig. 9-11 by adding the curves for and y 0 calculated from the Margules 
relationships. Assume the limiting activity coefficients to be 0.467 for both acetone and 
chloroform in obtaining your value for a. 

9-16 The International Critical Tables (1928) give the following data for the partial pressure 
of acetic acid above acetic acid-benzene solutions at 50°C: 


*.(%) 

1.60 

4.39 

8.35 

11.38 

17.14 

29.79 

P (Torr) 

3.63 

7.25 

11.51 

14.2 

18.4 

24.8 

*.(%) 

36.96 

58.34 

66.04 

84.35 

99.31 


P (Torr) 

28.7 

36.3 

40.2 

50.7 

54.7 



Calculate and plot the activities and activity coefficients of acetic acid as a function of 
composition. Apply the method of Fig. 9-12 to obtain the activities and activity coefficients 
of benzene for several concentrations and plot these results as well. 

9-17 Calculate zlG M for various compositions of the acetone-chloroform system at 35°C and 
plot the results. 
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9-18 Referring to Eq. (9-123), show that no error is introduced by writing ( dV„/dx 2 )„, as 
dV^/dx 2 . State any assumptions explicitly. 


9-19 An interesting relationship for ideal gas mixtures is 


\ drit/ TPnj 


RT.. ^ 


(9-151) 


Derive this equation. [It may be used in an alternative derivation of Eq. (9-36).] 


SPECIAL TOPICS PROBLEMS 


9-1 The partial molal volumes for water and ethanol at 20°C are 17 and 57 cm* mole' 1 , 
respectively, for a solution of x t = 0.4. Calculate the volume change on mixing sufficient 
ethanol with two moles of water to give this final composition. 

9-2 The apparent molar volume <fi 2 of a solute is defined as <f> 2 = (V — n 1 V 1 )/n 2 , where V x is 
the molar volume of the pure solvent. It is found that for solutions of CaCl 2 , <f> 2 (in cm*) 
is closely approximated by = 10.15 + 3.52 m — 1.62 m*, where m is the molality, or 
number of moles of CaCl 2 per 1000 g of water. Derive the expression for K as a function 
of m and thence an expression for F 2 as a function of m. Calculate P x and V, for an 
infinitely dilute solution and for a 0.7 m solution. Assume 25°C. 

9-3 Mixtures of liquids A and B obey the Margules equations with an a of 2.2 at 25°C. Make 
an accurate plot analogous to Fig. 9-24. Construct the vapor pressure diagram (in the 
manner of Fig. 9-8) assuming that TV = 200 Torr and P B ° = 400 Torr, and label the 
phase regions. The constant a often varies inversely as T. Calculate the consolute tem¬ 
perature for this system. 

9-4 The density of aqueous acetic acid solutions varies with composition at 20°C as follows: 


density (g cm' 1 ) 

0.9982 

1.0125 

1.0263 

1.0384 

1.0488 

1.0575 

wt % acetic acid 

0 

10 

20 

30 

40 

50 

density (g cm “ *) 

1.0642 

1.0685 

1.0700 

1.0661 

1.0498 


wt % acetic acid: 

60 

70 

80 

90 

100 



Calculate K, and plot it as a function of mole fraction of acetic acid. Determine the 
partial molal volumes of water and of acetic acid for nearly pure water, nearly pure acetic 
acid, and for several intermediate compositions. Plot these values against composition. 

9-5 Show that Q 2 — 4> — xdd^ldx^. 

9-6 For the process 

NaCl (solution, m) -*■ NaCl (infinite dilution), 

— AH has been found to vary as follows at 25°C: 

m 0.2 1.0 2.0 3.0 4.0 5.0 6.12 

-AH (cal mole' 1 ) 90 -23 -177 -304 -395 -453 -483 

Calculate L x and L 2 for 2 m NaCl and for the saturated solution (6.12 m), and find the 
value for AH for the process 

NaCl(j) + water -*■ saturated solution 

(remember Table 5-3). 

9-7 Plot the data of Table 9-1 in the form of Fig. 9-24 and calculate Purtn and fi 2(r ei) for 
solutions of x x = 0.2 and x x = 0.8 (species 1 being acetone). 
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9-8 The surface tension of an aqueous solution varies with concentration according to the 
equation y — 72 — 500C, provided that C is less than 0.05. Calculate the surface excess 
of solute for a 0.02 M solution. Assume 25°C. 

9-9 Find the expression for y as a function of C if T = aC/(l + bC), where a and b are 
constants. 

9-10 Find the expression for r as a function of C if Eq. (9-150) is obeyed. 



CHAPTER TEN 


DILUTE SOLUTIONS 
OF NONELECTROLYTES. 
COLLIGATIVE PROPERTIES 


The material that follows has been separated from the preceding chapter primarily 
because a somewhat special emphasis is involved. A very important situation is that 
in which two phases are in equilibrium, one of which is a solution and the other of 
which is a pure phase of one of the components. The description is a general one of 
a system exhibiting a colligative property (from the Latin colligatus or collected 
together). The common feature of colligative properties is that, to a first approxi¬ 
mation, the observed behavior depends on the mole fraction composition of the 
solution and on the physical properties of the component which is present in both 
phases but not on the nature of the second component. The former will be defined 
as the solvent and the latter as the solute. 

This common feature is an exactly observed one if the solution phase is ideal 
in its behavior. What is actually required is that the activity coefficient of the solvent 
be independent of the chemical nature of the solute; this condition will always be 
approached as x 1 —*■ 1, since Raoult’s law is the general limiting law for all 
solutions. Alternatively stated, it is usually desirable that the solution phase be 
dilute with respect to the solute. There is therefore considerable emphasis in this 
chapter on the behavior of dilute solutions. 

The most important types of phase equilibria which give rise to colligative 
phenomena are given in Table 10-1. Other combinations are possible, of course, 
but are not encountered very often and are therefore ignored here. 

One of the important applications of colligative phenomena is to the 
determination of the molecular weight of a solute present in dilute solution. There 
are a number of other methods for such a determination and these are reviewed in 
Section 10-7 so as to provide a general picture of this aspect of physical chemistry. 

Colligative property measurements on nonideal solutions give the thermo¬ 
dynamic mole fraction or activity of the solvent and, indirectly, the activity and 
activity coefficient of the solute. This constitutes a second major application of 
colligative phenomena and is described in some detail in the Special Topics section. 
Although appropriate to this chapter, chemical equilibria involving nonelectrolytes 
are more conveniently discussed in Chapter 12 along with equilibria involving 
electrolytes. 
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TABLE 10-1. 


Phases in equilibrium 

Restriction or condition 

Name of 
resulting 
colligative 
property 

Liquid solution % vapor 

Solute must be 
nonvolatile 

Vapor pressure 
lowering 
Boiling point 
elevation 

Solid ^ liquid solution 

Solid phase must consist 
of pure solvent 

Freezing point 
depression 

Liquid solution ^ liquid solvent 

Semipermeable membrane 
prevents the solute 
from entering the 
pure solvent phase 

Osmotic pressure 


10-1 Vapor Pressure Lowering 


The general statement for the vapor pressure of the solvent component of a 
liquid solution is 


Pi = «i Pi [Eq- (9-71)] 


or 


APi 

Pi 


= 1 — a x , 


( 10 - 1 ) 


where AP X is the vapor pressure lowering of the solvent, P 2 — P 1 . If the solute is 
nonvolatile, then P is the total vapor pressure above the solution and AP 1 is the 
total vapor pressure lowering AP. 

If the solution is ideal, then Raoult’s law, Eq. (9-4), holds, which means that 
a x = x r . Equation (10-1) becomes 



( 10 - 2 ) 


still assuming the solute to be nonvolatile. Thus a measured behavior of the solvent 
has given the mole fraction of the solute, independent of the chemical nature of the 
latter. As will be illustrated later, if the weight composition of the solution is 
known, then the value of x 2 can be used for calculation of the molecular weight of 
the solute. 


10-2 Boiling Point Elevation 

We can use the procedures of Section 9-6 to relate the change in normal boiling 
point of a solution to the solvent activity if the solute is nonvolatile. The situation 
is that since P = 1 atm, Hi(g) = and for phase equilibrium /x x (/) is therefore 
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equal to Thus 

Mi°(S) = Mi(0 = Mi°(0 + RT In a, (10-3) 

[from the definition of a x , Eq. (9-72)]. 

Differentiation with respect to temperature gives 


~S 1 °(g) = -SSd) + R In a, + RT , (10-4) 

and on replacement of R In a 1 by [/VCs) — ^i°(/)]/7’ and following the procedure 
of Section 9-6, 


d (In a,) _ HSj 0 - H, a (g) AH f, 

dT RT 2 RT 2 ’ 


where AH°, x is the standard heat of vaporization of the pure solvent. Equation 
(10-5) may be integrated between limits, with a x = 1 at T = T^ x , the normal 
boiling point of the pure solvent: 


In a x 


Am ,i /J_1_\ 

R l r b T° tl r 


( 10 - 6 ) 


with Tb denoting the normal boiling point of a solution of solvent activity . 
We next consider the solution to be ideal. Equation (10-6) becomes 


<10 - 7) 

Again, a measurement of a property due to the solvent has yielded the mole 
fraction composition of the solution: x 2 may, of course, be calculated from In x x . 

It was noted in the opening remarks that we obtain the condition of ideality in 
practice by using a dilute solution. Equation (10-7) undergoes considerable 
simplification under this condition. First, In x x may be expanded and only the 
first term of the series used, so that In x x ~ —(1 — x x ) = —x 2 . For example, if 
x 2 < 0.01, the error in the approximation is less than 1 %. With this substitution, 
and after rearrangement, Eq. (10-7) becomes 


ATb= ~Ih\ x *’ (10 ' 8) 

where AT\, is the normal boiling point elevation of the solution, 7& — T£ x . 

The expansion of the In term has already limited the maximum value of x 2 
to be tolerated, and no significant further error is introduced if 7), is approximated 
by T£ j in the numerator of Eq. (10-8). Also, we have 

y- - n z __ ™ _ no-9'1 

2 n 2 + «i m + (1000/Afj) ’ K ’ 

where m is the molality of the solute and M 1 is the molecular weight of the solvent. 
The error due to neglecting m in the denominator of Eq. (10-9) is again not impor¬ 
tant. With these further approximations Eq. (10-8) becomes 


ATx> 


[ RjTb.i) 2 Mi 
[ 1000 AH° j 


m = Kbtn, 


(10-10) 
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where is called the boiling point elevation constant. depends only on properties 
of the pure solvent. The value for water is 0.514; further values are given in Table 
10-2 in Section 10-4. 


10-3 Freezing Point Depression 

The equilibrium between a solid phase consisting of pure solvent and a liquid 
solution is treated as follows. The condition of equilibrium is that fif(s) = pfl). 
Then, by Eq. (9-72), we have 

P,°(s) = Mi°(0 + RT\n a, . (10-11) 

The rest is analogous to the preceding derivation. Differentiation with respect to 
temperature yields 

-Sf(s) = -Sf(l) + R In a, + RT , (10-12) 

and, on replacement of R In a, by [/V( s ) — Pi°(J)VT and rearrangement, we have 

djlna,) _ Hf(l) - Hf(s) _ A Hi, 
dT RT 2 RT 2 ‘ u ; 


Equation (10-13) is then integrated between limits, with a, = 1 at 7) , , the melting 
(or freezing) point of the pure solvent, to give 


In a 1 


AHI a / 1 

r \r ui 



(10-14) 


where T t is the freezing point of the solution of solvent activity a,. Notice the 
parallel that is developing between the boiling point elevation and freezing point 
depression effects. 

If the solution is ideal, Eq. (10-14) becomes 


Again, the most valid application will be to dilute solutions, for which In x, may 
be approximated by — x 2 , so that 

at — RTt.iTt , in . 

AT, ^//° * (10-16) 

and, by setting T t = r f ° a and neglecting m in the denominator of Eq. (10-9), we 
obtain 

K t is called the freezing point depression constant ; its value depends only on 
properties of the solvent. For water, K f = 1.86. Further values are given in Table 
10 - 2 . 
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10-4 Summary of the First Three Colligative Properties 

The preceding two derivations were made on a somewhat formal thermodynamic 
basis and it is possible to give a physical explanation of all of the effects so far 
discussed. This is done in Fig. 10-1, which shows schematic vapor pressure plots 
for pure solid and pure liquid solvent and for a dilute solution of a nonvolatile 
solute. The vapor pressure lowering follows directly. The boiling point elevation 
is the dilference between the two temperatures at which the P = 1 atm line crosses 
the Pi°(/) and P^l) curves. 

As noted in Section 8-4, at the melting point of a pure substance the solid and 
liquid vapor pressures must be the same. Therefore T { ° A is the temperature of 
crossing of the Pi°(s) and Pi°(l) curves. Since the solute is not present in the solid 
phase, the vapor pressure of the solid is not altered by the presence of solute, and 
T, must therefore be the temperature of crossing of the Pi°(s) and P^l) curves. 
One objection to this last analysis is that it is not strictly necessary that the solute 
be nonvolatile in the freezing point depression effect. It is only necessary that it 
be insoluble in the solid solvent phase. 

The boiling point elevation and freezing point depression effects are the more 
commonly used of the three, and some of the experimental aspects are as follows. 
Figure 10-2 shows a Cottrell boiling point apparatus, the main feature of which 
is the tubular yoke around the bulb of the thermometer. The purpose is to bathe 
the bulb in boiling solution; were vapor simply allowed to condense onto the bulb, 
the temperature registered would tend to be that of the boiling point of the solvent, 
since the vapor consists of pure solvent. 

Freezing point depressions may be obtained with very simple equipment, often 
consisting merely of a Dewar flask equipped with a Beckmann thermometer and a 
stirrer. The freezing point of the pure solvent is first determined, as, for example, 
by using a mixture of ice and water if the system is aqueous or in general by gradual 
cooling of the solution until freezing sets in. The experiment is repeated with the 
solution. Liquids tend to supercool, and it is necessary to be sure that enough finely 
divided solid solvent is present to ensure equilibrium. 



FIG. 10-1. Explanation of boiling point elevation and freezing point depression effects in terms 
of vapor pressure changes. The solute is assumed to be nonvolatile. 
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FIG. 10-2. Cottrell boiling point apparatus. 


It is also essential to know the composition of the equilibrium solution that 
corresponds to the temperature measurement. This is not difficult in the case of 
boiling elevation; if the boiling solution is under reflux, its composition is essentially 
the same as that initially. In the freezing point depression experiment, however, 
there is apt to be appreciable freezing or melting before the final temperature 
reading, and a sample of the solution should be withdrawn for analysis at that 
point. 

The vapor pressure lowering effect, while less frequently used, is actually quite 
important for very precise work. Rather than attempting direct vapor pressure 
measurements, however, one usually compares the unknown with a known solution 
by allowing the two solutions to come to vapor pressure equilibrium at a known 
temperature. For example, an open beaker of each solution might be placed in an 
otherwise empty desiccator, which is then thermostated. Solution A contains 
a known nonvolatile solute and solution B contains the nonvolatile one being 
studied. The solvent vapor pressures above the two solutions will initially not 
be the same. Suppose that at first P liA is greater than P liB . Then solvent will 
distill from solution A to solution B, concentrating the former and diluting the 
latter. Eventually isopiestic equilibrium is reached, that is, P 1>A = P uB • The 
solutions must now have identical values for solvent activity a x . Analysis of 
solution A then determines the actual value of a liA . Since the solutions are in 
equilibrium, a 1A = a 1>B . If solution B is ideal or is dilute enough that Raoult’s 
law has been reached as a limiting law, then a 1>B = x liB . 
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TABLE 10-2. Boiling Point Elevation and Freezing Point Depression Constants 


Solvent 

h CC) 

K b 

h CC) 

K, 

Ethyl ether 

34.4 

2.11 

— 

— 

Chloroform 

61.2 

3.63 

— 

— 

Ethanol 

78.3 

1.22 

— 

— 

Benzene 

80.2 

2.53 

5.6 

5.12 

Water 

100.0 

0.514 

0.00 

1.855 

Acetic acid 

118 

3.07 

17 

3.90 

Bromobenzene 

155.8 

6.20 

-- 

— 

Naphthalene 

— 

— 

80.2 

6.8 

Camphor 

— 

— 

178 

40 


The isopiestic method has an advantage over the other two in being an isothermal 
one, so that corrections for changes in solvent properties with temperature are not 
needed. The isopiestic method is tedious, however, and is only used when very 
accurate results are wanted. 

Representative values of K b and K { are given in Table 10-2; some are quite 
large and such solvents are often used in qualitative molecular weight deter¬ 
minations because of the ease of measuring A 7\> or A T t . It should be pointed out 
that both constants, but especially K b , depend on the ambient pressure. Thus 
K b for benzene changes by 0.025 % per Torr difference between 760 Torr and the 
actual barometric pressure. 

Example. The following illustrates the three effects. Suppose that an aqueous solution of an 
organic compound is in isopiestic equilibrium with 0.1 m sucrose at 25°C. What is the vapor 
pressure of the solution if that of pure water is 23.76 Torr at 25°C? What would be the boiling 
point elevation and freezing point depression? If the solution contains 2.50 wt % of the com¬ 
pound, what is its molecular weight? 

To answer the first question, we need the mole fraction of the sucrose solution: x 2 = 0.1/ 
[0.1 + (1000/18)] = 0.00180. The vapor pressure lowering is then (0.0018)(23.76) = 0.0428 Torr. 
The solution of the compound must have the same value for a* as the sucrose solution and is 
dilute enough that we can use the dilute solution approximation; the molality of the two solutions 
is therefore also the same. The boiling point elevation is then (0.514)(0.1) = 0.0514°C, and the 
freezing point depression is (1.855)(0.1) = 0.1855°C. 

We have 25 g of compound per 975 g of water or 25.6 g per 1000 g of water. Since the solution 
is 0.1 m, the molecular weight must be 256. 


10-5 Osmotic Equilibrium 

An osmotic equilibrium is one between a solution and pure solvent, both liquid. 
It is necessary to have a barrier between the liquids to separate them. The barrier 
must be impermeable to the solute, yet for equilibrium it must be permeable to 
the solvent. Such barriers or membranes (since they usually are thin) are called 
semipermeable membranes. The solvent activity is different in the two liquids, 
being lower in the solution than in the pure solvent; to bring the system to equi¬ 
librium, it is necessary to have the solution under mechanical pressure. The effect 
of such pressure on a pure liquid was shown in Section 8-5 to increase its vapor 
pressure or activity, and the same is true for a solution. The pressures involved 
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Semipermeable 

membrane 

(enlarged)-^ 
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Solvent 
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1 j 


FIG. 10-3. Schematic osmotic pressure apparatus. 


can be considerable, and a semipermeable “membrane” usually must be either well 
supported or itself quite strong. 

A schematic osmotic pressure apparatus is shown in Fig. 10-3. In the form 
pictured, solvent passes through the semipermeable membrane until sufficient 
hydrostatic head develops on the solution side for the activity of water in the 
solution to be equal to that of the pure solvent. Alternatively, the solution may be 
placed under sufficient mechanical pressure to just prevent net flow of solvent. 
A simple demonstration of osmotic pressure is described in Fig. 10-4. 

Osmotic equilibrium is independent of how the membrane acts so long as it is 
in fact permeable only to the solvent. The condition for equilibrium is that 
Hi(!) = fi i(/), where /x,(7) is the chemical potential of the solvent in the solution. 
For a solution not under pressure, 

Mi (0 = Mi°(0 + RT In a, [Eq. (9-72)] 


and the effect of pressure is, according to Eq. (8-22), to increase /x x (/) by the integral 
of Fj dP: 

Mi(0 = Mi°(0 + RT In a, + V 1 dP. (10-18) 

J Pi° 

At equilibrium the free energy of the solvent must be the same on both sides of 
the diaphragm, or 

Mi°(0 = Mi(0 = Mi°(0 + RT In ^ V, dP 


—RT\n a x = f V x dP. (10-19) 

J Pi <> 

The required mechanical pressure II to produce equilibrium is known as the osmotic 
pressure. Ordinarily /7 is large compared to PI and the change in Vj with pressure 
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Moistened 
filter paper 


FIG. 10-4. Filter paper moistened with water and acting as a “leaky” membrane between 
chloroform (in the tube) and ether. Chloroform is quite insoluble in water and the wet filter paper 
acts as a barrier to its passage. Ether , however, is sufficiently soluble in water to diffuse through 
the “membrane.” 

can be neglected, so Eq. (10-19) simplifies to 

-RT\na 1 =nV 1 . (10-20) 

If the solution is ideal, then a x = x x and 

-RT\nx 1 =nV 1 . (10-21) 

If the solution has approached ideality by also being dilute, then In x 1 may be 
approximated by — x 2 , as before. At the same level of approximation x 2 ~ n 2 \n j , 
and so Eq. (10-21) takes the very simple form 

RT — = nv,°. 

In the case of a dilute solution n ^ 0 is essentially the volume of the solution, so 

nv = n 2 RT or 77 = CRT. (10-22) 

The interesting final result is that in dilute solution osmotic pressure obeys the 
ideal gas law. The final approximation is unnecessarily severe, and a very useful 
dilute solution form is one in which C is the number of moles of solute per unit 
volume of solvent, rather than per unit volume of solution. 

Example. The example of the preceding section may be extended to the calculation of the 
osmotic pressure of the solutions. The osmotic pressure IF must be the same for the sucrose 
solution and that of the unknown compound at 25°C since they are in isopiestic equilibrium. 
Then C = 0.1 mole liter’ 1 of solvent and FI = (0.1)(0.0821)(298) = 2.45 atm. Note how large 
the osmotic pressure is compared to the other colligative effects. 



362 CHAPTER 10: DILUTE SOLUTIONS OF NONELECTROLYTES. COLLIGATIVE PROPERTIES 


TABLE 10-3. Osmotic Pressure of Aqueous Sucrose at 0°C a 


Concentration 
(grams per liter 
of solution) 

(« 2 /«i) x 10 4 


Osmotic pressure (atm) 

Observed 

Equation (10-22) 

Modified Eq. (10-21)» 

2.02 

1.064 

0.134 

0.132 

0.133 

10.0 

5.294 

0.66 

0.655 

0.661 

45.0 

24.22 

2.97 

2.947 

3.056 

300 

193.6 

26.8 

19.65 

26.99 

750 

737.2 

134.7 

49.14 

154.5 


"Source: E. A. Moelwyn-Hughes, “Physical Chemistry,” p. 803. Pergamon, Oxford, 1961. 
5 See text. 


Some data due to Berkeley and Hartley in 1906 on the osmotic pressure of sucrose 
solutions are given in Table 10-3. The simple formula (10-22) fails badly by about 
1 m sucrose concentration, and even the more exact form, Eq. (10-21),is inadequate; 
it would predict an osmotic pressure of 92 atm for the most concentrated solution, 
instead of the observed 134.7 atm. We have confidence in the thermodynamics, 
and evidently the solution must not be ideal, as assumed in writing Eq. (10-21). 
It turns out, however, that the quite reasonable agreement shown by the last 
column of Table 10-3 results if one supposes that each sucrose molecule binds six 
molecules of water. The actual number of moles of solvent present is thus 
reduced by six per mole of sucrose present, and x 2 is correspondingly increased. 
This example is cited to illustrate one way in which a formal nonideality may 
be accounted for. 


10-6 Activities and Activity 
Coefficients for Dilute Solutions 

The use of activities and activity coefficients for solutions was discussed in 
Section 9-5. It will be recalled that activity a was defined as the effective mole 
fraction such as to keep the form of Raoult’s law: 

Pi = a iPi° [Eq. (9-71)]. 

The activity coefficient y was defined as the factor whereby a differs from x, 

di = Yi x i [Eq- (9-73)], 

so that the chemical potential for the zth species is 

M0 = M(0 + RTln a, [Eq. (9-72)]. 

Since Raoult’s law is approached by all solutions as x ( -*■ 1, it follows that in this 
limit a, —► x, and y ( —► 1. 

This convention is fine for solutions of two liquids, whose compositions can 
range from pure component 1 to pure component 2. It is, however, very awkward 
for dilute solutions, and an alternative set of definitions has become customary 
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for the solute. That for the solvent remains the same. Since Henry’s law is the 
limiting law for the solute, we now define an activity a' such that Henry’s law is 
obeyed, 

P 2 = a 2 'k 2 . (10-23) 

The corresponding activity coefficient y 2 is given by 

a 2 ' — y 2 'x 2 . (10-24) 

These conventions are to be applied only to the solute, and Eqs. (10-23) and 
(10-24) have been written on this basis. Since Henry’s law is approached as x 2 —► 0, 
then a 2 x 2 and y 2 -*■ 1 at this limit. 

In the case of aqueous solutions, it is customary to express the concentration of 
solute as molality m rather than as x 2 . Henry’s law may still be used as a limiting 
law since by Eq. (10-9), m and x 2 become proportional as x 2 —*■ 0, and in this limit 


Activity is now defined by 
and activity coefficient as 


P 2 -- - mk m . 


P i — a mk m 
a m = y m fn. 


(10-25) 

(10-26) 

(10-27) 


As x 2 , and hence m, approaches zero, a m ^-m and y m -*■ 1. Finally, x 2 or m becomes 
proportional to C, the concentration in moles per liter of solution, as the concen¬ 
tration approaches zero. Henry’s law becomes P 2 = Ck c , and a concentration- 
based activity a c may be defined as 


P 2 — a c k c ■ (10-28) 

The corresponding activity coefficient y c is 

a c = YcC. (10-29) 


Again, as x 2 , and hence C, approaches zero, a c -*■ C and y c -*■ 1. 

The subject is discussed in more detail in the Special Topics section, but it turns 
out that the effect of using the Henry’s law conventions is to change the reference 
or standard state, and hence the value of jx<°(/) of Eq. (9-72). All equations involving 
only changes in activity remain the same, but in using the Gibbs-Duhem equation, 
as in Section 9-5, the first integration limit is x 2 = 0 rather than x 2 = 1 since it is 
now the former condition for which y = 1 and hence In y = 0. Alternatively, 
y 2 differs from y 2 by a constant factor. However, mole fraction, molality, and 
concentration cease to be proportional in concentrated solutions, and as a con¬ 
sequence the three types of activity coefficient differ. The general relationship 
among them is 


yi = 7m(l + O.OOlmMj) = y c 


p + 0.001 C(M 1 
P° 


M 2 ) 


(10-30) 


where M 2 is the solute molecular weight, p is the density of the solution, and p° is the 
density of the pure solvent. 
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10-7 Other Methods of 
Molecular Weight Determination 

One of the important uses of colligative property measurements is to obtain 
the molecular weight of a solute. This is particularly true for new substances being 
characterized for the first time, including biological species such as proteins or 
nucleic acids. Polymer chemistry is also a highly developed field, and a central 
piece of information is again the molecular weight of a particular preparation. 
In this case there will usually be a mixture of various molecular weights and one 
seeks to determine the average value (as will be discussed later). 

There are several other means whereby either the size or the molecular weight 
of a solute may be determined and it seems appropriate to include these in the 
present chapter. 


A. Sedimentation Velocity 

It is possible to estimate the size of a molecule by the speed with which it moves 
through a solution under the influence of some force. One such force is that due to 
gravity. A particle of mass m 2 experiences a downward pull of m 2 g, opposed in 
solution by the buoyancy of the solvent. In effect, the particle displaces volume 
m 2 lp 2 , corresponding to a mass of solvent equal to (m 2 /p 2 ) p 1 , where p 2 and p 1 are 
the densities of the particle and of the solvent, respectively. The net force due to 
gravity is then 


m 2 g (l - = m 2 g( 1 - v 2Pl ), (10-31) 

v p 2 / 


where v 2 is the partial specific volume of the particle. 

The particle will fall through the solution if p 2 > p t , but as it accelerates a 
viscous drag develops which is proportional to the velocity, or equal to fv, where v 
is the velocity and / is called the friction coefficient. A limiting or terminal velocity 
is reached when the force due to gravity and that of the viscous drag have become 
equal, or when 


v = 


m 2 g( 1 - VapQ 

/ 


(10-32) 


In liquids of ordinary viscosity, this terminal velocity is reached very quickly, and 
the experimental observation is that the particle immediately assumes a constant 
speed of fall. 

The friction coefficient depends in a complicated way on the shape of the 
particle and on the viscosity of the solvent. However, if the particle is spherical, 
a simple formula due to Stokes applies: 


/ = 67777 r, 


(10-33) 


where 77 is the viscosity of the medium and r is the radius of the particle. The velocity 
of fall is then 


v = 


m 2 g 

67777 7" 


(1 


- v 2 p x ). 


(10-34) 
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The particle is to be a solute molecule, although perhaps a large one such as a 
protein, and its rate of fall due to gravity will be extremely small—so small, in fact, 
that, as will be seen, it is quickly nullified by back-diffusion. It is therefore ordinarily 
necessary to increase the sedimentation force by using a centrifuge. Acceleration 
due to gravity is replaced by at 2 x, where oo is the angular velocity (in radians 
per second) and x is the distance from the center of rotation. Equation (10-32) 
becomes 

dx _ m 2 a> 2 x(l - \ 2Pl ) ,, A 

d t - j , (.iu-jo; 

or 

S = Y (1 - v 2Pl ), ^ ^ , (10-36) 

where s is called the sedimentation coefficient and is characteristic of a given solute 
and solvent. 

Example. For a laboratory centrifuge, x might be about 10 cm and the speed of rotation 
50 rps. The force w a x is then (2 -jt) a (50) a (l0) or about 1 x 10* cm sec - * or 10*£. A protein 
molecule of molecular weight 100,000, or particle weight 1.66 x 10“ 18 g, and of specific 
volume 0.80 cm* g -1 would then sediment with a rate of (1.66 x 10 -1 *)(1 x 10“)(1 — 0.8)//, 
or about 3.3 x 10 -14 //, in cm sec -1 . If the particle is spherical, we have 

fur* = (1.66 x 10 -18 )(0.8) ~ 1.3 x 10“, 

from which r is found to be 3.2 x 10 -, cm. The viscosity of water is about 0.89 cP and, by 
Stokes’ law, / = 677(0. 0089)(3.14 x 10 -7 ) = 5.4 x 10 - *cm sec - *. The velocity of sedimenta¬ 
tion of the protein molecules would then be (3.3 x 10 -14 )/(5.4 X 10 -8 ), or about 6.1 X 
10 ~ 7 cm sec -1 , a rather small number. 

The calculation illustrates the difficulty in carrying out sedimentation experiments 
with ordinary centrifuges. A Swede, The Svedberg, pioneered in the 1920s the 
development of very high-speed centrifuges or ultracentrifuges. Forces as high 
as 300,000g have been obtained. The sedimentation rate would be 300 times larger 
than in the preceding example, or about 2 x 10 -4 cm sec -1 , an easily measurable 
rate. Centrifuges of this type may be air-suspended and air-driven. More elegantly, 
the rotor can be suspended by a magnetic field and driven by induction. In the 
latter version, the rotor chamber is evacuated so that friction is virtually absent. 
The cell containing the solution is placed in the rotor and can be viewed through 
windows. Stroboscopic pictures of the boundary formed by sedimenting material 
can be obtained with the use of synchronous lighting, and the sedimentation velocity 
thus determined. The molecular weight may then be found, essentially by reversal 
of the preceding calculation. One contemporary type of ultracentrifuge is described 
in Fig. 10-5. 


B. Diffusion 

A second type of kinetic approach which yields information about molecular 
size is that of diffusion studies. The coefficient of diffusion is defined phenomeno¬ 
logically by Fick’s law, 


[Eq. (2-65)], 
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♦ 

9 


(a) The system. The rotor (1) is driven 
by means of a flexible drive shaft that 
makes it so nearly self-balancing that 
loads need only be balanced to 0.5 g. 
Speeds up to 60,000 rpm and 370,000 
times gravity acceleration are routine. 
The rotor chamber may be cooled by 
the refrigerator unit (2) and is evacu¬ 
ated by mechanical (3) and diffusion 
(4) pumps. Light from the source (5) 
passes through the sample cells and out 
the light pipe (6) to a scanner or a cam¬ 
era. A set of slits allows light to pass 
only as the cell comes into position. 
ICourtesy Spinco Division, Beckman 
Instruments, Palo Alto, California.) 


(b) The optics. (Courtesy Spinco Divi¬ 
sion, Beckman Instruments, Palo Alto, 
California.) 
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Meniscus Boundary 



“Bottom” of cell 


Schlieren optics record 
boundary in terms of 
concentration gradient 


Absorption optics record 
boundary as a shaded area 


Interference optics record 
boundary as a fringe shift 




FIG. 10-5. (c) Illustration of various optical systems for recording the boundary region formed 
between solution and supernatant liquid in moving boundary ultracentrifugation. \From H. C. 
Ehrmantraut and P. D. Quattrone in “Ultracentrifugal Analysis in Theory and Experiment” 
(J. W. Williams, ed.), Academic Press. New York, 1963.] 


where 2 is the diffusion coefficient and J is the molecular flux along the con¬ 
centration gradient, in molecules per square centimeter per second. Diffusion occurs 
because molecules in solution drift around under random kinetic motion and more 
move from a high-concentration region than from a low-concentration region. It 
is purely as a statistical effect that net flow occurs down a concentration gradient. 
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The flow may be treated as a net bias in the otherwise random motion, whereby 
molecules appear to exhibit a net velocity v in the direction of the concentration 
gradient. The flux J can therefore be represented as 

J = n». (10-37) 


We now invoke a force to produce the velocity v, namely the gradient of chemical 
potential —djxjdx or — kT d (In a)/dx. The velocity is then 

v = - kTd{] " a) ! dx , (10-38) 

and combination of Eqs. (2-65), (10-37), and (10-38) gives 


or 


kTn d (In a)/dx _ ^ dn 
f dx 


_ kT <f(ln a) 
/ d{\n n) ' 


(10-39) 


It is convenient to use the convention of a c , so that d {In a c ) = d (In C) + d (In y c ) 
(see Section 10-6) and since d (In n) = d (In C) (n and C are proportional), Eq. 
(10-39) reduces to 


9 = 


bL(\ ^( ln re) \ 

f\ d (In C) ! 


(10-40) 


In the case of dilute nonelectrolyte solutions y c will approach unity, and 
Eq. (10-40) is often used in the limiting form 



(10-41) 


Equation (10-40) was obtained by Einstein in 1905 (see Section 16-CN-l fora 
historical sketch). 

The formalism of the chemical potential gradient as a driving force in diffusion 
is just that—a formalism. It is a very convenient one, however, and more elaborate 
analyses based on the statistics of individual molecular motions give the same result. 

As in the case of sedimentation rates, one may consider the diffusing molecule 
to be spherical and apply Stokes’ law. The diffusion coefficient becomes 


9 > 


kT 
67 TTjr 


(10-42) 


It is thus possible to obtain a molecular radius from diffusion data. Small molecules 
have diffusion coefficients in water of about 10 _5 cm 2 sec~ 1 at room temperature 
and hence corresponding r values of about (1.37 x 10 _18 )(298)/(67t)(0.01)(10~ 5 ) == 
2.2 x 10~ 8 cm, or of a few angstroms. The values obtained agree fairly well with 
estimates from van der Waals constants or from crystallographic determinations 
of molecular sizes. In general, even though the exact form of Stokes’ law may not 
be correct, Eq. (10-42) is often obeyed to the extent that 9^ is a constant; the 
observation is known as Walden's rule. 
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It is difficult to measure diffusion coefficients smaller than about 10~ 7 cm 2 sec -1 , 
so that the method begins to fail for molecular weights above 10 6 (see Table 10-4). 
In summary, diffusion coefficients provide a measure of the hydrodynamic radius 
of a molecule and thereby information about its molecular weight. 


C. Sedimentation Equilibrium 

We may now combine the two preceding subsections to treat sedimentation 
equilibrium. The dynamic picture is that a molecule under the influence of gravity 
or a centrifugal field will move in the direction of the force, so that a concentration 
gradient develops. Eventually the back-diffusion rate becomes equal to the sedi¬ 
mentation rate. That is, v in Eq. (10-32) and v in Eq. (10-38) may be equated to 
give 

m 2 g(\ - v iPl ) = kT . (10-43) 

The friction coefficient is the same for both processes, and therefore cancels out. 


Rearrangement gives 

<i(ln a) 
dx 

n 

kT U 

- v 2 pi), 

(10-44) 

or, in dilute solution 

II 

u 

n 

kT U 

- V 2 Px). 

(10-45) 


Except for the necessary buoyancy correction, Eq. (10-45) is the same as the 
barometric equation (1-34); if integrated, with dx — —dh, it yields 


C = 



m 2 g'h \ 

kr r 


where, to bring out the comparison, g has been replaced by the effective force due 
to gravity g', where g' = g(l — 

Alternatively, Eq. (10-41) may be used to eliminate f in Eq. (10-36), to give 


or 


s 


m 2 S> 

~w 


(1 - VssPj) 


(10-46) 


M 2 


RTs 

@0 - v 2 pi) ' 


(10-47) 


Thus if both the sedimentation and diffusion coefficients are known, the molecular 
weight may be determined without any assumptions as to the size or shape of the 
molecule. 

To return to sedimentation equilibrium, we see that if g in Eq. (10-45) is replaced 
by ai 2 x and the equation is integrated between the limits C x at x x and C 2 at x 2 , the 
result is 


2RTln(CJC t ) 

OJ 2 (X 2 2 - X! 2 )(l - V 2 pi) 


(10-48) 
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TABLE 10-4. Diffusion and Sedimentation Coefficients (in Water at 25° C) 


Substance 

Molecular weight 
(g mole -1 ) 

10 5 x 3 
(cm 2 sec -1 ) 

10 13 X 5 
(sec) 

v 2 

(cm 3 g -1 ) 

Water 

18 

2.14“ 

_ 

_ 

Urea 

60 

1.18 (20°C) 

— 

— 

Sucrose 

342 

0.52 

— 

— 

Ovalbumin 

44,000 

0.078 

3.6 

0.75 

Hemoglobin (man) 

63,000 

0.069 

4.46 

0.75 

Urease 

490,000 

0.034 

18.6 

0.73 

Tobacco mosaic 

40 x 10* 

0.0053 

185 

0.72 

virus 






“ This is a self-diffusion coefficient obtained by isotopic labeling. 


Sedimentation equilibrium studies using ultracentrifuges have provided a great 
deal of information about the molecular weights of large molecules such as proteins, 
other biological substances, and polymers. The method is tedious in that consid¬ 
erable time is required to attain equilibrium. A modern variant involves the use of 
a gradient in the density of the medium. The effect is greatly to accentuate the 
equilibrium concentration distribution, and molecular weights as low as about 300 
can be determined by this means. 

Example. The numerical example of Section 10-7A may be extended to Eq. (10-48). We 
take oj 2 to be 1 X 10 6 , the molecular weight to be 100,000, and v 2 to be 0.80, and assume that 
*2 and x t are 4 and 3 cm, respectively. Then 

C 2 (100,000)(1 X 10 6 )(4 a - 3 a )(l - 0.80) _ A „„ 
ln C 1 ~ (2)(8.3 X 10 7 )(298) 

Some values for diffusion and sedimentation coefficients are given in Table 10-4. 


D. Light Scattering 

The subject of light scattering by small particles is a complicated one and will be 
treated here only in a superficial way. In terms of the electromagnetic theory of 
light, incident radiation induces an oscillating dipole in a molecule or particle, 
which in turn reradiates. The intensity of scattered light therefore depends on the 
polarizability a; it is also a function of angle, being a maximum in the direction of 
the incident beam. 

The detailed analysis was begun by Lord Rayleigh in 1900, extended by G. Mie 
around 1908, and further extended by P. Debye in 1947. The intensity of 
unpolarized light scattered by a single molecule is given by 

i 167r 4 a 2 (l -j- COS 2 9) AC\\ 

/„ AV 2 ’ ’ 

where, as illustrated in Fig. 10-6, 1 0 is the incident light intensity per square centi¬ 
meter, i is the intensity per square centimeter observed at scattering angle 6, a is 
the polarizability of the scattering molecule, A is the wavelength of light, and r is 
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FIG. 10-6. Intensity envelope for scattered light. The envelope is a figure of revolution about the 
axis defined by the incident light. 


the distance from the scattering particle. Some of the important features of 
Eq. (10-49) are as follows: 

(1) The intensity depends inversely on A 4 and is therefore much stronger for 
blue than for red light. Small-molecule scattering in our atmosphere brings blue 
light to us from the sky and yellows or reddens direct sunlight, especially at sunset 
when the distance traveled through the atmosphere is larger than at other times. 

(2) The minimum scattering occurs at 90°. The qualitative reason is that the 
induced dipoles are oriented perpendicularly to the incident light and reradiate 
most strongly in the same direction. 

(3) The dependence on the polarizability has been accounted for. 

In the case of a dilute solution or suspension of scattering molecules or particles, 
a useful modification of Eq. (10-49) is the following. Assuming additivity of molar 
refractions, Eq. (3-15) may be manipulated to give n 2 — n 0 2 = AnN 0 acjM. Here, 
n is the index of refraction of the solution and n 0 that of the solvent; c is the con¬ 
centration in grams per cubic centimeter of scattering molecules of polarizability 
a and molecular weight M. For a dilute solution, n 2 — n 0 2 = (n + n 0 )(n — n„) ~ 
2 n 0 c dnjdc and we obtain 

i 4t7 2 M 2 (1 + cos 2 9) n 0 2 (dn/dc) 2 <n\ 

/„ A r 0 2 AV 2 ’ ' " ’ 

Since the number of particles per cubic centimeter is cNjM, the total scattering is 


i 4-?r 2 (l + cos 2 6) ti 2 {dnjdc) 2 1A 
T 0 ~ N 0 A 4 r 2 C ' 


(10-51) 


We next integrate the scattered intensity over all angles, to obtain the total 
proportion of light removed from the incident beam. The removal of light by 
scattering produces the same mathematical law as for the absorption of light 
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(see Section 3-2), 


i = V- 


(10-52) 


where I is the intensity of unscattered light and r is called the turbidity. The 
proportion of light that is scattered is then (/„ — I)/I 0 and for small amounts of 
scattering this is equal to r for a 1-cm path length. The result of the integration 
over all angles and the introduction of r is 


where 


and therefore 


r = 


H = 


32 n 3 n 0 \dn/dcy 

3N 0 X 4 


32 rrWdn/dc) 2 

3N 0 X 4 


Me = HMc, 



(10-53) 


(10-54) 


(10-55) 


Actual practice is somewhat more complicated. Solution nonidealities cause 
deviation from Eq. (10-55), so the quantity Hcfr is usually plotted against c and 
extrapolated to zero concentration. Further, the reduction in light intensity of the 
direct beam is rather small, so it is difficult to measure /„ — / accurately. A better 
procedure is to determine i at some definite angle, most commonly 90°, and use 
Eq. (10-49) to relate the scattering intensity at that angle to the total scattering 
corresponding to r. A further complication is that if the particles are comparable 
in size to the wavelength of the light used, there will be interference effects arising 
from light scattered from different parts of the same particle. If this is a problem, 
then ijl 0 is measured at various angles and the calculated H values are extrapolated 
to 0 = 0, where such interference vanishes. This is done for each of several 
concentrations and the set of extrapolated points lies on a line which can in turn 
be extrapolated to zero concentration. A clever way of making the two extrapola¬ 
tions (to zero c and to zero 6) is due to Zimm (1948). 

Light scattering can be used for any size molecule; one may, for example, observe 
scattering from a pure liquid due just to the fluctuations in density that occur, 
and the scattering by the atmosphere has already been mentioned. Equation (10-53) 
states, however, that for a given concentration in grams per cubic centimeter the 
larger the molecular weight, the greater the scattering. The method is then most 
sensitive for macromolecules and has been widely used in the study of biological 
and synthetic polymers. 


E. Types of Molecular Weight Averages 

It is particularly true for polymer solutions (discussed further in Chapter 20) 
that a preparation will consist of a range of molecular weights. A molecular weight 
determination by one of the methods of this chapter will give an average value 
but, it turns out, not always the same average one as that given by some other 
method. 

There are two principal ways in which one may average the molecular weight 
of a collection of solute molecules. The first is the intuitive one of simply dividing 
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the total weight by the total number of particles. This is known as the number 
average molecular weight M n and is defined formally as follows: 


M n 


n 1 M 1 + n 2 M 2 + • • • 

«i + « 2 + ••• 


St rij M, 

Hi "i 


%x t M t . 


(10-56) 


Thus a sample consisting of equal numbers of molecules of molecular weight 
100, 1000, and 10,000 g mole -1 would have a number average molecular weight of 


M n 


*(100) + K1000) + 1(10,000) 27QQ 


In this case each molecular weight is weighted by the number of particles 
involved. An alternative weighting is by the weight of particles of a given molecular 
weight (or essentially by their size): 




w 1 M 1 + w 2 M 2 + ■■■ 

Wi + W 2 H- 


It WjM, _ 2t n i M i 2 

Hi w i Wtot 


(10-57) 


My, is known as the weight average molecular weight. Referring to the example 
just given, since there are equal numbers of each kind of molecule, 

(100) 2 + (1000) 2 + (10,OOP) 2 

100 + 1000+10,000 


In this case, as in general, the weight average molecular weight is greater than the 
number average molecular weight. The ratio of the two gives a measure of the total 
spread of molecular weights in the sample. 

The colligative property measurements essentially count the number of particles 
and one obtains the molecular weight by dividing the weight of material present 
by this number. The result is therefore a number average molecular weight. 
Sedimentation experiments weight each particle according to its mass and there¬ 
for give a weight average molecular weight. The same is true of light scattering 
measurements. 


COMMENTARY AND NOTES 


10-CN-l Colligative Properties 
and Deviations from Ideality 

The equations for the four colligative properties are summarized in Table 10-5. 
They group into three categories: (1) the forms that are strictly valid (except for 
the assumed constancy of heats of vaporization and freezing, and of activity coeffi¬ 
cients with temperature), (2) those that assume an ideal solution, and (3) those that 
assume an ideal and dilute solution. A number of systems have been studied very 
precisely, and there seems to be no question that Raoult’s law is a valid limiting 
law, at least for solutions not involving molecules grossly different in size. Also, 
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TABLE 10-5. Colligative Property Equations 


Effect 

Exact equation 0 

Equation assuming 

Ideal solution 

Ideal and 
dilute 
solution 

Vapor pressure 
lowering 

(AP)jP°=1-a, 

(AP)IPi°=x 2 

— 

Boiling point 
elevation 

In a l =(AH^JR) 

X[(l/7' b )-(l/7' b ° 1 )] 

In Xi =(AH v ° a IR) 

X[(l/r b )-(l/7' b , 1 )] 

AT b =K b m 

Freezing point 
depression 

In a^iAHlJR) 

X[(l/7' f ° 1 )-(l/r f )] 

In x, =(AH t ° A IR) 

x[(i/r t !,)-(i/r t )] 

5 

II 

sC 

Osmotic pressure 
effect 

-RT In 

-RTlnxr^ni?! 

n=CRT 


° The last three of these equations are not fully exact. Assumptions such as constancy of heat 
of vaporization or heat of freezing have been made in integration over AT b or AT t . In the case 
of osmotic pressure, other assumptions, noted in the text, have been made. These are not drastic 
assumptions, and in this text the equations given are regarded as thermodynamically exact. 

heats of fusion from K t values agree well with those from direct calorimetric 
determinations. 

Although these affirmations are important, it is also true that deviations from 
the simple behavior are common. We discount immediately cases in which the 
dilute solution forms have been misused in that the conditions for the mathematical 
approximations have not been met. There remain several explanations. One is that 
the solute is either associated or dissociated to some extent, so that its apparent 
molecular weight differs from its formula weight. Remember that the colligative 
property effects are determined by x 2 , the mole fraction of solute. This mole 
fraction is determined by the actual species present. As one example, the molecular 
weight of benzoic acid is just the formula weight of 122.1 in acetone solution, 
but in benzene, the apparent molecular weight is 242. That is, the colligative 
property measurement reports half as many solute molecules as expected from the 
amount weighed out in making up the solution. The explanation is that benzoic 
acid is largely dimerized in benzene solution. 

Alternatively, if the freezing point depression is determined for an aqueous 
sodium chloride solution the result gives an apparent molecular weight that is 
about half the formula weight. In this case we have a strong electrolyte which has 
dissociated into two ions, each of which acts as a solute species with respect to 
a colligative property. The Dutchman van’t Hoff, who contributed much to the 
physical chemistry of the osmotic pressure effect, defined a factor i as 

TIv = in 2 RT, (10-58) 

where the simple meaning of i is that it gives the average number of moles of 
particles produced per formula weight of solute. Thus i would be \ for benzoic 
acid in benzene and 2 for aqueous sodium chloride. The approach, while over¬ 
simplified, emphasizes the point that the colligative property measurement gives 
an average molecular weight. One may thus use the measurement to calculate the 
degree of association or, for a weak electrolyte, the degree of dissociation. In the 
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case of polymer solutions, where a wide range of molecular weight species is 
present, the average molecular weight that results is known as a number average 
(see Section 10-7E). 

Another source of deviation from ideal behavior is illustrated by the data of 
Table 10-3. It appears, from this as well as from other evidence, that sucrose 
tightly binds about six molecules of water. The situation is essentially one of com¬ 
pound formation between solute and solvent, and the effect on a colligative property 
measurement is that the effective value of x x is reduced while that of x 2 is increased. 
A fair measure of the departure from ideal behavior of electrolyte solutions can 
be accounted for if each ion, especially the positive ion, is assumed to bind a certain 
number of water molecules. 

The resemblance of the ideal osmotic pressure equation, Eq. (10-22), to the ideal 
gas law was noted in Section 10-5. The resemblance extends further. Just as non¬ 
ideal gases can be represented by a virial equation (Eq. 1-37), so can the osmotic 
pressure of a nonideal solution, 

§r = Ii + B{T)c '’ (10 ' 59) 

where c is concentration in grams per cubic centimeter. 

Finally, departures from ideality may always be treated in a nonspecific way by 
calculating a x from use of the exact equation. The solute activity, a 2 , and activity 
coefficient, y 2 , may then be obtained by the methods of Section 10-ST-l. 


10-CN-2 Relationship between 
Freezing Point Depression and Solubility 

In dealing with colligative property effects, we have consistently applied the term 
solvent to that component which is present in both phases. Thus in the case of a 
freezing point depression Eq. (10-15) may be written 



and applies to the equilibrium system 

pure solid A ^ ideal solution of A and B, (10-60) 

where A denotes solvent, by the preceding convention, and B denotes solute. The 
laboratory appearance of such an equilibrium mixture is simply one of a suspension 
of a solid in a solution, and the system could just as well be described as a saturated 
solution of solid A in solvent B, with excess solid A present. 

When viewed according to this alternative perspective, Eq. (10-15) gives the 
solubility of component A, now thought of as the solute, in solvent component B. 
Now T t is no longer described as a freezing point, but just as T, the temperature 
at which the solubility is measured. As an example, the freezing point of a 0.25 mole 
fraction solution of, say, ethanol, in acetic acid should be approximately 0°C 
(assuming ideal behavior). The calculation is made, from Eq. (10-15), with acetic 
acid as the solvent. Alternatively, the same value denotes the solubility of solid 
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acetic acid in ethanol at 0°C (although it is not customary to speak of the solubility 
of such low-melting substances as acetic acid). 

The same principle applies to any equilibrium of the type of Eq. (10-60). 
Equation (10-15) therefore provides some useful qualitative rules on solubility. 
(1) The solubility of a compound increases as temperature increases. General 
experience confirms this prediction. (2) The solubility of a series of compounds 
decreases as their melting point increases. This rule is fairly well obeyed provided 
that the heats of fusion are not very different. It should be remembered that in 
solubility situations x A may be relatively small, and Eq. (10-15) can be seriously 
in error if the solution is not reasonably ideal. 


10-CN-3 Osmotic Pressure 

There are many interesting sidelights to colligative properties. The osmotic effect 
was probably the first studied because of its great importance in biological systems. 
As just one example, plant cells consist of a relatively rigid cellulose wall enclosing 
a bag or vacuole filled with sap (salts, sugars, coloring matter). The bag is lined by 
the vacuolar membrane, and the space between it and the cellulose wall contains 
the cell cytoplasm and nucleus. The cytoplasm is lined by a second membrane, the 
plasma membrane, as shown in Fig. 10-7. The cellulose wall is relatively permeable 
to both water and solutes, but the two membranes will not pass large molecules 
such as sugars. In the normal cell, water has passed through the membranes to 
set up an osmotic pressure so that the vacuole and cytoplasm press against the 
cellulose wall. The cell is rigid or “turgid.” If now the cell is immersed in a salt or 
sugar solution of higher osmotic pressure, water leaves, the cytoplasm and vacuole 
shrink, and the cell becomes flaccid. Conversely, if the cell is placed in pure water, 
the osmotic pressure developed inside the cell may become large enough to burst 
the cellulose wall. Such effects are called plasmolysis. A solution that neither shrinks 
nor expands the cell is said to be isotonic with it. Osmotic effects can play an 
important role in the treatment of foods, as in salting or pickling. 
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The physical chemist has used various models to explain osmotic pressure at the 
molecular level. The resemblance of Eqs. (10-22) and (10-58) to gas laws leads to 
the picture of the solute acting like a gas in exerting pressure against the membrane. 
The solvent exerts no pressure since it can pass through freely. A more subtle, but 
ultimately more satisfying, concept is the following. A liquid should exert a very 
high pressure against its container if it is merely a highly compressed gas. The fact 
that it does not is attributed to a tension (against intermolecular attractive forces). 
With solute molecules present, the solvent molecules are under a larger tension 
essentially because there are fewer of them to balance the same hypothetical gas 
pressure. The difference in tension is just the osmotic pressure and one may derive 
the other colligative effects from the effect of tension on solvent vapor pressure. 
[See Hammel (1976), but also Andrews (1976).] 


10-CN-4 Water Desalination 

The material of this chapter has some bearing on the important subject of water 
desalination. This is at present accomplished mainly by distillation, and large-scale 
installations are found in the southwestern United States, in parts of South 
America, and in the Middle East. It seems inevitable that the coastal regions of 
the world will draw increasingly on this method as a source of both agricultural 
and potable water. The current prevalence of distillation may be largely a reflection 
of the fact that engineering is most highly developed for this type of process. 
Other methods may eventually dominate, and many are now under active 
investigation. 

Sea water contains about 35,000 ppm of dissolved salts, mostly sodium chloride, 
with magnesium, calcium, and potassium following in order of importance; it is 
roughly equivalent to a 0.7 M sodium chloride solution, and the vapor pressure 
of sea water at 25°C averages about 0.78 Torr lower than that of pure water. 
The basic desalination process is then 


sea water (25°C, P x — 22.98 Torr) = pure water (25°C, P x ° = 23.76 Torr). (10-61) 

This supposes that the pure water is obtained from so large an amount of sea 
water that the concentration of the latter is not materially affected. The free energy 
change is 

AG = RT\n?±- = 592 In = 19.8 cal. 

This is the reversible work required and is therefore the minimum possible. The 
free energy change AG would be somewhat larger for a process in which the 
products consisted of more highly concentrated sea water plus pure water. In 
either case, however, the minimum energy required is far less than the 
approximately 10,000 cal mole -1 needed to vaporize the water directly. The 
relatively high efficiency of contemporary distillation plants is a result of using 
very efficient multistep evaporation as well as heat exchangers. In effect, the 
10,000 cal mole -1 needed for evaporation is largely recovered from the heat 
liberated on condensation. The heat “turnover” is very large, however, and it has 
seemed that some process whose direct energy requirement was closer to the 
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minimum could be efficient without the large capital investment required by the 
complex engineering of distillation plants. 

One proposal has been to produce pure water by partially freezing sea water 
and then separating out the ice. The heat investment in the initial step is 
now only about 1400 cal mole -1 . However, the refrigeration plant needed intro¬ 
duces a new fundamental inefficiency. More important, perhaps, is the finding that 
the ice so produced tends to occlude considerable salt so that more than one cycle 
of purification is necessary. 

Osmotic devices have attracted much interest. If sea water is separated from fresh 
water by a semipermeable membrane, then application of mechanical pressure 
exceeding the osmotic pressure will cause water to pass to the pure water side. 
The process is one of reverse osmosis. The pressure could be applied by means 
of pumps. Conceivably a pipe could be lowered into the ocean to a depth such that 
the hydrostatic head exceeded the osmotic pressure. A semipermeable membrane 
covering the end of the pipe would pass fresh water. In effect, one would have a 
fresh water well for which the only work required would be that needed to pump 
the water to the surface. In fact, not even that work need be required [Levenspiel 
and de Nevers (1974)]! 

A problem has been to find membranes that will not pass electrolytes but will 
pass water rapidly. The osmotic pressure of sea water is some thirty atmo¬ 
spheres, and either a membrane must be very strong or several stages would be 
needed. Some progress has been made in the use of electrical energy to do the 
osmotic work with ion-selective membranes in electrolyte cells. As illustrated in 
Fig. 10-8, cations may pass out of the central compartment at the right, but anions 
cannot enter; and anions may pass out at the left, but cations cannot enter. The 
efficiency increases in proportion to the number of such units in parallel but other¬ 
wise decreases in proportion to the salt concentration. Cells of this type are being 
used for the desalination of very hard well water (in Israel) but do not appear so 
far to be economic for the treatment of sea water. Some recent developments with 
ion-exchange and clay-type membranes have given encouraging results in an 
ordinary reverse osmotic process but only in small-scale tests. 
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FIG. 10-8. Electrolytic method for water desalination. 
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It should be pointed out that the problem is heightened by the economic require¬ 
ments. It is necessary to produce water at a cost of no more than about 35 cents 
per 1000 gal. This is a difficult accomplishment for what amounts to a chemical 
processing plant. Efficiency must be very high if power costs alone are not to 
exceed this cost figure, even with no allowance for capital investment. Large 
amounts of low-cost power are thus a vital ingredient—hence the emphasis on 
coupling desalination plants with nuclear power generators. 


SPECIAL TOPICS 


10-ST-l Dilute Solution Conventions 
for Activities and Activity Coefficients 

The concepts of activity and activity coefficient were introduced in Section 9-5B. 
Activity is defined by Eq. (9-71) as the effective mole fraction required to retain the 
form of Raoult’s law and therefore that of the general thermodynamic treatment 
of ideal solutions. The effect of deviation from ideality is extracted yet more clearly 
by means of an activity coefficient, or the factor whereby the activity deviates 
from mole fraction. Since Raoult’s law is obeyed as a limiting law for all solutions, 
it follows that a { —<■ 1 and y x -* 1 as x x -* 1. Thus by Eq. (9-72), 

/*!(/) = + RT In a x , 

and /ij(/) —► as x x —► 1. The standard or reference state, for which jn 1 °(/) 

is the chemical potential, is therefore the pure component 1. The same equations 
but with the subscript 2 apply to component 2. 

The second important equation of the preceding chapter is the Gibbs-Duhem 
relationship, which allows the calculation of the activity of one component of a 
solution if that of the other component is known over a range of compositions, 

x x d( In a x ) + x 2 rf(ln a 2 ) = 0 [Eq. (9-79)] 

or 

</(ln a 2 ) = - — tfOn a x ) [Eq. (9-80)]. 

An example of the use of Eq. (9-80) is given in Section 9-5C. 

It is now desirable to extend the applications of the Gibbs-Duhem equation to 
a two-component system. Since a x = y x x x . 

x x «/(ln a x ) = x x [«/(ln x x ) + fi?(ln y x )] = dx x + x x d{ In y x ). (10-62) 

Similarly, 

x 2 tf(ln a 2 ) = dx 2 + x 2 rf(ln y 2 ). (10-63) 

Since dx 1 = —dx 2 , substitution into Eq. (9-79) yields 


x x d(\n y x ) = -x 2 d {In y 2 ) 


(10-64) 
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or 

In y 2 = - C ^d( ln yi ), (10-65) 

J x 2 =l X 2 

where the integration limits are from x 2 = 1 (and hence y 2 = 1 and In y 2 = 0) 
to some specific mole fraction x 2 . 

Returning to Eq. (9-79), we may divide the first term by dx 1 and the second term 
by — dx 2 (which is the same as dx x ) to get 


t/(ln a x ) _ tf(ln a 2 ) 
d(\n jcJ ^(ln x 2 ) 


( 10 - 66 ) 


This is known as the Duhem-Mar gules equation. It tells us, for example, that if 
component 1 obeys Raoult’s law, so that d(ln a^/dQn Xj) = 1, then it must also 
be true that <f(ln a 2 )/d(\n x 2 ) = 1. This condition is only required to hold in 
differential form, and on integration we find 


or 


In a 2 — In x 2 + In k 2 


a 2 = k 2 x 2 . 


(10-67) 


Since a 2 is defined as equal to P 2 /P 2 °, Eq. (10-67) can be written as 

P 2 = k 2 x 2 [Eq. (9-9)], 

which is a statement of Henry’s law. The conclusion is that, in the case of a nonideal 
solution, as component 1 approaches Raoult’s law behavior (xj -> 1), component 2 
must approach Henry’s law behavior (x 2 -*■ 0). Thus the validity of Raoult’s law 
as Xj -*■ 1 implies that of the Henry’s law limiting behavior as x 2 -*■ 0. 

The preceding framework of thermodynamic treatment is very useful in the case 
of solutions which can range in composition from pure component 1 to pure 
component 2 with both components volatile. More often, however, the solute is 
not a liquid in the pure state and is not volatile. Physical chemical studies are then 
restricted to the range of composition from x 2 = 0 up to the solubility of the 
solute, and therefore often to relatively dilute solutions. It has therefore been 
necessary to devise an alternative framework, and this has been done with Henry’s 
law as a reference rather than Raoult’s law. The procedure follows. 

We start with Eq. (9-56), 

fJ-2 (0 = H-2(g) = + -RTln P 2 , 

but this time add and subtract RT In k 2 on the right-hand side to obtain 

Pi(l) = H 2 °(g) + RT In k 2 + RT In ^ (10-68) 

K 2 

or 

^(/) = tf + RTXn^ (10-69) 

[we do not write ^° 2 (t) since the pure solute is not necessarily a liquid], where 
Pi' = P 2 (g) + RT\nk = f, 2 V) + RT In A 


(10-70) 
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A new activity a 2 is now defined as 

P 2 = a 2 k 2 [Eq. (10-23)], 
so that Eq. (10-69) becomes 


li 2 U) = Hl' + RT In a 2 r . (10-71) 

Also, 

a 2 = x 2 y 2 [Eq. (10-24)], 

so, alternatively, 

P 2 (l) - p° 2 ' + RT In x 2 + i?nn y 2 '. (10-72) 

Equations (10-71) and (10-72) have the same form as do Eqs. (9-73) and (9-74), but 
there has been a change in the standard or reference state, as given by Eq. (10-70). 
Henry’s law is the limiting reference condition and a 2 -*■ x 2 and y 2 -*■ 1 as x 2 -*■ 0. 
Alternatively, a 2 is now defined as P 2 /k 2 , whereas a 2 was defined as P 2 /P 2 °. A 
numerical illustration will be given later. 

Mole fraction composition units are convenient for relatively symmetric systems, 
but where the emphasis is on dilute solutions and one of the components is always 
thought of as the solute it is more customary to use molalities. This is particularly 
true for electrolyte solutions. Molality and mole fraction are related by Eq. (10-9), 
which reduces to 



mM 1 

x2 1000 

(10-73) 

in the limit of infinite dilution. Henry’s law may now be written 



P — kzMi _ , 

r 2 — 1000 m — mK ra • 

(10-74) 

We proceed as before, but now adding and subtracting /{Tin k m on the right-hand 
side of Eq. (9-56), to obtain 


p 2 (l) = p 2 °(g) + RT In k m + RT ]np- 

(10-75) 

or 



where 

PS) = + RT\ np~. 

Km 

(10-76) 


A/f 

= Pi’ + RT\n^. 

(10-77) 

A new activity a m 

is then defined as 



P 2 = a m (^) k 2 = a m k m [Eq. (10-25)] 


so that 

P4J) = Pm° + -RTln a m . 

(10-78) 

Again, if 

then 

a m = y m m [Eq. (10-27)], 

^(O = Pm° + RT In m + RT In y m . 

(10-79) 
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The form is the same as before, with the standard state given by Eq. (10-77). 
The reference condition is again that of infinite dilution, since as m -*■ 0, a m -*■ m 
and y m —>■ 1. 

We must repeat the process once more. It is occasionally necessary to deal with 
molarity rather than molality concentrations in connection with nonideal solutions. 
Mole fraction and molarity C are related: 


1000p/i 2 _ 1000 px 2 

n 1 M 1 + n 2 M 2 ~~ M 1 + x 2 (M 2 — M 2 ) ’ 


(10-80) 


where p is the density of the solution. The limiting relationship at infinite dilution 
is 


M X C 

* 2 ~ lOOOpo ’ 


(10-81) 


where p 0 is the density of the pure solvent. The limiting Henry’s law form becomes 


F '- Ck '- C (imd k '- <10 - 82) 

We add and subtract the quantity RT In k c on the right-hand side of Eq. (9-56) 
to give 

#**(/) = M(s) + RT In k c +RT In (10-83) 

Kc 

or 

= He 0 + RT\n p- , (10-84) 

Kc 

where 

„ c ” - + *nn ^ . (10-85) 

A new activity a c is defined as 

00-86) 

so we have 

M0 =M + RT In a c . (10-87) 

The corresponding activity coefficient is 

Qc ~ YcC, (10-88) 

so that 

M0 = M + RT In C + RT In y c . (10-89) 

The three conventions give the following alternative expressions for M0 : 

M0 = M + RT In a 2 = M + T^Tln a,' 

— A 1 ™ 0 4" 7?Tln a m = p,c° + T^Tln a c . (10-90) 

Since the standard-state values are constants, we have 


dMO = In a 2 — d In a 2 ' = d In a m = d In a c 


(10-91) 
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and substitution into the Gibbs-Duhem equation gives the same form, Eq. (9-80), 
in all three cases. The subsequent steps leading to Eq. (10-65) are exactly the same 
as for y 2 , so that we have 

In y 2 ' = - C ^ d( In yi ). (10-92) 

J * 2 -0 X 2 

The integration limit, however, is from x 2 = 0 (and hence y 2 ' = 1 and In y 2 ' = 0) 
to x 2 . In the case of y m the convenient cancellation of the d (In Xj) and d(\n x 2 ) 
terms does not occur. However, since x 2 /x! = m/( 1000/Af x ) and 

d0 n a m ) = d {In yj + d(\n m), 

one obtains 

41 n yj = - J # d {In a x ) - d(ln w)j. (10-93) 

In actual practice, we make some further algebraic manipulations to facilitate the 
evaluation of the integral, but the point is that the Gibbs-Duhem equation still 
allows an evalutation of y m if the activity of the solvent is known over a range of 
concentration. Notice, incidentally, that the Raoult’s law standard state is retained 
for the solvent; that is y t -> 1 as x 2 or m approaches zero. The computation of y c 
values follows a similar procedure. 

The complications of the preceding methods for changing standard state are 
regrettable but cannot be avoided. However, the operations are not difficult. The 
example of Section 9-5C may be extended to the calculation of a 2 and y 2 ', with 
chloroform assumed to be the solute. Since k c was found to be 142 Torr, a c ' = 
PJ 142 and y 0 ' = a 0 '/x 2 = PJI42x 2 . f The values of y c ' differ from those of y 0 by 
the constant factor of 1/0.485, reflecting the fact that only a change in the choice 
of reference state is involved. The acetone-chloroform system is a symmetric one, 
and a set of aj and y a ' values could also be calculated. This is left as an exercise. 
Values of y m and y c are not given, but manipulation of the preceding equations gives 

y 2 ' = y.(l + 0.001 mM,) = y c 9 + 0 00 ~ [Eq. (10-30)]. 

The preceding example was for a system of two volatile liquids. The values of a 2 
and hence of y 2 ' could be calculated from those of P 2 ■ It is not necessary, however, 
that P 2 be measured or even that the solute be volatile. Equations (10-92) and 
(10-93) allow the calculation of y 2 and y m through an integration of the Gibbs- 
Duhem equation. This may be done if the activity of the solvent is known over a 
range of concentration, as illustrated in Section 9-5C by the analogous calculation of 
a 2 from the data for a x . As summarized in Table 10-5 the exact equations for the 
colligative phenomena all involve a x or In . The precise use of these equations 
involves obtaining a x values over a range of concentration and then calculating 
from them the activity or the activity coefficient of the solute for various concen¬ 
trations. Depending on the way in which the Gibbs-Duhem integration is set up, 
one obtains y 2 , y 2 ' , y m , or y c . 

One final comment. The three Henry’s law reference procedures introduce a 
slightly paradoxical situation. The reference condition is that of infinite dilution; 


+ Subscript c denotes chloroform and subscript a denotes acetone. 
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it is at infinite dilution that y', y m , and y c approach unity, so that this becomes the 
integration limit for relationships such as Eqs. (10-92) and (10-93). On the other 
hand, /x 2 (/) in Eqs. (10-71) and (10-78) equals or/* c ° when the correspond¬ 

ing activities are unity (not zero!). In the acetone-chloroform system, for example, 
a 2 is unity at x c = 0.60. We speak of p.p m °, and p c ° as, respectively, the hypo¬ 
thetical unit mole fraction, unit molality, and unit molarity standard states. The 
reason for the term hypothetical is that there is no condition in which the solute 
has both unit activity and unit activity coefficient. By contrast, in the Raoult’s law 
system, the pure liquid does meet this condition. Hypothetical standard states are 
perfectly definite ones; the activities and activity coefficients are given by opera¬ 
tional procedures. Their lack of simple physical meaning is therefore no handicap 
to their use. 


10-ST-2 Theoretical Treatment of Diffusion 


One of the important theoretical models for diffusion in liquids is due to 
H. Eyring and resembles closely that for the viscosity of liquids given in Section 
8-ST-2. The material that follows is an extension of that section. The assumed 
molecular picture is that of Fig. 8-24 and the elementary process is that of a 
molecule jumping from one position to another at the rate given by Eq. (8-65). 

The concentration gradient is taken to be in the direction of the spacing 8 in 
Fig. 8-24, as is the jump direction. The rate of jumping from one layer to the next 
gives the forward diffusional flow: 

kT i e* \ 

rate of diffusion in forward direction = 8n exp^— ^f) > 

where n is the concentration at that layer level. The concentration at the next 
layer level is n + 8(dn/dx), and so the diffusional flow back to the first one is 

rate of diffusion in backward direction = S^n + 8 ) -T- exp^— . 

The net diffusional flow in the forward direction is 

net diffusional flow = —8 2 jexp^— • 

Comparison with Eq. (2-65) gives 

* = S 2 ^exp(--^;). (10-94) 

The exponential may be eliminated by means of Eq. (8-66): 


g =8i kT_8} L== V_kT 
h TJCtA 2 CtA 2 T] 


(10-95) 


Further simplification results if one takes o = 8 2 and also equates 8 and A: 
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This result is really for a self-diffusion coefficient. If we apply it to the self- 
diffusion of water, then from Table 10-4, = 2.14 X 10 -5 cm 2 sec -1 at 25°C 

and r) = 0.01 P. The resulting value of S is about 20 A, or perhaps four times as 
great as it should be. This is not bad if we consider the simplicity of the theory as 
well as the approximations made in equating the various kinds of distances. On the 
other hand, there is evidence that diffusion (and viscous) flow in liquids more likely 
occurs by pairs of molecules moving past each other rather than by independent 
jumps of single molecules. 

Ordinary diffusion involves a real concentration gradient, where, for a nonideal 
solution, the driving force is the gradient of solute activity. A derivation along the 
lines of the preceding one reproduces the activity coefficient term of Eq. (10-40). 
The problem of defining the various types of characteristic distances is too great, 
however, to allow more than qualitative conclusions. As with Eq. (10-96), one 
concludes that Walden’s rule = constant) should hold approximately. 
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EXERCISES 


Take as exact numbers given to one significant figure. 

10-1 An aqueous solution of cane sugar has a vapor pressure of 17.379 Torr at 20°C (the vapor 
pressure of pure water is 17.535 Torr). Calculate the molality of the solution. 

Ans. 0.449 m. 

10-2 What is the molecular weight of a solute which produces a vapor pressure lowering of 
0.500% when 20 g is dissolved in 1000 g of benzene at 25°C? 


Ans. 310 g mole -1 . 
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10-3 Calculate the boiling point elevation for a mole fraction 0.15 aqueous sugar solution. 
Use Eq. (10-7) and then repeat the calculation using Eq. (10-10). 

Arts. 4.69°C, 5.03°C. 

10-4 The normal boiling point elevation for a solution of 10 g of sucrose in 400 g of ethanol 
is 0.0891 °C, whereas 8 g of a substance of unknown molecular weight raises the boiling 
point by 0.250°C if dissolved in 400 g of ethanol. Calculate the molecular weight of the 
unknown and the value of K\, for ethanol. 


Ans. 98 g mole \ 1.22 Km -1 . 

10-5 Calculate the freezing point depression for the solution of Exercise 10-3 by Eq. (10-15) 
and by Eq. (10-17). 


Ans. 15.8°C, 18.2°C. 

10-6 Ethylene glycol, CH 2 OHCH 2 OH, is used as an antifreeze. Assuming ideal solutions, 
what weight per cent of ethylene glycol should be present in a car’s radiator to protect 
it down to 0°F? 

Ans. 41 %. 

10-7 The density of the solution of Exercise 10-1 is 1.0575 gem -8 . Calculate its osmotic 
pressure using Eq. (10-22), and then using Eq. (10-21). 

Ans. 11.0 atm, 20 cm 8 mole -1 . 

10-8 Calculate the boiling point elevation and the freezing point depression of a 0.05 m 
aqueous solution of sodium chloride, assumed to be ideal, and the vapor pressure 
lowering and osmotic pressure of this solution at 25°C. 

Ans. 0.0514X, 0.186%?, 0.0427 Torr, 2.45 atm. 

10-9 How fast should an aqueous suspension of colloidal gold settle at 25°C if the particles are 
1 fim (10 -4 cm) in diameter and the density of gold is 19.3 g cm -8 ? Assume the particles 
to be spherical. 

Ans. 1.12 x 10 -8 cmsec -1 . 

10-10 How fast should the suspension of Exercise 10-9 settle in a centrifuge operating at 50 rps 
and having a radius of 5 cm? 

Ans. 0.562 cm sec -1 . 

10-11 Calculate the diffusion coefficient in water at 25°C for a protein of molecular weight 
200,000, assumed to be spherical, and of density 1.35gem -8 . 

Ans. 6.28 x 10 - ’ cm 8 sec -1 . 

10-12 Using data as needed from a handbook and from Table 10-4, calculate from Walden’s 
rule the diffusion coefficient of aqueous urea at 50°C. 


Ans. 2.16 x 10 -6 cm 2 sec -1 . 

10-13 A polymer consists of the following molecular weight fractions: M = 2 x 10 s , 20%; 
M = lx 10 4 , 60%; M = 3 x 10 4 , 20 % (percentages are by weight). Calculate the 
number and the weight average molecular weights. 


Ans. M„ = 6.0 x 10 3 g mole -1 , M w = 1.24 x 10 4 g mole -1 . 
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PROBLEMS 


10-1 Calculate the freezing point versus composition plot for the system glycerol-water. Make 
a plot of your calculated freezing points versus mole fraction and give the temperature 
and composition of the eutectic (see Section 11-3A). Compare these results with the 
actual freezing point versus composition data. Assume that Raoult’s law holds, the 
Clausius-Clapeyron equation holds, AH ’s are independent of T and composition, and 
the vapors are ideal. AH t ’s for water and glycerol are 1.44 and 4.32 kcal mole -1 , 
respectively. 

10-2 Calculate a a ' and y a ' from the data of Table 9-1 for each of the compositions and plot 
at which temperature the vapor pressure of water is 4.579 Torr. Calculate the freezing 
point of the solution. State all the assumptions and approximations involved in the 
calculation. 

10-3 A flask contained 242.6 mg phenanthrene (C 14 H 10 ) dissolved in benzene; another flask 
contained 323.8 mg of benzoic acid, also in benzene solution. The flasks were connected 
with a wide tube, evacuated, and immersed in a bath thermostated at56.1°C. In the next 
few days the volumes of the solutions were slightly changed by benzene distilling from one 
flask to the other. After equilibrium had been reached the weight of the phenanthrene 
solution was 21.6805 g and that of the benzoic acid solution was 24.5475 g. Benzoic acid, 
but not phenanthrene, forms a dimer in benzene to some extent. Find the equilibrium 
constant for (Wall and Rose, 1941) 

2(benzoic acid) = (benzoic acid) 2 (in benzene). 

10-4 Calculate the freezing point versus composition plot for the system acetone-ethanol. 
Make a plot of your calculated freezing points versus mole fraction of the solution, locate 
the eutectic, and complete the phase diagram, labeling each region. Assume that the 
solutions (liquid) are ideal, that the Clausius-Clapeyron equation holds, and that the 
two solids are completely immiscible. 

10-5 The freezing point of CC1 4 is lowered by 5.97°C if 66.83 g of VCI 4 is present per 1000 g 
of solvent. Find the equilibrium constant for the reaction V 2 CI 8 = 2VCI, at the tem¬ 
perature of the freezing solution. Carbon tetrachloride melts at —22.9°C and its heat 
of fusion is 640 cal mole -1 . Assume ideal solution behavior. [See Simons and Powell 
(1945).] 

10-6 The solubility of naphthalene in benzene at 21°C is 36.7% by weight. Calculate the 
solubility of naphthalene in CC1 4 at 4°C if the heat of fusion of naphthalene is 4800 cal 
mole -1 . Assume ideal solutions. [See Schroder (1893) (!).] 

10-7 Sulfur is present as S 8 molecules in a variety of solvents (such as diethyl ether or benzene) 
and a series of measurements by Brensted (1906) showed that in these solvents the 
solubility of monoclinic sulfur was always 1.28 times that of rhombic sulfur at 25°C. 
Calculate AG for the conversion of one mole of monoclinic sulfur to rhombic sulfur at 
25°C. Explain which of the two forms is the more stable at 25°C. 

10-8 Calculate the solubility of phenanthrene in benzene at 25°C (in mole %) if its heat of 
fusion is 4450 cal mole -1 . The melting point is 100°C and the solution is to be assumed 
ideal. 

10-9 Naphthalene and diphenylamine form a eutectic mixture, melting at 32.45°C. When 
1.268 g Of eutectic mixture were added to 18.43 g of naphthalene, the freezing point of the 
melt was 1.89° lower than the freezing point of pure naphthalene. What percentage by 
weight of naphthalene is there in the eutectic mixture if the molal freezing point lowering 
is 6.78 for naphthalene and 8.60 for diphenylamine. (If necessary supplement the data 
with additional physical constants for pure naphthalene and pure diphenylamine.) 
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10-10 A problem to which considerable attention is being devoted is the economic conversion 
of sea water to potable water. Sea water may be considered as an approximately 1 m 
solution of NaCl, and two typical processes might be (each at 25°C): 

(a) H 2 0 (in infinite amount of sea water) = H 2 0 (pure) 

(b) NaCl + 55.5H 2 0 = NaCl + 18H 2 0 + 37.5 H 2 0 (pure). 

(as a solution) (as a solution) 

Calculate the minimum work for each process. The vapor pressure of sea water is 0.78 Ton- 
lower than that of pure water (at 25°C), and that of concentrated NaCl solution in (b) 
is 2.5 Torr lower than that of pure water. Calculate the cost per 1000 gal water (fresh) 
produced by each process, assuming 0.5 0 per kW hr. The approximate cost of water 
(wholesale) in this area is 15 0 per 1000 gal. 

10-11 A suspension contains equal numbers of particles with molecular weights 20,000 and 
30,000. Calculate the number and weight average molecular weights. Calculate the number 
and weight average molecular weights if the suspension instead contained equal weights 
of particles with molecular weights 20,000 and 30,000. 

10-12 Calculate the molecular weight of a substance which in a concentration of 6 g per 1000 cm 3 
of solution exerts an osmotic pressure of 3 Torr at 25°C. 

10-13 A suspension contains 30 wt % of particles having a radius of 5 n and 70 wt % of particles 
having a radius of 2 /*. The density of the dispersed phase is 1.90 g cm -3 and that of the 
medium is 1.00 gem-* and the viscosity of the medium is 1 cP. The height of the column 
of suspension is 50 cm. Calculate the time in which the larger particle size fraction settles 
out completely, the fraction by weight of the suspension that settles out in this time, and 
the composition of the sediment. 

10-14 The molecular weight of an albumin protein is determined by the sedimentation equi¬ 
librium method at a speed of 140 rps. The protein has a density of 1.35 g cm - * and that 
of the aqueous medium is 1.00 g cm - ’. The equilibrium concentration gradient is such 
that at 25°C the solution contains 0.65 wt % of protein at a distance of 4.30 cm from the 
axis of rotation and 1.300 wt% at a distance of 4.60 cm. Calculate the molecular weight. 

10-15 Several ways of determining Avogadro’s number are implicit in the material of this 
chapter. Describe specific illustrative experiments. 

10-16 Referring to Section 10-CN-4, one end of a pipe is fitted with a membrane permeable 
only to water; the pipe is to be lowered into sea water of temperature 4°C. (a) To what 
depth h should the pipe be lowered for fresh water just to appear at the bottom of the 
pipe? (b) Recognizing that the density of sea water is 1.02 g cm - ’, what depth of fresh 
water would there be in the pipe if it were lowered to the depth h of part (a)? 

10-17 Referring to Section 10-CN-3, calculate the percent vapor pressure lowering of an 
aqueous solution of osmotic pressure 25 atm and 25°C. Use the solvent “tension” 
mode! in your calculation. 

10-18 The molecular weight of a particular DNA is found to be 4.00 x 10* g mole -1 and its 
sedimentation coefficient is 12.0 x 10 -1 ’ in cgs units. The product Ctp is 0.52 (in water 
at 25°C). Calculate the diffusion coefficient for this DNA. 

10-19 Calculate the molecular weight from the following light scattering data for an aqueous 
solution of a substance if the following turbidities are obtained (for 426 nm and 25°C; 
dn/dc = 0.105): 

Concentration (g cm - ’) 0.080 0.070 0.057 0.050 0.038 0.026 0.015 0.008 

10*r (cm -1 ) 0.700 0.633 0.544 0.492 0.394 0.286 0.174 0.096 
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10-20 Calculate the turbidity of a 0.100 M solution of sucrose in water at 20°C assuming the 
solution to be ideal. The refractive indices of 1.00, 2.00, 3.00, and 4.00 wt% sucrose 
solutions at 20°C are 1.3344, 1.3359, 1.3374, and 1.3388. Assume a wavelength of 546 nm. 
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10-1 Derive Eq. (10-30). 

10-2 Calculate a a ' and y a ' from the data of Table 9-1 for each of the compositions and plot 
the results versus composition along with the corresponding values for chloroform. 

10-3 Calculate yc and y m for chloroform from the data of Table 9-1 and plot the set of four 
kinds of activity coefficients versus composition. 

10-4 Estimate the diffusion coefficient of CC1 4 in benzene at 25°C using the theory of Section 
10-ST-2. Assume that the activation energy for the diffusion is one-third the heat of vapori¬ 
zation of the solvent, and make a reasonable estimate for S. 

10-5 The diffusion coefficient for naphthalene in benzene is 3.5 x 10~ 6 cm 2 sec -1 at 6°C; assume 
the relevant viscosity to be that of the solvent, 0.80 cP, and calculate the value of S for the 
diffusion process. 



CHAPTER ELEVEN 


HETEROGENEOUS 

EQUILIBRIUM 

Equilibria involving two or more phases—heterogeneous equilibria—have been 
discussed at various points in preceding chapters. The function of the present 
chapter is to organize examples of such systems according to a more formal frame¬ 
work and to extend the complexity and variety of systems considered. The thermo¬ 
dynamic criterion for equilibrium finds a more general form known as the Gibbs 
phase rule. There will be considerable emphasis on graphical methods for 
representing phase equilibria. Graphs showing pressure-temperature-composition 
domains for phases were called phase maps in preceding chapters; the more 
common term of phase diagram will now be used. 


11-1 The Gibbs Phase Rule 

The criterion for phase equilibrium was developed in Section 9-3C, where it was 
concluded that the chemical potential of each component must be the same in all 
phases. Thus for two phases in equilibrium the condition for the ith component is 

H-f = P 8 = — [Eq- (9-44)], 

where a, /?, and so on denote the various phases in equilibrium. The effect of this 
condition is to reduce the number of independent variables that are needed to 
specify the state of the system. 

Consider first the case of a pure substance. If it is present as a single phase a, 
then we must specify pressure and temperature to fix the state of the substance. 
That is, we write 

= /°(F, T) (11-1) 

and phase a will have a region of existence over some range of P and T, as is 
illustrated in Fig. 8-12. The same is true for some second phase ft: 

p B =/ s (F, T). (11-2) 
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(It would be perfectly acceptable to use <J“ and G B instead of /x“ and /x®, since 
composition is not a variable, but it seems better to keep a uniform nomenclature.) 

Equilibrium between the two phases corresponds to a line of crossing of the 
surfaces generated by/“ and/® in the three-dimensional plots of /x versus P and T. 
In effect we solve Eqs. (11-1) and (11-2) simultaneously to obtain as the condition 
of phase equilibrium 

f a (P, T) = /®(/>, T) or P = (11-3) 

There is now only one degree of freedom; that is, one independently variable 
intensive quantity determines the state of the system having two phases present. 
If a third phase y is possible, then for a-y equilibrium we have 

ffP, T) = f v (P, T) or P = 4> av (T). (11-4) 

We now ask that all three phases be in equilibrium, that is, coexist at the same 
P and T. We obtain the condition by solving Eqs. (11-3) and (11-4) simultaneously. 
With two unknowns (P and T) and two equations, the solution gives unique values 
for pressure and temperature. The number of degrees of freedom is now zero. 

A system consisting of a single substance is called a one-component system, 
meaning that its composition is fixed. A system in which the amounts of two 
substances must be specified for composition to be fixed is called a two-component 
system. The statements of chemical potential for phase a are now 

Pi = fi{P, T, xf) and jx 2 “ = U(P, T, xf), (11-5) 

where the subscripts identify the components and x is mole fraction. Since 
jci + jc 2 == 1, it is simpler to eliminate x 2 immediately in writing the second of 
Eqs. (11-5). There are three degrees of freedom in this case; we must specify P, T, 
and Xj in order to define the state of the system. 

If two phases a and ft are in equilibrium, then 

Pi = Mi® and P-P = pf, (11-6) 

or 

fHP, T,xp) =f B (P, T, xf) and ff(P, T, xf) = / 2 ®(/>, T, xf). (11-7) 

There are now four variables, P, T, xf, and xf, and two equations, so that two of 
the variables are no longer independent; there are two degrees of freedom. In the 
case of an equilibrium between a solution and its vapor, we customarily choose T 
and xfl) as the independent variables. If these are specified, then both the total 
vapor pressure and the vapor composition are determined. 

The general case is developed as follows. If a system has C components, then 
the number of variables required to define its state will be two (P and T), plus 
(C — 1). That is, C mole fractions are involved, one of which is immediately 
eliminated by the condition that their sum must be unity. The total number of 
variables is 

number of variables = ^{C — 1) + 2, (11-8) 

where 3? denotes the number of phases in equilibrium (see Section 11-CN-l). 
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The condition for equilibrium generates the equations 
Pi = Pi = Pi = Pi = •••, 

Pz = P2 = Pi = Pi = , (H- 9 ) 


or & — 1 equations for each component. The total number of equations is 

number of equations = C{£? — 1). (11-10) 

The number of degrees of freedom is the difference between Eqs. (11-8) and (11-10), 

F = 0>{C - 1) + 2 — C(&> - 1), 
or 

F + & = C + 2. (11-11) 

Equation (11-11) is known as the Gibbs phase rule. 

The phase rule is useful in several ways. It tells us the maximum possible number 
of equilibrium phases that can coexist. In the more complex systems it helps to 
determine the number of components present and whether the phases present are 
well behaved. This aspect is discussed further in the Commentary and Notes 
section; for the present it is sufficient to make the following definitions: 

Number of components-, the minimum of compositions needed, along with 
pressure and temperature, to define the state of the system; 

Number of phases-, the number of different kinds of states of matter present. 

Number of degrees of freedom : number of independently variable intensive 
quantities whose values must be fixed to determine the state of the system. 


11-2 One-Component Systems 

One-component systems were summarized in Chapter 8. The phase rule reduces 
to F+ 2P = 3. We may have single phases existing over a region of P and T, 
two-phase equilibria governed by the Clapeyron (or Clausius-Clapeyron) equation 
and thus defined by a P-T line, and three-phase equilibria characterized by a 
triple point, or unique values of P and T. If n phases are known, there will be 
n(n — l)/2 lines of two-phase equilibria; this is the number of distinguishable 
ways of picking two out of n objects. Also, there will be n(n — 1)(« — 2)/3! 
possible triple points. 

From the graphical point of view, a three-dimensional model is needed; one must 
show p = f(P, T), as in Fig. 8-12, or the equation of state of each phase V = 
g(P, T), as illustrated in Fig. 1-9. One may take various cross sections of the three- 
dimensional plot, usually either isothermal or isobaric ones. The surfaces of state 
for gaseous, liquid, and solid water intersect to give gas-liquid, gas-solid, and 
liquid-solid lines, which in turn intersect at the triple point. 

Two-phase equilibria can, of course, be shown as P versus T plots, as in Fig. 8-3 
for vapor pressures. A set of two-phase equilibrium lines constitutes a phase 
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FIG. 11-1. (a) Phase diagram for phosphorus. ( b ) Phase diagram for NH,N0 3 [see R. G. Early 
and T. M. Lowry, J. Chem. Soc. 1387 (1919)]. 


diagram, as in Figs. 8-8b and 8-11. Two additional systems are shown in Fig. 11-1. 
That for phosphorus (a) illustrates a case where, although two solid forms are 
known, only one is ever stable. White phosphorus may be prepared chemically 
but is always unstable with respect to red phosphorus. The ammonium nitrate 
system (b) is one in which a rather long succession of crystal modifications occur, 
each with a region of stability. 


11-3 Two-Component Systems 

The phase rule for a two-component system is given by F + & = 4. A four-dimen¬ 
sional plot would be needed to show the state of a two-component system, that is, 
to plot Eqs. (11-5) or to show V = g(P, T, Xj). One must therefore proceed 
immediately to one or another cross section, or use tabulations. Our interest, 
however, is in phase equilibria. The equilibrium between two phases can be shown 
as a P-T-composition plot or three-dimensional model, as in Fig. 9-14. These are 
awkward to use, so in actual practice one customarily takes either isothermal or 
isobaric cross sections. The vapor pressure-composition diagrams of Chapter 9 are 
examples of the former, and the boiling point diagrams are examples of the latter. 
Figure 7-2 similarly shows isothermal and isobaric cross sections for the CaO-C0 2 
system and Fig. 9-20 shows an isobaric cross section depicting the equilibrium 
between two partially miscible liquids. The freezing point depression equation 
(10-15) gives the line of equilibrium between a solution and a pure solid for a 
constant pressure of 1 atm. 

These examples represent isolated portions of various phase diagrams, and the 
material that follows will assemble these various portions into a more complete 
picture. Boiling point diagrams were covered in Section 9-6 and the emphasis here 
will be on freezing point and solubility diagrams. Solid phases will be taken to be 
immiscible; some cases of partial miscibility are considered in Section 11-ST-l. 
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A. Freezing (or Melting) Point Diagrams 

We consider the simplest case first, namely, that in which the miscibility gap 
essentially coincides with the A and B sides of the diagram, that is, the case of 
complete immiscibility. If the liquid solution is ideal, then the solution-solid equi¬ 
librium line is given by the freezing point depression equation (10-15). This equation 
is plotted in Fig. 11-2, assuming first that pure solid A separates out; line ab results. 
A system of this type is symmetric, and the freezing point of liquid B will similarly be 
lowered by the presence of dissolved A. This second freezing point depression curve 
is shown by line cd in the figure. At the point of crossing of these two lines solution 
of composition * E is simultaneously in equilibrium with pure solid A and pure 
solid B. On attempted cooling, the system can pursue neither the dashed extension 
of ab nor that of cd without departing from equilibrium with respect to either solid 
B or solid A. The consequence is that the temperature must remain invariant at T e 
so long as the three phases are present. This invariance is demanded by the phase 
rule—the one degree of freedom -having been used in setting the pressure at 1 atm. 

The completed phase diagram is shown in Fig. 11-3; it is called a eutectic 
diagram. The temperature T B is the eutectic temperature and x E the eutectic com¬ 
position. The phase map aspect may be developed as follows. A solution (or melt, 
if the system is a high-temperature one) of composition x 1 will begin to freeze at 7) . 
With further cooling, solid A appears, and at some temperature T 2 the system 
consists of solid A and liquid of composition x 2 . The proportions are given by the 
lever principle (Section 9-2C). The lengths /j and / 2 of the two sections of the 
tie-line at T 2 are in the same proportion as are the amounts of solution and of solid: 

IJ 4 = (amount of solution)/(amount of solid). 

If composition is plotted as mole fraction, the ratio will be of the number of moles 
of solution to the number of moles of solid; and if composition is in weight fraction 
or percent, the ratio will be that of weight of solution to weight of solid. 

At T b the solution has reached composition x B , and further withdrawal of heat 
leads to the simultaneous freezing out of solid A and solid B. Since the solution 



FIG. 11-2. Freezing point diagram for an ideal solution. 
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A x B B 

FIG. 11-3. Application of the lever principle. 


cannot change composition, the proportion of A and B in the mixed solids must 
be given by x E . The eutectic solid is thus one of definite composition, and perhaps 
for this reason it has sometimes been misnamed a eutectic compound. It is not a 
compound; its composition varies with pressure, for example. In the case of metal 
systems especially the superficial appearance of the eutectic mixture may be that 
of a single phase, but microscopic examination shows a mechanical mixture of 
small crystals of the two pure phases. 

Eventually the liquid phase disappears and the system consists of solid A and 
solid B in overall proportion corresponding to Xj. 

Cooling of a liquid of composition xf gives the same general sequence of changes. 
The first phase to separate out is now pure solid B, however. At T h both A and B 
freeze out together, and when the liquid phase has disappeared one has the mixed 
solid phases of overall composition x x '. 


B. Cooling Curves for a Simple Eutectic System 


The preceding system is called a simple eutectic one, for reasons that are made 
especially apparent in the Special Topics section; freezing point diagrams can take 
on a rather complicated appearance. Simple eutectic, as well as the more complex 
systems, may be studied by what is known as the method of thermal analysis. The 
experiment consists in placing the liquid solution or melt in a container from which 
heat is withdrawn at a steady rate. That is, dqjdt is kept approximately constant. 
The liquid has a certain heat capacity C P {1) and the rate of change of its temperature 
with time is 


dT 1 dq 
dt ~ C P (l) dt 


(11-12) 


(dq, and hence dT/dt, is negative since the system is losing heat). If we suppose the 
solution to be of composition x x in Fig. 11-3, then at T x solid A begins to freeze 
out. This means that its latent heat of freezing zl7/ f ° A is liberated. The shape of the 
line ab [Fig. 11-2] determines dnJdT, that is, the number of moles of A appearing 
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FIG. 11-4. Cooling curve for a simple eutectic system. 


per unit temperature drop. Due to this effect, heat is supplied to the system at the 
rate 


dq t 

dT 


= ~ AH h 


dn A 
dT ’ 


(11-13) 


The consequence is that the heat capacity of the system is increased by an amount 
C P t , and the net heat capacity becomes 


C P (net) = C P (l)n L + AH t \ ^ + C P (A)n A , (11-14) 

where n L and n A are the number of moles of liquid and of solid A present respec¬ 
tively. The rate of cooling is therefore reduced. 

A schematic cooling curve for composition x x is shown in Fig. 11-4. The slope 
of the first section is given by Eq. (11-12). At 7\ (see Fig. 11-3) the slope changes to 
one determined by C P (net); the cooling line is actually curved since C P (net) changes 
with the relative amounts of liquid and solid phase. At T E the temperature remains 
constant; the removal of heat now goes to freezing out A and B together. 

At the end of the halt, liquid phase has disappeared, and cooling resumes, with 
dTIdt given by Eq. (11-12) but with a heat capacity corresponding to that of the 
mixture of solids: 


C F (A + B) = n[ Xl C B + (1 - Xl ) C A ], (11-15) 

where n denotes the total number of moles of the system. Experimental cooling 
curves may show small temperature minima at breaks and halts, due to 
supercooling. 

It helps to define exactly what is happening along each section of a cooling 
curve if the phase or phases present are indicated as is done in Fig. 11-4. A halt 
corresponds to a so-called phase reaction, that is, to the physical process of inter¬ 
conversion of phases. In the present example, the phase reaction is L -*■ A + B. 
One should also show at each break what phase or phases are appearing or disap¬ 
pearing. 

Figure 11-5 shows a series of cooling curves for various initial compositions 
of the system of Fig. 11-3. Notice that the locus of the temperatures of the first 
break defines the freezing point lines [ab and cd in Fig. 11-2]. The unique halt 
temperature identifies the system as one having a single eutectic, and the cooling 
curve of composition labeled x 3 identifies the eutectic composition since preliminary 
separation of neither A nor B alone occurs. 
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Set of cooling curves. 


The relative lengths of the various sections of the cooling curves should also be 
consistent with the phase diagram. Suppose, for simplicity, that there is always one 
mole total of system. The length of the halt for the cooling of pure liquid A is then 
AH t °J(dqldt) and that for the cooling of pure liquid B is AH,° B j(dqjdt). For inter¬ 
mediate compositions the length of the eutectic halt is proportional to n E , the 
amount of eutectic solution that must freeze out. Returning to Fig. 11-3, we see 
that n E = / 3 /(/ 3 + / 4 ). Clearly, the closer the initial composition is to x E , the greater 
will be this proportion, and the longer will be the halt in the cooling curve. An 
alternative way for one to locate the eutectic composition is then to plot the length 
of halt against initial composition and extrapolate both sections to find the maxi¬ 
mum. One thus avoids having to hit the composition x E exactly in a series of ther¬ 
mal analysis experiments. 

Simple eutectic behavior is illustrated by the Au-Si system, shown in Fig. 11-6. 
The gold-silicon junction is an important one in the semiconductor industry and 
the composition and morphology of the eutectic “phase” have been much studied. 


C. Compound Formation 

It happens quite often that the two components form one or more solid com¬ 
pounds—AB, A 2 B, AB 2 , and so on. If these are stable, they show a normal melting 
point, or are said to melt congruently. The effect is simply to divide the phase 
diagram into as many separate sections. This is illustrated in Fig. 11-7 for the case 
of a compound AB 2 . The two eutectics have no necessary connection with each 
other, nor, in fact, do any aspects of the two portions of the diagram. Each may be 
treated separately. 

What sometimes happens, however, is that a compound decomposes to give liquid 
and one of the other solid phases. Figure 11-7 would now take on the appearance 
of Fig. 11-8, where compound AB a decomposes at T d to give liquid of composi¬ 
tion x a and solid B. Such a decomposition is called an incongruent melting, meaning 
that the liquid is not of the same composition as the solid and avoiding the impli¬ 
cation of irreversibility suggested by the term decomposition. It is helpful at this 
point to label the various phase regions. This not only clarifies the geography of 
the phase map but is of direct use in the construction or interpretation of cooling 
curves. The general rule is that a break occurs when, on cooling, the system com¬ 
position line passes from one type of phase region to another, such as on cooling 
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From the cooling curve 


From the alloying depth 


FIG. 11-6. Left: The Au-Si 
phase diagram. [ From W. 
Gerlach and B. Goel, Solid 
State Electronics 10, 589 
(1967’).] Below: Section of 
the eutectic "phase"(X.200) 
showing the characteristic 
"Chinese script" pattern of 
intermixed Au and Si 
phases. [Courtesy A. A. 
Johnson: see G. A. Ander¬ 
sen, J. L. Bestel, A. A. John¬ 
son, and B. Post, Materials 
Science and Engineering 7, 
83(1971). 1 


Silicon concentration, atom 7r 
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FIG. 11-7. The case of compound formation. 


along the line shown in Fig. 11-8. A halt must occur when a line of three- 
phase equilibrium is reached, and cooling must resume when a two-phase or a 
one-phase region is entered. 

Systems of composition x x and x 2 show normal eutectic cooling curves, but the 
behavior of the curve for x 3 is more complex. Solid B begins to separate out at T x 
and at T d the solution has reached composition x a and is now in equilibrium with 
both solid B and compound C (= AB 2 ). There must therefore be a halt in the 
cooling curve until at least one of the three phases disappears. 

The phase reaction that occurs at T d may be determined as follows. Just above 
T & the phases present are L and B; just below T a they are L and C. Evidently B 
disappears and C appears. However, B cannot by itself produce C, and the phase 
reaction is evidently L -f B -*■ C. We may confirm this by noting that for com- 



(a) 


x, x 2 x 3 x 4 



(b) 


FIG. 11-8. (a) Unstable compound formation, (b) Cooling curves. 
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position x 3 , use of the lever principle shows that the proportion of L present 
decreases when the three-phase line is traversed. 

After the halt at T &, the system x 3 consists of L + C, and further cooling 
freezes out more C until T E is reached. At this point the liquid is at x E and the rest 
of the cooling curve is the same as for the simple eutectic case. 

Finally, a system of composition x 4 traverses the Ta line on cooling but then 
enters the C + B phase region. The phase reaction is always the same anywhere 
along a three-phase line, but what now happens is that as the process L + B —► C 
occurs it is the liquid phase which is used up first. 


D. Rules of Construction 

Although not important for the relatively simple diagrams considered here, there 
are some rules that assist in the construction and labeling of more complicated 
diagrams. A two-component phase diagram consists of one-phase and two-phase 
regions and lines of three-phase equilibria. The latter always connect the three 
compositions of the three phases that are in equilibrium and must, of course, be 
mathematically horizontal lines. There will always be two end phases and one of 
intermediate composition, and a first rule is that the end phases are always present 
both above and below the temperature of the three-phase line. The phase of inter¬ 
mediate composition may exist only above the line, as in eutectic diagrams, or only 
below the line, as with C in Fig. 11-8. In this case the line is called a peritectic line. 
Alternatively, a line of three-phase equilibrium is a boundary for three two-phase 
regions. There are two such regions above a eutectic line and one below it; con¬ 
versely, there is one such region above a peritectic line and two regions 
below it. 

A second rule is that a horizontal traverse must encounter alternate one-phase 
and two-phase regions. In applying the rule to a diagram such as that of Fig. 11-8, 
we regard pure A, pure C, and pure B as very narrow one-phase regions. The reader 
is encouraged to test the various two-component diagrams of this chapter against 
these rules. 


11-4 Sodium Sulfate-Water and Other Systems 

A specific system that both illustrates and extends a number of the points 
discussed in the preceding section is that for sodium sulfate and water. The usual 
phase diagram is shown in Fig. 11-9 and displays the following features. The lower 
left curve ab is the ordinary freezing point depression curve for aqueous sodium 
sulfate solutions. Curve be is the solubility curve for Na 2 SO 4 10H 2 O, showing a 
normal increasing solubility with increasing temperature. (The curve can be viewed 
alternatively as the freezing point depression curve of Na 2 SO 4 T0H 2 O, as discussed 
in Section 10-CN-2.) This region of the diagram then shows a simple eutectic 
behavior, T E being at —1.3°C, and the eutectic solution being 0.33 m in sodium 
sulfate. As an item of incidental information, a eutectic involving ice as one of the 
solid phases is often called a cryohydric point. 

The decahydrate decomposes at 32.4°C to give the anhydrous salt whose solu¬ 
bility curve is given by cd. The situation is that of unstable compound formation 
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and the three-phase line at 32.4°C is therefore of the peritectic type. The diagram 
is schematic in that both the temperature and the composition scales have been 
somewhat distorted so as to display the various phase regions more clearly. These 
are labeled, however, and a cooling curve, such as for the system of composition , 
leads to the sequence of phase changes determined by the regions traversed; it 
will show the usual eutectic halt at T B . 

In a system of this type one of the components is relatively volatile, and one may 
consider an evaporation sequence. For example, if a dilute sodium sulfate solution 
is evaporated at 25°C the system will traverse the horizontal line shown in Fig. 11-9. 



(C) (D) 

FIG. 11-9. The Ha0-Na s S0 4 system for 1 atm pressure. 


Saturation with respect to Na 2 SO 4 T0H 2 O occurs at system composition /, and 
continued evaporation deposits solid Na 2 SO 4 10H 2 O in increasing amounts. When 
the overall composition has reached point g, solution / and solid decahydrate are 
present in amounts given by the lever principle. At system composition h, solution 
has disappeared and only Na 2 SO 4 T0H 2 O is present. Further evaporation—or 
removal of water—begins to transform the solid into anhydrous salt; at system 
composition i there would be about equal parts of Na 2 SO 4 T0H 2 O and Na 2 S0 4 . 
At point j, of course, only the anhydrous salt is present. 

We now turn to the higher-temperature region of the diagram. Pure water is in 
equilibrium with vapor at 100°C, this being the diagram for 1 atm pressure, and 
there is a boiling point elevation with increasing salt concentration, given by 
line de. At the intersection of lines de and cd, solution, vapor, and Na 2 S0 4 are 
in equilibrium, and above T c the solution has evaporated to give water vapor and 
solid Na 2 S0 4 . 
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(b) 

FIG. 11-10. Effect of reduction of pressure on the phase diagram for the H s 0-Na a S0 4 system. 


The boiling point and therefore also T c decrease with decreasing pressure. At a sufficiently 
low pressure, the phase diagram takes on the appearance shown in Figure ll-10(a). The deca- 
hydrate now decomposes at Tf to give water vapor and the anhydrous salt. At one particular 
pressure T c = 7V, and at this temperature four phases, V, L, C, and D, can be in equilibrium, 
as shown in Fig. ll-10(b). This is the quadruple point for the system. 

There is a large variety of phase diagrams of the salt hydrate type. Another 
common one is for the H 2 0-FeCl 3 system, shown in Fig. 11-11. A succession of 
hydrates exists, each melting congruently. An interesting exercise is to trace out the 
series of changes occurring on evaporation of a FeCl 3 solution at a temperature 
just below the melting point of the heptahydrate (see Problem 11-19). An example 
of 1:1 compound formation involving organic compounds is provided by the p- 
equally interesting is the H 2 0-H 2 S0 4 phase diagram. A very simple example of 
1:1 compound formation involving organic compounds is provided by the p- 
toluidine-phenol system shown in Fig. 11-12; the CaF 2 -CaCl 2 system shown in 
Fig. 11-13 illustrates unstable compound formation. 
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FIG. 11-12. The p-toluidine-phenol 
system. 



FIG. 11-13. The CaF 2 -CaCl 2 system , 
showing unstable CaF 2 -CaCl 2 
compound formation. 
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11-5 Three-Component Systems 


A. Graphical Methods 

Some formidable problems of representation develop with three-component 
systems. Graphing of the equation of state V = g(P, T, jq , x 2 ) now requires 
five-dimensional space! The requirement is reduced to a four-dimensional one if 
two-phase equilibria are to be shown over a region of existence. Fortunately, or 
perhaps because of this difficulty, most studies of three-component systems have 
been carried out with only condensed phases present so that pressure is not an 
important variable, and isobaric diagrams supply the important information. These 
are three-dimensional, and their use is awkward but feasible. The chemical engineer 
who deals with the distillation of multicomponent systems has a problem that we 
will not consider here. 

In an isobaric phase diagram two coordinates are used to fix composition and a 
third is used to fix the temperature. There are various ways in which the com¬ 
position of a ternary or three-component system may be plotted, the choice being 
made in terms of the type of system. A very convenient one makes use of the 
properties of an equilateral triangle. As illustrated in Fig. 11-14, one of these 
properties is that the sum of the perpendicular distances to an interior 
point, ad -f bd + cd, is always equal to the altitude of the triangle h. Triangular 
graph paper is therefore ruled with three sets of lines, each set parallel to one of the 
bases. A point such as d may then be read as having the coordinates 50 % h A , 
20 % h B , and 30 % h c . The coordinate system is then used to express composition. 
For example, point d would be the pivot or balance point for the triangle if weights 
in the proportion 50:20:30 were hung from the A, B, and C corners, respectively. 
Point d thus corresponds to a system of composition 50% A, 20% B, and 30% C. 

A valuable feature of the triangular graph is that addition of one of the com¬ 
ponents will cause the system composition to move along the line drawn between it 
and that corner. Thus addition of C to a mixture of composition d will produce the 


c 



FIG. 11-14. Triangular coordinate paper. 
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succession of new compositions along the line dC. The lever principle applies. Thus 
at point e the ratio of the amount of added C to the amount of original mixture is 

hlh • 

If C is removed from mixture d (by evaporation or freezing), the composition 
of the remaining mixture will move toward/, still on the dC line. It is not necessary 
that the added or removed material be pure component. The line connecting any 
two compositions is the locus of all mixtures of such compositions. For example, 
point e happens to be on the line connecting points a and b. Addition of mixture a 
to mixture e would move the system composition along the aeb line, toward a. 
Alternatively, mixture e could be made up by the combination of a and b in the 
proportions given by the lever principle. 


B. The Simple Ternary Eutectic Diagram 

Isobaric diagrams may be constructed with a coordinate system based on the 
equilateral triangular prism, with temperature measured along the prism axis. Each 
face of the prism constitutes a two-component system; the three faces thus show the 
A-B, B-C, and A-C phase diagrams. This is illustrated in Fig. 11-15 for a simple 
eutectic system, that is, one in which A, B, and C are fully miscible in the liquid 
phase but are essentially immiscible in the solid state. 



FIG. 11-15. A simple ternary eutectic system. 
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Examination of the figure shows, for example, that the freezing point T AC of 
the binary eutectic solution ac is further lowered on addition of B to the system. The 
composition of the series of freezing A-C eutectic solutions moves along the line 
ac-abc. There is a corresponding depression of the be eutectic by the addition of A 
and of the ab eutectic by the addition of C. The three freezing point depression 
curves for the three binary eutectic solutions meet at point abc at T A BC . This is the 
quadruple point of the diagram; at T ABC solids A, B, and C are in equilibrium with 
solution of composition abc. 

The sequence of events on cooling of a solution of composition (1) is also shown. 
At temperature T x , or point e on the diagram, C begins to freeze out, and the 
solution composition moves along the dashed line ef. When it reaches the ac-abc 
line and temperature T 3 , solid A begins to freeze out as well, and with further cooling 
A and C freeze out together while the solution composition moves toward abc. 
At r ABC the solution is of composition abc and is now also saturated with respect 
to B. The system is invariant at this point and the temperature remains constant 
while A, B, and C freeze out together. Cooling resumes when the solution has 
disappeared. 

It is necessary to work with isothermal sections of the diagram if the analysis 
is to be more accurate. A succession of these is shown in Fig. 11-16; the temper¬ 
atures correspond to those marked in Fig. 11-15. The section at T r , Fig. ll-16(a), 
cuts the three “cloverleaves” of the solid model, the curved lines marking the 
intersection of the 7\ plane with each surface and hence giving the compositions of 
solutions saturated with respect to A, to B, and to C. The temperature 7j is such 
that a system of composition (1) is just on the solubility curve for solutions saturated 
with respect to C. 

The section at T 3 , Fig. ll-16(b), is lower down, and so the three solubility 
curves have moved inward or in the direction of decreased solubility. Point (1) 
now lies within the pie-shaped region at the C corner. The system consists of solid C 
and solution of composition / in the ratio ljjl 2 . The pie-shaped regions are thus 
two-phase regions, as marked in the figure. 

Figure ll-16(c), for T 3 , shows that the system is now in equilibrium with solu¬ 
tion g, which is on the tie-line to the A corner as well as on that to the C corner; 
the solution is therefore saturated with respect to both solids. At T i the system 
composition lies within the triangular region AhC; the system consists of solids A 
and C and solution h. The other two triangular regions that have also appeared 
consist, respectively, of A, B, and solution j, and of B, C, and solution i. We will 
return later to show how the proportion of each phase can be determined. Con¬ 
tinuing to the final diagram of the sequence, at temperature T ABC the three trian¬ 
gular regions have just joined to leave a vestigial point marking the composition 
of the ternary eutectic solution abc. The cross section at a yet lower temperature 
would show no features at all—the system consists of solids A, B, and C in amounts 
given by the overall composition. 

We return now to Figure ll-16(d), the triangular region of which is reproduced 
in larger form in Fig. 11-17. To repeat, system of composition (1) is present as 
solid A, solid C, and solution of composition h. The relative amounts of these three 
phases are such that weights corresponding to them would, if placed at the A, C, 
and h corners, make point (1) a balance point for the triangle. The equivalent 
graphical procedure is as follows. We first divide the system into solution h and 
mixed solids A and C. The relative amounts are given as l 3 jl x (and would be about 
1: 2 in this case). If the diagram were on a weight percent basis, this means that 
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A A 





FIG. 11-16. Cross sections taken at successively lower temperatures (see Fig. 11-15). 

100 g of the system would consist of 33.3 g of solution h and 66.6 g of mixed 
solids A and C. 

The proportion of A to C in the mixed solids is next given by the lever AxC; 
A/C = ljl 3 , or about one-fifth in this example. The 66.6 g therefore is made up 
of 11.1 g of A and 55.5 g of C. 
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A 



FIG. 11-17. Application of 
the lever principle. 


C. Ternary Eutectic Systems 

There are a fair number of simple three-component eutectic systems known. 
A specific example is the Bi-Pb-Sn system shown in Fig. 11-18. Other types of 
example are provided by trios of salts such as KCl-NaCl-CdCl 2 or of organic 
compounds such as o-, m-, and p-dichlorobenzene. 

Often the solid phases will show some mutual solubility. Also, various compounds 
may be formed as well. The complete, three-dimensional phase diagrams for such 
systems become rather complicated; the simple treatment of particular isothermal 
sections is discussed briefly in the Special Topics section. 



FIG. 11-18. The Bi-Pb-Sn system. 
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11-6 Three-Component Solubility Diagrams 

It was pointed out in Section 10-CN-2 that the terms freezing point and solu¬ 
bility merely represent different emphases of the same phenomenon. Consider the 
system H,0-NaCl-KCl. The respective melting points are 0°C, 1413°C, and 1500°C 
and the solids are mutually insoluble, so that the phase diagram is of the simple 
eutectic type but is highly distorted because of the large difference between the 
melting point for water and those for the salts. The diagram is sketched in Fig. 11-19 



FIG. 11-19. The H a O-KCl-NaCl system. 


and the isothermal cross section at 25°C is shown in Fig. 11-20. The context is such 
that we prefer to call line ab the solubility curve for NaCl in mixed NaCl-KCl 
solutions rather than the freezing composition curve. Similarly, line be gives the 
solubility curve for KC1 in mixed NaCl-KCl solutions. 

As in the case of the H 2 0-Na 2 S0 4 system, one may discuss evaporation 
sequences. Evaporation of a solution of composition (1) (Fig. 11-20) means that 
water is removed from the system, and the system composition therefore moves 
along the line drawn from the H 2 0 corner through point (1). When the system 
reaches composition d it is now saturated with respect to KC1, and further eva¬ 
poration precipitates this salt. The solution composition moves along the cb line 
toward b, and at system composition e solution of composition/and solid KC1 are 
present. The relative amounts are given, as usual, by the lever principle. At system 
composition g the solution is at b and has just become saturated with respect to 
NaCl as well. Since temperature as well as pressure is kept constant, the system has 
no further variance, and continued evaporation changes the proportions but not 
the compositions of the three phases present. For system composition h the lever 
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KCl 



FIG. 11-20. Isothermal cross section (near 2S°C) for the H 2 0-KCI-NaCI system. Illustration 
of an evaporation sequence. 


bhi gives the relative amount of solution b and mixed solids KCl and NaCl. The 
lever KCl-/~NaCl then gives the proportion of KCl to NaCl in the mixed solids. 

Another example is as follows. It will be recalled that compound formation 
occurred in the H 2 ONa 2 SO„ binary system; below 32°C the solid in equilibrium 
with saturated solution was Na 2 SO„10H 2 O. It is of interest therefore to consider 
the ternary system H 2 0-Na 2 S0 4 -NaCl. The 25°C cross section is shown in Fig. 
11-21. The line cd is for solutions saturated with respect to NaCl. Something 


NaCl 



FIG. 11-21. The H 2 0-NaCl-Na 2 S0 4 system (near 25°C). Illustration of hydrate formation. 
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(HjO) 

C 



FIG. 11-22. The H 2 0-Li 2 S0 4 -(NH 4 ) 2 S0 4 system (near 25° C), illustrating double salt formation. 


interesting has happened, however, along the section be. This is now a solubility 
curve for anhydrous sodium sulfate. This equilibrium, not previously possible at 
25°C, now occurs. The physical explanation is that addition of NaCl has reduced 
the activity of water in the solution sufficiently to make Na 2 S0 4 the preferred solid 
phase. Further, at point b the solution is in equilibrium with both Na 2 S0 4 and 
Na 2 SO 4 10H 2 O, and water vapor pressure above this solution must be that of 
Fig. ll-10(a), since these two solids are in equilibrium with water vapor at this 
pressure and 7Y = 25°C. 

The topology of the H 2 0-Na 2 S0 4 -NaCl diagram is such as to show the pheno¬ 
menon of retrograde solubility. Evaporation of a solution of composition (1) leads 
first to precipitation of Na 2 SO 4 T0H 2 0, the composition moving toward b. When 
the solution composition reaches b, Na 2 S0 4 is ready to precipitate, and further 
evaporation converts Na 2 SO 4 T0H 2 O into Na 2 S0 4 (plus solution). The decahydrate 
therefore disappears with further evaporation and the solution then moves toward 
composition c. From this point on NaCl and Na 2 S0 4 precipitate out together until 
solution b has dried up. 

A large number of salt solubility diagrams have been studied, and a concluding 
example illustrates a case of double salt formation, shown in Fig. 11-22. Here, the 
compound Li 2 S0 4 (NH 4 ) 2 S0 4 forms. 

The more symmetric ternary eutectic systems are of great general importance in 
metallurgy. Salt solubility systems are similarly central to the understanding of 
the evaporative recovery of salts from brines. The evaporation of brines, either from 
sea water or from dissolved natural salt deposits, constitutes our major source of 
most of such minerals. 
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COMMENTARY AND NOTES 


11-CN-l Definitions of the 
Terms Component and Phase 

The definitions given in Section 11-1 of the number of components of a system 
and of the number of phases present are adequate for the types of phase equilibria 
considered in this chapter. The subject is full of subtleties, however, and we now 
take a more careful look at what is meant by the terms component and phase. 

Some explanation of the concept of a component was given in the introduction 
to Chapter 9. Briefly, a phase may contain a variety of molecular species but many 
of these will be in chemical equilibrium with each other and cannot therefore be 
varied independently. Pure liquid water has monomers, dimers and so on, and 
clusters, as well as H+ and OH - ions; it is a one-component system because these 
species are all in equilibrium with each other. Water plus alcohol has water- 
alcohol clusters and so on,' but all compositions are fixed if the proportions of 
water-substance and alcohol-substance are given. The system is a two-component 
one. 

The number of components is therefore the minimum number of formal com¬ 
positions, such as concentrations, needed to define the state of a system at a given 
T and P. A complication begins to develop in the case of electrolyte solutions. 
Aqueous sodium chloride is a two-component system; sodium and chloride ions 
cannot be varied independently because the system must remain electrically 
neutral. An aqueous mixture of NaCl and KNO a might be thought to constitute a 
three-component system. It is actually a special case of a four-component system. 
The solution contains Na + , K + , Cl - , and N0 3 - ions; the four compositions are 
reduced by the electroneutrality requirement to three independent ones, plus water, 
for a total of four. Alternatively, the mole fraction of water, that of total salt, the 
Na + /K+ ratio, and the C1 - /N0 3 - ratio define all possible compositions. 

A second kind of problem is that the number of components may depend on 
whether or not a given chemical reaction is rapid within the time scale of the 
phase equilibrium studies. As mentioned in Section 9-1, the system hydrogen- 
nitrogen-ammonia consists of either two or three components according to whether 
or not chemical equilibrium is reached rapidly. In dealing with freezing point 
diagrams, we took up briefly cases of compound formation. If such formation is 
very slow, so that the compound is not in equilibrium with the reactants that 
form it, then the compound must be treated as an additional component. 

The reader can perhaps appreciate at this point why the phase rule often helps 
one decide just how many components are effectively present in a given system. 
We have mentioned the preceding complications in order to give depth to the 
definition of component. The actual systems described in this chapter present 
no such problems. 

We next consider the definition of the term phase. A phase is first of all a homo¬ 
geneous portion of matter, by which we mean that its time-average properties do 
not vary discontinuously from one spot to another. A phase region must be 
large enough that random, thermal fluctuations are small, otherwise the operational 
definition would become impossible to apply. Adjacent phase regions are marked 
by an interface or discontinuity in properties. The derivation of the phase rule is 
based on the further requirement that the chemical potentials of all components 
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present are determined by the variables P, T, and (C — 1) compositions. Neither 
these potentials nor any other molar thermodynamic properties ordinarily depend 
appreciably on the state of subdivision of the phase. Thus H 2 0(/) and one piece of 
ice is a two-phase system; likewise H 2 0(/) and two pieces of ice, and so on. The 
chemical potential of each piece of ice is the same and is independent of how many 
pieces are present. 

A problem develops if the particles of a phase are so small that their chemical 
potential does depend appreciably on size owing to the surface energy contribution. 
The Kelvin equation (8-43) gives the free energy of a small particle as a function of T 
and of particle radius r. The molar free energy also depends on total mechanical 
pressure; it is therefore a function of P, T, and r. It is possible to derive a more 
general form of the phase rule which includes specific interfacial areas as state 
variables. It would apply, however, to the final equilibrium condition in which all 
condensed phases had collected into single individual regions. Thus the two 
pieces of ice in the preceding example should eventually become a single piece. 
The mechanism would probably be through the dissolving of the smaller piece 
(its free energy being greater because of the smaller r ) and growth of the larger piece. 

This matter is not a trivial one. A precipitate of AgCl, for example, initially 
consists of a dispersion of particle sizes. Is, now, the measured solubility that of the 
smaller or of the larger crystals? (It appears to be that of the smaller ones.) Such 
precipitates will usually age or equilibrate to what appears to be nearly the 
equilibrium solubility. In colloidal suspensions, however, the particles may be 
prevented from merging by interparticle repulsions (see Section 21-1) and may be 
too insoluble to age by a dissolution-reprecipitation process. The system is then 
metastable in this respect, even though a range of particle size is present. How 
many phases are present? In the case of aqueous colloidal electrolytes, there is a 
concentration above which aggregates of 50 to 100 monomer units, called micelles, 
form. This critical micelle concentration is not as sharply defined as is a solubility 
limit, but almost so. Do micelles represent a new phase? 

Questions such as these arise in the study of phase equilibria, and in difficult 
situations the phase rule itself may be used as the criterion for establishing the 
number of phases present. That is, if one knows the number of components in a 
system and can determine the number of degrees of freedom one defines the number 
of phases present. 


SPECIAL TOPICS 


11-ST-l Two-Component Freezing 
Point Diagrams. Partial Miscibility 

The freezing point diagrams so far considered have all been ones for systems in 
which the solid phases were entirely immiscible. The other extreme is that of 
complete miscibility in both liquid and solid phases. The appearance would be 
that of Fig. ll-23(a). We next imagine a progressive change in the properties of 
A and of B such that the miscibility in the solid state gradually decreases and the 
miscibility gap moves upward. In Fig. 11-23(b) the miscibility gap has come close 
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(a) (b) 




FIG. 11-23. Progression of appearance of a freezing point diagram with increasing degree of 
immiscibility of the solid phases. 


to the melting points of A and B, and the incipient immiscibility is reflected in the 
minimum of the solid solution-liquid solution composition curves. 

In Fig. 1 l-23(c) the miscibility gap has impacted the freezing point curves and the 
system is now of the eutectic type. Solution of composition x E is in equilibrium 
at T b with two solid phases. These are not pure A and B, but solid solutions of 
composition z a and z B . The letter z will be used to denote compositions of solid 
solutions and the Greek superscripts to indicate the type of phase. Thus an a phase 
is one that is rich in component A and a jS phase one that is rich in component B. 
Further diminution of the degree of miscibility leads to Fig. ll-23(d), essentially 
the same as Fig. 11-2. 

Figure 11-23 also illustrates a succession of boiling point diagrams for progressively less and 
less miscible liquids. We need only to change the labeling; L is replaced by vapor phase V, 
and solid solutions a and /8 by liquid solutions L„ and L a (note Fig. 9-19). 

The Pb-Bi system is of the type of Fig. 11-23(c), as shown in Fig. 11-24. The 
cooling of a melt of composition (1) leads to a break at about 275°C as a phase 
begins to freeze out, and liquid and a phases would then vary in composition along 
their respective curves, with the latter increasing in amount. At about 175°C the 
system is entirely a phase [of composition (1)] and the cooling rate increases. 
At about 50°C the system composition line crosses the solubility curve for a phase, 
and ft phase begins to form. There is a break in the cooling curve at this point, but 



FIG. 11-25. Development of peritectic type of freezing point diagram. 



FIG. 11-26. The Fe-Au system. 
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not a marked one since the heat of separation into the two solid solutions is prob¬ 
ably not large. Cooling curves for compositions between 37 and 97% Bi are 
similar to those for a simple eutectic, except that the solid phases are a and j8 rather 
than the pure components. 

The sequence of Fig. 11-23 is not the only possible one. If the melting points of 
the two components are fairly different and the miscibility gap is narrow, then the 
sequence of Fig. 11-25 may result. The diagram 1 l-25(b) is now of the peritectic 
type. At T P liquid of composition x P is in equilibrium with solid solutions z“ 
and z B ; notice that the liquid composition lies outside of those of the two solid 
solutions rather than between them. 

Iron and gold form a peritectic system, shown in Fig. 11-26, and some representa¬ 
tive cooling curves may be considered. That for a system of composition (1) is analo¬ 
gous to the cooling curve for Fig. 11-24 and need not be explained further. A system 
of composition (2) will show a break at about 1400°C, when a phase first forms. With 
continued cooling, liquid and oc phase shift in composition along their respective 
lines, a phase increasing in amount. At 1170°C, or T P , the solution is now also in 
equilibrium with j8 phase, and there is a halt in the cooling curve while a and j8 
phases (30 % Au and 65 % Au, respectively) crystallize out. The phase reaction is 
that of a peritectic system (see Section 11-3C), or L + a -> /?. In this case L phase 
is used up first, and at the end of the halt the system consists of a and j8 phases 
only. 

The cooling curve for a system of composition (3) is similar to that for (2) up to 
the halt. Phase a is now used up first in the phase reaction, however, so L and j8 
phase remain at the end of the halt. With further cooling, L and j8 phase com¬ 
positions shift along their respective curves, with j8 phase increasing in proportion, 
and at about 1150°C only phase remains. Compositions to the right of the three- 
phase line give cooling curves similar to (1), but with |S phase forming rather than a 
phase. Note that there is a slight minimum in the freezing point curve at (4), or 
94 % Au. A liquid of this composition freezes to j8 phase of the same composition, 
and the cooling curve has the same appearance as that for a pure substance. 



FIG. 11-27. Partial miscibility in the liquid phases as well as in the solid phases. 
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Fe % C 


FIG. 11-28. The Fe-C system. 


Partial miscibility may occur in the liquid region to give a phase diagram such 
as illustrated in Fig. 11-27. The diagram is labeled, and one cap work out the 
various cooling curves by following a system composition line through the various 
phase regions. A system of composition (1) would, for example, show one halt at 
T y while L“ phase converted to L® and a phase, and a second halt at T B while L® 
phase converted to a and ft phases. 

Finally, no discussion of phase diagrams seems complete without a mention of 
the iron-carbon system. The diagram, shown in Fig. 11-28, illustrates yet another 
kind of partial miscibility—that between two different crystalline modifications 
of a solid phase. The stable crystalline form of pure iron below 91 CPC is body- 
centered cubic and is called a-iron. At 910°C a-iron changes to a face-centered 
type of crystal lattice called y-iron and then, at 1401 °C, there is a reversion back 
to a body-centered type of structure, now called S-iron. The melting point of iron 
is 1535°C. 

We explore the diagram by first dissolving some carbon in y iron at about 1200°C, 
to give a solid solution called austenite of composition (1). On cooling to about 
800°C a-iron containing some dissolved carbon begins to separate out. A eutectic- 
type three-phase line is reached at 700°C, at which point austenite phase of com¬ 
position a is in equilibrium with a phase of composition b and Fe 3 C (called 
cementite ). Below 700°C the system consists of a-iron (with some dissolved carbon) 
and cementite. 

This sequence corresponds to the heat treatment of steel. Iron with less than 
about 2 % carbon can be heated to the austenite single-phase region. It is then 
easily rolled or otherwise formed. On cooling, the separation into a-iron and 
cementite occurs, and the extreme hardness of cementite gives steel its strength. 
The rate of cooling affects the particle size of the two-phase mixture and hence the 
mechanical properties of the steel. 

Consider next a system of composition (2) corresponding to about 2.5% C. 
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On cooling of a molten iron-carbon solution, austenite phase of composition c 
begins to form, and with further cooling the liquid and solid solutions move in 
composition toward e and d, respectively, the proportion of the latter type of 
phase increasing. At 1125°C the eutectic is reached, and the system is now in 
equilibrium with Fe 3 C; during the halt austenite phase of composition d and 
Fe 3 C crystallize out together. Below 1125°C the system consists of Fe 3 C and 
austenite phase of composition moving along the da line. At 700°C the a-iron- 
austenite-Fe 3 C three-phase line is reached, and the further changes are as described 
earlier. An iron of this composition, unlike a steel, does not become a single phase 
until the melting point is reached. Such iron is called cast iron —it is not malleable 
when hot, but has valuable corrosion-resistant properties. If of composition close 
to the eutectic, its melting point is low enough to allow a fairly easy casting proce¬ 
dure. 

The remaining small region in the upper left is of no great interest here. One can 
trace the details of its phase behavior by following system composition lines that 
pass through various portions of the region. 


ll-ST-2 Partial Miscibility in Three-Component Systems 

The water-phenol system was shown in Fig. 9-20(a); there is an upper consolute 
temperature of about 70°C and around room temperature the miscibility is rather 
limited. Acetone is fully miscible with water and with phenol separately and when 
it is added to a water-phenol two-phase system the effect is to increase the mutual 
solubility. The solubility behavior is shown in Fig. 11-29 for a temperature of about 
30°C. The tie-lines connect pairs of mutually saturated solutions. Thus a system of 
overall composition (1) consists of liquid phases of compositions a and b and in 
amounts given by the lever principle. Addition of acetone moves the system com- 


Phenol 



FIG. 11-29. The three-component miscibility gap. The H 2 0-acetone-phenol system. 
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FIG. 11-30. The three-component miscibility gap in three dimensions. 


position along the line drawn from point (1) to the acetone corner, the compositions 
of the two liquid phases being given by the ends of each successive tie-line. When 
the system composition reaches c only a single phase is present and further addition 
of acetone merely dilutes the liquid solution. The tie-lines themselves reach a 
vanishing point at d called the critical point. 

The whole region of partial miscibility diminishes in size with increasing tem¬ 
perature, and a set of isothermal cross sections generates a helmet-shaped two- 
phase region in the three-dimensional phase diagram, as illustrated in Fig. 11-30. 
The locus of successive critical points goes through the peak of the helmet (at 
92°C, 59 % water and 29 % phenol), which is the critical temperature of the ternary 
system. Various cooling or dilution sequences may be traced out in the usual way 
by following the system composition line and, where it is in the two-phase region, 
using the ends of the tie-line through it to determine the compositions of the liquid 
phases present. 

It must be remembered that while a tie-line is an isothermal line, there is no 
requirement that a set of lines such as for Fig. 11-29 be parallel. The ends of each 
successive line must be determined by individual experiment, and a set of tie-lines 
must be shown if the diagram is to be usable. 

A number of types of miscibility gaps are possible for a ternary system, as illus¬ 
trated in Fig. 11-31. Figure 11-31 (d) represents the case of partial miscibility in all 
three binary systems and Fig. 11-31 (e) shows the result of a further decrease in 
miscibility, such as by lowering of the temperature. The three miscibility gaps have 
now merged to frame a central triangular region of three phase equilibrium. 

Three-component freezing point diagrams with partial miscibility in the solid 
phases add partial miscibility regions to Fig. 11-15. A perspective drawing of such 
a model is shown in Fig. 11-32; the reader may enjoy working out the various phase 
regions. As with all models based on the prismatic coordinate scheme, each side 
shows a two-component phase diagram. 
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FIG. 11-31. Various types of three-component miscibility gaps. 
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FIG. 11-32. Three-component eutectic system with partial miscibility in the solid phases. 
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EXERCISES 


11-1 How many degrees of freedom are present for the following systems: (a) ice plus a solution 
of alcohol and water; (b) a layer of water saturated with phenol plus a layer of phenol 
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saturated with water plus equilibrium vapor, all at 25°C; (c) a solution of sodium chloride 
plus equilibrium vapor; (d) a solution of sodium chloride and potassium chloride at 25°C? 

Ans. (a) 2; (b) 0; (c) 2; (d) 3. 


11-2 In Fig. 11-3, composition x 2 is about 50% B and composition x E is about 70% B. A liquid 
of composition x 2 is cooled to just above T E ; calculate the per cent that has frozen out at 
this point and give the composition of the remaining liquid. 

Ans. 29%, 70 %B. 

11-3 As a continuation of Exercise 11-2, how long should the halt at T E be if the heats of fusion 
of A and B are 5 and 7 kcal mole -1 , respectively, and the rate of removal of heat is 100 cal 
min -1 ? One-tenth of a mole of system is present. 

Ans. 6.4 min. 

11-4 The break and halt temperatures for the cooling curves of solutions of metals A and B 
are given in the accompanying table. Construct a phase diagram consistent with these 
data and label the phase regions. Give the probable formulas for any compounds. 


Mole % A 

First break (°C) 

First halt (°C) 

Second halt (°C) 

100 

_ 

1100 

_ 

90 

1060 

700 

— 

80 

1000 

700 

— 

70 

940 

700 

400 

60 

850 

700 

400 

50 

750 

700 

400 

40 

670 

400 

— 

30 

550 

400 

— 

20 

— 

400 

— 

10 

450 

400 

— 

0 

— 

500 

— 


Ans. The compound A,B or A 2 B is suggested. 

11-5 Explain at what temperature the evaporation of aqueous ferric chloride should lead to two 
successive solidifications and liquefactions of the system. 

Ans. About 40°C (see Fig. 11-11). 

11-6 Assume that Fig. 11-20 is scaled in weight percent. One hundred grams of solution of 
composition (1) is evaporated at 25°C until KC1 first begins to piecipitate. (a) How many 
grams of solution remain at this point ? The system is then evaporated until NaCl begins 
to precipitate out. (b) How many grams of solution remain at this point? (c) Give the 
amounts and compositions of the phases present when 95 % of the original water has been 
evaporated. 

Ans. (a) 35 g; (b) 19 g; (c) 9 g of solution of composition (b), 

3.0 g of NaCl and 12 g of KC1. 


PROBLEMS 


The general instruction for the following problems is to draw the simplest phase diagram 
consistent with the information given and to label the various phase regions as to the number 
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and nature of the phases present. The instructor may ask for various cooling curves to be sketched 
and labeled. 


Melting points (°C) 

A1 

658 

Fe 

1535 

Ni 

1452 

Sb 

630 

Pb 

327 

Na 

98 

Bi 

273 

Mg 

651 

Tl 

303 

Ca 

810 

Hg 

-39 

Zn 

420 

Co 

1480 

Mo 

2535 




11-1 Mercury and lead dissolve in all proportions in the liquid state and they form no com¬ 
pounds. A liquid phase is in equilibrium at —40°C with two crystalline phases containing 
35% and 100% Hg, respectively. 

11-2 Bismuth and lead form no compounds; solid solutions containing 1 % and 63 % lead 
are in equilibrium with a liquid containing 43% lead at 125°C. 

11-3 Calcium and sodium mix in all proportions in the liquid state above 1150°C, the mutual 
solubilities are 33 % Na and 82% Na at 1000°C, liquids of 14 and 93 % Na are in equi¬ 
librium with solid calcium at 710°C; the eutectic temperature is 97.5°C and no compounds 
or solid solutions form. 

11-4 Liquid and solid phases of the composition Hg 5 Tl 2 are in equilibrium at 14°C; the phases 
at 0°C are a liquid of 40% T1 and solid solutions of 32% and 84% Tl; the phases at 
—59°C are Hg, a liquid of 8 % Tl, and a solution of 22 % Tl. 

11-5 Solids A and B melt at 750 and 1280°C, respectively, and form no compounds. The melt 
is in equilibrium with solid solutions containing 20% A and 60% A at 900°C. Draw the 
phase diagram, and cooling curves for melts of the following compositions: 90 % A, 
50% A, 18% A, 5% A. 

11-6 In the isothermal, isobaric system H 2 0-NH 4 Cl-HgCl 2 the compounds are [P] (NH 4 C1) 2 
(HgCl 2 )H 2 0, [Q] (NH 4 Cl)(HgCl 2 )H 2 0, [R] (NH 4 Cl) 2 (HgCl 2 ) 3 H 2 0, [S] (NH 4 Cl) 2 (HgCl 2 ) 9 . 
Indicate and label the phase regions, and discuss the evaporation of the various solutions. 

11-7 No compounds are formed in the system AgCl-LiCl. The solids are partially miscible, 
and at 480°C melt is in equilibrium with solid solutions containing 15% and 30% AgCl, 
respectively. The melting points are 455°C and 610°C for AgCl and LiCl, respectively. 

11-8 Magnesium and nickel form a compound MgNi 2 that melts at 1145°C and a compound 
Mg 2 Ni that decomposes at 770°C into a liquid containing 30 mole % nickel and the other 
compound. The eutectics are at 23% nickel and 510°C and 89% nickel and 1080°C. 

11-9 Aluminum and cobalt form three compounds, of which AlCo melts at 1630°C, Al 6 Co 2 
decomposes at 1170°C, and Al 4 Co decomposes at 945°C. AlCo and Co form an incomplete 
series of solid solutions, with solid containing 84 mole % Co, liquid containing 89 mole % 
Co, and solid containing 92 mole% Co in equilibrium at 1375°C. 

11-10 Describe the nature and number of phases present on evaporating a dilute solution of 
sodium sulfate in water isothermally at 10°C. Describe the result when a solution initially 
saturated with sodium sulfate at 35°C is gradually cooled to 0°C. 
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11-11 The following data have been obtained for the isobaric system As 2 0 5 -K 3 As0 4 . Com¬ 
pounds: As 2 O s melts at 700°C, KAsO s melts at 650°C, K 5 As 3 O 10 melts at 650°C (unstable; 
ordinarily the compound decomposes at 630°C), K 4 As 2 0, melts at 996°C, K 3 As0 4 melts 
at 1310°C. 


Eutectic mixture 

h (°C) 

Mole % K 3 As0 4 

As 2 0 5 -KAs0 3 

570 

42 

K.4AS2O7— K.3ASO4 

965 

86 

ICASO 3 —K. 5 AS 3 O 10 

542 

58 


(a) Plot the phase diagram for this system; label each phase region. Express composition 
as mole % K 3 As0 4 . (b) Describe what happens on slowly cooling melts of the composi¬ 
tions (1)71.3% K 3 As0 4 , (2) 60 % K 3 As0 4 , (3) 75 % K 3 As0 4 . (c) Draw semiquantitative 
cooling curves for (b). 

11-12 Nickel and molybdenum form one compound, MoNi, which decomposes at 1345°C 
into molybdenum and a liquid containing 53 % Mo. The phases at the only eutectic, 
1300°C, are MoNi, a liquid of 48% Mo, and a solid solution of 32% Mo. 

11-13 MgZn 2 melts at 590°C and there are four temperatures in the Mg-Zn system at which 
three phases exist, with percentages of Zn as follows: 340°C, a ( 8 %) + liquid (53%) + 
MgZn; 354°C, liquid (55%) + MgZn + MgZn 2 ; 380°C, liquid (96%) + MgZn 2 + 
MgZn s ; 364°C, liquid (97 %) + MgZn 5 + Zn. 

11-14 Iron and Fe 3 Sb 2 (melting point 1015°C) form solid solutions in one another to a limited 
extent, and FeSb 2 decomposes at 728°C into a liquid and the other compound. The 
eutectics are at 1000 and 628°C. 

11-15 A mixture of water and Na 2 SO« corresponding to system composition x t in Fig. 11-9 
is maintained at a constant pressure of 1 atm. Describe the sequence of phase changes 
as the system is cooled from above T 0 to below T E . 

11-16 The following data refer to the system K 2 S0 4 -{NH 4 ) 2 S0 4 -H 2 0 at 30°C. In each line of 
data are given the compositions of a saturated solution and of a moist solid (solid solu¬ 
tions are formed) (in weight per cent). 


Saturated solution 

Solid 

k 2 so 4 

(NH 4 ) 2 S0 4 

k 2 so 4 

(NH 4 ) 2 S0 4 

0 

44.2 

[only (NH 4 ) 2 S0 4 ] 

1.2 

42.7 

1.6 

90.3 

2.4 

40.9 

22.1 

69.3 

4.1 

37.8 

33.9 

57.8 

4.9 

33.5 

50.8 

42.3 

6.4 

31.0 

62.2 

30.0 

9.1 

18.5 

84.0 

12.7 

10.7 

8.4 

93.2 

3.1 

11.2 

0 

(only K 2 S0 4 ) 


Draw the triangular diagram and label all phase regions for the K 2 S0 4 -(NH 4 ) 2 (S0 4 )-H 2 0 
system. A system containing 90 g of water and 10 g each of K 2 S0 4 and (NH 4 ) 2 (S0 4 ) is 
evaporated isothermally at 30°. (a) What is the composition of the solution when a 
precipitate first appears and what is the composition of the precipitate? (b) What is the 
composition of the last solution to exist before the system solidifies? Give the composi- 
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tions and amounts of the solid(s) present, (c) When the system reaches the point of con¬ 
taining 40% by weight of water what phases are present and in what amounts? Show 
your calculations and indicate them graphically on your diagram insofar as possible. 


11-17 The following data were obtained by W. J. Lightfoot and C. F. Prutton (1947) on 
the system CaCl 2 -K.Cl-H 2 0 at 75°C: 


Saturated solution (wt %) 


CaCl 2 

KC1 

Solid phase 

0 

33.16 

KC1 

11.73 

21.62 

KC1 

18.27 

16.00 

KC1 

28.47 

9.62 

KC1 

37.65 

6.77 

KC1 

47.65 

8.43 

KC1 

50.19 

10.32 

KC1 and 2KC1 • CaCl 2 • 2H 2 0 

50.92 

9.36 

2KC1 • CaCl 2 • 2H 2 0 

53.85 

6.21 

2KC1 • CaCl 2 • 2H 2 0 

56.33 

4.51 

2KC1 • CaCl 2 • 2H 2 0 

57.62 

3.60 

2KC1 • CaCl 2 ■ 2H 2 0 and CaCl 2 • 2H 2 0 

57.77 

2.56 

CaCl 2 • 2H s O 

58.58 

0 

CaCl 2 • 2H 2 0 


Construct the triangular plot for this system; label all phase regions. Describe what 
would happen on isothermal evaporation at 75°C of a solution initially containing 85 % 
water, 10% CaCl 2 and 5% K.C1. Assume 100 g of solution. How many grams of H 2 0 
have been evaporated when half the weight of the system is in solids? 


11-18 The following are phase diagrams for various binary systems; they are melting point 
diagrams in the sense that the upper regions generally contain only liquid phases. State 
the number and type of phases present in each area and label each line of three-phase 
equilibrium. (This Bi-Pb diagram adds detail to that shown in Fig. 11-24.) 
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II-I9 Construct the Fe 2 Cl 6 • H 2 0 diagram given the following data. The headings give the solid 
phase in equilibrium with solution of indicated compositions (mole fraction of Fe 2 Cl,, 
right column) and temperatures (°C, left column). 



Ice 

Fe 2 Cl, • 

12H 2 0 

Fe 2 Cl, 

• 7H 2 0 

-55 

0.0267 

-55 

0.0268 

20 

0.102 

-40 

0.0231 

-41 

0.0273 

27.4 

0.108 

-27.5 

0.0186 

-27 

0.0289 

32 

0.1195 

-20.5 

0.0162 

0 

0.0396 

32.5 

0.125 

-10 

0.0099 

10 

0.0434 

30 

0.131 

0 

0.0000 

20 

0.0485 

25 

0.1345 



30 

0.0562 





35 

0.0635 



Fe 2 Cl, 

, • 5H 2 0 

36.5 

37 

0.0736 

0.0768 

Fe 2 Cl„ • 

• 4H 2 0 





12 

0.1145 

36 

0.0847 

50 

0.1665 

20 

0.1225 

33 

0.0912 

55 

0.1685 

27 

0.1295 

30 

0.1005 

60 

0.172 

30 

0.1315 

27.4 

0.108 

69 

0.178 

35 

0.1355 

20 

0.114 

72.5 

0.192 

45 

0.149 

10 

0.116 

73.5 

0.200 

55 

0.1605 

8 

0.1205 

72.5 

0.207 

56 

0.167 



70 

0.218 

55 

0.169 

Fe s Cl 

e 

66 

0.226 



66 

0.225 





70 

0.224 





75 

0.2235 





80 

0.225 





100 

0.229 




Describe in detail the succession of phase changes that would occur on the isothermal 
evaporation at 32°C of a dilute solution of ferric chloride. What would happen on cooling 
a solution containing 15 mole % Fe 2 Cl 6 ? (Be sure to label all regions of your diagram.) 


11-20 Magnesium and antimony form a compound Mg 3 Sb 2 which melts at 961°C; the eutectics 
are at 627°C and 39 % Sb and at 594°C and 95% Sb. Draw the phase diagram; label the 
phase regions. 

11-21 Metals A and B form ideal solutions and are completely immiscible in the solid phase. 
Calculate the simple eutectic diagram for this system using the freezing point depression 
equation of Chapter 10; the melting points are 500°C and 800°C, respectively, the pure 
metals both have 4.0 cal K" 1 mole' 1 entropy of fusion, and both obey the Dulong and 
Petit heat capacity relationship. Calculate and plot the actual cooling curves for solutions 
containing 100% A, 80% A, and of the eutectic composition, assuming 0.1 mole of 
solution is used in each case and that the rate of heat removal is 200 cal min' 1 . 
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11-1 Sketch and label a set of cooling curves for the system of Fig. 11-24; these should be for 
10, 20, 30, 50, and 70% Bi. 

11-2 Sketch and label the set of cooling curves for the marked compositions in Fig. 11-26. 









428 


CHAPTER 11: HETEROGENEOUS EQUILIBRIUM 


11-3 Describe the sequence of phase changes when water is added to a system of composition 
(1) in Fig. 11-29. Calculate the amounts of acetone and of phenol that should be added 
to system (1) to bring it to composition d in the diagram. 

11-4 For each of the systems of Fig. 11-31 describe the sequence of changes if B is added to a 
1:1 mixture of A and C. 



CHAPTER TWELVE 


SOLUTIONS OF ELECTROLYTES 

12-1 Introduction 

The historical development of electrochemistry constitutes one of the more 
interesting stories of science. It begins, for us, with observations made in 1600 by 
W. Gilbert, physician to Queen Elizabeth, on the ability of amber to attract pith 
or other light objects when rubbed with a piece of fur. Gilbert coined the word 
electric (from the Greek for amber) in describing such behavior. Benjamin Franklin 
became interested in the subject and suggested, around 1750, that the different 
behavior of electrostatically charged glass and amber was not due to two kinds of 
electricity, but rather to an excess or deficiency of an electric “fluid.” Thus began 
the subject of electrostatics, which culminated around 1890 with the identification 
of the electron as the unit of electricity. 

Another chain of events led to the discovery of a second kind of electricity. The 
story traces back to 1678 when Swammerdam demonstrated before the Grand Duke 
of Tuscany that a frog’s leg resting on a copper support would twitch when touched 
with a silver wire connected to the copper. We are more familiar with the experi¬ 
ments of L. Galvani in 1790, who observed that a frog’s leg (again) would twitch 
when connected to a static electricity generator or when the nerve was merely 
touched with a metal strip which was connected to the end of the leg. The terms 
galvanic electricity and galvanometer honor this discovery. By 1800 A. Volta 
succeeded in producing visible sparks from a stack of alternate silver and zinc 
plates. This was the first battery, then called a voltaic pile or a galvanic cell. 
The first definite experiment in electrochemistry appears to have been made by 
W. Nicholson and A. Carlisle in 1800, who used a galvanic cell to electrolyze 
water. By 1807 H. Davy had isolated sodium and potassium by the electrolysis of 
their hydroxides. 

The foundation of modern electrochemistry was laid by M. Faraday, working 
around 1830 at the Royal Institution. He showed that a given quantity of electricity 
produced a fixed amount of electrolysis and formulated the following now well- 
known laws: + 

+ Faraday’s law is not always experimentally obvious; for a puzzling discrepancy see Palit 
(1975). 
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1. The amount of chemical decomposition produced by a current is propor¬ 
tional to the quantity of electricity passed. 

2. The amounts of different substances deposited or dissolved by a given quantity 
of electricity are proportional to their chemical equivalent weights. 

Faraday’s contribution is of an importance comparable to that of Joule in 
finding the mechanical equivalent of heat. In modern language, Faraday determined 
the electrochemical equivalence, or the amount of electricity corresponding to one 
mole of electrons. This equivalence, which we call the Faraday constant & is 

& = N 0 e = (6.02252 x 10 23 )(1.6021 x KH 9 ) = 96,487 C mole- 1 , 

where N 0 is Avogadro’s number and e is the charge on the electron; C is the 
abbreviation for the coulomb. Our name for the natural unit of charge, the electron, 
was proposed, incidentally, by G. Stoney in 1874. 

A great number of interesting and perceptive experiments have been passed over 
in this account. Much of our basic nomenclature originated during Faraday’s 
time: anode and cathode for the positive and negative pole, respectively, of a 
battery; ion (Greek for wanderer) for the carrier of electricity in solution; ampere 
for the unit of current; and ohm for the measure of electrical resistance. The latter 
two terms are, of course, in recognition of the pioneer investigations of A.M. 
Ampere and G.S. Ohm. 

The mechanism whereby current is transported through solutions of salts 
took nearly a century to be understood after the first observations of the pheno¬ 
menon by Davy and others. An early idea was that of T. von Grotthus, who 
suggested in 1805 that an electrolyte consisted of polar molecules which lined up 
in an electric field and, by exchanging ends, passed electricity down a chain. He 
was trying to explain how electricity could go through a solution and yet cause 
electrolysis only at the electrodes. As illustrated in Fig. 12-1, his thought was 
that application of a potential across the electrodes caused the polar molecules 
to break and reform in such a way as to leave a negative piece of one at the anode 
and a positive piece of another at the cathode. The idea was clever, and will be 
invoked in more modern language in explanation of the motion of hydrogen ions. 

As originally stated, the Grotthus mechanism was untenable on various grounds: 
Electrolyte “molecules” are not that close together in solution; why should even 
the weakest potential be able to cause strong molecules to break up; and so on. 
The hypothesis was largely demolished in 1857 by R. Clausius. Clausius proposed 
instead that the positive and negative parts of the electrolyte molecule were always 
partially present as fragments or ions, which then carried the current. We would 


Anode 


Anode 



FIG. 12-1. Illustration of the original Grotthus mechanism. 
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call his proposal one of partial dissociation. It was a compromise in the sense that 
it was very difficult to accept that a molecule could break up or dissociate, and 
Clausius theorized that only a small fraction of the molecules actually did so. 

We come now to the last quarter of the nineteenth century. J. van’t Hoff and his 
group made colligative property measurements on sugar solutions and then on 
aqueous electrolytes. They reported large i factors [Eq. (10-58)] in the latter case. 
Thus / was close to two for NaCl solutions. S. Arrhenius drew heavily on van’t 
Hoff’s work in proposing the theory of electrolytic dissociation in 1883. The theory 
amounted to an assertion that electrolytes were mostly and not just partially 
dissociated into ions. During this last period the giants of electrochemistry were 
Arrhenius, F. Kohlrausch, W. Ostwald, and van’t Hoff. Kohlrausch and his school 
carried out a monumental number of experiments on the conductance of electrolyte 
solutions, establishing that they obeyed Ohm’s law. Thus the terms specific con¬ 
ductivity and equivalent conductivity were defined, and the major rules governing 
the variation of conductance with concentration were formulated. Ostwald did 
much to clarify the behavior of what we now call weak electrolytes, or ones which 
behave essentially as Clausius had proposed much earlier. 

The basic framework of electrochemistry was thus in place by the turn of the 
century. The early 1900’s were spent in more and more precise studies of electrolyte 
solutions. The next major advances were made in the 1920’s, in the treatment of the 
forces between ions, which determined the quantitative aspects of their motion 
through a solvent and their thermodynamic properties. A major theory by P. Debye 
and E. Hiickel led, in 1923, to an enduring picture of dilute electrolyte solutions. 
Each ion tends to have around it an excess concentration of oppositely charged 
ions, which form a statistical or diffuse atmosphere. This atmosphere contributes 
to the thermodynamic chemical potential of the ion and hence to its activity 
coefficient. At about the same time, J. Bronsted and N. Bjerrum (in Copenhagen) 
made lasting contributions both to the understanding of acid and base strengths 
and in establishing that ions could form ion pairs in more concentrated solutions. 

Late in the same decade, L. Onsager extended the Debye-Hiickel theory to 
treat dynamic effects such as conductance and diffusion. Later, with I. Prigogine, 
he was a leader in developing the general thermodynamic treatment of irreversible 
processes. Still later, R. Tolman and J. Kirkwood pioneered the development of 
the statistical mechanical theory of solutions—a task yet to be finished. 

We begin the subject of electrochemistry with the important new property of 
electrolyte solutions—that of conductance. The separate behavior of each kind of 
ion is then discussed in terms of ionic mobilities and of transference numbers. The 
chapter moves on to a presentation of the Debye-Hiickel treatment of the non¬ 
ideality of electrolyte solutions and concludes with a study of ionic equilibria. 


12-2 Conductivity— 

Experimental De fini tions and Procedures 


A. Defining Equations 

The various systems of electrical units were reviewed in Section 3-CN-2. It was 
noted there that international commissions have recommended the uniform 
adoption of the SI system of units, one of the main advantages being that the esu 
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and emu systems are merged into a single one. Experimental electrochemistry 
makes use of the volt (V), ampere (A), coulomb (C), and ohm (Q )—all accepted 
in the SI recommendations. 

As noted in Section 3-CN-2, the ampere is defined in terms of the magnetic 
field produced by current i flowing in a loop of wire. The coulomb is the quantity 
of electricity q corresponding to a current of 1 A flowing for 1 sec, or in general, 
q = it (or J i dt). The unit of potential V is the volt; it requires 1 J (joule) of energy 
to transport 1 C of charge across 1 V potential difference. Resistance R is defined 
in terms of Ohm’s law, 

V = iR. (12-1) 

A current of 1 A flowing through a resistance of one ohm produces a voltage drop 
of 1 V. The resistance R is, of course, a function of temperature and, in the case 
of electrolyte solutions, of concentration. 

Ohm’s law can be thought of both as an ideal law and as the limiting law for 
small V and i. It is well obeyed by all substances, provided the energy dissipated 
does not result in appreciable Ideal heating. In the case of electrolyte solutions 
Ohm’s law begins to fail at high voltages because ionic velocities become large 
enough that the distortion of the diffuse ion atmosphere around each ion ceases 
to be proportional to its velocity. In the case of metals current is carried by elec¬ 
trons, and there is no problem in this last respect. The same is true for semicon¬ 
ductors, which differ from metals mainly in that the concentration of conduction 
electrons is small and increases exponentially with temperature so that the resistance 
is very temperature-dependent. 

The resistance of a substance is proportional to its thickness / and inversely 
proportional to the cross-sectional area s/. One therefore generally reports a specific 
resistance or resistivity p defined by 

R = 1 P . (12-2) 


The resistivity p is given in ohm centimeter in the cgs system and in ohm meter 
in the SI system. Although resistance is the measured quantity, its reciprocal, the 
conductance, is more useful in dealing with electrolyte solutions. Conductance L 
is defined as 

L = ^ (12-3) 


and specific conductivity k as 


K 


1 = 

p s# R 


(12-4) 


As will be seen later, the ratio //j/ is usually treated as an apparatus or cell constant 
and is given the symbol k. Thus 

R = kp, (12-5) 

k = kL. (12-6) 


(A considerable range of symbols will be found for these quantities; the ones here 
are the SI ones, except that L rather than G is used to denote conductance.) 

An electrolyte solution conducts electricity by several paths. Each ion contributes, 
including those from the self-ionization of the solvent. The situation is therefore 



12-2 CONDUCTIVITY-EXPERIMENTAL DEFINITIONS AND PROCEDURES 433 


one of resistances in parallel so that the total resistance obeys the law 


1 

■^obs 


= J- + -L. + _L 

Ri R 2 R 3 


Conductances are thus additive, that is, 

4bB =L 1 +L 2 +L a + -, (12-7) 

hence their great utility in this situation. One is ordinarily interested just in the 
contribution to the observed conductance by the electrolyte and therefore subtracts 
out that due to the medium L 0 : 

L — Lobs — Lq . ( 12 - 8 ) 


The same relation will, of course, apply to specific conductivities: 


x = *obs — *0 • 


(12-9) 


One of the first quantitative observations was that the net specific conductivity 
of a solution is approximately proportional to the electrolyte concentration. It 
should be exactly so if each ion were a completely independent agent since each 
would then make its separate, additive contribution to k. A very useful quantity is 
therefore the equivalent conductivity, A, which is the value of k contributed by 1 
equiv of ions of either charge. We consider a portion of the electrolyte solution 
which is 1 cm deep and of area such that the volume contains one mole of charge 
due to the ions of the electrolyte (with only the positive or only the negative ions 
being considered). The number of moles of such charge per liter will be designated 
by C*, the concentration in equivalents of ions per liter whenever we wish to 
emphasize the distinction between actual ion concentration and equivalents of 
electrolyte per liter, C. The volume (in cubic centimeters) required to contain one 
mole of ions is 1000/C* and the area (in square centimeters) of the required portion 
of solution is then 1000/C*. It follows from Eq. (12-6) that 


A (= L for 1 equiv) = — 

k 



or, since — 1000/C* and / = 1, 


A = 


1000 

C* 


K. 


( 12 - 10 ) 


The above language is somewhat carefully phrased. We want A to be the con¬ 
ductivity ascribable to 1 equiv of actual ions. For a strong electrolyte, such as 
NaCl or Na 2 S0 4 , C* = A/ NaC i = 2M NasSOt , and so on, where M is the molarity. 
That is, C* is the molarity multiplied by the number of positive ion charges (or the 
number of negative ion charges) per formula weight, and corresponds to the usual 
definition of equivalents per liter. In the case of a weak electrolyte, such as acetic 
acid, however, C* should be the concentration of actual ions present per liter of 
solution; the concentration of undissociated acetic acid is not to be included. 
If the solute is not fully dissociated or if there is doubt on the matter, one may write 


A, 


1000 


app 


x, 


c 


( 12 - 11 ) 
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where zl app is the apparent equivalent conductivity, obtained with C, the formal 
concentration in equivalents per liter. “Formal” means the number of gram 
equivalent weights of the solute present. 

In the SI system, Eqs. (12-10) and (12-11) do not contain the factor of 1000. 
Remember, however, that * (SI) = 100k (cgs) and that C and C* are now in 
equivalents per cubic meter, so that A (SI) = 10"M (cgs). If C is in moles m -3 , 
the SI designation for A is molar conductivity. 

The various defining equations are summarized in Table 12-1. 


B. Measurement of Conductance 

The actual quantity measured for an electrolyte solution is its electrical resistance 
R. This is usually done by means of a Wheatstone bridge, the basic scheme of 
which is shown in Fig. 12-2. In its simplest form, the galvanometer G shows no 
current flow when R x /R 1 = R 2 /Ra ■ In practice, it is very important first of all that 
the electrodes of the cell used have identical electrode potentials; otherwise a voltage 
change across the cell will be present in addition to the voltage drop due to Ohm’s 
law. This requirement is usually met by the use of identical reversible electrodes, 
such as platinized platinum, and an alternating source of potential. This last avoids 
having any appreciable net electrolysis at the electrodes and hence buildup of elec¬ 
trolysis products. The use of the ac bridge introduces another problem, however, 
namely that due to the capacitance of the cell. There must now be a means for 
balancing out capacity differences across the two legs of the bridge, or otherwise 
the ac galvanometer (often an oscilloscope) will not register a point of zero current. 
The reader is referred to experimental texts for further details. 


TABLE 12-1. Definitions of Electrical Quantities 




Units 

Defining 

relationship 0 

Equation 

number 

Quantity 

Symbol 

Cgs 

SI 

Resistance 

R 

ohm 

ohm 

V=iR 

(12-1) 

Specific 

resistance 

P 

ohm cm 

ohm m 

II 

>3 

(12-2) 

Conductance 

L 

ohm -1 (or mho) 

ohm -18 

L = — 

R 

(12-3) 

Specific 

conductivity 

K 

ohm -1 cm -1 

ohm -1 m -1 

_ ! _ / 
p s/R 

(12-4) 

Cell constant 

k 

cm -1 

m' 1 

k = i 


Equivalent 

conductivity 

A 

cm 2 equiv -1 ohm -1 

m 2 equiv -1 ohm -1 

„ 1000 

A = - K 

c* 

(12-10) 


° Here Kis the potential difference and i the current between electrodes of effective area s/ and 
separation /. 

" The SI unit of conductance is called the siemens, S, and has the dimensions A 8 sec 8 kg ~ 1 m ~ 8 . 
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The typical measurement, then, is of R x , the resistance of the cell, first when 
filled with the solvent medium and then when filled with the electrolyte solution. 
Application of Eq. (12-8) then gives the net conductance L due to the solute. 

The second experimental problem is the reduction of L to a specific conductivity 
k . The defining equation (12-4) is not easily applied in practice since / is not exactly 
the distance between the electrodes and is not exactly the area of the electrodes. 
The reason is that ions lying outside of the cylinder defined by the two electrodes 
still experience potential gradients and contribute to the conductivity. Extensive 
and careful studies have allowed for this contribution, with the result that accurate 
specific conductivities are known for several standard electrolyte solutions. One 
such standard is a solution containing 0.74526 g KC1 per 1000 g of solution, whose 
specific conductivity at 25°C is 0.0014088 ohm -1 cm -1 . [See Daniels et at. (1956) for 
further details.] Alternatively, the specific conductivities of 0.1 M and 0.01 M 
KC1 are 0.012886 and 0.0014114 ohm -1 cm -1 at 25 c> C i respectively. 

The availability of precise, absolute specific conductivities allows the problem 
of determining the / and stf values for a cell to be by-passed. One measures the 
resistance of the cell when filled with a standard solution and calculates the cell 
constant k by means of Eq. (12-5). The same cell constant applies to a measurement 
with any other solution (in very precise work, the standard and unknown solutions 
should have about the same resistance). One then uses k to calculate p or k from 
the measured resistance R or conductance L. 

Resistances can be measured with great precision, and conductance deter¬ 
minations can therefore be extended to very dilute solutions. At this point, however, 
one must take major precautions to rinse the cell clean of any impurities adsorbed 
on the wall or on the electrodes and to free the solvent of all traces of electrolytes. 
Kohlrausch and co-workers, for example, were able to obtain water virtually free of 
ionic impurities and found a residual specific conductivity of 6.0 x 10 -8 ohm -1 cm -1 
at 25°C. As discussed in Section 12-4A this residual value is due to the ~10 -7 mole 
liter -1 of H+ and OH - ions from the dissociation of the water itself. This concen¬ 
tration then represents the upper limit of dilution possible with an aqueous electro¬ 
lyte before its contribution to the conductivity of the solution is swamped by that 
of the solvent water. 
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12-3 Results of Conductance Measurements 

The decades preceding and following 1900 were ones in which the conductance 
of aqueous salt solutions was studied in great detail. Most soluble mineral salts, 
such as NaCl or KN0 3 , show a pattern of behavior which led Arrhenius to propose 
his theory of electrolytic dissociation, namely that salts are largely dissociated in 
aqueous solution and fully dissociated at extreme dilution. We agree with this 
interpretation today and call such substances strong electrolytes. 

Other salts, and especially some acids and bases, behave quite differently from 
strong electrolytes. It is necessary to suppose that only a small degree of dissociation 
takes place; such substances are known as weak electrolytes. We take up these two 
categories of electrolytes in turn and then consider some of the more modern 
treatments of their behavior. 



(a) (b) 



FIG. 12-3. (a) Specific conductivity is approximately proportional to C. ( b ) Equivalent con¬ 
ductivity for strong electrolytes decreases with increasing C and (c) is nearly linear in VC. id) 
Equivalent conductivity decreases strongly with increasing C in the case of a weak electrolyte. All 
data are for 25° C. 
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TABLE 12-2. Some Equivalent Conductivities for Aqueous Electrolytes 
at 25°C a 


Electrolyte 

A” 

(cm 2 equiv -1 ohm -] 

A * 

"o 

L ) Electrolyte (cm 2 equiv -1 ohm -1 ) 

HC1 

426.16 

CaCl 2 

135.84 

LiCl 

115.03 

Ca(N0 3 ) 2 

130.94 

NaCl 

126.45 

BaCl 2 

139.98 

KCl 

149.86 

Na 2 SO t 

129.9 

NH 4 C1 

149.7 

N 2 I 2 C 2 O 4 

124 

KBr 

151.9 

CuSOj 

133.6 

NaN0 3 

121.55 

ZnSO, 

132.8 

kno 3 

144.96 

LaCl 3 

145.8 

AgNO s 

133.36 

K 4 Fe(CN ) 8 

184.5 

NaOOCCH, 

91.0 

NaOH 

248.1 

MgCl 2 

129.40 




0 Source: H. S. Hamed and B. B. Owen, “The Physical Chemistry of Electro¬ 
lyte Solutions,” 3rd ed. Van Nostrand-Reinhold, Princeton, New Jersey, 1958. 

6 To convert to SI units, multiply by 10 -4 ; thus A„(HC1) = 426.6 x 10"* m 2 
equiv -1 ohm -1 . 


A. Strong Electrolytes 

It is typical of a strong electrolyte solution that its specific conductivity is propor¬ 
tional to its concentration, to a first approximation. This behavior is illustrated in 
Fig. 12-3(a), and its observation led to the introduction of equivalent conductivity 
A as a useful quantity. According to Eq. (12-10), k should be a linear function of 
concentration if A is an intrinsic property of the electrolyte, independent of its 
concentration. The linearity law is not exact, however; as shown in Fig. 12-3(b), A 
for typical strong electrolytes decreases noticeably with increasing concentration. 
It was found very early that the decrease was proportional to VC ; that is, 

A = A 0 - A VC*, (12-12) 

where, in the case of a strong electrolyte, we take C = C*. Figure 12-3(c) shows 
that Eq. (12-12) is well obeyed up to about 0.1 M uni-univalent electrolyte con¬ 
centration. Deviations set in much earlier, however, with more highly charged 
ions. 

As is discussed in more detail in the Commentary and Notes and Special Topics 
sections, Eq. (12-12) has been explained theoretically as a consequence of interionic 
attractions and repulsions, that is, as a result of long-range Coulomb forces between 
ions. The effect is, in a sense, an incidental one arising from the charge on ions 
rather than from more chemical properties. The most important specific charac¬ 
teristic of an electrolyte is therefore A 0 , its equivalent conductivity at infinite 
dilution, since in this limit interionic attraction effects have vanished. Table 12-2 
summarizes some A 0 values for common electrolytes. 

One of the early observations that helped to establish the concept of a strong 
electrolyte was that their A values are approximately additive. By this is meant 
that, for example, zl K ci is due to independent contributions from K+ and Cl - ions, 
and similarly for ^ N aNo 3 and zl KNOj . An example of additivity behavior would 
then be 

■^NaCl = -^KCl + -^NaN0 3 — ^KNOj • (12-13) 
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Values at 25°C are 

0.1 M 106.74 = 128.96 + 98.7 - 120.40 = 107.26, 

A 0 126.45 = 149.86 + 121.55 - 144.96 = 126.45. 

The first line of these data shows that the additivity rule holds to within a percent 
or so for 0.1 M solutions. Our interpretation of A 0 requires that the rule hold 
exactly at infinite dilution, and this expectation is confirmed by the second line. 

The additivity rule allows the indirect calculation of A for an electrolyte. For 
example, 

^AgCl = -^AgN0 3 + ^KCl — -^KN0 3 

= 133.36 + 149.86 - 144.96 = 138.26. 

This type of calculation is greatly simplified in Section 12-6 since it turns out that 
absolute values for the individual ion contributions to A 0 can be determined. One 
then obtains the value for an electrolyte by adding the separate ion values. 


6. Weak Electrolytes 


One of the early problems was that not all electrolytes behaved as illustrated 
in Fig. 12-3(a-c). Thus, unlike HC1 and NaOH, acetic acid and aqueous ammonia 
give the results shown in Fig. 12-3(d). In this case, however, the behavior was 
explainable on the basis of a dissociation equilibrium. For a binary electrolyte AB 
whose formal concentration is C we write 


AB = A+ + B- , 

(1 — a )C aC aC 

where a is the degree of dissociation. The equilibrium constant is 

(cccy _ oc*c 
(1 - oc)C 1 - a ’ 

Alternatively, the quotient of Eqs. (12-10) and (12-11) gives 

A&pp C* 

A ~ C ~ 


(12-14) 


(12-15) 


The ratio C*/C is that of the concentration of ions, aC = C*, to the formal 
concentration C, and hence is equal to a. Substitution of this result into Eq. (12-14) 
gives 


K = 



A(A — As,pp) 


(12-16) 


If interionic attraction effects (see Section 12-3C) can be neglected, as is often true 
for weak electrolyte solutions if their actual ionic concentrations are low, then A 
is identified with A 0 ; Eqs. (12-15) and (12-16) then become 


and 


A app 

A 


a 


(12-17) 


A&ppC 


A(A ^app) 


K = 


(12-18) 
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Equation (12-18) is known as the Ostwald dilution law, after W. Ostwald, who 
proposed it. It allows a determination of the dissociation constant of a weak electro¬ 
lyte from conductance data. 


C. General Treatment of Electrolytes 

The great success of Eq. (12-18) in accounting for the behavior of weak electrolytes 
such as acetic acid led Ostwald, Arrhenius, and others to apply the same equation 
to salts such as KC1 and to acids such as HCI. The results were confusing. Although 
the K values computed on the basis of Eq. (12-18) were reasonably constant for a 
weak electrolyte, they would vary 10- or 20-fold when so computed for strong 
electrolytes over a range of concentration. 

It was eventually realized that two different effects are present. The predominant 
one in the case of a weak electrolyte is that of its partial dissociation into ions. 
Superimposed on this, however, is the effect of interionic attraction, which causes 
the value of A (as distinct from A &w ) to vary with concentration. If the 
electrolyte is largely or fully dissociated, then the interionic attraction aspect 
becomes the dominant one. This is the situation with strong electrolytes. 

Neither effect can be neglected for any electrolyte. In the case of a weak electro¬ 
lyte the correct equation to use is Eq. (12-16), where A must have the value corre¬ 
sponding to the actual ionic environment that is present. That is, the dissociation 
produces an ion concentration C*, which in turn affects A according to Eq. (12-12). 
The constant A of this equation, 

A = A 0 — A VC* [Eq. (12-12)], 

has been evaluated theoretically (see Special Topics), and is given by 

A = 0.2289/l o + 60.19. (12-19) 

Equation (12-19) is valid for aqueous univalent ions at 25°C at concentrations 
below about 0.1 M. 


12-4 Some Sample Calculations 


A. Calculation of Dissociation Constants 

The first two examples are ones in which interionic attraction effects are neglected. 
That is, we assume that A 0 gives the equivalent conductivity of the ions. We obtain 
the data in Table 12-3. 


TABLE 12-3. 



Measured resistance 

Solution 

at 25°C (ohms) 

Solvent water 

1 x 10» 

0.1 M KC1 

24.96 

0.01 M acetic acid 

1982 
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We wish to calculate the dissociation constant of acetic acid. It is first necessary 
to obtain the cell constant. The net conductance due to the KC1 is 


1 

24.96 


10 8 


= 0.04006. 


The specific conductivity of 0.1 MKC1 is known to be 0.012886 ohm -1 cm -1 , and 
use of Eq. (12-6) gives the cell constant: 


k 0.012886 

L ~ 0.04006 


0.3217 cm- 1 . 


The net conductance of the acetic acid is 

1 1 


L = 


1982 10« 


= 5.035 x 10~ 4 , 


from which we find 

k = (5.035 x 10 _4 )(0.3217) = 1.620 x 10~ 4 . 

The apparent equivalent conductivity is therefore 
1000 

A app = q^j 1-620 X 10" 4 = 16.20 cm 2 equiv -1 ohm" 1 . 


We may obtain A 0 for the ions of acetic acid from the additivity rule, using the 
values 91.0, 426.2, and 126.5 for the A 0 values of sodium acetate NaAc, HC1, 
and NaCl, respectively: 

•''Vhac = A),NaAc + ■''VhcI — -^O.NaCl 

= 91.0 + 426.2 - 126.5 = 390.7. 


The degree of dissociation is then 


a 


16.20 

390.7 


0.0415 


and the dissociation constant is 


(0.0415) 2 (0.01) 
1 - 0.0415 


= 1.797 X 10- 6 . 


The resistance of 1 x 10 6 quoted for the solvent water was deliberately picked 
as a somewhat low value. It corresponds to a specific conductivity of 

k = (10“ 6 )(0.3217) = 3.217 x'10~ 7 ohm- 1 cm- 1 . 


The value for pure water was quoted in Section 12-2B as 6.0 x 10 -8 ohm -1 cm -1 , 
and the difference, 2.62 x 10" 7 , is therefore to be attributed to impurities. Taking 
NaCl as a typical impurity, we get the corresponding concentration from Eq. (12-10) 
using yl 0 = 126: 


C = 


1000 

A 


K = 


1000 

126 


(2.62 x 10- 7 ) =2.08 x 10- 8 


M. 


This concentration of ionic impurity is not likely to affect the dissociation of the 
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0.01 M acetic acid, so the slightly impure water used is acceptable for the particular 
experiment. 

A value of 6.0 X 10 -8 ohm -1 cm -1 for the specific conductivity of pure water 
at 25°C was obtained by Kohlrausch and co-workers in 1894; the measurement 
allows a calculation of the dissociation constant for water itself. We write 

h 2 0 = H+ + OH - , A w = (H+)(OH-). (12-20) 

The concentration of water does not appear in A w since we take pure liquid water 
to be the standard state for water substance, and hence of unit activity. The limiting 
equivalent conductivity for the electrolyte H + , OH - may again be calculated from 
the additivity rule: 

^0,H+,OH- = ■'^O.HCl + ^O.NaOH Al.NaCl 

= 426.16 + 248.1 - 126.45 = 547.81. 

Equation (12-10) then gives the concentration of ions present: 

C = (6.0 x 10- 8 ) = 1.10 x 10-’. 

The value of K w at 25°C is therefore 

K w = (1.10 x 10" 7 ) 2 = 1.20 X 10" 14 . 

It is very difficult to remove the last traces of ionic impurities from water and this 
value for A w is a little high; a better (modern) value is 

Aw = 1.01 x 10- 14 . (12-21) 


B. Correction for the Interionic Attraction Effect 

We can improve the preceding calculation of the dissociation constant for acetic 
acid if we correct for the error introduced by using A 0KAc rather than 4l H + >A c- 
in determining it (we write A K + tAc - as a reminder that this is the actual equivalent 
conductivity of the ions H + and Ac"). The value of 0.0415 for a is now regarded as 
a first approximation, giving an ion concentration 


C* = (0.0415)(0.01) = 4.15 x 10" 4 M. 


The constant A of Eq. (12-12) is as given by Eq. (12-19), 

A = (0.2289X390.7) + 60.19 = 149.62. 


Equation (12-12) then gives 

^V.ac" = 390.7 - (149.62)(4.15 x 10" 4 ) 1 ' 2 = 387.7. 
The second approximation to a is therefore 


16.20 

387.7 


= 0.0418. 


a 
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The change is small enough in this case that another round of approximation is not 
needed (but may be carried out by the reader as an exercise). The final value for K 
is now 


(0.0418) 2 (0.01) 
1 - 0.0418 


= 1.82 X 10- 5 . 


( 12 - 22 ) 


C. Calculation of Solubility Products 

A useful application of conductivity measurements is to the calculation of the 
solubility of slightly soluble salts. Consider the following set of data: The resistance 
of a cell is 227,000 ohms when filled with water and is 21,370 ohms when filled 
with saturated calcium oxalate solution. The cell constant is 0.25 cm -1 . 

We calculate first the net specific conductivity of the calcium oxalate. The specific 
conductivity of the water is, by Eq. (12-4), 0.25/227,000 = 1.10 x 10~ 8 (the 
water is again somewhat impure), and that of the saturated solution is 
0.25/21,370 = 1.170 X 10~ s . The net value is 1.060 x 10~ 5 ohm -1 cm -1 . The 
value of A„ for Ca 2+ and oxalate, Ox 2- , ions is obtained through use of the additivity 
rule: 

A),Ca 2 +,Ox 2 ~ = ^0,Ca(NO 3 > 2 + ^ 0 ,Na 2 Ox ~ ^0,NaNO 3 

= 130.94 + 124 - 121.55 = 133. 

An equivalent conductivity for a salt such as Ca(N0 3 ) 2 will often be written as 
yljca(No 3 ) 2 as a reminder that 1 equiv and not one mole of salt is present in the 
defining experiment for A. We will take this point to be implicit in the writing of 
a A value, and will insert such fractions only when the reminder seems desirable. 
The concentration of Ca 2+ and Ox 2 - ions is then 

C = ^ 1.060 x 10" 5 = 7.97 x 10" 5 N. 

The solubility product is, of course 

CaOx(i) = Ca J+ + Ox 2 -, K sp = (Ca 2+ )(Ox 2 -). 

The concentration of CaOx(s) does not appear in K sp since solid calcium oxalate is 
in its standard state and hence has unit activity. The concentration is in equivalents 
per liter, so the molar concentration of ions in the saturated solution is 
3.99 X 10 -5 M. The value of K sp is therefore (3.99 x 10 -5 ) 2 = 1.59 x 10 -9 mole 2 
liter- 2 . 


12-5 Ionic Mobilities 

The conductance of an electrolyte solution is understood to be due to the motion 
of ions through the solution as a result of the applied potential. Positive ions move 
toward the electrode which is negatively charged in solution, or the cathode, and 
negative ions move toward the electrode which is positively charged in solution, 
or the anode. The current due to each ion is given by the product of the velocity of 



12-5 IONIC MOBILITIES 443 


the ion and its charge. We consider first the quantitative aspect of this motion of 
ions under the influence of an applied potential, and then methods for measuring 
ion velocities. 


A . Defining Equations 


The motion of a particle in solution when subjected to some force/was discussed 
in Section 10-7A. To review the situation, we recall that a limiting velocity v is 
quickly reached such that 


v 



(12-23) 


where f is the friction coefficient. In the case of spherical particles, recall that a 
relationship due to Stokes gives / = ( 'vrrqr , where ij is the viscosity of the medium 
and r is the particle radius. It has become customary when dealing with ions to 
use the reciprocal of/, called the mobility w. Equation (12-23) thus becomes 


v = aif 


(12-24) 


We want now to consider the case of an ion in solution which experiences a 
force due to the imposed potential difference between the electrodes. The potential 
energy ■/> of a charge q in a potential V is, by the definition of potential, just qV 
(and will be in joules if q is in coulombs and V in volts). The force acting on a 
particle of this charge is then dtf>/dx or qF, where F is the field and is equal to 
dV/dx. The force in dynes is then 


/ = 10 7 Fze, 


(12-25) 


where F is in volts per centimeter, z is the valence number of the ion, and e is the 
electronic charge in coulombs, e = 1.602 X 10 -19 C. If the charge is given in esu, 
Eq. (12-25) becomes 


/= Fz 


300' 


(12-26) 


The velocity of the /th ion is 


v t = 10 7 Fz,o» i e (12-27) 

or 

v { = m,F, (12-28) 


where «, is called the electrochemical mobility, usually expressed as (cm sec -1 )/ 
(V cm -1 ) or cm 2 V~ l sec -1 , and 

Ui = 10 7 ZitOfe. (12-29) 

We now want to determine the equivalent conductivity of this ion. According 
to the definition of equivalent conductivity, the electrodes are to be 1 cm apart and 
of area such that the enclosed volume contains 1 equiv. The conductance so 
measured is then the equivalent conductivity. In the present case the current carried 
will be 


h = v t . 


(12-30) 
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since Faraday’s number gives the charge per equivalent. The potential difference 
is just F, since the electrodes are 1 cm apart, and we find from Ohm’s law 

1 U _ u$3F 

1 R t F F F 

or 

A f = u&. (12-31) 

It is customary to use the lower case lambda, A, to designate the equivalent 
conductivity of an individual ion. 

In the SI system,/is in newtons so that Eq. (12-25) becomes/ = F ze, and Eqs. 
(12-27) and (12-29) are correspondingly changed. The various conversion factors 
are: t] (SI) = 0.1 (cgs), <o (SI) = 10 3 io (cgs), and A (SI) = 10" 4 A (cgs). 

The equivalent conductivity for an electrolyte is the sum of the contributions of 
the separate ions. Ordinarily only one kind of positive and one kind of negative 
ion are involved, so 

^1 = A + + A_ . (12-32) 

Since A can be determined from conductance measurements, if A + can be found by 
some independent means, then A_ may be calculated, and vice versa. One way that 
this may be done is by measurement of the velocity u of an ion per unit field. 

It should be emphasized that this velocity of an ion is not very large under ordinary 
potential gradients. The A values for electrolytes are around 100 cm 2 equiv" 1 ohm -1 
(Table 12-2) and A values for individual ions are about 50 cm 2 equiv -1 ohm -1 . 
A typical ion mobility is then 50/96,500 or about 5 x 10 -4 cm 2 V -1 sec -1 . The 
potential gradient is not apt to be more than perhaps 1 V cm -1 in experimental 
conductance measurements and so actual ion velocities would be less than 
5 x 10" 4 cmsec -1 . Such a velocity is far less then the kinetic energy velocity 
at room temperature, about 10 4 cm sec -1 , and the effect of the imposed electric 
field is evidently to give a very minor net bias to the random motion of ions in 
solution. 


B. Measurement of Ionic Mobilities 

The rate of motion of a given kind of ion under an imposed electric field may be 
observed directly if a boundary is present between two kinds of electrolytes. The 
method, called the moving boundary method, is illustrated schematically in Fig. 12-4. 
A vertical tube is layered with a solution of MX' (sodium acetate in this example) 
on top of one of MX (sodium chloride), which in turn is on top of one of M'X 
(lithium chloride). The concentrations are such that the solutions decrease in density 
upward, so that convectional mixing will not occur. The applied potential is such 
as to cause positive and negative ions to move in the directions shown. The lower 
boundary is one between M'X and MX, and hence between two types of positive 
ions, while the upper boundary is between MX and MX', or between two types of 
negative ions. The positions of these boundaries can be measured optically (and 
would also be visible to the eye) because of the change in refractive index. 

A further requirement is that the mobility of M be greater than that of M' and 
that the mobility of X be greater than that of X'. In terms of the particular example, 
«Na+ > «u+ a °d M ci- > w AC _. If this condition is met, then M' cations will not 
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FIG. 12-4. Illustration of the mov¬ 
ing boundary method. 



overtake the M cations but will lag behind slightly until enough extra potential 
drop occurs locally to bring them just up to the velocity of the M cations. The 
boundary between MX and M'X then remains sharp and its motion is determined 
by the velocity of the cations M. Similarly, the upper boundary remains sharp 
and its motion is determined by that of the anions X. 

On application of a potential across the electrodes, after a time t the lower 
boundary has moved up a distance d+ and the upper one down a distance d_ . The 
velocities of the M and X ions are then proportional to d + and cL , respectively, 
and since the ions experience the same potential gradient, the velocities are in turn 
proportional to the respective mobilities, and, by Eq. (12-31), to the respective A 
values. Thus 


Am _ d± 

A x d_- 

By Eq. (12-32), 

•''Imx = A m + A x = A x + 1^ 
or 

Ax = ^ MX (d+Tdl)’ 

and 

A M = ^MX (-jf+dl)- 


(12-33) 


(12-34) 


One can therefore determine A x and A M from the motions of the two boundaries if 
/1 MX is known. 

The restrictions on this type of procedure are somewhat severe, and act to limit 
the number of systems that can be studied. An alternative is to deal with just one 
boundary, say the one between MX and M'X. The motion of this boundary through 
distance d + sweeps out a volume d+sf, where sf is the cross-sectional area of the 
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tube. If the concentration of MX is C equivalents per liter, then the total quantity 
of electricity carried by the M cations is 

<7m = f 12-35) 


Had the motion of the upper boundary been observed, then, similarly, 


It follows that 


1- - 

(12-36) 

\ A 

Am_/1mX <7 m + <7x 

(12-37) 


since q M and q x are proportional to d + and d_ , respectively. However, q M + q x = 
q tot = it, where i is the current through the system and t is the elapsed time. 
Equation (12-37) can therefore be written 

A m = A1 M x ( C mx/1 000)(d + s*)& ( 12 . 38 ) 

It is thus possible to determine the ratio A M //1 MX from measurements of the motion 
of just one of the two boundaries. This ratio is known as the transference number 
for the ion M in salt MX (see Section 12-6). 


C. Experimental Results 


Ionic mobilities may be determined by the preceding method or indirectly, 
through the measurement of transference numbers, discussed in the next section. 
Some representative values are given in Table 12-4, extrapolated to infinite dilution. 
As suggested in the numerical example of Section 12-5A, the values are of the 
order of 10~ 4 cm 2 V -1 sec -1 . We can use Eq. (12-29) to relate u to the absolute 
mobility w and if, further, we invoke Stokes’ law so that <o = 1 // = 1 Ib-n-qr, then 
we find 


lO’zjC 
~ bn-qr ’ 


(12-39) 


TABLE 12-4. Mobilities of Aqueous Ions at Infinite Dilution at 25° C 


Mobility 

Cation (cm 2 V' 1 sec -1 x 10 4 ) Anion 

Mobility 

(cm 2 V" 1 sec- 1 x 10 4 ) 

H + 

36.30 

OH- 

20.50 

Li+ 

4.01 

F- 

5.70 

Na+ 

5.19 

ci- 

7.91 

K + 

7.62 

Br- 

8.13 

Rb + 

7.92 

I- 

7.95 

Ag + 

6.41 

no 3 - 

7.40 

Cs+ 

7.96 

CHsCOO- 

4.23 

nh 4 + 

7.60 

CO 2 - 

7.46 

Ca 2 + 

6.16 

SOJ- 

8.27 

La 3+ 

7.21 
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where e is in coulombs. Equation (12-39) predicts that «, should vary inversely with 
solvent viscosity, a statement known as Walden’s rule. 

One may also calculate the apparent or hydrodynamic radius of an ion. As an 
example, the mobility of Na + ion is 5.19 X 10“ 4 cm 2 V" 1 sec -1 , and the viscosity 
of water is 0.894 cP; hence at 25°C 

(1)(1.602 x 10" 19 )(10 7 ) 
rNa+ - (6X3.142X0.00894X5.19 X 10" 4 ) 

= 1.83 x 10" 8 cm. 

The radius of the Na+ ion in a crystal of NaCl is found to be 0.95 A, so, to the extent 
that Stokes’ law is accurate, it appears that Na + ion is larger in solution than its 
true size. The accepted explanation is that the ion strongly binds a sphere of water 
molecules around it, so that the size of the hydrodynamic unit is thereby increased. 
This interpretation is supported by the fact that the corresponding calculation 
for a large ion such as N(CH 3 ) 4 + gives essentially the crystallographic radius. 
Tetramethylammonium ion is large and nonpolar so that its interaction with water 
molecules is not expected to be so strong as to bind them to it as a kinetic unit. 

This example illustrates that quite reasonable ionic radii result from calculations 
based on mobility measurements, provided that ions are regarded as capable of 
binding water molecules so as to increase the size of the effective hydrodynamic 
unit. Table 12-4 shows that the order of increasing mobility is 

Li+ < Na+ < K+ < Rb+ < Cs+. 

Since by Eq. (12-39) mobility should vary inversely with the ion radius, the series 
is just opposite to what might be expected in terms of the actual ion sizes—Li+ 
should be the smallest and the most mobile of the series. The accepted explanation 
is that the binding of water molecules by a cation is strongly affected by the charge 
density at the surface of the ion and therefore varies along the series. The potential 
of a point charge q is q/r at a distance r (as discussed in Section 8-ST-l), and is 
consequently larger at the surface of a Li + ion than at the surface of a Cs + ion, to 
consider the extremes. Aqueous Li + ion probably carries about six water molecules 
with it, tightly held by the strong local field. The surface potential for Cs + is small 
enough that it appears to carry few if any water molecules with it. The mobility 
series for the alkali metal ions thus provides one of the strong evidences for the 
hydration of ions in solution. 

Independent methods confirm that aqueous ions hold or coordinate solvent water 
molecules around them. In the case of divalent and trivalent ions the rate of 
exchange between coordinated and free water is slow enough to be followed as a 
chemical reaction. The coordination chemist thus regards an aqueous cation in 
much the same light as any other complex ion; the ion holds water more or less 
tightly in its coordination sphere, and this water must leave if some other group or 
ligand is to be coordinated in its place. 

The case of the H+ ion is a very interesting one. The simple ion, is, of course, 
just a proton, and its radius on this basis would be about 10~ 13 cm. We know that 
this is not the situation and that H+ is coordinated to a water molecule, so that it is 
more appropriately written as H 3 0+. However, as discussed in Section 8-CN-2, 
liquid water is a very complex mixture of individual molecules and clusters of 
hydrogen-bonded molecules. These last were described as “flickering clusters” 
since they form, break up, and reform elsewhere very rapidly. It is therefore 
difficult to assign H + to any one single unit and the formulation H 3 0 + is used here 
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in the same way that H 2 0 is used to describe the molecular unit of liquid water. 

The formula H 3 0 + is, however, the minimum size of the positively charged unit, 
and the observed mobility for H + ion is much too large to be explainable in terms 
of Eq. (12-39). It seems very likely that a variation of the Grotthus mechanism of 
Fig. 12-1 is operative in this case. As an illustration of the proposed mechanism, 
one of the clusters of Fig. 8-21 may be stretched out in linear form and imagined to 
carry an extra proton: 


H-O-H-O-H-O-H-O-H — H-O-H-O-H-O-H-O-H 

The long spacings represent hydrogen bonds, and the short ones, regular bonds. 
The proton is shown as first assigned to the left-hand oxygen, but hydrogen bonds 

are mobile in that the hydrogen atom can easily jump from a O—H-O to a 

O-H—O position. Such a shift down the chain then puts the extra proton on 

the right-hand oxygen. Thus in this case a unit of positive charge has moved four 
molecular distances without any appreciable molecular motion being required. 

This process is not quite complete, however, since after the charge transfer each 
water molecule has, in effect, been rotated 180°. The following elementary steps 
illustrate the point: 


H-O-H + O-H 
+ 


H H 

I 

H-O + H-O-H 


O-H + H-O-H. 
+ 


It may be that either the rotation time for a water molecule or the rate of formation 
and disruption of clusters determines the speed at which charge can move through 
the solution. M. Eigen, from his studies of very fast reactions in aqueous 
solutions, has been led to suggest that rather than being associated randomly 
with molecules and clusters, a special unit is the most stable one: 


o o 

/ \ / \ 

H H H H 

\r 


H H 


If so, the rate of reformation of H 9 0 4 + may be the slow step that determines the 
mobility of protons in water. The subject is as complicated as the structure of 
water itself. 

The mobility of the OH - ion is also unusually high, and mechanisms have been 
proposed that are similar to those for proton migration. 


D. Electrophoresis 

A special case of the moving boundary method should be discussed briefly. It 
has been very highly developed for use in the study of proteins and other large 
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molecules and the process is now called electrophoresis. As an example, a boundary 
is formed between two buffer solutions, one of which contains protein. The 
boundary is observed to move on application of a potential between the electrodes 
and one thus obtains the rate of motion of the protein and, from the potential 
gradient, a value for its electrochemical mobility. The temperature is often set at 
about 4°C or at the point of maximum density of the solution. In this way con¬ 
vection currents due to temperature fluctuations are largely eliminated. Alterna¬ 
tively, a gel matrix may be used to eliminate convection. See Fig. 12-5 for some 
representative results. 

Electrophoresis measurements serve to distinguish protein molecules qualitatively 
since each shows a characteristic rate of motion. If a mixture is initially present 
as a thin band, separation into several distinct zones will occur. The method may 
thus be used for the analysis of a protein or other mixture. On a more quantitative 
level the determination of the mobility u allows us to estimate the charge z that is 
carried. If the size of the protein molecule is known, then Eq. (12-39) may be used 
for the calculation of z. The more elegant approach is to determine the friction 
coefficient/by means of sedimentation or diffusion measurements (see Section 10-7) 
and to write the more general expression 


Ui = 


10 7 z,e 

/ 


(12-40) 


The charge may then be computed without making any assumptions about 
molecular size or shape. 

It should be noted that in the case of amino acids and proteins, the charge on 
a given molecule fluctuates with time as it adds or loses protons in rapid acid-base 
equilibria (note Section 12-CN-3). The electrophoretic velocity depends on the 
average charge, and is therefore very pH-dependent. 

Electrophoretic measurements may be extended to particles large enough to be 
visible under a microscope, that is, to colloidal systems. For reasons that are not 
discussed until Section 21-ST-l, the equipment is now called a zetameter, but the 
method is essentially the same as that just described. One applies a known potential 
gradient and observes the slow motion of the colloidal particle along the gradient. 
We can then calculate the mobility from the rate of such motion and the field and 
use Eq. (12-39) to obtain the total charge on the particle. 


12-6 Transference Numbers— 
Ionic Equivalent Conductivities 


The direct measurement of ionic mobilities was discussed in the preceding section. 
An alternative approach is to determine directly the fraction of current carried by 
a particular ion, rather than its actual velocity. 


A. Defining Equations 

The transference (or transport ) number of an ion in an electrolyte solution is 
defined as the fraction of the total current which that ion carries when a potential 
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7 -globulins 


Sa 2 -globuli n 


High molecular 
weight ^-lipo¬ 
protein 


Y 


Transferrin C 


Hemoglobin- 

haptoglobin 

complexes 



Albumin 


Post-albumins 


FIG. 12-5. Electrophoretic separation of proteins in human serum. The medium was starch 
gel in borate buffer at pH 8.6. [From O. Smithies, Adv. Protein Chem. 14 ,15 (1959). \ 


Further separations are pos¬ 
sible by electrophoresis first 
in one direction and then at 
right angles. Human serum 
proteins: ACG,f)\ -A/C-glob- 
ulin; ACh, a\-antichymo- 
trypsin; AGP, acid-apglyco¬ 
protein; Alb, albumin: AT, 
^-antitrypsin; HSGP, a 2 - 
HS-glycoprotein; GcG, Gc- 
globulin; Hp, haptoglobins; 
Hpx, hemopexin; IgA, 
immunoglobulin A; IgG, 
immunoglobulin G; MG, a 2 - 
macroglobulin; mHp, hap¬ 
toglobin monomer; oAlb, 
albumin oligomere; oAT, 
a^-antitrypsin oligomere; 
Pa, prealbumin; Tf, trans¬ 
ferrin. [From W. Giebel 
in “Electrophoresis and Iso¬ 
electric Focusing in Poly¬ 
acrylamide Gel" (R. C. 
Allen and H. R. Maurer, 
eds.), De Gruyter, Berlin, 
1974. See Giebel and 
Saechtling (1973). ] 
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gradient is applied. We can write Eq. (12-35) in the form 


h = 


Cj 

1000 


Vts4 


(12-41) 


where v t = ddildt and is the velocity of the ith ion. Since each velocity is propor¬ 
tional to the field, Eq. (12-41) reduces to the form 

ii = kUiCi , (12-42) 

where A; is a proportionality constant common to all the ions present. The total 
current is then £,• /< = u f C t , so the transference number of the ith ion is 


UjCj 

Zt “iCi ' 


(12-43) 


Further, the mobility of an ion is proportional to its equivalent conductivity, by 
Eq. (12-31), so that 


A,C, 

* Zt A,C, • 


(12-44) 


Equation (12-44) is a general one, valid for a mixture of electrolytes. If a single 
electrolyte is present, then C + = C_ and the special form for this case is therefore 


or 


, _ A + 

+ A + + A_ 



(12-45) 


Some representative transference numbers are given in Table 12-5. Note that 
these vary with concentration. The reason is that A + and A_ vary differently with 
concentration. 


B. Transference Numbers by the Hittorf Method 

The fraction of current carried by each ion of an electrolyte, and hence the 
transference numbers, may be determined directly with a special type of electrolysis 
cell. The procedure is known as the Hittorf method (introduced in 1853) and a 


TABLE 12-5. Cation Transference Numbers in Aqueous Solutions at 25°C ° 


Cation transference number 


Concentration C 

HC1 

NaCl 

KC1 

Na 2 S0 4 

LaCl s 

0.01 

0.8251 

0.3918 

0.4902 

0.3848 

0.4625 

0.02 

0.8266 

0.3902 

0.4901 

0.3836 

0.4576 

0.05 

0.8292 

0.3876 

0.4899 

0.3829 

0.4482 

0.10 

0.8314 

0.3854 

0.4898 

0.3828 

0.4375 

0.20 

0.8337 

0.3821 

0.4894 

0.3828 

0.4233 


“ As determined by the moving boundary method. See H. S. Hamed and B. B. 
Owen, “The Physical Chemistry of Electrolyte Solutions,” 3rd ed. Van Nostrand- 
Reinhold, Princeton, New Jersey, 1958. 
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Anode Cathode 

Ag Ag 



FIG. 12-6. Schematic drawing of a Hittorf transference cell. 


Hittorf cell is sketched in Fig. 12-6. The cell is constructed so that the three 
compartments may be isolated from each other and drained separately. The basis 
of the method is that the change in the amount of electrolyte in either end com¬ 
partment depends both on the electrolysis reaction and on the number of ions that 
have migrated in or out in the process of carrying current. 

The cell shown in the figure is filled with silver nitrate solution and has silver 
electrodes. The general situation is that since the mobilities of Ag + and N0 3 ~ ions 
are about equal, each carries about half the current. Thus for each faraday of 
electricity put through the cell, £ equiv of Ag + ions will pass from left to right across 
the dividing line 1—II between cells I and II and £ equiv of N0 3 ~ ions will pass 
across the line I—II from right to left. Oxidation occurs at the anode, so that, per 
faraday, 1 equiv of Ag+ ions is delivered into cell I by the silver electrode. Between 
the gain by electrolysis and the loss by migration, there is a net gain of \ equiv of 
Ag+ ions in cell I. Since the N0 3 ~ ion is not involved in the electrode reaction, the 
gain of \ equiv by migration is net. Cell I will thus show a overall gain of \ equiv 
of silver nitrate per faraday. 

The details of the analysis of the Hittorf method are given in the Special Topics 
section. It is sufficient here to note that analysis of the changes in amounts present 
in the electrode compartments of a Hittorf cell allows the calculation of the fraction 
of current carried by each ion, and hence the determination of its transference 
number. 


C. Ionic Equivalent Conductivities 

There are two principal methods for obtaining ionic equivalent conductivities. 
The first is by direct measurement of the ionic mobility, as in the moving boundary 
experiment, and the second is through a determination of the cation or anion 
transference number for an electrolyte of known equivalent conductivity, as by 
means of the Hittorf method. 

As in the case of the equivalent conductivity of an electrolyte, the usual quantity 
tabulated is the equivalent conductivity of the ion at infinite dilution. This value 
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is characteristic of the isolated ion free of long-range interionic attraction effects. 
A number of such values are given in Table 12-6. These are, of course, parallel to the 
mobilities in Table 12-4, being related by Faraday’s number. The same general 
comments apply here as were made in Section 12-5C. 


12-7 Activities and Activity Coefficients of Electrolytes 


A. Introductory Comments 

An electrolyte, like any other solute, tends to give nonideal solutions, 
approaching Henry’s law behavior at infinite dilution. We know that at high 
dilution the positive and negative ions act independently. The colligative property 
effects report, for example, the number of particles expected from the complete 
dissociation of the electrolyte. On the other hand, it is not possible to vary a single 
ion concentration, keeping everything else constant. An attempt to do so would 
immediately result in the solution acquiring an enormous electrostatic charge. 
An excess of even 10 -10 mole liter -1 of one kind of ion over another would result in 
a static charging of the solution to a potential of about 10 6 V! In other words, we 
cannot prepare a solution containing only one kind of ion and therefore cannot 
determine individual ion activities or activity coefficients; we can only observe a 
mean value for the positive and negative ions present. 

The situation is illuminated if we consider the case of a solubility product 


TABLE 12-6. Equivalent Conductivities of Aqueous Ions at 25° C° 


Cation 

Equivalent conductivity*’ 

(cm 2 equiv -1 ohm -1 ) Anion 

Equivalent conductivity 1 
(cm 2 equiv -1 ohm -1 ) 

H+ 

349.7 

OH - 

198 

Li + 

38.7 

F - 

55 

Na + 

50.1 

Cl - 

76.3 

K+ 

73.5 

Br - 

78.4 

Rb + 

76.4 

I - 

76.8 

Cs+ 

76.8 

no 3 - 

71.44 

Ag+ 

61.9 

hso 3 - 

50 

nh 4 + 

73.7 

so 2- 

72 

Be 2+ 

45 

hco 3 - 

44.5 

Mg 2+ 

53.06 

CO 2- 

72 

Ca 2+ 

59.50 

SO 2- 

79.8 

Ba 2+ 

63.7 

HCOO - 

56 

La 3+ 

69.6 

hc 2 o - 

40.2 

Co(NH 3 )J + 

102 

c 2 c>5 - 

74 



ch 3 coo - 

40.9 


“ See D. Maclnnes, “Principles of Electrochemistry.” Van Nostrand- 
Reinhold, Princeton, New Jersey, 1939. 

6 To convert to SI units, multiply by 10”*. ThusA(Na + ) = 50.1 cm 2 equiv -1 
ohm -1 = 50.1 x 10 -4 m 1 equiv -1 ohm -1 . 
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equilibrium. We write for a slightly soluble salt MX the solubility equilibrium 

MX(j) = MX(solution) = M+ + X~. (12-46) 

The thermodynamic criterion for equilibrium is satisfied if we write 

mxW = MMx(solution) 

as required by Eq. (9-44). We can introduce the activity of the electrolyte species: 

/u MX (solution) = /XMx(soIution) + i?Tln a MX . (12-47) 

The activity a MX corresponds to the solute activity a 2 in the equations of Chapter 10. 
It can be obtained, for example, by application of the Gibbs-Duhem integration 
procedure to solvent activities as determined from colligative property measure¬ 
ments. As with solutes generally, we use a Henry’s law standard state, usually the 
one based on molality as a concentration unit (see Section 10-6). 

The treatment up to this point is rather unsatisfactory, however. It does not tell 
us that the electrolyte is dissociated or how a MX is apt to be influenced by the 
presence of a common ion in the solution. Returning to the solubility equilibrium, 
the normal way of writing the equilibrium constant for process (12-46) is in terms 
of a solubility product: 

K sP - (M+)(X-). (12-48) 

We know that the constant K sp is well-behaved in dilute solutions. For example, 
while we cannot avoid having essentially equal numbers of positive and negative 
ions present in any solution, we can, by using mixed electrolytes, vary the 
concentrations of specific kinds of ions, such as M+ or X - , independently. If S 
denotes the solubility of MX(i), then in pure water we have 

K bp = S 2 . (12-49) 

If added X - ion is present, as in the form of a concentration C of NaX, then 
Eq. (12-48) becomes 

K sp = (S)(S + C). (12-50) 

We now have the common ion effect whereby added X - ion depresses the solubility 
of MX(s). Since the solution is still in equilibrium with the solid, a MX must not 
have changed, even though the individual values of (M+) and (X - ) are now quite 
different from before. Thus observation tells us that in dilute solution 

<*mx = (M+)(X-). (12-51) 

Use of Eq. (12-51) allows a more realistic treatment of colligative effects in dilute 
solution. The Gibbs-Duhem integration gives In a MX , and for a single electrolyte 
solute MX, (M+) = (X - ) = m. We then have In c MX = In m 2 = 2 In m, and the 
experimentally observed factor of 2 has now appeared. 

Consider, for example, the osmotic pressure effect. The basic equation is 

-ln fll = A/7 [Eq. (10-20)] 
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and this is to be used with the Gibbs-Duhem relation 

x 1 d (In Uj) + x 2 41n a 2 ) = 0 [Eq. (9-79)], 

where and x 2 must denote the mole fraction of components 1 (solvent) and 
2 (salt MX). It is simpler for the present illustration to use mole fraction rather 
than molality for the salt concentration, and so we write a MX = (*m + X*x~) = x 2 
(rather than u MX = m 2 ). This amounts to using the first of the Henry’s law conven¬ 
tions of Section 10-6. Since d(ln a MX ) = 2 d(ln x 2 ), combination of Eqs. (10-20) 
and (9-79) gives 

2x 2 d {In x 2 ) = — Xj d (In %) = x x dll (12-52) 

or 



2 r^d(lnx 2 ) = 2 f 

•'0 ^1 J 


Xi dx 2 
o *1 


The integral of dx 2 /x 1 is —ln(l — x 2 ) and since the solution is to be dilute, this 
becomes just x 2 . The final result is 



(12-53) 


Thus the osmotic pressure is predicted to be twice the value expected just from the 
mole fraction of the salt, or the van’t Hoff i factor comes out equal to 2, as observed. 


B. Defining Equations for Activity and Activity Coefficient 

The preceding analysis was presented to show that the activity of an electrolyte 
is equal to the product of the ion concentrations in very dilute solutions. For the 
more general case of a nonideal solution we therefore write 


a 2 = a+a_, (12-54) 

where a 2 denotes the electrolyte activity and a + and a_ the individual ion activities, 
which become equal to m + and m_ , respectively, in the limit of infinite dilution. 
We then further define the activity coefficients y + and y_ : 

a + = Y 4 m + and a_ = yjm_. (12-55) 

Since a 2 involves the square of a concentration, it is convenient to define a new 
activity a± as the square root of a 2 : 


a 2 = a± 2 . (12-56) 

The activity a± is known as the mean activity. Similarly, y± is called the mean activity 
coefficient: 

y ± 2 = y+Y- , (12-57) 

m± 2 = m + m_. 


and m± the mean molality: 


(12-58) 
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Then 


a± = y±m± . 


(12-59) 


This set of definitions is for the specific case of a 1-1 electrolyte, that is, for an 
electrolyte which produces 1 mole of ions of each kind per formula weight. The 
general treatment is suggested by consideration of the solubility product for a 
salt M v +X v - : 


M v+ X„_(^) = > , +M I+ + A'gp = (M z+ y+(X z y-, (12-60) 

where z + and z_ are the respective ion charges and v + and v_ are the numbers of 
ions of each type. Electroneutrality requires that 

v+z + = vjz_ . (12-61) 

We want to define the activity of this general electrolyte in terms of individual ion 
activities such that in the limit of infinite dilution we obtain the expression on the 
right-hand side of Eq. (12-60). The definitions are then 


a* 

1 _v_ 


(12-62) 

a± 

_V 1 _v_ 

^4. > 

where v = v + + v_ , 

(12-63) 

a+ 

= V+™+ , 

< 2 - = y_m_ [Eq. (12-55)], 


y± 

, + + 

N 

II 


(12-64) 

my 

v, V 

= mym~, 


(12-65) 


and, as before, 

a± = y±m± [Eq. (12-59)]. 


The complications introduced by these definitions are regrettable. They develop 
naturally, however, when we deal with nonideal electrolyte solutions. 


C. Activity Coefficients from Solubility Measurements 

The preceding material allows us to write the thermodynamic equilibrium 
constant for the solubility equilibrium of an electrolyte. Thus for AgCl we have 

AgClO) = Ag + + CI-, (12-66) 

^th = a Ag+ a cl - = (Ag+)(C1-) y Ag +y c i-, (12-67) 

or 

Kt b = K sp y± 2 , (12-68) 

where Kth is the thermodynamic solubility product and K sp is the usual form in 
which concentrations are used. The solubility of AgCl in water is about 10 -s m 
and it seems likely that y± will be unity for so low a concentration. We can 
investigate the situation by adding some neutral or noncommon-ion electrolyte. 
We find experimentally that on doing so the solubility of AgCl increases, and hence 
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so does its K sp value. Evidently y± is varying with the concentration of added 
neutral electrolyte, since Kth must remain a constant. 

A useful way of graphing such data follows if we write Eq. (12-68) in the form 

log K sp = log Kth — 2 log y t ■ (12-69) 

We then plot log K sp against some function of concentration. Figure 12-7 gives the 
results of measurements that show the effect of added KN0 3 and MgS0 4 on the 
solubility and hence the K sp for AgCl. As with equivalent conductivity, the 
experimental observation is that a plot is nearly linear if the square root of the 
added electrolyte concentration is used. The theoretical explanation is given in 
the next section, as is the definition of ionic strength, I. 

Since we are using the Henry’s law convention for activities and activity coeffi¬ 
cients, y ± approaches unity at infinite dilution. The intercept of Fig. 12-7 therefore 
gives log = —9.790, or Kth = 1.62 x 10 -10 . We may then calculate y± for 
the ions Ag + and Cl - in the presence of added KN0 3 by inserting Kth and the 
measured K sp into Eq. (12-69). Thus log K sp = —9.645 at Vm = 0.175 orm = 
0.0306; then log y ± = [(-9.790) - (—9.645)]/2 = -0.0725, whence y ± = 0.846. 
The data allow a tabulation of y ± versus concentration of added KN0 3 (strictly 
speaking, m includes the contribution of the dissolved AgCl to the total salt 
concentration). 


D. The Ionic Strength Principle 

Studies such as the preceding were carried out for a number of systems, especially 
by V. LaMer and co-workers, and these confirmed an earlier observation by 
G. Lewis that the activity coefficient of an electrolyte depends mainly on the total 
concentration of ions and only secondarily on their specific chemical natures. 
Thus for concentrations below about 0.05 m, the data of Fig. 12-7 would be 
essentially the same if NaN0 3 , KC10 4 , and so on were used instead of KN0 3 . The 



FIG. 12-7. Variation of K sp for AgCl at 25°C with increasing KNO, concentration (plotted as 
Vm) and increasing MgS0 4 concentration {circles, plotted as V7). 
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results, incidentally, would also have been the same if NaCl were the added 
electrolyte. Although there is now a common-ion effect, depressing the solubility 
of the AgCl, the experimental K sp values will still show the same variation with 
concentration of total electrolyte present. 

Empirical observation showed, however, that if other than uni-univalent salts 
were used, there was an increased effect on activity coefficients. It was found that all 
types of electrolytes can be put on a common basis by expression of the ionic 
concentration in terms of a quantity called the ionic strength /, where 

/ = i £ m x z?. (12-70) 

i 

In the case of a uni-univalent electrolyte, I = m, but for, say K 2 S0 4 , / = 
|(2 m + Am) = 3m, while for MgS0 4 , I — \(Am + Am) = Am. The increase in 
solubility of a salt in the presence of any electrolyte is nearly the same if the results 
are plotted in terms of / rather than m. The circles in Fig. 12-7 are the points 
obtained with MgS0 4 as the neutral salt and with the abscissa reading V7 rather 
than Vm. 

The discovery of the ionic strength principle was a major step toward the under¬ 
standing of nonideality effects in dilute electrolyte solutions. The principle 
constituted strong evidence that it was the charges on ions and not their particular 
chemical natures that determined activity coefficients. It paved the way for the 
development of the interionic attraction theory (described in Section 12-8). 


£. Methods of Determining Activity Coefficients 

The change in solubility of a salt with ionic strength provides one means for 
determination of the activity coefficient of the salt in the presence of some other 
electrolyte. The method is not applicable to soluble salts, and, moreover, necessarily 
gives activity coefficients in mixed electrolyte solutions. The activity coefficient 
of an electrolyte in solutions containing no other ionic species is of more general 
importance. 

As indicated in Section 12-7A, a 2 , the solute activity, may be obtained from 
colligative property measurements through use of the Gibbs-Duhem equation. 
Equation (12-52) would be written with d(\na 2 ) rather than d {In * 2 ), and then 


TABLE 12-7. Dissociation Constant of Acetic 
Acid at 25°C a 


C x 10 3 
(A/) 

aC X 10 4 

K x 10 6 

m 

0.028014 

0.151 

1.768 

0.2184 

0.540 

1.781 

2.4140 

2.00 

1.809 

9.8421 

4.12 

1.834 

20.000 

5.96 

1.840 

50.000 

9.50 

1.849 


° Adapted from S. Glasstone, “Textbook of 
Physical Chemistry,” p. 955. Van Nostrand- 
Reinhold, Princeton, New Jersey, 1946. 


519 
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FIG. 12-8. Variation of K a for acetic acid with concentration at 25°C. 


manipulated into the form of Eq. (9-80). The detailed procedures for simplifying 
the handling of this integration may be found in more specialized texts [for example, 
Lewis and Randall (1961)]. Much of our activity coefficient data comes from 
measurements of the emf of electrochemical cells. This approach is discussed 
in detail in Chapter 13 and will not be reviewed here. 

Activity coefficients may also be obtained from a study of ionic equilibrium. As 
a specific example, Table 12-7 gives the concentration equilibrium constant for 
the dissociation of acetic acid as determined from conductivity measurements at 
various concentrations. The concentration equilibrium constant is 

HAc = H+ + Ac-, K = (12-71) 

1 — (X 

and a in the table has been corrected for the ion atmosphere effect on A, as described 
in Section 12-3C. The residual variation in K is attributed to nonideality, and 
Eq. (12-71) is written 

K th = K = KK V . (12-72) 

yHAC 

The solutions are dilute enough that, as a nonelectrolyte, HAc is probably in the 
Henry’s law region of behavior, so y H ac = 1- Therefore K y = y± 2 , and Eq. (12-72) 
may be plotted according to the form 


log K = log Kth — 2 log y± . (12-73) 

The ionic strength derives entirely from the H+ and Ac - ions, whose concen¬ 
tration is aC, and the plot of log K versus (aC) 1/2 is shown in Fig. 12-8. Extra¬ 
polation to zero aC gives log(10 5 ATth) = 0.2440, or Kth = 1.754 x 10- 5 . Insertion 
of this value into Eq. (12-72) allows K y , and hence y± , to be calculated for each 
concentration. Thus for 0.050 m HAc, y± 2 = 1.754 x 10- 5 /1.849 x 10~ 5 = 0.949, 
or y± = 0.97. 

The same approach would be used in the case of an equilibrium not involving 
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ionic species. Thus for the esterification reaction in aqueous solution, 
CH 3 COOH + c 2 h 6 oh = ch 3 cooc 2 h 6 + h 2 o, 

one again writes 


(CH 3 C00C 2 H 5 )(H 2 0) ycH 3 cooc 2 H 5 yH 2 o _ 
th ~ (CH 3 COOH)(C 2 H 5 OH) y C H 3COO Hyc 2 H 5 oH _ y 

and extrapolates the measured values of K to infinite dilution. Pure water is taken 
to be in its standard state so that y Hs o approaches unity at infinite dilution of the 
other species, and the extrapolated value of K is then equal to Kth ■ We are primarily 
concerned with rather dilute solutions in this chapter, and activity coefficients for 
nonionic species are close to unity. It is only in the case of ions that the long-range 
Coulomb interactions lead to nonideal behavior even in quite dilute solutions 
(C < 0.1/m). 


F. Activity Coefficients of Electrolytes 

As noted earlier, a number of methods may be used for the determination of 
the activity coefficient of an electrolyte. The results have been collected and tables 
of standard activity coefficients are available. A selection of such results is given 
in Table 12-8 and the mean activity coefficients of some typical electrolytes are 
plotted against concentration in Fig. 12-9. 

The points to notice are the following. First, of course, even 0.1 m solutions 
can be drastically nonideal in their behavior. Second, electrolytes of a given charge 
type tend to show similar variations of y± with concentration at first but deviate 
from each other at higher concentrations. Third, the higher the product z + z_ , 
the earlier the deviations from ideality set in. The differences within a given family 


TABLE 12-8. Mean Activity Coefficients for Aqueous Electrolytes at 25° C° 


Mean molal activity coefficient 


Electrolyte 

0.001 m 

0.005 m 

0.01 m 

0.05 m 

0.1 m 

0.5 m 

1.0 m 

2.0 m 

4.0 m 

HC1 

0.965 

0.928 

0.904 

0.830 

0.796 

0.757 

0.809 

1.009 

1.762 

NaCl 

0.966 

0.929 

0.904 

0.823 

0.778 

0.682 

0.658 

0.671 

— 

KC1 

0.965 

0.927 

0.901 

0.815 

0.769 

0.650 

0.605 

0.575 

0.582 

hno 3 

0.965 

0.927 

0.902 

0.823 

0.785 

0.715 

0.720 

0.783 

0.982 

kno 3 

— 

— 

— 

— 

0.733 

0.542 

0.548 

0.481 

— 

AgN0 3 

— 

0.92 

0.90 

0.79 

0.72 

0.51 

0.40 

0.28 

— 

NaOH 

— 

— 

— 

0.82 

— 

0.69 

0.68 

0.70 

0.89 

h 2 so 4 

0.830 

0.639 

0.544 

0.340 

0.265 

0.154 

0.130 

0.124 

0.171 

k 2 so, 

0.89 

0.78 

0.71 

0.52 

0.43 

— 

— 

— 

— 

BaCl 2 

0.88 

0.77 

0.72 

0.56 

0.49 

0.39 

0.39 

— 

— 

CuS0 4 

0.74 

0.53 

0.41 

0.21 

0.16 

0.068 

0.047 

— 

— 

K 4 Fe(CN)« 

— 

— 

— 

0.19 

0.14 

0.067 

— 

— 

— 


0 Adapted from W. M. Latimer, “The Oxidation States of the Elements and Their Potentials 
in Aqueous Solutions,” 2nd ed. Prentice-Hall, Englewood Cliffs, New Jersey, 1952, and H. S. 
Hamed and B. B. Owen, “The Physical Chemistry of Electrolytic Solutions,” 3rd ed. Van Nostrand- 
Reinhold, Princeton, New Jersey, 1958. 








12-8 THE DEBYE-HUCKEL THEORY 461 



m 


FIG. 12-9. Activity coefficient plots for various electrolytes at 25°C. 

of the same z + z_ product appear to be due to several causes. Extensive hydration 
of the ions ties up the solvent water and makes the true mole fraction higher than 
the apparent one; a similar explanation was offered for the behavior of aqueous 
sucrose solutions (note Table 10-3). This may be a major reason for the rather 
high activity coefficients of electrolytes such as HC1 in concentrated solutions. 
A second factor is that many electrolytes are not fully dissociated. Although 
a chemical bond is not ordinarily expected to form in the case of electrolytes 
involving a rare gas type of ion such as K+ , ions may associate strongly as 
an ion pair. Salts such as CuS0 4 , however, may actually form a coordinate bond 
in their association. Acids such as H 2 S0 4 are relatively weak, and are not fully 
dissociated except in dilute solution. If association occurs for any of these reasons, 
the result is generally to lower the activity coefficient of the electrolyte. 

A less chemically specific effect is that the actual size of the ion becomes impor¬ 
tant in concentrated solutions. The result is an increase in activity coefficient 
over what it would otherwise be. 

These various explanations are important in the sense that they provide some 
rationale for an otherwise bewildering variety of behavior. They are discussed 
in somewhat more detail in the Commentary and Notes section. On the other 
hand, an activity coefficient is a phenomenological quantity; when multiplied by 
the mean molality, it gives the mean activity of the electrolyte and therefore its 
chemical potential, regardless of explanation. 


12-8 The Debye-Huckel Theory 

Repeated remarks have been made throughout this chapter about the effect 
of the long-range Coulomb interactions between ions on both their transport 
behavior or mobilities and their activity coefficients. The theoretical approach 
to the former effect is mentioned further in the Special Topics section. The same 
interactions that affect ion mobilities also affect their activity coefficients, and the 
treatment of this second effect is important enough to cover here. 



462 CHAPTER 12: SOLUTIONS OF ELECTROLYTES 

The theory of Debye and Hiickel (1923) constituted a major breakthrough. 
Earlier observations, especially by G. Lewis, had shown that the activity coefficients 
of electrolytes were, in dilute solutions, determined more by ionic strength than 
by any specific chemical property. The implication that nonideality effects are due 
mainly to long-range Coulomb interactions between ions was accepted, but the 
problem of treating a collection of ions seemed insurmountable. The normal 
statistical mechanical approach would require one somehow to list the energy 
states of each ion while recognizing that its energy was affected by the location of 
all other ions. 

The path that Debye and Hiickel found was through the assumption that there 
exists some average potential around each ion and that each potential field is 
independent, that is, one does not perturb another. Further assumptions were that 
the electrolyte is completely dissociated and, at first, that the ions are of negligible 
size. It was also assumed that electrical interactions are solely responsible for 
deviations from nonideality. The treatment is therefore limited to rather dilute 
solutions. 

We proceed as follows, taking for simplicity the electrolyte to be of the uni¬ 
univalent type. It is assumed that there is some average potential tf> which is a 
function of distance r from any particular ion. The potential energy of an ion in 
this potential is eif), where e is the electronic charge. Since we are dealing with 
Coulomb’s law, i/r will be in esu units and likewise e. The probability of finding 
a positive ion in a region of potential t/j around a particular ion of like charge is 
given by the Boltzmann principle: 


n + = n e-‘*/* T , (12-74) 

where n is the average concentration in molecules per cubic centimeter. Similarly 

n_ = ne eiilkT . (12-75) 

The net charge density p is then 

P = (n + — n_)e = ne(e~ e,i/kT — e e ' i / kT ). (12-76) 

The next major assumption, without which further progress would have stopped, 
was that a theorem from electrostatics, known as the Poisson equation, could be 
used. This states that the rate of change or the divergence of the gradient of the 
electrostatic potential at a given point is proportional to the charge density at 
that point. The equation is valid for a continuous medium of uniform dielectric 
constant D and the equation for spherical coordinates is 

= < l2 - 77 > 

This implies that the random motion of ions gives a smeared-out charge density 
to which Eq. (12-77) can be applied. 

We now combine Eqs. (12-76) and (12-77) to obtain what has come to be known 
as the Poisson-Boltzmann equation : 

V 2 ^. = - - ( e -‘*/ kT - e e */ kT ). (12-78) 


The assumptions implicit up to this point (such as the independence of the potential 
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fields around each ion) require that the effect not be a large one, that is, that 
etp/kT be a small number. We therefore proceed to expand the exponentials, 
keeping only the first term, to obtain 

- (wK <12 - 79 > 

The collection of quantities multiplying ifi on the right-hand side of Eq. (12-79) 
is assembled into a single parameter k, defined as 

477-^2 

« 2 = L • (12-80) 

Equation (12-80) applies to the general case of a collection of ions of charges z f 
and reduces to k 2 = 87 m e 2 /DkT for a uni-univalent electrolyte. Equation (12-79) 
then becomes 

VV = (12-81) 

The solution to Eq. (12-81) is 

^ (r) = ^ e ' Kr • 02-82) 


This may be verified by insertion of the expression for <Kr) back into Eq. (12-81). Thus 


d 

Jr 


dip 
~dr 

dip ze 
~dr ~ ~D 

dip \ zex 


ze zex 

__ e ~xr _ £ -kt 

Dr 2 Dr 


l dtp\ zex zex zex z r 

[r 2 — =- er KT - e~ Kr H- 

\ dr) D D D 


zex 2 r 

- I 

D 


1 d / dips. zex 2 

-r 2 — = - e-* T = x 2 p Q.E.D. 

r 2 dr \ dr! Dr 


We again expand the exponential, keeping only the first terms, to get 


+ (r) = w-iy K ' (,2 ’ 83) 

The first term on the right is just the potential due to the charge on the ion itself, 
and we are interested only in the second term, —zeK/D, which gives the alteration 
in the potential due to the distribution of other ions around the given ion. Notice 
that this second term corresponds to the potential of a charge — ze as observed 
at a distance \/k. The quantity 1/k has the dimensions of distance (centimeters 
in the cgs system) and has come to be known as the effective or equivalent radius 
of the ion atmosphere. The simple physical picture, illustrated in Fig. 12-10, is thus 
one of an ion of charge ze having a statistical excess of ions of opposite charge 
around it, the excess amounting to just — ze and behaving as though it were 
located on a spherical shell of radius 1/k. 

It is next necessary to find the free energy associated with this extra potential 
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FIG. 12-10. Illustration of the ion atmosphere effect. 



Excess 

charge 

-ze 


originating from the ion atmosphere. This is done by calculating the reversible 
work needed to form the atmosphere: We integrate the product of potential 
times charge as the ion is allowed to build up its charge from zero to the full 
value: 


or 


electrical work = 


l»ze ~ze / 

^atm d{ze) = ( 

J 0 J 0 ' 



Wei = ( ze ) 2 - 


This electrical work then contributes to the chemical potential /x, of the ith ion: 


ft, = + kT In a t + w e i. 


Since the whole derivation is for a very dilute solution, it seems safe to assume 
a { = nii, that is, that the ion obeys Henry’s law apart from the electrical contribu¬ 
tion. This last is the source of the observed deviation from ideality, reported 
experimentally in terms of an activity coefficient. The conclusion is then 

7 .W 

wei = kT In 7i = - Z -i~ 


or 


In yi = 


zfe 2 K 
2DkT ' 


(12-84) 


We next need to find the mean activity coefficient for the case of an electrolyte 
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having just two kinds of ions. From Eq. (12-64) we have 


\f , j t _ 

In y± = — In y. -)-In y_ 

v v 


Algebraic manipulation of Eqs. (12-85) and (12-61) gives 


In y± = - | z + z_ | 


e 2 K 

2DkT ' 


(12-85) 


( 12 - 86 ) 


Finally, k can be related to the ionic strength 7 [Eq. (12-70)] since n t = (C t /1000)A 0 
and in dilute solution C, = m,p 0 , where p 0 is the solvent density. Equation (12-80) 
becomes 


2 = %ne‘ i N l ?p 0 
1 000DR T 


and so Eq. (12-86) becomes 

In y± = — | z + z_ 


e 3 A 0 2 

DRT 


\000DRT 



(12-87) 


( 12 - 88 ) 


= —A | z + z_ | 7 1 / 2 . 


Insertion of the values for the general constants (e in esu and R in erg mole -1 
K ~ x ) gives 

In y ± = -4.198 X 10* | z + z_ | (-^r 3 ) 1/2 * m - (12-89) 

For water at 25°C, D — 78.54 and Eq. (12-89) reduces to 1 

ln y± = -1.172 j z + z_ | 7 1/2 . (12-90) 

The Debye-Huckel treatment leads, first of all, to a theoretical explanation 
of the empirical observation that the activity coefficient of an electrolyte is deter¬ 
mined by the ionic strength I of the medium. The quantitative predictions, as for 
example, from Eq. (12-90), have been well verified for uni-univalent electrolytes. 
The theoretical slopes are included in Figs. 12-7 and 12-8, and the experimental 
points approach agreement at low concentrations. One may make a more direct 
check by plotting the activity coefficient data of Table 12-7 according to Eq. (12-90). 
This is done in Fig. 12-11, and it is apparent that the uni-univalent electrolytes 
approach agreement with theory. It is less clear whether accurate agreement occurs 
in the case of the higher charge types. Equation (12-90) is a limiting law in that 
various approximations restrict its validity to dilute solutions, and it has been 
assumed that activity coefficients for the more highly charged electrolytes will 
approach the theoretical predictions at sufficiently low concentrations. This 
aspect is discussed further in the Commentary and Notes section. 


+ The preceding derivation has been made in the cgs system, as the more natural one to use. 
The equations are the same in the SI system except that D is everywhere multiplied by 4ire 0 
(8.854 x 10~ 18 —see Section 3-CN-l) and the factor of 1000 disappears from the denominators 
of Eqs. (12-87) and (12-88). Ionic strength remains in m (mole kg -1 solvent) but p 0 is now in 
kg m" 3 and 1 /*, the ion atmosphere radius, in meters. 
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FIG. 12-11. Plot of activity coefficient data at 25° C so as to test the Debye-Huckel theory. 
Dashed lines give the various limiting law slopes. 


12-9 Ionic Equilibria 


There are two somewhat separate aspects of the treatment of ionic equilibria. 
The first, introduced in Section 12-7, is that of the determination of the true or 
thermodynamic equilibrium constant. Recall that the basic procedure is the 
extrapolation of a concentration equilibrium constant, K s p in the case of solubility 
and K in the case of homogeneous equilibrium, to infinite dilution. To review this 
aspect briefly, we write for each species p t = p° + RT]n a t , and, following the 
derivation of Eq. (7-10), obtain 

AG = (mp M + + •••) — (ap A + bp s + •••) 

or 

n m n n ... 

AG = AG° + RT\nQ th , Q th = n - ( 12 - 91) 

a A a B 

At equilibrium AG = 0, and Qth becomes the thermodynamic equilibrium con¬ 
stant Kth : 

AG° = —RT In Kth . (12-92) 


It is convenient for us to write each activity as a product of concentration and 
activity coefficient, to obtain 


or 


_ (M) m (N) n y M m /N" ' 

(A)W- 7aV 



(12-93) 
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where K is the concentration equilibrium constant, using mole fraction, molality, 
or molarity, and K y is the activity coefficient constant using the corresponding 
activity coefficients. 

Solution equilibria are usually studied in fairly dilute solutions, and one com¬ 
monly assumes that nonionic species obey Henry’s law, that is, have unit activity 
coefficients. However, we have seen that electrolytes show serious departures 
from ideality even at high dilution, and quite appreciable error can result if we 
treat ionic equilibria without considering K y . Several procedures are possible. 
First, as already discussed, one may extrapolate K values to infinite dilution so 
as to obtain K t h, and then back calculate the K v value for each equilibrium 
condition. One may estimate K y by evaluating each ion activity coefficient from 
the Debye-Hiickel equation (12-89) or (12-90). One may, alternatively, use an 
experimental mean activity coefficient from some independent source. Thus if 
Aith is for a solubility equilibrium, then, as discussed in Section 12-7, K y will 
correspond to the mean activity coefficient of the electrolyte raised to the power v, 
and standard tables of activity coefficients, such as Table 12-8, can be used. In 
the case of an equilibrium such as 

Ac- + H 2 0 = HAc + OH-, 

where ions of more than one electrolyte are involved, it is always possible to give K 
in terms of mean activity coefficient ratios. Thus in this case, we have 

Ky = ypHi (12-94) 

y ac 

and if the cation present in the solution is Na + , multiplication of the numerator 
and denominator of Eq. (12-94) gives 

K = Z |- . N _ aO H ( 12 -95) 

V * 5 

/±,NaAe 

It is usually acceptable to take activity coefficients in mixed electrolytes, y±, N aoH 
and y±, N aAc in this case, to be the same as for the pure electrolyte species at the 
same overall ionic strength, although specific effects would have to be allowed 
for in accurate work. 

A remaining device that is employed is to examine the equilibrium in the presence 
of a large excess of nonparticipating electrolyte, often NaC10 4 . The nature of 
the solvent medium is in this way made essentially independent of the concentra¬ 
tions of the species and Kth/K v is therefore constant. The use of a swamping 
electrolyte is very common, for example, in the study of reaction kinetics involving 
ionic species. 

The second aspect of the treatment of ionic equilibria, and the principal subject 
of this section, is that of the algebraic relationships and manipulations that are 
useful. These are for the most part standard, and the discussion here will be 
cursory except for some special cases. Table 12-9 gives some representative ionic 
equilibrium constants, and we now proceed to consider the use of solubility 
products in calculating solubilities under various circumstances, and then the 
treatment of simple acids and bases. A more detailed approach to acid-base 
equilibria is given in the Special Topics section. 
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TABLE 12-9. Ionic Equilibrium Constants' 1 


Solubility products 




Salt 

Ksp 

Salt 

Ksp 

CuCl 

1.0 x 10- 66 

Ag(C 2 H 3 0 2 ) 

1.8 x 10- 38 

PbCl 2 

1.0 x 10- 1 

AgCl 

1.55 x 10 - 10 

PbCrO, 

1.8 x 10- 146 

AgBr 

7.7 x 10 - 13 

Mg(C 2 0 4 ) 

8.6 x 10 - sb 

Agl 

7.1 x 10 17 

HgC ! 2 

2.6 x 10- 16 

Ag 2 Cr0 4 

9 x 10 - 12 

HgCl 

2 x 10- 18 

T1C1 

2.7 x 10 - 4 

Dissociation of simple acids and bases 



Acid 

Ks 

Base 

K b 

h 2 o 

1.01 x 10- 14 

NH 4 OH 

1.8 x 10- 5 

CHjCOOH 

1.75 x 10 - 5 

c 6 h 5 nh 3 oh 

3.8 x 10 - 10 

CH 2 CICOOH 

1.38 x 10 - 3 

c 2 h 5 nh 3 oh 

5.6 x 10 - 4 

CCIjCOOH 

0.13 

— 

— 

QHjCOOH 

6.3 x 10 - 5 

— 

— 

HCN 

7.2 x 10 - 10 

" 


Dissociation of polybasic acids 



Acid 


tf 2 

a 3 

h 2 co 3 

4.31 x 10 - 7 

5.6 x 10-" 

— 

h 2 c 2 o 4 

6.5 x 10 - 2 

6.1 x 10- 5 

— 

c 4 h 4 o 4 

6.4 x 10- s 

2.7 x 10 - 6 

— 

(succinic acid) 




h 2 s 

9.1 x 10 - 8 

1.2 x 10- 15 

— 

h 2 so 4 

Strong 

0.012 

— 

h 2 so 3 

0.0172 

6.24 x 10 - 8 

— 

h 3 po 4 

7.5 x 10 - 3 

6.2 x 10- 8 

4.8 x 10 - 13 

H 3 As0 4 

5 x 10 - 3 

8.3 x 10-“ 

6 x 10- 10 


° Aqueous solution at.25°C. 
6 18°C. 


A. Solubility Equilibria 

The solubility product expression for a 1-1 electrolyte is 

MX(j) = M ,+ + X s -, K sp = (\T + )(M*-), 


and, for the general case, 

M„ + X„» = , + M‘ + + v_x s ~, Ks P = (M z+ y + (X z -y- [Eq. (12-60)]. 

The solid salt is taken to be in its standard state and hence to have unit activity, 
but we must remember that for K gp to apply, the solid must in fact be in equilibrium 
with the solution. 

The solubility S of an electrolyte is defined as the number of gram formula 
weights that dissolve in the particular medium. If there is no added common ion, 
then S = (M z +)/v + = (X*-)/v_ , so in the general case 


Ksp = (v + y+(v_y-s\ 
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As an example, K sp = 9x10 -12 for Ag 2 Cr0 4 at 25°C, so we have 

9 x 10 - 12 = (2) 2 (1)S 3 , 5 = 1.3 X 10 -4 . 

If, however, an electrolyte is present which furnishes a common ion, say X 2 -, 
then the solubility is given by (M 2 +)/v + . The expression for A'sp becomes 

k s p = (v + sy*(c + v_sy~, 

where C is the concentration of added X 2 -. 

Continuing this example, if 0.1 mNa 2 Cr0 4 is also present, then 

9 x 10 -12 = (2S) 2 (0.1 + 5). 

The resulting cubic equation is best solved by successive approximations: 


/ 9 x io- 12 yi* 
Sl ~ \ (4X0.1) / 


4.7 x 10-«. 


The first approximation, 5,, gives a result small compared to 0.1, and is therefore adequate. 
A more serious calculation would now proceed to the estimation of K y for a solution S molal 
in Ag 2 Cr0 4 and 0.1 m in Na 2 Cr0 4 as the medium, so as to obtain a more nearly correct K » p 
using Eq. (12-93). 

Another type of complication is that the dissolved salt may not be fully disso¬ 
ciated. For example, appreciable amounts of CoOx (where Ox denotes oxalate ion) 
are present in solution as the undissociated molecule. If the solution is saturated 
with respect to CoOx(s), the concentration S 0 of undissociated CoOx in solution 
is a constant. The observed solubility S is then S 0 + (Co 2+ ), and if Na 2 Ox is 
added, S decreases due to the common ion effect. With further addition of Na 2 Ox, 
however, the complex Co(Ox)| _ begins to form and the solubility, that is, total 
dissolved CoOx(.s), increases. Other cases of complex formation with slightly 
soluble salts include the well-known example of Ag(CN) 2 ”, as well as that of 
AgCl 2 ~ and other silver halide complexes. 

Finally, if the anion of the slightly soluble salt is one of a weak acid, then the 
solubility will depend on the pH of the solution. Thus in the case of silver acetate 
the following simultaneous equilibria would hold: 

AgAc(j) = Ag + + Ac - , A'sp = 1.8 X 10 -3 , 

HAc = H+ + Ac - , K = 1.75 X 10 -5 . 

If the pH is known, this determines the degree of dissociation <x of the acid, and 

K a p = (Ag+XAc-) = S(«S). 

In this case the total acetic acid substance is given by the solubility S, but the 
actual Ac - concentration is only ocS. 


B. Equilibrium across a Semipermeable Membrane 

An important type of ionic equilibrium is that across a membrane which is per¬ 
meable onlv to certain of the ions present. The situation is known as one of Donnan 
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FIG. 12-12. Donnan equilibrium. 


equilibrium. As an example, consider the arrangement shown in Fig. 12-12. The 
membrane is permeable to solvent and to M + and X" ions, but not to N + ions. 
Such selectivity is shown, for example, by the membranes of living nerve cells. 

The condition for ionic equilibrium is that the activity a 2 [see Eq. (12-52)] be the 
same on both sides of the membrane for that electrolyte to which it is permeable, in 
this case M+, X - . Thus 


Uft+Ov- = Uvt-ra-y 


(12-96) 


If the solutions are dilute, activities may be replaced by concentrations. Also, 
electroneutrality requires that (M+) 1 = (X - ) 1 = C and (M+) 11 + (N+) 11 = (X - ) 11 . 
Equation (12-96) thus reduces to 

C 2 = (M+) 11 [(M+) 11 + (N+) 11 ]. (12-97) 


Suppose that C — 0.01 m and that (N + ) = 0.1 m. We find (M+) 11 = 9.9 X 10“ 4 m 
and see that the Donnan effect acts to exclude M+ from side II. If C is 10~ 3 m, (M+) 11 
drops to 1 x 10 s m, and the exclusion ratio (M + ) I /(M+) 11 increases from 10.1 to 100. 

The physical basis for the exclusion effect is that a potential difference, the Donnan 
potential (f>, makes side II positive relative to side I. It can be shown that 




& •“ (m+)H 


(12-98) 


where J 5- is Faraday’s number [see Eq. (13-12)]. In the numerical example, <f> is 
0.0594 V and 0.118 V for C values of 0.01 m and 0.001 m, respectively, for 25°C. 

Donnan potentials are important in biology. For example, nerve cells or axons 
appear to be permeable to K + but not to Na + ions and application of Eq. (12-88) 
gives about the observed potential across the resting cell membrane. Reduction of 
this potential by more than a certain threshold amount makes the membrane 
permeable to Na + ions and a wave of local depolarization races along from cell 
to cell. Such nerve impulses travel at some 100 ft sec -1 . The contraction of muscle 
cells also involves changes in cell membrane potential and in ratio of permeability 
to Na + versus K + ions. 


C. Weak Acids and Bases 

The treatment of dissociation equilibria involving weak acids and bases will 
be limited here to the cases of a simple acid HA and a simple base BOH. Even so, 
the general solutions can involve rather complex algebraic manipulations. A power¬ 
ful alternative approach is given in the Special Topics section. 
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We consider first the weak monobasic acid HA: 


HA = H + + A-, K & = • (12-99) 

The general situation is one of a solution prepared by dissolving amounts of HA 
and of the salt MA so as to give the formalities / HA and / MA . The cation M+ is 
assumed not to hydrolyze. With the solvent taken to be water, we have 


H 2 o = H+ + OH- Ky, = (H+XOH-). (12-100) 

The solution must be electrically neutral, and so 

(M+) + (H+) = (A-) + (OH-), (12-101) 

where (M+) = / MA . Finally, by material balance 

(HA) + (A-) = / HA +/ MA • (12-102) 

Note that (HA) and (A - ) denote the actual concentrations of these species, 
whereas / HA and / MA are the amounts weighed out per 1000 g of water when the 
solution is made up. 

The preceding four equations must be solved simultaneously, and it is helpful 
to reduce them as follows. From Eq. (12-101) we have 

(A-) =/ ma + (H+)-(OH-) 

and insertion of this result into Eq. (12-102) gives 

(HA)=/ ha -(H+) + (OH-). 

Equation (12-99) then becomes 


(// + )[/m a + (H+) + (OH-)] 
/h a - (H + ) + (OH-) 


(12-103) 


The simultaneous solution of Eqs. (12-100) and (12-103) then gives (H+) and 
(OH“) for any formal composition. 


Equation (12-103) simplifies considerably under various special conditions. 


Case 1. / MA = 0. Then 


(H + )[(H + ) - (OH-)] 
/ha - (H + ) + (OH-) ' 


(12-104) 


If (OH ) < (H + ), then K* = (H+) 2 /[/ha - (H+)j. This condition holds if (H+) 2 > 10" 12 and 
hence if Ka.fa\ > 10 12 . If also /ha ^ (H + ), then Ka. = (H + ) 2 // ha • This condition holds if 
/ha > 100(H + ) and hence if / H a > 10 4 A» . 

As examples, for 0.1 mHAc, Kaf HA = 1.75 x I0 -6 and is much greater than 10- 12 . Since / HA 
is about 10 4 ^» , the last approximation can just be used (to 1 % error) and (H+) 2 = 1.75 x 10- # , 
(H + ) = 1.32 x 10- 3 . However, if / H a were 10 -8 m, then Ab/ha would be 1.75 x 10“ 18 , and the 
full equation (12-103) would be needed. 

Case 2. /ha = 0. Then 

„ (H + )[/ma + (H + ) - (OH-)] 


—(H + ) + (OH-) 
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If we divide A"a by K„ to give K b , the hydrolysis constant, we obtain 


= (OH-)[(OH-) - (H + )] 
K a /ma + (H + ) - (OH - ) ' 


(12-105) 


This is of the same form as Eq. (12-104), and the same two types of approximation follow: 


If Wma > 10- 12 , then K h = - - ■ 

If /ma > 10 4 /r s , then K b = (OH . 

/MA 

For example, A), = 1.01 X 10 -14 /1.75 x 10 6 = 5.77 x 10 -10 . For 0.1 m NaAc, K h f MA = 5.77 x 
10 -n , or more than 10 -12 , and / MA = 0.1, or more than 10 4 Ah . The simplest form may then be 
used and (OH - ) 2 = (0.1)(5.77 x 10 -1 °), (OH - ) = 7.6 x 10 -6 , (H+) = 1.3 x 10 -9 . 


Case 3. If / M a and / H a are each greater than (H + ) or (OH - ), then Eq. (12-103) reduces to 


- (H ? /mA ■ (12-106) 
/ha 

The solution is now said to be buffered. That is, in order to change (H + ) appreciably, we must 
add sufficient acid or base to change f MA or / HA appreciably. Thus in a solution 0.1 /in HAc and 
0.1 /in NaAc, (H+) will be 1.75 X 10 -5 . Addition of 0.01 /HC1 changes/ HAc to 0.11 and / NaAo 
to 0.09, and hence (H + ) only changes to 2.1 x 10 -5 . 

A parallel set of relationships holds for the weak base BOH: 


BOH = B+ + OH - , 

The analog of Eq. (12-103) is 


K b 


(B+XOH-) 

(BOH) 


= (OH-)[/ BX + (OH - ) - (H + )] 
/boh - (OH - ) + (H + ) 


(12-107) 


where X - is a nonhydrolyzing anion. The various special cases are similarly analo¬ 
gous to those for the weak acid. 

We can find the equilibrium concentrations in a solution containing HA, MA, 
BOH, and BX, by solving Eqs. (12-100), (12-103), and (12-107) simultaneously. If 
all of the concentrations (HA), (A - ), (BOH), and (B+) are much larger than that 
of (H+) or (OH - ), then these ions may be ignored in the charge balance, and 
the simultaneous equations to be solved are 


BOH + HA - B+ + A - + H 2 0, 


(B+)(A - ) 

(BOH)(HA) 


Aw ’ 


(B + ) +/ma — (A ) +/bx > /ha +/ma — (HA) + (A ), 


Tboh +/bx — (BOH) -j- (B+). 


D. Titration Curves 

An acid-base titration consists of adding successive amounts of a base to a 
solution of an acid, or of an acid to a solution of a base, and noting how the 
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hydrogen ion concentration [or pH = —log(H+)] varies. We will consider only 
the first situation here. 

The calculation of a titration curve is clarified if one recognizes that a solution 
which initially has a formality/ HA in acid is converted into one having formalities 
/h a and /m A by addition of a strong base, where /^ A is the formality of the added 
base and f^ A + /^ A = / HA • As a specific example, consider a solution that 
initially is 0.1 /in acetic acid. Addition of sodium hydroxide sufficient to make the 
solution 0.05/in NaOH must yield an equilibrium mixture identical to that which 
would be obtained if the solution were 0.05/in HAc and 0.05/in NaAc. In effect, 
the formal composition of the solution may be expressed in two alternative ways: 

0.1/in HAc 1 (0.05/in HAc, 

0.05/in NaOH) (0.05/in NaAc. 

Both statements specify the same amount of acetic acid substance and sodium ion. 

The general procedure for finding such alternative ways of expressing a formal 
composition is to consider species that would tend to react and then to suppose 
that the reaction goes to completion. The new formal composition is expressed 
in terms of the products. Thus HAc and NaOH tend to react: 

HAc + Na+ + OH- = Na+ + Ac" + H z O. (12-108) 

The alternative expression of formal composition follows if we suppose that the 
neutralization of the 0.1 m HAc by 0.05 m NaOH goes to completion, giving 
0.05 m NaAc and residual 0.05 m HAc. The reaction does not in fact go entirely 
to completion, but the formal composition can be given as 0.05/NaAc and 
0.05 /HAc. 

With this preamble, the calculation of a titration curve reduces to the calculation 
of (H+) from Eq. (12-103) for various ratios of / MA to / HA , with their total kept 
constant. The equivalence point is that for which / HA = 0. The result of such a 
calculation for a 0.002 m acetic acid solution is shown in Fig. 12-13, where F N 
is the degree of neutralization. (It has been assumed that the added sodium hydrox- 



FIG. 12-13. Titration curve for acetic acid using a strong base. 
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ide solution is sufficiently concentrated that dilution effects can be neglected.) 

Calculations of this type can be quite tedious, and as in the preceding subsection, 
the reader is reminded that a more general and powerful approach is given in the 
Special Topics section. 

A titration may be followed conductimetrically. In a neutralization reaction 
such as that of Eq. (12-108), each portion of NaOH added converts an equivalent 
amount of HAc into Na+ + Ac - . The conductance of the solution therefore 
increases since a weak electrolyte is being replaced by a strong one. At the end 
point, further addition of NaOH adds Na+ and OH - ions to those of the NaAc, 
and the conductance increases more rapidly, as illustrated in Fig. 12-14. If the 
acid being titrated is a strong acid, then the neutralization converts the ions 
H+ + A - into Na+ + A - or, in effect, substitutes sodium ion for hydrogen ion. 
Since the equivalent conductivity of sodium ions is much less than that of hydrogen 
ions, the result is that the conductance drops during the titration until the end 
point is reached, and then rises as before. 

Example. Suppose that 0.1 m HC1 is being titrated with concentrated NaOH (we therefore 
neglect volume changes) and that the conductance is followed using an immersion-type con¬ 
ductivity cell of cell constant 0.2. The initial conductance is L 0 = (CA)/\000k = (0.1)(426)/ 
(1000)(0.2) = 0.213 ohm -1 . When enough NaOH has been added to make the solution 0.05/ 
in NaOH or, alternatively, 0.05 m in NaCl and 0.05 m in residual HC1, the conductance L 1 is 


(0.05)(426) + (0.05)(126) 
(1000X0.2) 


0.138 ohm -1 . 


At the end point the formality of the added NaOH is 0.1, and the solution consists of just 0.1 m 
NaCl. The conductance L z = (0.1)(126)/(1000)(0.2) = 0.063 ohm -1 . When the end point is 
overshot with 0.15/added NaOH, the system is 0.1 m in NaCl and 0.05 m in NaOH, and L s is 
now 


L 3 


(0.1)026) + (0.05)(248) 
(1000X0.2) 


0.125 ohm -1 . 


Thus the series of L values 0.213, 0.138, 0.063, and 0.125 goes through a minimum at the end 
point. 



FIG. 12-14. Conductimetric titration curves for a strong acid (upper left line) and a weak acid 
(lower left line). 
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COMMENTARY AND NOTES 


12-CN-l Electrolytic Dissociation 

A brief further discussion of the theory of electrolytic dissociation seems worth¬ 
while. This is something we now take for granted, yet the reasons for the original 
resistance to Arrhenius’ proposal were serious ones and should be appreciated. 
It must be remembered that in 1890 the electron as such had not yet been dis¬ 
covered; it would be many years before x-ray crystallography revealed the crystal 
structures of solids; and, of course, wave mechanics was not imagined. Mineral 
solids, such as NaCl, were known as hard, high-melting materials, similar in 
these respects to metals, and evidently held together by strong chemical forces. 
It seemed incredible that the mere dissolving of such a salt in water would break 
it up into fragments. The heat of solution of most salts is relatively small, and so 
it appeared that little play of energy was present; the most natural supposition 
was that solutions of mineral salts consisted of the molecular units. 

Two types of observations led Arrhenius to attack this very reasonable picture. 
The first was the difficulty in accounting for Ohm’s law being obeyed by electro¬ 
lyte solutions. The original Grotthus idea of salt molecules exchanging polar 
parts (Fig. 12-1) implied that even the most minute applied potential would 
induce a chain of bond breaking and making. This was contrary to experimental 
evidence, which strongly indicated that electrical charge carriers were ever-present, 
waiting to carry current, and did not have to be created by an applied potential. 
The second type of observation was that of the colligative behavior of electrolyte 
solutions. Van’t Hoff, in particular, had found it necessary to introduce his (now 
famous) i factor into the osmotic equation [Eq. (10-58)]. The experimental result 
is that /' fa 2 for aqueous NaCl and this was entirely mysterious until electrolytic 
dissociation was proposed. The early situation was clouded by what we now con¬ 
sider to be a combination of interionic attraction and partial dissociation effects, 
the consequence of which is that / factors are not found to be simple integers 
except at extreme dilution. Nonetheless, it was the combined impact of colligative 
property and conductance measurements that established the theory of electrolytic 
dissociation. 

As noted in Section 12-3, it is now useful to class electrolytes as strong or 
as weak. Weak electrolytes obey the Ostwald dilution law well, and their behavior 
is thus determined primarily by a dissociation equilibrium. Strong electrolytes, 
however, do not obey a dissociation equilibrium constant at all well, and it was 
not until the development of interionic attraction theory that they could be 
understood. 

We can also now explain how it is possible that strongly bonded salt crystals 
can so readily dissociate in water solution. X-ray crystallography tells us that 
crystalline NaCl consists of a closely packed array of alternate Na+ and Cl~ ions 
and not of molecular Na-Cl units (Section 19-3). The strong forces that hold the 
crystal together are primarily Coulomb attractions between unlike charged ions. 
The Coulomb attractive potential between one Na+ and an adjacent ion is 



(12-109) 
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where r is the distance between the centers of the ions. The picture is essentially 
that of Fig. 8-5, and a summation of all of the mutual Coulomb interactions gives 
the total crystal or so-called lattice energy. Such calculations (see Section 20-ST-3) 
agree well with the observed heats of sublimation, 186 kcal mole" 1 in the case of 
NaCl. 

Equation (12-109) applies if the medium in which the ions are present is vacuum; 
otherwise the dielectric constant enters in the denominator. Water has a dielectric 
constant of about 80, so the energy to dissociate NaCl would be reduced to about 
1.5 kcal mole -1 . Thus by inserting itself between the ions, water reduces their 
mutual attraction to a point where the gain in entropy on dissolution can make 
the process occur. The 125 kcal mole -1 or other analogous quantity has not 
disappeared. This much energy is still required to take the aqueous Na+ and Cl" 
ions into the gas phase. In other words, the strong mutual binding in the crystal 
has, in solution, been replaced by a strong binding to water. We speak of this 
binding as the hydration energy and ionic crystals may be said to dissolve in water 
because the hydration energy nearly balances the lattice energy. It is interesting, 
for example, that the heat of solution of an anhydrous salt is generally more 
negative (more heat is evolved) than that of a corresponding hydrate. Thus the 
heat of solution of Na 2 S0 4 is —0.5 kcal mole -1 , while that of Na 2 S0 4 • 10H 2 0 
is 19 kcal mole -1 ; the presence of water of hydration in the crystal has noticeably 
diminished the amount of hydration energy available when the crystal dissolves. 

The Coulomb forces between ions in aqueous solution, although greatly reduced 
from those between ions in the crystal, are still important; they give rise to the 
interionic attraction effects in conductance and in the Debye-Hiickel treatment 
of nonideality. It seems certain that ion pairs and possibly ion clusters form in 
concentrated solutions as discussed in the next section. 


12-CN-2 Activity Coefficients 
for Other than Dilute Aqueous Solutions 


It was noted in Section 12-8 that the activity coefficients of uni-univalent 
electrolytes approach the Debye-Hiickel limiting law in dilute solutions, and that 
the values for other valence types also would do so at extreme dilution. In effect, 
however, the simple Debye-Hiickel treatment is valid only for slightly “contami¬ 
nated” water, and a great deal of effort has been devoted to the physical chemical 
treatment of more concentrated aqueous solutions and of nonaqueous solutions. 
The first improvement was with the recognition of the finite size of ions, based 
on the assumption that there is some distance a of closest approach; the effect is 
to modify >p in such a way as to lead to the following equation: 


or 


7 %p 2 is 

ln y< = ~ IDkf 1 + KQ 


( 12 - 110 ) 


AI 1 ' 2 


log y± = — 


1 + BI 1/2 


( 12 - 111 ) 
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where A is as defined in Eq. (12-88) and B is given by 


B = 


35.56 . 
(DT) 1 / 2 a 


( 12 - 112 ) 


where a is now in Angstroms. For water at 25°C, B = 0.2324. Equation (12-111) 
fits activity coefficient data for uni-univalent electrolytes, up to perhaps 0.1 m, 
with reasonable values for a. 

The next efforts were in various different directions. V. LaMer and others 
attempted to solve the Poisson-Boltzmann equation (12-78) more exactly, but 
encountered great mathematical difficulties. Although major departures from the 
simple theory were shown to be expected, especially for asymmetric electrolytes, 
such as those of the 1-2 type, the extended terms that they obtained are hard to 
use and are not very satisfactory. A semiempirical equation due to Bronsted 
suggested that at higher concentrations log y± should be proportional to m, and 
a commonly used form today is 


log y± = 


A I 1 ' 2 

——-- 4- Cm 

1 + BI 1 ' 2 ^ 


(12-113) 


Now B and C are treated as empirical constants. A more stimulating approach 
was that of N. Bjerrum, also of the Copenhagen school, who pointed out that 
in terms of the Debye-Hiickel model, the probability of finding an ion of opposite 
charge near a given ion went through a minimum at a characteristic distance q: 


2 *iZ 2 

DkT ' 


(12-114) 


For a 1-1 electrolyte at 25°C, q is about 3.5 A and Bjerrum suggested that ions 
closer than this distance should be regarded as ion pairs. The existence of a 
distance q arises as somewhat of an accident, however; t//(r) decreases steadily 
outward, but the volume of space increases with r 3 and it is the combination of 
these opposite factors that leads to q as the radius of the spherical shell having 
a minimum probability of finding a counter ion. The approach, however, estab¬ 
lished a pattern of thought that has been very useful. 

At this point a distinction should be made between ion pairing and chemical 
association. Acetic acid is highly associated, but as a result of chemical bond 
formation between H + and Ac - . Transition metal ions form coordinate bonds 
(see Section 12-ST-3) with anionic ligands; the case of CoOx and Co(Ox)jh 
mentioned in Section 12-9A is but one example. As just one further example, 
the Fe 3+ ion forms the complex FeX 2+ , where X may be a halogen, pseudohalogen, 
or hydroxide ion. In fact, transition metal ions have a solvation shell of coordinated 
water, and the formation of FeX 2+ would more properly be written 


Fe(H 2 0)s + + X- = Fe(H 2 0) 6 X 2 + + H 2 0. 

Many of these ligand substitution reactions are in rapid equilibrium, and the 
apparent nonideality of, say, aqueous FeCl 3 is largely due to complex formation. 
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On the other hand, an ion such as Na + does not have much ability to form coordi¬ 
nate bonds, and the attraction between Na + and Cl - is, as noted in the preceding 
section, mainly of Coulombic origin. We speak of ion association (or ion pairing), 
then, when we wish to think of the unit as consisting of the intact ions. The 
distinction between ion pairing and coordinative association is not always easy to 
make. The association which occurs with, say, Zn 2+ and SO 4 - may be partly 
Coulombic and partly coordinative—Zn 2+ does, after all, form well-known 
complex ions. In the case of Co(NH 3 )| + , however, the coordination sphere is 
saturated, and the association constant of 1000 observed between this ion and 
SO* - is therefore spoken of confidently as due to ion pairing. 

To return to the matter of activity coefficients, we find that there is no question 
that ion pairing does occur in more concentrated solutions, and even in dilute 
ones if the ions are highly charged. R. M. Fuoss and C. A. Kraus have estimated 
ion pair dissociation constants for a number of electrolytes from conductivity mea¬ 
surements. For uni-univalent electrolytes values are of the order of unity and for 
di-divalent ones they are around 0.01 or less. Thus the estimated dissociation 
constants are about 1.4 for KN0 3 ,0.15 for KS0 4 ~, and 5.3 X 10 -3 for ZnS0 4 
(aqueous solutions at 25°C). The conclusion is that the Debye-Hiickel theory must 
be used with great caution for other than dilute solutions of uni-univalent electro¬ 
lytes. Semiempirical equations such as Eq. (12-113) are very helpful, but it must 
be remembered that the constants B and C of the equation depend on the total 
ionic makeup of a solution and not just on the particular electrolyte in question. 

Ion pairing, important in aqueous solutions, becomes a dominant feature in 
nonaqueous systems. As the dielectric constant of a medium is reduced, the 
Coulomb forces between ions increase, and the degree of dissociation of an electro¬ 
lyte drops dramatically. As an example, the dissociation constant of KI is only 
about 2 X 10 -4 in pyridine as solvent. There are a few nonaqueous solvents, of 
fairly high dielectric constant, in which electrolytes having large ions may be 
moderately dissociated. The salt K + [Cr(NH 3 ) 2 (NCS) 4 ]~ is fully dissociated in 
nitromethane, and similar complex ions are moderately dissociated in dipolar 
aprotic solvents such as dimethylsulfoxide, dimethylformamide, and the like. 


12-CN-3 Acids and Bases 


A. Aqueous Solutions 

There are many interesting regularities in the dissociation constants of weak 
acids and bases. The following are a few examples which draw on the data of 
Table 12-9. Carboxylic acids tend to have K & values of around 10 -5 , except that 
as the carbon atom adjacent to the carboxyl group is subsituted with electro¬ 
negative groups, such as halogens, the acidity increases. For CCl 3 COOH, 
K & = 0.13, for example. This appears to be an inductive effect by which the 
carboxyl carbon atom is made more positive and the O—H bond is electrostatically 
weakened. A large number of acids of this type have been studied, and 
L. P. Hammett has used the data to characterize substituents. Thus in the case 
of substituted benzoic acids a substituent is assigned a parameter o, defined as 
<7 = pK 0 — pK s , where pK 0 = —log K 0 , with K 0 the dissociation constant of 
benzoic acid, and pK s = —log K s , with K s the dissociation constant of the sub- 
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stituted acid. The a values are then found to correlate with the behavior of the 
compounds in other equilibria or in their reaction kinetics. 

The electrostatic effect appears to be very important in determining the pK 
values of oxyacids. The approximately 10 5 -fold reduction in successive K values 
for H 3 PO 4 is one example. The three protons should be essentially equivalent, 
except for the increased electrostatic work of dissociation in the series H 3 P0 4 , 
II 2 P0 4 - , HP0 4 “. A useful empirical rule is that for an oxyacid of the general 
formula MO m (OH) n , pK x is approximately 7 — 5m, pK 2 is 12 — 5m, and so on. 
Thus for H 3 P0 4 , pK 1 should be 7 — 5 = 2, pK 2 should be about 12—5 = 7, 
and so on; for H 2 S0 4 , pK 1 is predicted to be —3, in agreement with the observa¬ 
tion that the first dissociation is that of a strong acid, while pK 2 should be 2, 
again about as observed. 

Another type of situation is that in which two acid functions are sufficiently 
separated in a molecule that they should be essentially free of the preceding 
electrostatic effects. An example is HOOC—(CH 2 ) n —COOH, where n is two or 
more. It might be supposed that K 1 and K 2 should be the same since the two groups 
are independent. A statistical factor remains, however. If the acid is represented 
by IIjH 2 A, there are two ways for the first-stage dissociation to occur, namely 
to give H 4 A~ or H 2 A - . There is only one choice of hydrogen to dissociate in the 
second stage, but the association reaction H + + A 2- can occur on either position. 
Thus K x is enhanced and K 2 is diminished by this effect. In the case of succinic 
acid, HOOC—(CH 2 ) 2 —COOH, A^ = 6.4 x 10 -6 , or somewhat more than twice 
K & for acetic acid, and K 2 is 2.7 X 10 — ®, or about half K & for acetic acid. 

A related behavior is that of amino acids, typifying electrolytes having separated 
weakly acidic and weakly basic groups. An amino acid is sometimes shown in 
the form H 2 N—R—COOH, but it appears certain that internal proton transfer is 
largely complete, so that + H 3 N—R—COO - is the actual species in aqueous 
solution. This last is known as a zmtterion. The behavior of an amino acid is 
then represented in terms of the two stages of dissociation of a dibasic acid: 


+h 3 n-r-cooh = H+ + +h 3 n-r-coo-, 

A+ A± 


. (H+)(A±) 

(A + ) 


+H 3 N-R-COO- = H + + HjN — R — COO - , 
A ± A - 


k 2 


(H + )(A - ) 

(A*) 


In the case of glycine, H 2 NCH 3 COOH, K x = 4.5 X 10 -3 and K 2 = 2.24 X 10 12 
at 25°C. 

The isoelectric point is a state of special importance for an amino acid. This is 
the pH value such that (A+) = (A - ). Acid-base equilibria are rapid, which means 
that an individual amino acid molecule rapidly samples all its possible states of 
dissociation and at the isoelectric point it therefore spends equal times as A+ 
and as A - . The effect is that the amino acid behaves as though it were electrically 
neutral, even though it is still a conducting electrolyte; it displays essentially 
no net motion in an electrophoresis experiment, for example. Analysis of the 
preceding equilibrium relationships shows that at the isoelectric point 
(H+) = (A^A'a) 1 / 2 . It can also be shown that at thispH the total degree of ionization 
of the amino acid is at a minimum. For this reason many of the physical properties 
of an amino acid solution exhibit maxima or minima at the isoelectric point. 
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B. Breasted Treatment of Acids and Bases 

The phenomenology of electrolyte behavior in aqueous solutions made it 
natural for Arrhenius and Ostwald to define an acid as a substance furnishing H+ 
ions and a base as one furnishing OH - ions. Neutralization then consisted of the 
reaction of these ions to give water. This formalism is an adequate and functioning 
one for the treatment of acid-base equilibria in water solution, although it is some¬ 
what misleading chemically. The H+ ion exists in water at least as H 3 0+, if not in 
more complex forms, and the dissociation of a weak acid is more correctly written 
as 

HA + H a O = A-+ H a O+ (12-115) 

than as HA = H+ + A - . Similarly, a weak base may produce OH - ions by the 
reaction 

H 2 0 + B = OH- + HB+ (12-116) 

(as, for example, with B = NH 3 ). 

Bronsted and Lowry illuminated the chemistry of weak acids and bases by re¬ 
cognizing (in 1923) that the degree of a reaction such as those given by Eqs. (12-115) 
and (12-116) must depend on the natures of both reactants and that the reactions 
are really symmetric. They introduced the more general definitions that an acid 
is a proton donor and a base is a proton acceptor. Equations (12-115) and (12-116) 
now fall into the common form 

acid + base = conjugate base 4- conjugate acid 


HA + H 2 0 A- + H 3 0 + 


H 2 0 + B = OH" + HB 


An acid, on yielding a proton, becomes its conjugate base, and a base, on accepting 
a proton, becomes its conjugate acid. 

The Bronsted picture has been useful in two major ways. First, it emphasizes 
that the anion of a weak acid is a proton acceptor, or a base, as well as OH - ion 
and may be capable of reacting directly with a proton donor without going through 
the route of accepting an H+ ion released by it. There are a number of cases of 
acid- or base-catalyzed reactions in which direct reaction evidently occurs. The 
rate of reaction in such cases is found to depend on the specific acid or base 
present and not just on the pH of the solution. 

The second important feature of the Bronsted picture is that it relates aqueous 
to nonaqueous systems. Other solvents can now be seen in striking analogy to 
water. Liquid ammonia, for example, autoionizes to give NH 4 + and NH 2 - ions, 
in analogy to the H 3 0+ and OH - ions of water. Acetic acid in liquid ammonia 
solution then dissociates according to the reaction 

HAc + NH 3 = Ac- + NH 4 +. (12-117) 

This dissociation is virtually complete. That is, acetic acid is a strong acid in 
liquid ammonia solvent, and the reason is clearly that NH 3 is a much better 
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proton acceptor than is H 2 0. Acids that are too weak to be studied in water 
solution can be observed easily in liquid ammonia. 

Pure acetic acid may be used as a solvent, and the autoionization reaction gives 
CH 3 C0 2 H 2 + and CH 3 C0 2 _ ions. Then HC1 in acetic acid solution dissociates 
according to the reaction 

HC1 + HAc = Ci- + H 2 Ac+. (12-118) 

However, HAc is a weak base and this dissociation is not complete. That is, 
HC1 behaves as a weak acid in acetic acid solvent. In this solvent, the series of 
acid strengths 

HC10 4 > HBr > H 2 S0 4 > HC1 > HN0 3 

is established. All of these acids are so completely dissociated in water that distinc¬ 
tions among them cannot be made and it is only by balancing their proton- 
donating ability against a rather poor acceptor that the real differences become 
apparent. 

Other acid-base systems have some value. In molten oxide mixtures an acid 
and a base may be defined as an acceptor and a donor, respectively, of oxide ion. 
In the reaction BaO + C0 2 = BaC0 3 , BaO is then the base and C0 2 the acid. 
G. N. Lewis proposed the rather general definitions of an acid as an electron pair 
acceptor and a base as an electron pair donor. The designations are consistent with 
the Bronsted scheme in that a Bronsted base has an unshared pair of electrons 
capable of bonding with H+. The Lewis definition also allows the reaction 
BF 3 + (CH 3 ) 3 N: = (CH 3 ) 3 N:BF 3 to be characterized as an acid-base one, BF 3 
being the acid. The Lewis formalism does not provide the symmetry of the Bronsted 
formalism, however, and really is more a notation indicating that an important 
type of chemical bond is that in which the electron pair derives from one of the 
associating molecules. Such a bond is also often called a coordinate bond, and in 
the Lewis sense coordination chemistry is a study of acid-base reactions. More 
recently, Lewis acids and bases have been subdivided into categories A and B, 
alternatively known as “hard” and “soft,” depending roughly on their charges 
and polarizabilities. This author feels that it is more profitable to study the coordi¬ 
nate bond as it is, rather than in terms of often hypothetical acid plus base reactions. 
Thus in the case of Cr(CO) 6 , Cr is supposedly the acid and CO the base, but this 
approach does not seem very illuminating of the actual wave-mechanical descrip¬ 
tion of the Cr—CO bond. 


SPECIAL TOPICS 


12-ST-l Ionic Diffusion Coefficients 

It was shown in Section 10-7B that the diffusion coefficient for a particle in 
solution is given by 

kT 

® = y- [Eq. (10-41)], 

where f is the friction coefficient. The same treatment applies to individual ions, 
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and writing a> = \ jf, Eq. (10-41) becomes 

S i = a> i kT. (12-119) 

It is now possible to relate S { and electrochemical mobility u t , using Eq. (12-29): 


or, using Eq. (12-31), 


St = io - 7 


UjkT 


S t = io - 7 


XjkT 
z t e P 


A iRT 
ZifF* ’ 


( 12 - 120 ) 


where R is now in joules per degree Kelvin per mole. 

Equation (12-120) gives the diffusion coefficient for a single ion, as might be 
observed in a self-diffusion experiment. Ordinarily, however, one studies the 
diffusion of an electrolyte as a whole, and the electroneutrality requirement 
enforces the same diffusional velocity on both ions. The intrinsically slower 
diffusing type of ion will lag behind the faster one until a local potential (called 
the diffusion potential) builds up. This potential <f> acts to retard the faster ions 
and speed up the slower ones, and Eq. (2-67) for the diffusional flux therefore 
becomes 

A—Si-J+MC, (12-121) 

J 2 = -S 2 ^~- <f>co 2 C, (12-122) 


where 1 and 2 denote the two kinds of ion present and C is the ion concentration 
assuming a 1-1 electrolyte. In other words, <f> a» gives the increment in velocity 
due to the local field and fioC gives the corresponding increment to the molecular 
flow across a unit area. We require that = J 2 , that is, that no excess of one ion 
build up over the other during the diffusion, and on equating (12-121) and (12-122), 
we obtain 

, (Si — S 2 ) dC/dx 
* (u>t + o> 2 )C • 


Substitution of this result into Eq. (12-121) [or (12-122)] gives 


0>! + Ci> 2 


■) 


dC 

dx 


(12-123) 


Since is proportional to S t and is now the flux for the diffusion of the electro¬ 
lyte as a whole, we have 

dC 


= -S 


dx 


Equation (12-123) reduces to 

^ 2^j^ 2 2 RT AjA 2 

^ ~ S 1 + S 2 ~ A 


(12-124) 


Equation (12-124) is known as the Nernst diffusion equation ; it permits the calcula- 
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tion of the diffusion coefficient for an electrolyte if the equivalent conductivities 
are known. 

The more complete form of Eq. (12-124) allows for nonideality in the same 
manner as does Eq. (10-40): 


^ _ 2 RT A x A 2 f, , d( In y c ) ] 
zdF 2 d L + d(\nC)Y 


(12-125) 


Strictly speaking, interionic attractions affect the equivalent conductivities differ¬ 
ently from the diffusional mobilities. In the former case the two kinds of ion are 
moving in opposite directions, whereas in diffusion they are moving in the same 
direction. In brief, two kinds of effects are recognized in conductance. The motion 
of a given ion in a direction opposite to its atmosphere produces an electrical drag 
or relaxation effect, given by the first term of Eq. (12-19). In addition, the ion 
atmosphere entrains solvent, so that each ion is in effect swimming in a counter- 
current of moving solvent. This is known as the electrophoretic effect and is given 
by the second term of Eq. (12-19). In diffusion, there is no relaxation effect, but 
there is still an electrophoretic one. The theories of these effects are approximate, 
and the treatment of the electrophoretic effect is open to certain objections, 
particularly for other than uni-univalent electrolytes. Also, the derivations are 
intimately tied to the Debye-Hiickel assumptions, and show these approximations. 
[See Harned and Owen (1950) for further details.] 


12-ST-2 The Hittorf Method 

The analysis of the Hittorf method for the determination of transference numbers 
was greatly abridged in Section 12-6, and the more detailed presentation appears 
here. 

We consider first the system shown in Fig. 12-6, for which a qualitative analysis 
was given. The more exact bookkeeping is as follows, based on 1 of electricity 
passing through the cell. 

Cell /. Anode compartment 

Anode reaction: Ag = Ag + + e _ : gain of 1 equiv of Ag+ 

migration of Ag + : loss of t + equiv of Ag+ 

migration of N0 3 ~: gain of t_ equiv of N0 3 ~. 

Net change : Gain of 1 — t+ or t_ equiv of Ag + , gain of t_ equiv of NO s “; 
or gain of f_ equiv of AgN0 3 . 

Cell III. Cathode compartment 

Cathode reaction: Ag 1 - + e _ = Ag: loss of 1 equiv of Ag+ 

migration of Ag+: gain of t. equiv of Ag+ 

migration of N0 3 ': loss of t_ equiv of N0 3 “. 

Net change : Loss of 1 — /+ or t_ equiv of Ag+, loss of /_ equiv of N0 3 _ ; 
or loss of r_ equiv of AgN0 3 . 

The overall change per faraday is that the anode compartment gains t_ equiv of 
AgN0 3 and the cathode compartment loses t- equiv. The middle compartment 
should not change in content since the gains and losses due to the migration of 
ions past the dividing lines I—II and II—III exactly compensate. 
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This analysis applies to any cell containing a single electrolyte and having 
electrodes that generate or consume the cation of the electrolyte. The cell of 
Fig. 12-6 might have been filled with CuS0 4 solution, for example, and have 
copper electrodes. We would conclude that, per faraday, the anode compartment 
would gain t_ equiv of CuS0 4 and the cathode compartment would lose t_ equiv. 

Alternatively, the electrodes might be reversible to the anion, that is, the electrode 
reaction might produce and consume anion. This would be the case if, for example, 
the cell were filled with NaCl solution, and the electrodes were silver coated with 
silver chloride. The bookkeeping is now as follows: 

Cell I. Anode compartment 

Anode reaction: Ag + Cl - = AgCl + e - 
migration of Na + : 
migration of Cl - : 

Net change: Loss of t+ equiv of Na + , loss of 1 
or loss of t + equiv of NaCl. 

Cell III. Cathode compartment 

Cathode reaction: AgCl + e - = Ag + C 
migration of Na + : 
migration of Cl - : 

Net change: Gain of t + equiv of Na + , gain ol 
or gain of t+ equiv of NaCl. 

The opposite working of the electrode reaction thus has the effect of making the 
anode compartment undergo a net loss of l + equiv of NaCl and the cathode 
compartment undergo a net gain of t + equiv of NaCl, in contrast to the preceding 
example. 

It is not necessary, of course, that the electrode reaction involve either of the 
ions of the electrolyte. If platinum electrodes were used in the example just given, 
the analysis would be as follows: 

Cell /. Anode compartment 

Anode reaction: iH 2 0 = J0 2 + H + + e - : gain of 1 equiv of H + 

migration of Na + : loss of t + equiv of Na + 

migration of Cl - : gain of t_ equiv of Cl - . 

Net change: Gain of 1 equiv of H + , loss of t + equiv of Na + , gain of t_ equiv of Cl - ; 
or gain of 1 equiv of HCI, loss of t + equiv of NaCl. 

Cell III. Cathode compartment 

Cathode reaction: e - + H 2 0 = |H 2 + OH - : gain of 1 equiv of OH - 

migration of Na + : gain of t+ equiv of Na + 

migration of Cl - : loss of t_ equiv of Cl - . 

Net change: Gain of 1 equiv of OH - , gain of t+ equiv of Na + , loss of t_ equiv of Cl - ; 
or gain of 1 equiv of NaOH, loss of t_ equiv of NaCl. 

This last example illustrates some further points. First, the net change can be 
expressed either in terms of gains and losses of individual types of ions or in terms 
of gains and losses of complete electrolytes; the alternative statements are seen 
on examination to be entirely equivalent. The purpose of the middle compartment 
now becomes apparent. The analysis assumes that only Na + and Cl - ions carry 
current past the I—II and II—III dividing lines. The electrode reactions are producing 
H + and OH - ions, however, and if mixing occurs in compartments I and III 


loss of 1 equiv of Cl - 
loss of t + equiv of Na+ 
gain of t_ equiv of Cl - . 

— t- or t + equiv of Cl - ; 


■; gain of 1 equiv of Cl - 
gain of t + equiv of Na + 
loss of t_ equiv of Cl - . 

1 — or t + equiv of Cl - ; 
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during the electrolysis, then these electrode products will carry part of the current 
between compartments. The gains and losses of Na + and Cl - ions would then be 
less than expected, and the overall analysis would be in error. The test of whether 
electrolysis products reached compartment 11 would, in this case, be whether the 
pH of II changed or not. 

Notice that all of these analyses are couched in terms of amounts gained or 
lost during electrolysis. The concentrations present do not enter directly. The 
transference numbers are themselves concentration-dependent, however, since 
A + and A_ will in general change differently with concentration. It is desirable for 
this reason that no great change in composition occur during the electrolysis. 
Ordinarily, then, the amount of electricity passed through the cell will be some 
small fraction of a faraday. 

It is, of course, necessary to measure the quantity of electricity involved in a 
Hittorf experiment so that the results can be put on a per faraday basis. It is not 
necessary, however, to know the applied potential or the actual current—only 
the total quantity of electricity. One usually obtains this by determining the 
amount of an electrode reaction that has occurred. Thus in the first example, the 
loss in weight of the silver anode gives the number of faradays used. It would be 
possible in the third example to titrate the solution in the anode compartment 
to find the amount of H + ion produced. However, it is generally more convenient 
to have a second cell in series with the Hittorf cell, which functions as a coulometer. 
This might consist of a silver anode dipping into silver nitrate solution and a 
platinum cathode. Either the loss in weight of the anode or the amount of silver 
deposited on the cathode would show the number of faradays that had passed 
through the cell. A numerical example is as follows. 

Example. We can construct an illustrative problem using the cell in which an NaCl solution 
was electrolyzed with platinum electrodes. Suppose that the initial NaCl solution is 0.1000 m, 
and thus contains 5.844 g of NaCl per 1000 g of water. The electrolysis is carried out until 1.92 g 
of silver have been deposited in a coulometer in series with the cell, at which point the anode 
compartment is drained and then rinsed with some of the original NaCl solution, so that a total 
of 301.35 g of solution results which is found to contain 0.02315 equiv of NaCl. Calculate t+ 
and/ - . 

First, 1.92 g of silver corresponds to 1.92/107.87 = 0.01780 equiv so that 0.01780 & of 
electricity passed through the cell. At the end of the experiment, the 0.02315 equiv of NaCl 
present in the anode solution plus rinse corresponds to 1.35 g, and so the amount of water in 
the solution was 301.3 — 1.35 = 300.0 g. Now the amount of NaCl associated originally with 
300 g of water is (0.1)(300)/1000 = 0.03000 equiv. There has been a loss of 0.03000 — 0.02315 = 
0.00685 equiv of NaCl. 

This loss becomes, per faraday, 0.00685/0.01780 = 0.385. From the earlier bookkeeping 
analysis, the loss should be /+ equiv of NaCl per faraday. The transference number of Na + is 
therefore 0.385 and that of Cl - is 0.615. The equivalent conductivity of 0.1 m NaCl is 106.74, 
so that A Na + = (0.385)(106.74) = 41.09 and A cl - = (0.615)(106.74) = 65.65. 

The use of a rinse of original solution is a characteristic procedure in a transference experiment. 
The purpose of the rinsing, of course, is to displace all of the electrolyzed solution, and the use of 
original solution for the rinse simplifies the ensuing calculation. We are not interested in con¬ 
centrations and need only to compare the amount of NaCl present in electrolyzed solution plus 
rinse with the amount originally associated with the quantity of water in the combined solutions. 
It is thus not necessary to know exactly how much solution was originally present in the anode 
compartment. 

An alternative but less accurate procedure would have been to fill the anode compartment 
with a known volume of the 0.1 m solution and to determine the change in concentration resulting 
from the electrolysis. For example, had the anode compartment originally contained 200 cm 8 
of solution, or approximately 0.02 equiv of NaCl, then at the end of the electrolysis the amount 
remaining would have been 0.02 — 0.00685 = 0.01315 equiv, corresponding to a 0.0657 m 
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NaCl solution. The solution would also have contained 0.01780 equiv of HC1, or 0.0890 m HC1. 

When we calculate transference numbers by the Hittorf method we implicitly assume that the 
solvent water does not migrate during the electrolysis. The water of hydration of the ions should 
move with them, however, and Washburn suggested the ingenious experiment of adding a 
sugar to the solutions in a Hittorf cell and referring the calculations to the sugar as the non¬ 
migrating species. The result showed that several molecules of water do in fact migrate with each 
ion. 


12-ST-3 Treatment of Complex Ionic Equilibria 

The treatment of the dissociation of a weak acid or a weak base is developed 
along standard lines in Section 12-9 but stops at the point of simple acids and 
bases, HA and BOH. The solution of the simultaneous equations for (H+) or (OH - ) 
becomes very unwieldy if more than one stage of dissociation can occur or if 
there is a mixture of weak electrolytes. An alternative procedure becomes much 
more practical. 


A. Acid HA or Base BOH 


We first illustrate the method for a monobasic acid HA before proceeding to 
more complex situations. The material balance equation (12-102) is now written 
in the form 

/tot = /ha +/ma = (HA) + , 

using Eq. (12-99) to eliminate (A - ). Rearrangement gives 

Fha = [tfa/(H+j] + 1 ’ (12-126) 

where F HA — (HA)//iot and is the fraction of the total acid-substance which is 
present as undissociated acid HA. Alternatively, we may eliminate (HA) to obtain 


A - 1 + [(H+)/tf a ] • 


(12-127) 


Equations (12-126) and (12-127) are usually displayed as a plot of log F versus pH. 
Such a plot is called a logarithmic diagram. That for acetic acid is shown in 
Fig. 12-15. Notice that if the pH is much less than pK ft , Eq. (12-127) reduces to 

log F a - = pH— pK & 


and so the plot of log F A _ versus pH becomes a straight line of slope +1 and 
intercept —pK & in the region of high acidity. Similarly, if pH pK & , then the 
plot of log F HA versus pH becomes a straight line of slope —1 and intercept pK & . 

The logarithmic diagram for a weak electrolyte resembles a phase diagram. 
It provides a map of the pH domain of each species so that one can tell at a glance 
the general makeup of a solution at any given pH. The diagram is used quantita- 
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FIG. 12-15. Logarithmic diagram for acetic acid at 25°C. 


tively as follows. The charge balance equation 

(M+) + (H+) = (A-) + (OH-) [Eq. (12-101)] 
can be put in the form 


(M+) + (H+) = iV/tot + (OH”). (12-128) 

One knows / HA and / MA and hence /tot and (M + ), and Eq. (12-128) is solved by 
successive approximations. A first guess at (H + ) allows F A ~ to be read off the 
logarithmic diagram, and substitution into the equation will indicate whether 
the value is too high or too low. This guides a second choice of (H+), and so on, 
until a self-consistent answer is reached. 

Example. We can calculate the pH of a solution which is 0.002 / in HAc and 0.001 / in 
NaAc;/ to t is then 0.003 and Eq. (12-128) becomes 

0.001 + (H + ) = F A -(0.003) + (OH”) 


F A - = 0.333 + 


(H+) - (OH~) 
0.003 


We can guess immediately a pH of 4.45, at which F A - = J. The test of the equation is then 


? 3.54 x 10” 6 

0.333 = 0.333 -I-- 0.345. 

0.003 


F a - is slightly too small, and we next try a pH of 4.46, F A - = 0.345. The test is now 
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The desired pH is then close to 4.46. 

One may also calculate a titration curve. In Eq. (12-128),/ tot is now the initial formality of the 
acid, and (M + ) gives the concentration of added strong base. One may now insert successive 
choices for (H + ) and calculate (M + ) for each. The fraction of neutralization F N is just 


Several points on the titration curve for 0.002/HAc are summarized thus. Equation (12-128) 
becomes (M+) + (H+) = 0.002/ A _ + (OH - ), or f N = / A _ - {[(H+) - (OH-)]/0.002); some 
sample calculations are given in Table 12-10. The calculation illustrates several items. The first 
two values for F N are negative, meaning that excess strong acid must be present. The third line 
gives the actual starting point of the titration; the relatively rapid change in F N between pH 4 and 6 
characterizes the buffer region, and the asymptotic approach to F N = 1 marks the endpoint. 
The last entry shows that 5.3% excess base has been added. The curve is plotted in Fig. 12-13. 

The logarithmic diagram approach offers little advantage in speed over the 
straight attack in the case of a simple acid. Being graphical, it is also less precise, 
but this is not a matter of great importance since the overriding uncertainty will 
be in the value for K y , that is, in the size of the activity coefficient correction. 

The treatment of a simple weak base BOH is analogous to that just given: 


Fboh [ATb/(OH-)] + 1 ’ Fb+ 1 + [(OH-)/tfb] ‘ ( 12 ‘ 129 ) 

The logarithmic diagram is still a plot of log F versus pH, and the associated 
charge balance equation is 

/V /tot + (H + ) - (X-) + (OH-), (12-130) 

where /tot = / BO h + fax > where X is a nonhydrolyzing anion. The plots for 
ammonium hydroxide are included in Fig. 12-18. 

Logarithmic diagrams may be used for any mixture of weak electrolytes. Thus, 
for a mixture which contains both a weak acid and a weak base, the charge balance 
equation becomes 


(M+) + F b + /(boh+bx) + (H + ) = (X-) + F a - /ha+ma) + (OH") (12-131) 

and the correct pH for a given mixture is found by trial-and-error solution. As an 
example, a solution which is 0.002/in HAc, 0.001 /in NaAc, 0.003/in NH 4 OH, 


TABLE 12-10. 


pH 

(H + ) 

(OH - ) 

/a- t(H+) - (OH - )]/0.002 

F n 

2 

0.01 

- - 

1.7 x 10 -s 

5 

-5 

3 

0.001 

— 

1.7 x,10 -2 

0.5 

-0.483 

3.75 

1.78 x 10“ 4 

— 

0.089 

0.089 

0 

4 

1 x 10- 4 

— 

0.149 

0.05 

0.099 

4.76 

1.75 x 10 -5 

— 

0.500 

0.009 

0.491 

6 

1 x 10 -8 

1.05 x 10 -e 

0.9461 

— 

0.9461 

8 

1 x 10- 8 

1.05 x 10 -8 

1 - (6 x 10 -4 ) 

— 

0.9994 

10 

1 x 10 -10 

1.05 x 10 -4 

1.000 

-0.053 

1.053 
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and 0.005/in NH 4 C1 would have a pH such that the equation 

0.001 + 0.008F NHl + + (H+) = 0.005 + 0.003F Ac _ + (OH/) 

is obeyed. In this case, (H + ) and (OH - ) will be negligible compared to the other 
terms, and so 


F nh „ + = 0.5 + 0.375 F Ao . 

A few successive choices of pH should serve to locate the value such that F NH + 
and F Ac _ as read off the logarithmic diagrams satisfy the equation. 


B. Successive Dissociations of a Weak Acid 

In the case of a dibasic acid H 2 A the equilibrium constants are 


(H + )(HA~) 

(H 2 A) 


and 


- (H + )(A 2_ ) 

(HA“) 


(12-132) 


and substitution into the material balance statement / tot = (H 2 A) -f- (HA - ) + (A 2- ) 
gives 


Fh > a 1 + [F X /(H+)] + [F 1 F 2 /(H+) 2 ] ’ 


ha- [(H+)/^] + 1 + [F 2 /(H+)] ’ 

p = _I_ 

A 2 - [(H+) 2 /^F 2 ] + [(H+)/F 2 ] + 1 • 


(12-133) 

(12-134) 

(12-135) 


The logarithmic diagram for H 2 C0 3 is shown in Fig. 12-16. Its use follows the 



FIG. 12-16. Logarithmic diagram for H 2 CO s at 25°C. 
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same scheme as before, the charge balance equation now being 

(M+) + (H+) = F ha _ /tot + 2F A 2- /tot + (OH - ). (12-136) 

Figure 12-17 shows the titration curve for 0.1 M H 2 C0 3 calculated by the same 
procedure as before. That is, each assumed pH provides a value for (M + ) through 
Eq. (12-136) and hence for the degree of neutralization. 

The treatment for a tribasic acid H 3 A yields the equation 

Fh3A = 1 + [ATt/(H+)] + [AT 1 AT 2 /(H+) 2 ] + [K 1 KMH+)>] ’ 02-13?) 

and so on. The logarithmic diagram for phosphoric acid is given in Fig. 12-18. 
Phosphate buffers are much used and the figure allows the calculation of the pH 
of any mixture of phosphoric acid and its various salts. The dashed curves are 
for ammonium hydroxide, so the combined plots can be used for mixtures that 
include ammonium salts as well as phosphates. 



FIG. 12-18. Logarithmic diagrams for H,P0 4 {full lines) and NH 4 OH {dashed lines). 
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C. Complex Ions 

The logarithmic diagram approach is not limited to weak acids and bases 
but may be applied to any set of successive dissociations. For example, Co 2+ 
forms a succession of ammine complexes: 

H 2 0 + Co(NH 3 ) 2+ = Co(NH 3 ) 5 (H 2 0) 2+ + NH 3 , pK e = -0.74, 

H z O + Co(NH 3 ) 6 (H 2 0) 2+ = Co(NH 3 ) 4 (H 3 0) 2+ + NH 3 , pK 5 = 0.06, 

and so on. The values of pK y , pK 2 , pK 3 , and pK t are 1.99, 1.51, 0.93, and 0.64, 
respectively. Note that the reactions have been written as interchanges of water 
for ammonia in the coordination sphere, in recognition of our belief that Co 2+ is 
octahedrally coordinated. 

Application of the standard procedure leads to 

Fco<nh 3 >- = J + [K 6 / ( NH 3 )] + [K S KJ( NH 3 ) 2 ] + [^W(NH 3 ) s ] + - * 

and similarly for the other species. The logarithmic diagram now consists of plots 
of the logF’s against p(NH 3 ), that is, against —log(NH 3 ). Application of the 
charge balance equation then allows the calculation of the composition of any 
mixture of ammonia and a cobalt salt. 
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EXERCISES 


Neglect interionic attraction effects in the following Exercises and Problems unless specifically 
directed otherwise. Take as exact numbers given to one significant figure. 

12-1 The measured resistance of a 0.02 M solution of NaCl is 793 ohm in a cell whose path 
length can be taken to be 10 cm. Calculate (a) the specific conductivity of the solution, 
(b) its conductance, (c) the effective area of the electrodes, and (d) the cell constant. 

Ans. (a) 2.53 x 10 -s ohm -1 cm -1 , (b) 1.26 x 10 -3 ohm" 1 , 

(c) 5.0 cm 2 , (d) 2.01 cm -1 . 
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12-2 The resistance of electrolyte solution A is 45 ohm in a given cell and that of electrolyte 
solution B is 100 ohm in the same cell. Equal volumes of solutions A and B are then 
mixed. Calculate the resistance of this mixture, again in the same cell. 

Ans. 62.1 ohm. 

12-3 Calculate the resistance of a 0.03 M solution of Na 2 S0 4 in a cell of cell constant 1.50 cm -1 . 

Ans. 192 ohm. 

12-4 The specific conductivity of a saturated solution of AgCl in pure water at 25°C is 1.79 x 
10" 6 ohm -1 cm -1 while that of the water used is 6.0 x 10" 8 ohm -1 cm -1 . From Table 
12-2, calculate A for Ag + , Cl - and thence the solubility of AgCl. 

Ans. 138.26 cm* ohm"* equiv" 1 , 1.26 x 10"“ M. 

12-5 Calculate A for (a) Na 4 Fe(CN) 6 , (b) Cu(N0 3 ) 2 , and (c) the double salt (Na)(NH 1 )S0 1 , 
using the data of Table 12-2. 

Ans. (a) 161.1, (b) 125.3, (c) 141.5 (cm 4 ohm' 1 equiv" 1 ). 

12-6 The solubility product for barium oxalate is 2.00 x 10"’ at 25°C. Calculate the specific 
conductivity of the saturated solution. 

Ans. 1.23 x 10" 4 ohm -1 cm -1 . 

12-7 The dissociation constant for NH,OH is 1.80 X 10" 5 at 25°C. Calculate /l app and the 
specific conductivity of a 0.02 M solution. 

Ans. 8.0cm 4 ohm" l equiv" 1 , 1.60 X 10" 4 ohm' 1 cm -1 . 

12-8 Calculate the specific conductivity of 0.05 M sodium chloride at 25°C, allowing for 
interionic attraction effects. 

Ans. 5.33 X 10' 3 ohm" 1 cm' 1 . 

12-9 The equivalent conductivity of a cation M + is determined at 25°C by means of a moving 
boundary experiment. A 0.005 M solution of MCI is used, and after 30 min of passing a 
current of 0.2 mA the cation boundary has moved 0.208 cm; the area of the column of 
solution is 1.50 cm 4 . Calculate A„ + . = 132 cm 4 ohm" 1 equiv" 1 .) 

Ans. 55.2 cm 4 ohm" 1 equiv" l . 

12-10 Calculate the electrochemical mobility and the effective radius of (a) an ion M + whose 
equivalent conductivity is 55.0 cm 4 ohm" 1 equiv -1 , and (b) Fe(CN)J", whose A value is 
95.0 cm 4 ohm" 1 equiv" 1 (both for 25°C). 

Ans. (a) 5.70 x 10" 4 cm 4 V" 1 sec" 1 and 1.67 A, 

(b) 9.85 x 10" 4 cm 4 V" 1 sec" 1 and 6.45 A. 

12-11 Calculate the transference number at 25°C for NO s " in 0.1 MKNO s and in a solution 
which is also 0.05 M in NaCl. 

Ans. 0.493, 0.343. 

12-12 The solubility of Pb(I0 3 ) 2 in water at 25°C is 4.00 x 10" 5 m and the K ep = 5.00 x 10" 13 
in an aqueous KNO, solution. Calculate (a) the solubility product, (b) the mean molarity 
of the saturated solution, (c) the solubility in the KNO, solution, (d) the mean activity 
coefficient for the electrolyte Pb 4+ , IO," in the KNO, solution. 

Ans. (a) 2.56 x 10" 13 , (b) 6.35 x 10" 5 m, (c) 5.00 x 10" 5 m, (d) 0.800. 

12-13 If the aqueous KNO, solution of Exercise 12-12 was 0.02 m, in what concentration of 
LaCl 3 should the solubility of Pb(I0 3 ) 3 be 5.00 x 10" 6 m, according to the ionic strength 
principle ? 


Ans. 0.00333 m. 
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12-14 Calculate y± for 0.02 m acetic acid at 25°C using Table 12-7. 

Ans. 0.976. 

12-15 Assuming the ionic strength principle, estimate y ± for 0.0333 m Cu(NO s ) 2 using the data 
of Table 12-8 (and assuming that the principle is obeyed by each ion separately). 

Ans. 0.52. 

12-16 Calculate y K + and y S oi~ (separately) at 25°C in 0.05 m K 2 S0 4 using the Debye-Hiickel 
theory and compare the resulting y± with the value in Table 12-8. 

Ans. 0.635,0.163,0.404. 

12-17 What is the Debye-Hiickel value for y± of 0.5 m NaCI at 50°C ? 

Ans. 0.42. 

12-18 The solubility product of Ag 2 Cr0 4 is 2.0 x 10 -7 at 25°C; calculate the solubility of this 
salt in 0.1 m silver nitrate, recognizing nonideality. 

Ans. 1.85 x 10 -4 /n. 

12-19 Obtain the degree of dissociation of 0.1 m chloroacetic acid in 0.05 m HC1 at 25°C. 

Ans. 0.0256. 

12-20 What would the pH of the solution in Exercise 12-19 be if 0.06 mole liter -1 of NaOH were 
added to it? 

Ans. 1.91. 


Some exercises in SI units. 

12-21 The equivalent conductivity of Na 2 SO t is 1.299 X 10 -2 m 2 equiv -1 ohm -1 . Calculate 
the resistance of a 0.005 M solution in a cell whose cell constant is 150 m -1 . 

Ans. 1.155 X 10* ohm. 

12-22 Calculate the specific conductivity of a saturated solution of AgCl. Assume the water 
used has a specific conductivity of 70 x 10 - 4 ohm -1 m -1 . 

Ans. 2.42 x 10"* ohm -1 m -1 . 

12-23 Calculate the ion atmosphere radius for a 0.02 m solution of a 1-1 electrolyte. 

Ans. 2.155 nm. 


PROBLEMS 


12-1 The following data apply to aqueous solutions of sodium propionate at 25°C: 

Concentration (Af x 10 s ) 2.1779 4.1805 7.8705 14.272 25.973 

/I (cm 2 ohm -1 equiv -1 ) 82.53 81.27 79.72 77.88 76.64 

Find the limiting equivalent conductivity of (a) sodium propionate, (b) propionic acid. 

12-2 A conductivity cell has a resistance of 3736 ohm when filled with 0.028 m H 2 S solution 
and of 59.0 ohm when filled with 0.0100 m KC1. The measurements are made at 18°C, 
at which temperature the equivalent conductivity for HS - is 62 cm 2 ohm -1 equiv -1 . 
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Calculate K* for H 2 S (relevant data are available in the text, but should be corrected to 
18°C with the use of Walden’s rule). 

12-3 The specific conductivity of a saturated solution of silver iodate at 80°C is 1.25 x 10 -5 
ohm -1 cm -1 ; that of the water used is 1.4 x 10 -9 ohm -1 cnrr 1 and the equivalent con¬ 
ductivity of silver iodate is 89 cm 2 ohm -1 equiv -1 . Calculate the solubility product for 
silver iodate. 

12-4 The specific conductivities at 25°C were measured for the following solutions: 


Solution 

Specific conductivity (ohm" 1 cm -1 ) 

10" 3 M Phenanthrolinium chloride 

1.360 X 10 -4 

(BHC1) 

10 -3 A/ BHCI plus a large excess of 

1.045 x 10 -4 

phenanthroline (B) 

10 -3 A/HC1 

4.21 x 10" 4 


Phenanthrolinium chloride is a strong electrolyte, that is, it exists as BH + and Cl - ions. 
Phenanthroline is a nonelectrolyte. Calculate K k for the acid dissociation BH + = B + H + . 

12-5 Calculate the mobilities of H* and Cl - ions at 0°C using Walden’s rule, and the 
velocity with which each ion should move in a moving boundary experiment if the 
field is 0.1 V cm" 1 . Calculate also the current if the solution is 0.02 M and the cross 
section of the tube is 0.5 cm 2 . 

12-6 One hundred cubic centimeters of 0.10 N sodium acetate solution is titrated with 0.1 N 
HC1 solution. Calculate the specific conductivity of the resulting solution when 90, 99, 
101, and 110 cm 3 of the HC1 solution has been added. Bear in mind that acetic acid is 
only slightly ionized in the presence of HC1 and NaAc; in these calculations neglect the 
variation of equivalent conductivity with concentration and use the value for infinite 
dilution. Your answers need be correct to only 1 %. Make a semiquantitative plot of your 
calculated specific conductivities (as ordinate) versus the volume of HC1 solution added. 

12-7 If pure water has a conductivity of 4.5 x 10" 8 ohm -1 cm" 1 at 20°C, calculate the specific 
conductivity of a saturated solution of C0 2 in water at 20°C if the C0 2 pressure is main¬ 
tained at 20 Torr and the equilibrium constant for the reaction H 2 0(/) + CO 2 (aq) = 
HC0 3 " + H + is 4.35 x 10" 7 . The solubility of C0 2 in water follows Henry’s law with 
a constant of 0.03353 mole liter -1 atm" 1 . 

12-8 Given that the equivalent conductivities for NaCl, KNO s , and KC1 are 126.4, 144.9, 
and 149.8 cm 2 equiv" 1 ohm" 1 , respectively, and that 1+ is 0.39 for NaCl, calculate A 
for NaNOj and /+ for Na + in NaNOj solution. 

12-9 For an incompletely dissociated electrolyte the Onsager equation is 

A = oc[A 0 ~(A + BA 0 )(ocCyi 2 ] = ccA', 

where A = 82.4/?;(£>7') 1/2 , B — 8.2 x 10 5 /(Z>7~> 3/2 , D is the dielectric constant, and -q is 
the viscosity. The equivalent conductivity of dichloroacetic acid in 0.03 M solution is 
273 ohm" 1 cm -1 . For dichloroacetic acid, A 0 = 388.5. Calculate the degree of dissociation 
a from the Onsager equation. [Hint: use a procedure of successive approximations, 
starting with a. = A/A 0 .] Assume 25°C. 


12-10 In a transport experiment in 0.02 M NaCl solution at 25°C, using the moving boundary 
method, Longsworth found the boundary between NaCl and CdCI 2 solutions to 
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move 6.0 cm in 2070 sec with a current of 0.00160 A. Tube cross section was 0.12 cm 2 . 
Calculate / + . 

12-11 Longsworth determined the transference number of sodium ion by the following 
moving boundary experiment. The data refer to the movement of a rising boundary 
between solutions of sodium and cadmium chlorides; the lower electrode was a cadmium 
anode and the upper a silver/silver chloride cathode. The temperature was 25°C, the 
current was maintained constant at 16.00 x 10 -4 A, the cross section of the tube was 
0.1115 cm 2 , and the concentration of the sodium chloride 0.02 mole liter -1 . The table 
gives some corresponding readings of the time t and the distance of traverse of the bound¬ 
ary x: 

t (sec) 172 344 2757 3104 3454 

x (cm) 0.5 1.0 8.0 9.0 10.0 

Calculate the transference number of sodium ion. [Note: For the most accurate value 
of xIt divide the difference between the average of the last three distances and that of the 
first two by the difference between the average of the last three values of t and that of the 
first two.] 

12-12 Ion-exchange particles exhibit the Donnan effect. Here, the porous particle corresponds 
to the left side of Fig. 12-12 in the case of an anion exchanger. That is, N + denotes the 
positively charged exchange sites that are attached to the ion-exchange polymer matrix. 
Suppose that the concentration of exchange sites is 2.5 M for a certain ion exchanger. 
Calculate the interior concentration of Na + and of Cl" when the exchanger is immersed 
in 0.01 M NaCl solution. 

12-13 Calculate the concentration of H 2 S, HS - , S 2- , and H + in a 0.200 M NaHS solution (to 
an accuracy of about 1 %). [Note: The solution to this problem can be much simplified 
by making judicious approximations at each stage.] 

12-14 Calculate the concentrations of acetate ion, benzoate ion, and H + in a solution made up 
of 0.0100 mole of acetic acid and 0.0100 mole of benzoic acid dissolved in water and then 
diluted to 1 liter. 

12-15 A total of 0.01 mole of NaCI and 0.01 mole of solid Ag 2 Cr0 4 are shaken with a liter of 
water. Calculate the equilibrium constant for the reaction 

Ag 2 Cr0 4 + 2C1 - = 2AgCl + Cr0 4 ". 

Calculate also the concentrations of each ion at equilibrium and the number of moles 
of any solids present. The K e p values are 1.8 x I0 -10 for AgCI and 1.2 X 10 -12 for 
Ag 2 Cr0 4 . 

12-16 Derive Eq. (12-90) from Eq. (12-84). 

12-17 The following are mixed until equilibrium is achieved: 0.02 mole of AgCI, 0.02 mole 
of AgCN, 0.01 mole of NaCN, and 1 liter of water. Calculate within 1 or 2% relative 
accuracy the final concentration of each species in solution and the amounts of each 
solid present given the following data: final pH is 7.00; K s p for AgCI is 1.8 x 10 -10 ; 
K bp for AgCN is 7 x 10 -16 ; K a for HCN is I x 10 -10 ; K = (Ag(CN) 2 - )/(Ag + )(CN - ) 2 
is 2.6 x 10 18 . 

12-18 Solid NaOH is added to 1 liter of a 0.1 /solution of H 2 S until the pH rises to 12. Taking 
A'i and as 10 -9 and 10 -14 , respectively,(a) calculate the initial pH and (b) calculate the 
number of moles of NaOH added and the concentration of all species present in this 
final solution. 

12-19 Leucylglycine is an amino acid which dissociates into both hydrogen and hydroxide ions. 
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At25°C the constant for the dissociation into anions and hydrogen ions is 1.51 x 10 -8 . 
The apparent dissociation constant for the dissociation into cations and hydroxyl ions 
is 3.02 x 10 -u . Calculate the pH at which the degree of dissociation into hydrogen ions 
and hydroxyl ions is the same. 

12-20 How many millimoles of HA should be added to 100 cm 3 of a 0.01 M solution of base 
BOH in order to give a solution with a pH of 8.90? pA a for HA is 4.76, pKb for BOH 
is 5.40. How many cubic centimeters of 0.01 M HA would one have to add to 100 cm 3 
of 0.01 M BOH to obtain this pH? 

12-21 One hundred cubic centimeters of 0.1/ H 2 SC >4 is mixed with 100 cm 3 of 0.025 / NaOH. 
Calculate the pH of the resulting solution. The second dissociation constant of sulfuric 
acid is 0.015 and the first corresponds to a strong acid. 

12-22 Barney et al. obtained data on the solubility of cobaltous oxalate (CoOx) as a function 
of added potassium oxalate concentration. The solubility is at first depressed due to the 
common ion effect, then increased, due to the complex formation: 

Co 2 + + 20x 2 - = Co(Ox) 2 ~ . 

The minimum in solubility occurs at S = 9.2 x 10 -5 and (K 2 Ox) = 4.5 x 10 -4 ; 
the solubility of CoOx in pure water is 1.44 x 10 -4 . Derive the equation whereby K can 
be calculated from the solubility minimum, and calculate K. 

12-23 The solubility of lead chloride is 0.005 mole liter -1 at 25°C. Calculate the activity product 
(that is, make correction for activity coefficients). Calculate also the solubility of PbCl 2 
in 0.02 m sodium nitrate solution. 

12-24 Chlorine dissolved in water reacts according to the equation 

Cl 2 (aq) + H 2 0 = H+ + Cl - + HCIO. 

Since all the forms present are essentially nonconducting with the exception of the HCI, 
the concentration of this last may be determined by measuring the conductance of the 
solution. If the total dissolved chlorine is known, then the equilibrium constant for the 
reaction may be determined. Given the following data, calculate this equilibrium constant: 
The specific conductivity of 0.01 M Ci 2 solution is 0.00351 ohm -1 cm -1 . The equivalent 
conductivities of 0.01 M HCI and 0.005 M HCI solutions are 412 and 415.6, respectively. 
Using Eq. (12-12) and the data given, calculate the hydrolysis constant (do not use 
conductivity values other than the ones given). 

12-25 At 25°C, pK for the dissociation of Ag(NH 3 ) 2 + into its components is 7.22. For AgCl, 
AgBr, and Agl, pK tv is 9.77, 12.48, and 16.07, respectively. Calculate how many milli¬ 
grams of these salts are dissolved by 1 liter of 1.0mNH s . Neglect Ag(NH 3 ) + , NH 4 + , 
and OH - . 


SPECIAL TOPICS PROBLEMS 

12-1 Calculate the limiting value for the diffusion coefficient of aqueous NaCl at 25°C. 

12-2 The equivalent conductivity for 0.01 m KC1 is 146 cm 2 ohm -1 equiv -1 at 25°C. Calculate 
the diffusion coefficient for 0.01 m KC1 using Eq. (12-125). 

12-3 A solution containing 0.14941 wt% KC1 is electrolyzed in a Hittorf cell at 25°C with 
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silver/silver chloride electrodes. After the electrolysis, which deposits 0.16024 g of silver 
in a silver nitrate coulometer, one of the end cells is analyzed and found to contain 120.99 g 
of solution of 0.19404 wt% KC1. Calculate the transference number for K + . 

12-4 A 0.01 m solution of HC1 is electrolyzed in a Hittorf cell with a Pt/H 2 anode and a silver/ 
silver chloride cathode. Each compartment contains 50 cm 8 of solution. A current of 2 mA 
is passed through the cell for 1 hr. Calculate the final concentrations of the various 
species present in the anode and cathode compartments. 

12-5 A famous early experiment by Washburn attempted to find the amount of water of hydra¬ 
tion carried by ions. The procedure was to carry out an electrolysis in a Hittorf cell 
with solutions containing a sugar. The sugar, being neutral, was assumed not to move 
during the electrolysis (an assumption later found not to be quite correct). In one ex¬ 
periment a solution contained 4.939 wt % of LiCl and 4.73 % of a sugar and an amount 
of electricity corresponding to 0.0464 & was passed through the cell with a silver/silver 
chloride cathode and a silver anode. After the electrolysis the cathode solution weighed 
81.47 g and contained 5.565% of LiCl and 4.619% of sugar, while the anode solution 
weighed 104.4 g and contained 4.440 % of LiCl and 4.806 % of sugar. Find n, : as a function 
of /i« , the number of water molecules bound per cation and per anion, respectively. 

12-6 By means of a logarithmic diagram, find the pH of a solution 0.1 M in ammonia and 
0.1 M in KHCOj . 

12-7 The acid dissociation constants for monochloroacetic acid (HM) and acetic acid (HAC) 
are 1.55 x 10* 8 and 1.8 X 10* 6 , respectively. 

(a) Make a semilogarithmic plot of the fractions of HM, M~, HAc, and Ac - versus pH. 

(b) Using this plot, calculate the pH of a solution 0.01 m in HM (total concentration 
of acid) and 0.02 m in HAc (again total concentration of acid). 

(c) Calculate the pH if 0.01 mole of solid NaOH is added to a liter of the solution in (b). 

(d) Calculate the pH if 0.02 mole of solid NaOH is added to a liter of the solution in (b). 

12-8 The acids HA and HB have pK* values of 4.5 and 7.5; pK w is 14.0. Find by means of a 
logarithmic diagram the pH for solutions that have been mixed so as to contain: (a) 
10 mM of HA; (b) 10 m M of HA, 5 m M of HB; (c) 10 m M of NaA, 5 m M of HB; 
(d) 10 mM of NaA, 5 mM of NaB, 5 mM of NaOH; (e) 5 mAf of HB, 10 m M of HA, 
2 mM of HC1. (These are formalities.) 

12-9 Calculate the pH of a 0.025 M solution of Na 2 HP0 4 . 

12-10 Solution A contains 9.08 g liter -1 of KH 2 P0 4 ; solution B contains 11.88 g liter -1 of 
Na 2 HPO, • 2H 2 0. Calculate the pH of the solution that results when 95 cm 8 of A are 
mixed with 5 cm 8 of B. 

12-11 Ethylenediaminetetraacetic acid is a tetrabasic acid H 4 Y. The successive pK’s are 2.00, 
2.67, 6.16, and 10.26. It forms a stable complex with Co ion, Co 2 * + Y 4- = CoY 2 *. 

For this complex formation K — 10 18 ; Ba 2+ forms a similar complex with K = 10 7 . 
Both CoY 2- and BaY 2- are the anions of strong acids, that is, one does not get H 2 CoY 
and so on in acid solution (although the solids are known). Calculate and plot the loga¬ 
rithmic diagram for the various forms of ethylenediaminetetraacetic acid for the pH 
range from 0 to 7, and the similar diagram for the distribution of cobalt and barium 
between Co 2+ and Ba 2+ and CoY 2- and BaY 2 * as a function of pC, where C is the con¬ 
centration of Y 1- . Calculate the percentage of complexing of Co 2+ and Ba 2+ in solutions 
of (a) 0.01 / Co(N 0 3 ) 2 ,0.01 / Ba(N0 3 ) 2 ,0.1 / Na 2 H 2 Y; (b) the same as (a) but also 0.1 / 
in NaOH. Also give the pH’s of these solutions. 

12-12 Derive Eq. (12-98). Calculate the osmotic pressure at 25°C if C = 0.01 m and 
(N + ) = 0.1m, neglecting activity coefficient effects. 



CHAPTER THIRTEEN 


ELECTROCHEMICAL CELLS 

The preceding chapter dealt primarily with the physical chemistry of electrolyte 
solutions; we now concern ourselves with the overall chemical process that occurs 
when electricity is passed through a conducting solution. The emphasis will be 
on the work associated with this overall change, as measured by the reversible 
cell potential. Since reversible work at constant temperature and pressure corre¬ 
sponds to a free energy change, we will thus be able to bring the emf of cells into 
the general scheme of thermodynamics. The chapter concludes with a discussion 
of irreversible electrode processes, that is, with the physical chemistry of the 
approach of ions to, and their reaction at, the surface of an electrode. 


13-1 Definitions and Fundamental Relationships 

A. Cell Conventions 

An electrochemical cell has, as essential features, a current-carrying solution 
and two electrodes at which oxidation and reduction processes occur, respectively, 
as current flows. Figure 13-1 gives a schematic example of a fairly typical cell for 
this chapter; we have hydrogen and silver-silver chloride electrodes dipping into 
an aqueous solution of HC1. The hydrogen electrode, incidentally, typically 
consists of a platinized platinum metal surface arranged so that hydrogen gas 
bubbles past as it dips partly into the solution, the object being to provide the 
most intimate possible gas-solution-metal contact. Platinized platinum is merely 
platinum metal on which additional, very finely divided platinum has been deposited 
electrolytically; the result is a high area, catalytically active surface. A silver-silver 
chloride electrode consists of silver on which a fine-grained, adherent deposit of 
silver chloride has been placed, again electrolytically. The terminals of the cell 
might be connected to a motor, so as to provide electrochemical energy, or, in the 
laboratory, to a potentiometer circuit (see Section 13-2), so that the potential 
difference could be measured. 
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Pt 
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H,- H + + e~ 
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AgCl + e- -*Ag + Cl' 


FIG. 13-1. Schematic diagram of an electrochemical cell. The cell reaction is given by Eq. (13-2). 


It is awkward to describe cells in a pictorial manner, and the conventional 
representation of the cell of Fig. 13-1 is 

Pt/H 2 (P atm)/HCl(m)/AgCl/Ag. (13-1) 

Equation (13-1) is known as a cell diagram. The rule is that one writes in order 
each successive phase that makes up the electrical circuit of the cell, using a 
diagonal bar to separate phases. One should in general specify not only the tem¬ 
perature of the cell, but also the composition of each condensed phase and the 
partial pressure of any gaseous one; we assume the general mechanical pressure 
to be 1 atm. 

A potentiometric measurement on a cell will report a potential difference 
between the electrode terminals, and the second convention needed is that to 
specify the sign of this cell potential £. There is some variation in practice and 
consequent ambiguity, and the least confusing way of stating the convention used 
here seems to be the following. We first define the cell reaction as the chemical 
change that occurs per faraday of electricity passed through the cell in the direction 
such that oxidation occurs at the left-hand electrode of the cell diagram. This 
electrode will be called the anode ; it is also the electrode toward which anions 
migrate in the cell solution as they carry current. The right-hand electrode of the 
cell diagram is then the one at which reduction occurs, and it is called the cathode-, 
it is also the electrode toward which cations migrate as they carry current. The 
cell reaction corresponding to (13-1) is 

anode JH 2 (1 atm) = H + (m) + e~ 

cathode AgCI + e~ = Ag + Cl~(m) (13-2) 

net JH 2 ("1 atm) + AgCI = Ag + H + (m) + Cl - (m). 

Since the potential is a function of concentration as well as of the chemical species 
involved, statements of cell reactions should include the concentration or partial 
pressure of each substance. 

The sign of £ is now defined to be positive if the cell reaction occurs sponta¬ 
neously in the direction written and to be negative if the reverse direction of 
reaction is the spontaneous one. In this particular example £ would be positive. 
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That is, silver chloride is spontaneously reduced by hydrogen gas. Although the 
mechanical arrangement of the cell is such that the direct chemical reaction is 
prevented from occurring, the process will take place spontaneously when the 
electrode terminals are connected. 

This last is an important feature of electrochemical cells. The cell reaction has 
to be spontaneous in one direction or the other, and the cell must always be so 
designed that the direct chemical reaction is physically prevented from occurring. 
In the case of the cell of Eq. (13-1) the reactants H 2 and AgCl are isolated at the 
separate electrodes. Another way in which direct chemical reaction is prevented 
is illustrated by the Daniell cell shown in Fig. 13-2; this consists of a zinc anode 
dipping into ZnS0 4 solution and a copper cathode dipping into CuS0 4 solution. 
The two solutions are separated by a porous diaphragm which allows electrical 
contact but prevents gross mixing. The cell diagram is then 

Zn/ZnSO.t/wd/CuS0 4 (m 2 )/Cu, (13-3) 

where the dashed diagonal conventionally is used to indicate two miscible phases 
that are physically prevented from mixing. This situation will later be referred to 
as one of a liquid junction. The cell reaction is 

anode 2 Zn = ^Zn !+ (mj) + e - 

cathode £Cu 2+ (/m 2 ) + e - = Cu (13-4) 

net jZn + £Cu 2+ (/m 2 ) = \Zn 2 +(mj) + |Cu. 

Again, the cell has been written in such a way that the cell reaction occurs spon¬ 
taneously—if placed directly into the CuS0 4 solution, the zinc electrode would 
react as shown—and so the measured emf of this cell would be reported as positive. 

To return to the matter of sign convention, we note that the usual source of 
confusion is in the plus and minus markings of electrodes. The cells of Figs. 13-1 
and 13-2 are drawn so that in spontaneous action the left-hand electrode is the 
anode. This means that the anode bears a positive charge relative to the cathode 
at the solution end and a negative charge relative to the cathode at the exposed 
terminals. It is the terminals that are marked, hence it is the spontaneously operating 



r 



+ 




Zn 



Cu 






. 



FIG. 13-2. The Daniell cell. 
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FIG. 13-3. Cell conventions. The cell 
diagram is anode I solution! cathode. 


anode of a cell that bears the negative sign. To repeat, when we write a cell reaction 
the various signs and directions of flow are taken to be as shown in Fig. 13-3. If 
this is the spontaneous direction of flow, the S is reported as a positive number.* 

A further feature of electrochemical cells that are used in precise measurements 
is that they are reversible. That is, the cell reaction must take place readily in 
either direction. If the cell is short-circuited, the reaction should proceed in its 
spontaneous direction; and if an external potential is applied which overrides 
the natural cell potential, then the reaction should just as readily proceed in the 
opposite direction. The reversible electrochemical cell is thus one which may be 
held in a state of dynamic balance by application of an external counterpotential 
just equal to S. For example, in the case of the Daniell cell S is about 1.1 V if 
m x — m z = 1. External application of an opposing 1.1 V will just prevent reaction 
from occurring; a slightly smaller opposing potential will allow the cell reaction 
to occur as written, and a slightly larger opposing potential will make the reaction 
go in the opposite direction. 

The customary way of determining S for a cell is, in fact, to find that opposing 
emf which puts the cell in balance. The procedure thus defines S as the reversible 
emf of the cell. If current is allowed to flow through the cell under conditions 
such that applied potential remains essentially equal to S, then the work done is 
a reversible work. From the definition of potential, work in joules is given by qV, 
where q is the amount of charge carried through potential difference V. The 
reversible work for an electrochemical cell is then nFS, where n is the number of 
faradays passed through the cell. 

For the Daniell cell as written in Eq. (13-4), the reversible work is 
(96,487)(1.1) = 1.06 X 10 s J (m 1 = m 2 = 1, and 25°C). Had the reaction been 
written for 2 IF, 


Zn + Cu 2+ (m 2 ) = Zn ,+ (m 1 ) + Cu, 

the reversible work would be 2.12 x 10 5 J, and had the reaction been written in 
the opposite direction, S’ would be reported as —1.1 V and the corresponding 
reversible work would be —1.06 x 10* J. Thus the sign of S and both the sign 
and magnitude of the reversible work depend on how the cell reaction is written. 


* This is the traditional American convention—a very logical one for physical chemists. The 
SI convention is discussed in Section 13-CN-l. 
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A useful conversion factor is that for n — 1 an emf of 1 V = 23.06 kcal. This 
unit is sometimes called the electron-volt: 1 eV = 23.06 kcal mole -1 . 


B. Thermodynamics of Cells 


The reversible emf that is measured for a cell gives the reversible work associated 
with the cell reaction. Since this is reversible work at constant temperature and 
pressure, it is therefore the free energy change and, by Eq. (6-34), the sign conven¬ 
tion is such that we must write 


AG = -n&£; (13-5) 

that is, a positive cell emf corresponds to a spontaneous cell reaction and hence 
to a negative free energy change. 

We may now rewrite several important equations of Section 7-4 in terms of 


emf’s. Thus Eqs. (7-23) and (7-24) become 



AS = nF ( 

d<§ \ 

8T )p’ 

(13-6) 

AS 0 = n& ( 

&f°\ 

. dT ) P ’ 

(13-7) 


and, since G = H — TS by definition, for a constant-temperature process we 
have 

AH = AG + TAS, (13-8) 

AH° = -n& [«f° - T (4J-) J. (13-10) 


Equation (13-9) or (13-10) is known as the Gibbs-Helmholtz equation. 

Example. The emf of the cell Cd/solution saturated with CdCl s -2.5H a O/AgCl/Ag is 
0.6753 V at 25°C, and dd/dT = —0.00065 V K " *. If we write the cell reaction as Cd + 2AgCl = 
CdCl a (sat. soln.) + 2Ag, then AS = (2)(96,487)(-0.00065) = -125 J or -29.9 calK' 1 mole'*, 
AH = — (2)(96,487)[0.6753 - (298.1)(-0.00065)] = -1.677 x 10 6 J or -40.08 kcal (as com¬ 
pared with —39.5 kcal from thermochemical measurements), and AG = —(2)(96,487)(0.6753) = 
-1.303 x 10 5 J or -31.14 kcal. 

An interesting point is that the q for a reversibly operating cell is given by 
TAS; q would be — (29.9)(298.1) or —8.91 kcal in the example. In terms of 
Eq. (13-8) the measured q is given by AH when the reaction occurs directly, as in 
a thermochemical experiment; in the reversible cell the energy AG goes to do 
useful work, and the observed q is then determined by the entropy change. Thus 
the statement AH = AG + TAS amounts to saying: 


(total energy change) 


'energy available\ , /energy not available 
,to do work / Ito do work 
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C. The Nernst Equation 

A very important relationship is obtained as follows. For a general cell reaction 

aA + bB + ••• = mM + nN + •••, 

we have from Eq. (12-91) that 

AG = AG° + RT\n 2th [Eq. (12-91)], 

where, it will be remembered, 2th has the same form as an equilibrium constant 
but contains the activities of the products and reactants as arbitrarily specified 
by the stated reaction. If the system is at equilibrium, however, AG = 0, and we 
then obtain 


AG° = -RT In tfth [Eq. (12-92)], 


where Ath is the thermodynamic equilibrium constant. 

Combination of Eqs. (13-5) and (12-91) gives the Nernst equation: 


e = 



In 2th • 


Insertion of the numerical constants for 25°C yields 

£ = £° - 0.02569 In Q th = £° - ° °^ 916 log Q th . 


(13-11) 


(13-12) 


Equation (13-11) is the central equation of electrochemistry. By means of it we 
can determine how the emf of a cell should vary with composition, and we can 
also determine £° for a cell reaction, which in turn enables us to obtain activity 
coefficients for electrolytes. 

Example. The Nernst equation for the cell reaction of Eq. (13-2) is 


8 = 8° - 0.02569 In H . (13-13) 

7>1/ 2 

^h 2 

Ag and AgCl are in their standard states and hence have unit activity. The hydrogen pressure 
will be 1 atm, and, for the moment, we neglect activity coefficient effects, so Eq. (13-13) reduces to 

8 = <?° - 0.02569 ln[(H + )(Cl-)] = <f° - 0.05139 In m. (13-14) 


The observed emf of this cell is 0.49844 at 25°C and m = 0.005 and we may use the Nernst equation 
to calculate 8 for some other concentration, say 0.01 m. Since 8° is a constant, it follows from 
Eq. (13-14) that 

= <?0.005m - 0.05139 In = 0.46282. 

The observed value is 0.46419, a difference we will shortly be attributing to the nonideality of 
aqueous HC1. 

As a different kind of example, for the reaction of the Daniell cell, Eq. (13-4), we have 

1/2 

8 = <f° - 0.02569 In = <?° - 0.01285 In . 

a Ou*+ «CU- + 

If Zn 2+ and Cu 2+ are at unit activity (or, very roughly, 1 m), 8 = 1.10 V at 25°C. This means that 
8° is also 1.10 V, since the log term is zero. If an excess of zinc metal is placed in a solution of 
copper sulfate which is initially at unit activity, the direct spontaneous reaction will occur to 
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form copper metal and zinc ion. Eventually the solution will consist of roughly 1 m or unit 
activity Zn 2+ and some small equilibrium concentration of Cu 2+ . We can use the Nernst equation 
to calculate this last. Since the final state is at equilibrium, AG and hence & must be zero, and so 

g° = l.io = 0.01285 In ( aZrfi+ ) 

' fl Cu 2 ~ r ' equll 

= 0.01285 In (—-—) 

\ flcu 2+ / equll 

The equilibrium (Cu 8+ ) is then exp(—1.10/0.01285), or about 10~ 37 m(l). 


13-2 Experimental Procedures 


A. The Potentiometer 

The reader is referred to experimental texts for details, but the principle employed 
in the measurement of emf’s of cells should be described at least briefly. An 
elementary potentiometer arrangement is shown in Fig. 13-4. One sets up a closed 
circuit involving a working battery, usually a wet cell capable of delivering a 
reasonable amount of current without changing its voltage. The circuit contains 
a moderately high resistance, perhaps 1000 ohms, which is either in the form of 
a slide wire, or which may be tapped at close intervals. This resistance R then 
has an ohmic drop in potential iR across it. The electrochemical cell is connected 
as shown, with the electrodes in the same direction as for the working cell. One 
now moves the point of contact A until the galvanometer G shows no current 
flow. At this point the potential drop AB is the same as <? for the cell. 

The circuit is usually calibrated by means of a standard cell, or one of accurately 
known emf <f ref . By determining point A' when the standard cell is in balance, 
one therefore knows the voltage drop A'B. The desired emf is then &thi{RabIRa'b)- 
In actual practice one adjusts subsidiary resistances in the circuit (not shown) in 
calibrating with the standard cell so that the tapped or slide wire resistance posi¬ 
tion A will read directly in volts. 


FIG. 13-4. A potentiometer circuit. 


6V 



Standard cell 
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Potentiometric measurements are among the most accurate of physical chemistry. 
Cell potentials may be measured to about 10 -5 V, the limiting accuracy usually 
being that of the voltage of the reference cell. If the unknown cell is one of very 
high resistance, then the sensitivity of the galvanometer may become the limiting 
factor. In the case of a pH meter, for example, the glass electrode may have 
10 5 ohms resistance, and one must use a vacuum-tube null-meter to detect the 
balance point (early users of pH meters struggled with quadrant electrometers). 

The potentiometric method is a null method—when the circuit is balanced 
the galvanometer shows no current flow, and a slight shift in the position of the 
contact A to one side or the other causes a galvanometer deflection in one direction 
or the other. A barely detectable galvanometer deflection need correspond to no 
more than perhaps 10 -12 A, so the change in condition needed to reverse the 
current flow is very small and the measured potential is essentially the reversible 
one. If a relatively large current, say I0 -3 A, is drawn through a cell, then the 
potential drops as various irreversible processes occur, such as polarization, 
discussed in Section 13-9. The magnitude of the measured potential is therefore 
at a maximum at zero current. 


B. Standard Cells 

The most widely accepted reference cell is the Weston cell, illustrated in Fig. 13-5. 
The anode consists of a layer of solid cadmium amalgam containing 12.5% cad¬ 
mium, and the cathode consists of a pool of mercury layered with a thick paste 
of Hg 2 S0 4 . The solution is saturated with CdS0 4 • |H a O, with some excess 
crystals present on both sides, to maintain saturation. The cell diagram is 

Pt/Cd(Hg)/saturated CdS0 4 • §H 2 0/Hg/Pt 

and the corresponding cell reaction is 

|H 2 0 + Cd(amalgam) + Hg 2 S0 4 (.s) = CdS0 4 • §H 2 0 (j) + 2 Hg. 

The emf at 25°C is 1.0183 V; the temperature dependence is small, —4.06 X 
10~ 5 V K -1 . 



FIG. 13-5. The Weston cell. 
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FIG. 13-6. Reference electrodes, (a) Calomel half cell. ( b ) Complete cell that includes a calomel 
half cell. 


C. Reference Electrodes 

An electrochemical cell consists essentially of the two parts defined by the two 
electrodes, and one often constructs a cell in which one electrode is that under 
investigation and the other is a conventional electrode of known properties. This 
last is called a reference electrode. A very common and easily constructed one is 
the calomel reference electrode, illustrated in Fig. 13-6(a). Platinum wire dips 
into a pool of mercury which is layered with a paste of Hg 2 Cl 2 , followed by a 
solution which is usually 0.1 AKC1, 1 N KC1, or saturated KC1. Electrolytic 
connection must be made to the rest of the cell, and this is done through a side 
arm in which the KC1 solution has usually been stiffened with agar-agar or gelatine. 
This type of electrolytic connection is known as a salt bridge (see Special Topics 
section). 

A complete cell might then appear as in Fig. 13-6(b). The cell diagram is 
Pt/Hg/Hg 2 CI 2 (i)/l /V KC1 or saturated KCWHCKml/HjO atm)/Pt. 

If the HC1 is at unit activity, then 

«? 29g = -0.280 V (1 N KC1) and <? 298 = - 0.242 V (saturated KC1). 

The boundary between the KC1 solution and that of the electrolyte of the 
second part of the cell is known as a liquid junction. Since ions are carrying the 
current in solution, passage of electricity means that ions move across the junction, 
just as in a transference experiment. In terms of this cell some K+ ions must move 
from the KC1 solution into the HC1 one, and some Cl - ions must move from a 
concentration m in the HC1 to that in the KC1. Some net changes thus occur at 
the liquid junction, whose free energy requirement contributes to the emf of the 
cell as a whole. This contribution is known as the junction potential, and fortunately 
it is small if the bulk of the current is carried by oppositely charged ions of the 
same mobility. This is essentially the situation in the case of a KC1 salt bridge; 
K+ and Cl - do have nearly the same mobility. The more detailed treatment of 
junction potentials is given in the Special Topics sections, and it is sufficient 
here to note that for most purposes the junction potential for a saturated KC1 
(or a concentrated NH 4 N0 3 ) salt bridge can be neglected. However, this effect 
does impair the accuracy of a cell involving a calomel reference electrode. 
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Other reference electrodes include the hydrogen electrode itself, which is very 
accurate but somewhat inconvenient to use, and well-known reversible electrodes 
such as the silver-silver ion or the silver-silver chloride ones. For accurate work 
a reference electrode should be a direct part of the cell, but it may be more con¬ 
venient to connect the electrode being studied to the reference electrode via 
a salt bridge and to either neglect or try to estimate the value of the junction 
potential. 


13-3 Determination of 
<f° Values and Activity Coefficients 


Equation (13-11) may be written in the form 


£ = 




RT 

n.& 


In Q- 


RT 

nIF 


In Q y , 


(13-15) 


where 


6th = 


a M m a N n ••• 
a A a a A b 


(M) m (N)" - y M m y N n •• 
(A)W- y A a VB 


(13-16) 


We now write 


£' = £ + 


RT 

nF 


In Q = £° 


RT^ 
nST 


In Qy 


(13-17) 


The quantity £' is determined for a series of concentrations and plotted against 
concentration. At infinite dilution the activity coefficients and hence Q y approach 
unity, and In Q y approaches zero; the extrapolated value of £’ is thus equal to £°. 
The procedure may be illustrated for the cell corresponding to reaction (13-2) 



FIG. 13-7. Determination of S\ tt for the cell Pt/H a (/ arm)/HCl(m)/AgCl/Ag. 
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at 25°C. We write Eq. (13-14) in the form 

8 = 8 0 - 0.05139 In m — 0.05139 In y ± 


or 


S' = 8 + 0.05139 In m = 8« - 0.05139 In y ± . (13-18) 

According to the Debye-Hiickel limiting law, Eq. (12-89), In y ± should be propor¬ 
tional to y/m, so 8' is plotted against y/m as shown in Fig. 13-7. Extrapolation 
to zero concentration gives 8 \ 98 = —0.22239 V. Having determined the 8° for the 
cell reaction, one may then insert its value back into Eq. (13-18) and thus obtain 
y± for HC1 at each concentration. 

This procedure illustrates how a number of very accurate values of 8° and of 
activity coefficients have been obtained. One may also, of course, estimate Q y 
either theoretically or from other activity coefficient data and thus calculate 8° 
from the measured 8. 


13-4 Additivity Rules for 
Emf’s. Standard Oxidation Potentials 

Since the 8 or 8° for a cell reaction is just the free energy change per equivalent, 
emf’s obey essentially the same additivity rules as do free energies. For example, 

(a) Zn + 2H+ = Zn 2+ + H 2 , 

(b) Cu + 2H + = Cu 2+ + H 2 , 

(c) = (a) - (b) Zn + Cu 2 + = Zn 2+ + Cu. 

We know that dG? c) = dG? a) — ^dG^ b) , hence 

—n.'FSl o = —n&Sla.) — {—n.'F 8%)), 

or 8^ c) = 8° m — 8° b) . In general, if two cell reactions are added (subtracted), 
the resultant emf is the sum (difference) of those for the two reactions. 

We make use of this attribute in much the same way as is done in formulating 
enthalpies and free energies of formation. First, all emf data are expressed as 
8° relative to the hydrogen electrode as cathode. Second, a cell reaction is expressed 
as a combination of two half-cells. For example, reaction (a) is broken down as 

Zn = Zn 2+ + 2e- «?zn/zn 2+ 

2H + + 2e- = H 2 -<^ 2 /h + 

Zn + 2H + = Zn 2+ + H 2 <?° = “ *£,/«♦ ' 

Thus any cell reaction may be written as the difference between two half-cell 
oxidation reactions and any 8° as the difference between two standard half-cell 
oxidation potentials. This combination of equations may therefore be written as 

*?c, = (^In/zn- - ^°H,/H + ) - (^u/cu- ~ ^°H 2 /H + ) 

= ^zn/zn 2+ — ^Cu/Cu !+ • 
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Some indirect estimates suggest that the absolute standard half-cell potential 
for H 2 /H + is small, but it is apparent that its actual value is immaterial in com¬ 
bining equations, since it cancels out. The third step is, accordingly, to make the 
convenient, arbitrary assignment that <?h 2 /h+ = 0 and to report the measured <f° 
values for reactions such as (a) and (b) as the actual values for the half-cells. 
Thus <^®98 = 0.763 and —0.337 for reactions (a) and (b), respectively, and we 
report that 

*2./Zn~ = 0-763 and *£u/Cu~ = -°- 337 - 

Then <f ®98 for reaction (c) is 0.763 — (—0.337) = 1.10 V; this result is independent 
of the assumption regarding <^h 2 /h+- 
The convention is that the emf of a cell is given by 

0 3 -i?) 

where and <f° lght are the standard oxidation potentials of the half-cells corre¬ 
sponding to the anode and cathode of the full cell, respectively. 

The general mass of emf data has been reduced by means of this formalism 
and a number of standard half-cell potentials are given in Table 13-1. Their use 
follows the example just given. Each value is actually the for the cell whose 
anode is the stated half-cell and whose cathode is the standard hydrogen electrode. 
The right-hand column of the table gives the corresponding standard electrode 
potentials, t^ 0 . This alternative definition is described in Section 13-CN-l. 

As one other further example, the reaction 

(c) 2Hg + 2AgCI = Hg 2 Ci a + 2Ag 

can be written as the difference between 

(a) 2Hg + 2C1- = Hg 2 Cl 2 + 2t~, <?° 68 = -0.2676 

and 

(b) Ag + Cl- = AgCl + e-, «f° 98 = -0.2224. 

Then <?® c) = —(0.2676) — (—0.2224) = —0.0452. Note that although we must 
multiply reaction (b) by 2 before subtracting it from reaction (a) in order to obtain 
reaction (c), we subtract the emf’s directly. This is because an emf corresponds 
to the free energy change per faraday, so that all emf’s are on the same basis. 

There is one situation where the additivity procedure must be handled with 
care, namely in the combining of two half-cell reactions to give a third half-cell 
reaction. Each emf should be weighted by the number of faradays for which the 
half-cell reaction is written. As an example, consider the case 

(a) Fe = Fe 2+ + 2e~, JG° a ) = -2J r <?° a) , 

(b) Fe 2+ = Fe 3+ + e~, AG( h) = -,?£%) , 

(c) Fe = Fe 3+ + 3e“, z3G ( ° c) = -3^®, . 

Since A Gj e) = AG° M + AG ° ib) , it follows that *f c) = (2<? ( ° a) + *? w )/3. At 25°C, 

we get £° c) = [(2)(0.440) + (—0.771 )]/3 = 0.036. The general equation is 

»o n ( a)^(a) + «(b)^(b) 

©(c) = - 


«(c) 


(13-20) 
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TABLE 13-1. Standard Oxidation Potentials at 25 a C < ‘ 


Half-cell reaction 


•V^O b 

298 

Li = Li + + e" 

3.045 

-3.045 

K = K + + e- 

2.925 

-2.925 

Ca = Ca 2+ + 2e~ 

2.87 

-2.87 

Na = Na + + e~ 

2.714 

-2.714 

Mg = Mg 2+ 4- 2e" 

2.37 

-2.37 

A1 = Al 3+ + 3e~ 

1.66 

-1.66 

Zn = Zn 2+ + 2e _ 

0.763 

-0.763 

Fe = Fe 2+ + 2e~ 

0.440 

-0.440 

Cd = Cd 2 + + 2e~ 

0.403 

-0.403 

Pb + SO 2 ” = PbSO, + 2e- 

0.356 

-0.356 

T1 = T1+ + e~ 

0.3363 

-0.3363 

Pb = Pb 2 + + 2e- 

0.126 

-0.126 

Ag + I- = Agl + e - 

0.156 

-0.156 

Fe = Fe 3+ + 3e - 

0.036 

-0.036 

H 2 = 2H+ + 2e- 

0.0000 

0.0000 

Ag + Br- = AgBr + e _ 

-0.0713 

0.0713 

Cu + = Cu 2+ + e- 

-0.153 

0.153 

Ag + Ch = AgCl + e“ 

-0.22239 

0.22239 

Saturated calomel 

-0.242 

0.242 

2Hg 4- 2C1- = Hg 2 Cl 2 + 2e- 

-0.2676 

0.2676 

Normal calomel 

-0.280 

0.280 

0.1 A calomel 

-0.3358 

0.3358 

Cu = Cu 2+ 4- 2e~ 

-0.337 

0.337 

Cu = Cu + + e~ 

-0.521 

0.521 

21- = I, + 2e- 

-0.5355 

0.5355 

Fe 2+ = Fe 3+ + e - 

-0.771 

0.771 

2Hg - Hg 2+ + 2e- 

-0.789 

0.789 

Ag = Ag + + e - 

-0.7991 

0.7991 

Hg| + = 2Hg 2+ + 2e- 

-0.920 

0.920 

2Br- = Br 2 + 2e - 

-1.0652 

1.0652 

lH a O = iO a + H + + e- 

-1.23 

1.23 

TI+ = Ti 3+ + 2e- 

-1.25 

1.25 

2CI- = Cl 2 + 2e~ 

-1.36 

1.36 

PbS0 4 + 2H 2 0 = 

PbO a + SOI" + 4H + + 2e- 

-1.685 

1.685 

2F" = F 2 + 2e _ 

-2.87 

2.87 

Basic solutions 

SO 2 " 4- 20H- = SO 2 - 4- H 2 0 4- 2e" 

0.93 

-0.93 

H 2 + 20H- = 2H 2 0 4- 2e- 

0.8281 

-0.8281 

Ni + 20H- = Ni(OH) 2 4- 2e" 

0.72 

-0.72 

30H- = H 2 0 4- HO," + 2e~ 

-0.88 

0.88 


• Largely adapted from G. N. Lewis and M. Randall, “Thermo¬ 
dynamics,” 2nd ed. (revised by K. S. Pitzer and L. Brewer). McGraw- 
Hill, New York, 1961. 

6 See Commentary and Notes section. 
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where n denotes number of faradays. Whenever one has any question about 
combining cell emf’s, he should always do so first in terms of AG’s since these are 
always additive. 


13-5 Emf and Chemical Equilibria 


A. Thermodynamic Relationships 

Combination of Eqs. (13-5) and (12-92), AG° = —.RTln A/th , gives an impor¬ 
tant relationship between the £° for a cell and the equilibrium constant for the 
cell reaction: 

RT 

^° = -^ln K ib (13-21) 

or, for 25°C 

log4 = W^ (I3 ‘ 22) 

Thus for n = 1, 0.059 V corresponds to one power of ten in K. 


B. Direct Applications 


A very direct and useful application of £° values is to the treatment of oxidation- 
reduction equilibria in solution. The following examples illustrate typical situa¬ 
tions. 

Example. To what extent will Zn reduce 0.01 m Fe 2+ at 25°C? The reaction is 

Zn + Fe 2+ = Zn 2+ + Fe 

and, from Table 13-1, <?° 298 = 0.763 - 0.440 = 0.323. Then K a = exp[(2)(0.323)/(0.02569)] = 
8.3 x 10 10 , or 


u.j iv/ — - . 

a P e 2 + 

The reaction will go virtually to completion, or, if activity coefficients are neglected, until (Zn 2+ ) 
is essentially 0.01 m; the equilibrium (Fe 2+ ) is then 0.01/8.3 x 10 10 = 1.2 x 10 _ls . 


Example. To what extent should 0.01 m Hg| + disproportionate into Hg and Hg 2+ at 25°C? 
We combine the following half-cell reactions: 


(a) |Hg 2 + = Hg 2+ + e-, <f?a> = -0.920, 

(b) |Hg 2+ + e- = Hg(/), £ <°b> = 0.789, 


(c) Hg 2+ = Hg 2+ + Hg(/), «??c> = -0.131. 


K t tx = exp(—0.131/0.02569) = 6.10 x 10” 8 , so we have 


6.10 x 10- 8 


(Hg 2+ ) = (Hg 2+ ) 

(Hg 2+ ) 0.01 - (Hg 2+ ) ’ 



13-5 EMF AND CHEMICAL EQUILIBRIA 513 


from which (Hg 2+ ) = 6.06 x 10“ 5 . The calculation supposes that some Hg(/) is formed or is 
present. 


C. Determination of Solubility Products 

Several of the half-cell reactions of Table 13-1 are written as the reaction of 
a metal with an anion to give a slightly soluble salt. The potential for such a 
half-cell reaction may be combined with the one for the simple oxidation of the 
metal, to give the solubility product of the salt. If we have 

(a) M + X- = MX(s) + e-, <?° a) , 

(b) M = M+ + e- £%» , 

(c) = (b) - (a) MX(j) = M+ + X-, <? ( ° c) = «f ( ° b) - <f° a) , 

then, neglecting activity coefficients, K sp = exp(<? ( ° c) /0.02569) at 25°C. 

An alternative and sometimes very useful approach is the following. We write 
the Nernst equation for reaction (b): 

<?cb) = <^°b) - 0.02569 In a M + . (13-23) 

The potential at a metal-metal ion electrode must always reflect the chemical 
potential of that ion; in the presence of X - , MX(s) forms, which decreases a M+ 
according to the solubility constant, a M + = Kth/a x - • The standard potential of 
reaction (a) must therefore be the same as the potential of the metal-metal ion 
electrode for that value of a M + which is present when a x - is unity. Thus when 
a x - is unity <f (b) in Eq. (13-23) may be replaced by and o M+ by Xth : 

= C) - 0.02569 In K tb , K th = exp ^ 5 ^ , 

which is the same result as before. This alternative treatment, although longer as 
presented here, becomes very advantageous when one is dealing with more com¬ 
plicated situations. 

Example. Calculate the solubility product for Ag 2 S0 4 if = —0.627 V for the cell 
Ag/Ag 2 SO,/H 2 SO,(m)/H 8 /Pt. 

The is that for the half-cell reaction 

2Ag -f- S0 4 — Ag 2 S0 4 -f- 2e - , = —0.627. 

Subtraction of this from 

2Ag = 2Ag+ + 2e~, <f 298 = -0.799 

gives 

AgjSOj = 2Ag+ + SO, - , 4.8 = -0.172. 

The solubility product is then exp[(2)(—0.172)/0.02569] = 1.53 x 10" 6 . Note that n = 2 in 
this case. 

Application of the alternative procedure is as follows. We write 


S = -0.799 - £(0.02569) l n . 
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When a so |- is unity, £ = —0.627 V, and al g+ = X/asof- = A, so 

-0.627 = -0.799 - 1(0.02569) In K, 
which gives the same result as before. 


D. Determination of Dissociation Constants 

The alternative procedure described in the treatment of solubility equilibria 
may be applied to a homogeneous equilibrium in solution. If a metal ion is com- 
plexed in solution, then the half-cell potential M/M z + gives the activity of that 
ion, and this often allows the calculation of the equilibrium constant for complexa- 
tion. 

Example. The potential for the cell 

Cu/0.02/Cu(II) in 0.5/NH 3 /normal calomel electrode 

is 0.26 V at 25°C. [We use formalities since the copper is largely present as the complex Cu(NH 3 )J + 
and we wish merely to describe the overall makeup of the solution.] We treat the left-hand electrode 
as a Cu/Cu 2+ electrode whose emf is determined by a Cu 2 + ' n t * le solution: The emf of the cell is 
therefore written 

£ — Cu'Cu 2 ' — *^ref — £(0.02569) In acu ,+ 
or 

0.26 = -0.337 - (-0.280) - ° °^ 569 In a ca . + , 


flcu* + — CXp 


(2X-0.317) 

0.02569 


- 1.91 X 10-“, 


Virtually all of the Cu 2+ is in the form of Cu(NH,) 2+ ; therefore (NH 3 ) = 0.5 - (4)(0.02) = 0.42, 
and we evaluate the equilibrium constant as 


(CuiNHs). 24 ) 

(Cu 2+ )(NH 3 ) 4 


0.02 

(1.91 X 10-“)(0.42)‘ 


= 3.37 X 10 10 


(neglecting activity coefficients). 


A number of equilibrium constants for the dissociation of complex ions have 
been determined in this way. We see in Section 13-8 that an analogous procedure 
may be applied to the determination of a H + in a solution. 


13-6 Concentration Cells 


The term concentration cell is used to designate a cell whose net reaction involves 
only changes in composition of species (or of gas pressures) and no net oxidation 
or reduction. The S ' 0 for such a cell must be zero since all species in the cell reaction 
are then to be at unit activity, in which case no change at all accompanies the pas¬ 
sage of electricity. 
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A. Electrode Concentration Cells 

A very straightforward type of concentration cell is the following: 

Pt/H 2 (P 1 )/HCl(m)/H 2 (/ > 2 )/Pt, 


for which the cell reaction is 


anode H 2 (/>,) = 2H+(m) + 2e“, 

cathode 2H + (m) + 2e~ = H 2 (/ > 2 ), 
net reaction H 2 (P 2 ) = H 2 (/' 2 ), 


with 


’298 — 


0.02569, P 2 

2 “jy 


In the case of a metal electrode the metal may be present as an amalgam: 


with 


Cd(jc,, in Hg)/CdSOi(m)/Cd(x 2 , in Hg), 


'298 


0.02569, a x 

-— In —. 

2 a Xl 


B. Simple Electrolyte Concentration Cells 


In a simple electrolyte concentration cell liquid junctions are avoided by setting 
up two opposing cells which differ only in their electrolyte concentration. The 
following is an example: 


Ag/AgCl/HCKmd/HjO atm)/Pt—Pt/H 2 (l atm)/HCl(m 2 )/AgCl/Ag, 


first anode 
first cathode 
second anode 
second cathode 
net reaction 


Ag -f Cl~(mi) = AgCl + e - , 

H + (mi) + e~ = |H 2 (1 atm), 

|H 2 (1 atm) = H+(m 2 ) + e~, 

AgCl + e" = Ag + Cl'(m 2 ), 
H + (m,) 4- Cl'fm,) = H*(m 2 ) + Cl"(m 2 ). 


Note that it is important to write each ionic species separately if the electrolyte 
is in fact treated as fully dissociated. The emf for this cell is 


<? 298 = -0.02569 In a * + - m * a 9)1^3 , 

0H + ,m 1 a Cl - ,mi 

g = -0.05139 In — — 0.05139 In ^- a . 

288 m x y±, mi 

Cells of this type may be used to obtain the ratio of activity coefficients of an 
electrolyte at two different concentrations. 



516 CHAPTER 13: ELECTROCHEMICAL CELLS 


Electrolyte concentration cells having a liquid junction are discussed in the 
Special Topics section. 


13-7 Oxidation-Reduction Reactions 


We consider here the situation in which both the oxidized and reduced forms of the half-cell 
couple are solution species. Examples are the couples Fe 2+ /Fe 3+ and Cu+/Cu 2+ . Both partners 
of the redox couple are in solution, and since they can be exposed only to one of the electrodes 
(or else the cell would be short-circuited), it is mandatory that the second electrode be connected 
by means of a salt bridge. Thus we have 

Pt/Cu+(«!), Cu 2+ (m 2 )/standard calomel electrode. 

The potential of such a cell is given by the general form 

* = In 2=5S , (13-24) 

n Area 


where the anode reaction is 

M(red) = M(oxid) 4- ne~ 

and a oxId and a lei , refer to the activities of the oxidized and the reduced forms of the species of the 
redox couple, respectively. As mentioned in Section 13-2C, the presence of a liquid junction 
introduces some unavoidable inaccuracy in the measured emf. (See also the Special Topics 
section.) 

Cells of this type have been used in the determination of the redox emf not only for metal ion 
couples but also for a variety of inorganic coordination compounds and for many organic systems. 
An example of the second type is the Fe(CN)J _ /Fe(CN)J~ couple, for which <?% gs = —0.36 V, 
and an example of the latter is the couple 

[HO-C»H 4 -OH] = [0=C 6 H 4 =0] + 2H+ + 2e", ^° 93 = -0.6994. (13-25) 

It will be seen in the next section that the quinone-hydroquinone couple is useful in pH deter¬ 
minations. 

Returning to inorganic examples, we note that most elements exist in several oxidation states 
and that the potentials between these states are generally determined by cells of the type repre¬ 
sented by Eq. (13-24). Table 13-2 summarizes a few of these emf relationships. The number 
between oxidation states is the standard oxidation potential at 25°C. We assume acid solutions 
and use H + and H 2 0 as needed in writing the balanced half-cell reactions. 

A cell corresponding to Eq. (13-24) may also be used to follow a redox titration. Let us say 
that ion M 4 is initially present in reduced form and that an oxidizing agent, ion M 2 , is added 
progressively. The reaction 

M 4 (red) + M 2 (oxid) — Mj(oxid) + M 2 (red) 

occurs. We assume that the reaction is rapid so that at each stage of the titration the system is in 
equilibrium. Since there can be only one potential at the platinum anode, this means that 
aMjtrec) is always equal to a M2 <oxid>MM 2 (red)* 

The situation is most easily delineated by means of a concrete example. Consider the titration 
of Cu + with Fe 3+ : 


Cu + + Fe 3+ = Cu 2+ + Fe 2+ . 


(13-26) 
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TABLE 13-2. Selected Standard Oxidation Potentials for the Elements 
in Their Various Valence States “ 


Cr Cr 2+ Cr 3 + Cr O 2 - 

2 7 

Mn — Mn !+ Mn 3 + —— Mn0 2 MnO 2 -Mn0 4 ~ 
Fe Fe 2 + — Fe 3+ 

Co — — Co 2+ Co 3+ 3±±I Co0 2 - 

Ni -22L. Ni 2+ NiO, 

Cu ~°' 521 Cu+ ~ 0153 Cu 2+ 

Cl- -= i ^- CI 2 -^- HCIO ~ 1 ' 645 hcio 2 — cio 3 - -Till cio 4 - 

Br- -^L Br 2 HBrO -=i^- BrOr 
!- 1 2 HIO -HI- IO a - H 5 10 6 


“ Adapted from W. M. Latimer, “The Oxidation States of the 
Elements and Their Potentials in Aqueous Solution,” 2nd ed. 
Prentice-Hall, Englewood Cliffs, New Jersey, 1952. 


The cell would be 

Pt/Cu + (plus Cu 2+ , Fe 3+ , Fe 2+ as the titration proceeds)/caIomeI reference electrode. 

The cell potential is <?<. el i = <? Pt — £ re r, where £p t is the half-cell potential at the platinum 
electrode. The statement is that at all stages of the titration 

£pt = <^Fe 2 +/Fe 2 + = *^Cu + /Cu 2 + > (13-27) 

fCii s+ l fFe 3 *! 

<?« = <?g» + /cu* ♦ - 0.02569 In = £%*' + ,f.* + - 0.02569 In , (13-28) 

where, for simplicity, activity coefficients are neglected. Equation (13-28) rearranges to 

fCii s+ ¥Fe s+ J 

«?&»,c»*+ - <^.*+,f.»+ = 0.02569 In ( cu + )(Fe «+) = 0.618. (13-29) 

Equation (13-29) defines the equilibrium constant for reaction (13-26) and may be solved for each 
stage of the titration. One then inserts the equilibrium ratio of (Cu 2+ )/(Cu+) or that of (Fe 3+ )/ 
(Fe 2+ ) in Eq. (13-28) to give <? Pt and thence <? ce n . 

At the end-point, Fe to t = Cu to t, and since (Fe a+ ) = (Cu !+ ) by the stoichiometry of Eq. 
(13-26), it follows that (Fe s+ ) = (Cu + ). Equation (13-29) then reduces to 

^’cu/cu*+ ^Fe* + /Fe ,+ = 0.05139 In 

IA re /Jendpoint 

Insertion of this relationship into the right-hand side of Eq. (13-28) to eliminate the log term 
leads to 

^Pt, endpoint = l(^Fe 2+ /Fe 3+ + < ^Cu + /Cu 2+ )- (13-30) 

Equation (13-30) gives the value of £ Pt and hence of <? ce ii at the endpoint. The plot of this par¬ 
ticular titration is shown in Fig. 13-8, where Fis the degree of progress of the titration. 
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FIG. 13-8. Potentiometric titration curve for Cu + + Fe s+ = Cu 2+ + Fe 2+ . 


13-8 Determination of pH 

The term pH was coined by S. Sorensen in 1909 to mean —log(H+), and we 
have come to use the symbol p(X) as an operator meaning —log X, where X may 
be a concentration, an activity, or an equilibrium constant; pK & means —log K & , 
for example. A potential measurement always reflects the activity of the species 
present, and only at infinite dilution can activity be equated with concentration. 
Potentiometric methods for pH determination therefore measure some type of 
hydrogen ion activity, although it turns out that the exact nature of what is 
measured depends on the cell that is used. The modern procedure is to define pH 
as essentially 

pH = —log a H+ (13-31) 

but with the exact meaning of a H + determined by the cell used. 

Consider first a cell such as (13-1): 

Pt/H 2 (l atm)/HCI(m)/AgCI/Ag. 

The corresponding Nernst equation is 

$ = <f°- 0.05139 In a ±>HCI . (13-32) 

The procedure described in Section 13-3 allows the determination of S°, and so 
the cell measurements provide values for the mean activity of HC1 in any solution, 
which might be thought to correspond to a H + • Suppose that now we replace the 
electrolyte by [HAc(w x ) + KC1 (w 2 )]. The S a remains the same, as does Eq. (13-32). 
However, the calculated mean activity for HC1 will now depend on both m 1 and 
m 2 . Thus such a cell is not suited for pH determination. 

Next, consider the cell 

Pt/H 2 (l atm)/solution /calomel electrode. 
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This emf is 

«f 298 = -g nt - 0.02569 In a H+ = -«f ref + 0.05916 pH (13-33) 

and it appears that our goal is achieved. The problem is that S mf contains the 
junction potential at the solution/KCl interface (see Section 13-2C and Special 
Topics section) and is not rigorously measurable. What is actually done is to 
determine & r ef such that a H+ corresponds to (H + ) y± as observed, by independent 
means, to apply to various solutions of weak acids. In effect, it is assumed, not 
quite correctly, that y H + = y± ; it is also assumed, not quite correctly, that the 
junction potential incorporated in d> T et will not vary with the nature of the solution 
studied. 

The result of all this is that the operational definition of pH is given by Eq. (13-33) 
with the <f r ef values of Table 13-1 for the various calomel reference electrodes. 
The definition allows very precise pH measurements, but ones whose accuracy 
is subject to some, but probably not much uncertainty so long as fairly dilute 
solutions are involved. The interpretation of pH in concentrated solutions or in 
nonaqueous solvents can be quite a problem. 

The hydrogen electrode is a demanding one to use experimentally; the platinized 
platinum can be poisoned (lose its catalytic ability due to adsorption of solution 
components), so that the electrode fails to function well. An alternative pH- 
determining cell is that corresponding to Eq. (13-25): 

Pt/solution with quinone (Q) plus hydroquinone (H 2 Q) / calomel electrode. 

One convenience is that quinone forms a 1:1 compound with hydroquinone, 
quinhydrone, so that by dissolving the compound in the solution to be tested, one 
establishes equal concentrations of both species. With the added assumption that, 
being nonelectrolytes, their activity coefficients will be unity, the Nernst term, 
( RT/n J 5 ") ln(a Q /a Ha oX drops out and one has for 25°C 

<? 298 = -0.6994 - <f re{ + 0.05916 pH (13-34) 

(subject to the same reservations about liquid junctions as stated earlier). 

The most widely used pH-determining cell is that known as the pH meter or 
glass electrode. The cell diagram is 

glass membrane 
reference electrode ll 

// unknown solution / calomel electrode, fli-io) 

in solution A // / 

where the anode may be either Ag/AgCl or a calomel electrode, but with the 
solution buffered at some constant pH. The glass membrane has the property of 
passing essentially only hydrogen ions, and, per faraday, the cell reaction is 

H + (solution A) = H*(unknown solution) 

SO 

<^298 = constant + 0.05916 pH , (13-36) 

where the constant contains for the cell, a constant Nernst term, and the 
junction potential. In practice, one calibrates the pH meter scale by measuring 
the emf when a known buffer solution is used in place of the unknown solution, 
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V 


FIG. 13-9. Variation of current i with voltage V.l-2: current determined by diffusion of electrode 
products away from the electrode region; 2-3 current determined by Ohm's law. 


and one finds that it gives almost the same pH values for other solutions as a 
hydrogen electrode does [see Dole (1941) and Bates (1954) for details]. 

Recently other ion-selective membranes have been developed that pass only 
one or another cation or anion, and an electrode incorporating such a membrane 
allows the determination of a pM or a pX, where M or X is the ion passed. The 
selectivity is not always rigorous, however, and one must test such electrodes 
carefully in the actual situation before accepting the results of their use. 


13-9 Irreversible Electrode Processes 


The material so far has dealt with reversible emf’s, the experimental measurements being made 
under conditions of virtually no current flow through the cell. Practical applications of electro¬ 
chemistry, except for standard reference cells, involve appreciable current flows and we now 
encounter a new set of phenomena which involve irreversible processes. One is that of over¬ 
voltage, important in electrodepositions and also in the study of the kinetics of electrode reactions. 
Another is polarography, discussed in the Special Topics section. 


A. Electrodeposition 

Electrodeposition is the production of an electrolysis product, usually a metal, on a pre¬ 
parative scale. The situation is illustrated in Fig. 13-9. When a potential is applied across the 
terminals of a cell very little happens until a critical voltage is reached, beyond which the current 
increases about linearly With potential. This is what occurs: Suppose that we have two platinum 
wires dipping in an HCI solution. The cell reaction and reversible potential are 

anode 2Cl _ (m) = + 2e _ , 

cathode 2H + (m) + 2e~ = H 2 (P), 


and 
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where <?° = — 1.3595 V at 25°C. This would, in principle, be established if hydrogen and chlorine 
gas were bubbling past the respective electrodes, so that a H , and a 0 i, corresponded to a P of 1 atm. 
In the present experiment, however, no gases are being supplied, and P is initially zero, so that <? is 
some large positive number, infinity in theory. When the electrodes are inserted into the solution 
and connected, but with no potential applied some fluctuation will decide one to be the anode 
and the other the cathode, and some minute amount of electrolysis will occur, forming a little 
dissolved hydrogen and chlorine next to the electrodes and bringing their local activities up to 
some low, but nonzero value. The activity of the dissolved gases is far below that for 1 atm 
pressure and no bubbles can form, but the dissolved gases will diffuse steadily away from the 
electrodes into the solution. The result is that a small current will flow, and if a very sensitive 
probe could be used, each electrode would be observed to have some potential relative to the 
probe. The electrodes are said to be polarized , and the small current is called the residual polariza¬ 
tion current. 

If we now apply a small potential V between the electrodes, additional electrolysis will take 
place, building up a H2 and a C \ 2 so that a back emf develops in opposition to the applied potential 
difference. The increased hydrogen and chlorine activities lead to an increased diffusion rate 
away from the electrodes and a consequent increase in the very low steady-state current. We thus 
observe section 1-2 of the curve shown in Fig. 13-9. With continued increase in applied voltage 
a H2 and a c i 2 will become equal to the value of the gases at 1 atm, and actual bubble formation 
will occur. Then <?„ is at its maximum value d a(max) and cannot increase further, and beyond this 
point the increase in applied potential goes into an ohmic potential drop through the solution, 
that is, V — <f 5 ( maK ) = iR. The section 2-3 of the plot is thus linear. 

This analysis indicates that extrapolation of the linear portion of the plot of Fig. 13-9 gives 
^fl(max) ', this is called the decomposition potential. Ideally, «?<,( msx ) is equal to <f rev for the cell, 
but in practice it may be more positive, and the difference between the two is then called the 
overvoltage. In electrodeposition one is operating in this linear region, and although the reversible 
potential is the ideal decomposition potential, in practice one must know what the overvoltage 
will be. 

Suppose that we wish to deposit cadmium from a 0.1 m solution of a cadmium salt at pH 7. 
The reversible potential for the reaction Cd 2+ + 2e~ = Cd will be, at 25°C and with activity 
coefficient effects neglected. 


= -0.402 - 


0.02569, 1 


in 


0.1 


-0.432 V. 


The value for hydrogen, that is, & for evolving hydrogen gas, is 
„ „ 0.02569, / 1 \» 

<^, = 0 - 2 — ln ( l 0 ^ / = -°- 414 V - 

One thus expects the evolution of hydrogen to occur first as potential is applied to the electrolysis 
cell and that, in fact, it would be virtually impossible to cause cadmium metal to deposit on the 
electrode. The actual situation is just the reverse because the overvoltage for hydrogen evolution 
from a cadmium surface is about 0.5 V; as a consequence, the cadmium deposits and no hydrogen 
evolution occurs. 

Some representative hydrogen evolution overvoltages are as follows: platinized platinum, 
zero or small; smooth platinum, 0.09; silver, 0.15; copper, 0.23; lead, 0.64; zinc, 0.70; and merctiry, 
0.78 (for zero current). An interesting observation is that the hydrogen overvoltage parallels 
the heat of adsorption of atomic hydrogen on the metal. The overvoltage thus seems to be related 
to the energy required to produce surface hydrogen atoms as the intermediate to H 2 formation. 


B. Theory of Overvoltage 

The excess of an applied potential over the reversible decomposition potential, or the over¬ 
voltage, is usually given the symbol tj, and Fig. 13-9 could be redrawn so as to show a plot of i 
versus v- However, there are three general types of contribution to an observed overvoltage, 
only two of which are of fundamental interest. As mentioned earlier, the linear portion of Fig. 
13-9 arises primarily from the Ohm’s law drop in potential across the solution and is trivial from 
a theoretical point of view. Second, as active decomposition occurs, electrolysis products accumu- 
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late and reactants are depleted in the vicinity of the electrode; the effect is to change «? 0 from the 
reversible value calculated for the average compositions. This contribution to i? is known as 
concentration polarization, and is of practical but not much theoretical interest (see Special 
Topics section). We wish to concentrate on that portion of r) due to the intrinsic chemistry of the 
electrode process itself, often called activation polarization. 

The experimental method is illustrated in Fig. 13-10. The desired current i is passed through 
the electrode to be studied S x by means of the circuit <?!-<?* and the potential variation at £ x 
is measured by means of the separate potentiometer circuit . Thus the ohmic contribution 
is essentially eliminated, and, with good stirring, most of the concentration polarization. The 
commutator device shown allows ij to be measured either during current flow or immediately 
after cessation of flow; in this last case that portion of y due to activation polarization will often 
decay exponentially with time. 

Activation polarization usually obeys an equation due to J. Tafel in 1905, known as the first law 
of electrode kinetics: 


v = a + b In /. (13-38) 

A derivation of Eq. (13-38) is given in the Special Topics section, but the qualitative basis for it 
is that there is some slow step in the electrode process which involves an energy barrier, so that a 
Boltzmann factor exp (— AG*/RT ) determines The applied potential acts to lower the level 
of this barrier, and hence the increased current is logarithmically related to ij. 


COMMENTARY AND NOTES 


13-CN-l Standard Oxidation 
Potential and Standard Electrode Potential 

We have used the standard oxidation potential (f° throughout this chapter, 
and an alternative quantity, the standard electrode potential ’f' 0 , should be 
mentioned. This last is defined according to the recommendations of an inter¬ 
national commission of 1953 as follows. A cell is made up of the particular elec¬ 
trode and a hydrogen electrode, and the half-cell electrode potential is that of the 
reversible potential difference between the terminals of the electrodes. Referring 
to Fig. 13-3, we see that if the half-cell operates spontaneously as the anode, the 
potential at its terminal is negative, and its electrode potential is therefore reported 
as negative. The standard electrode potential is defined the same way as to sign, 
but, of course, with all species now in their standard states. 

The standard electrode potential is, by this definition, a property of the half-cell 
(relative to the hydrogen electrode), and its sign is therefore independent of the 
direction in which one writes the half-cell reaction. In determining d>° for a cell, 
one writes the cell diagram as usual, and, by definition, 

<?° = ^?ight - -fTert • (13-39) 

By this definition <?° is positive if the cell reaction, with the left-hand electrode 
taken to be the anode, is spontaneous; there is no change in this respect. 

The system used here compares with that just given as follows. The standard 
oxidation potential is positive for a half-cell if, relative to the hydrogen electrode, 
the spontaneous reaction of the half-cell is one of oxidation. For some other 
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V 

\ 

Potentiometer 



FIG. 13-10. Apparatus for measuring overvoltages. [From A. W. Adamson, “Physical Chemistry 
of Surfaces," 3rd ed. Copyright 1976, Wiley ( Interscience), New York. Used by permission of 
John Wiley & Sons, Inc.] 


cell S’ 0 is, by this definition, 


<^° = *feft - *?ight [Eq. (13-19)]. 

The standard oxidation potential is always associated with the half-cell reaction 
written as an oxidation; the standard potential for a half-cell written as a reduction 
is called the standard reduction potential. In effect, 't' 0 values are the same in 
sign and in use as standard reduction potentials. Their values, included in 
Table 13-1, are thus always the negative of the <f° values. 

The system used in this chapter, that of <f° values, is the one employed by 
Latimer (1952) in his definitive book on oxidation potentials and is the traditional 
one in the United States. The system conforms more to the European tradition 
of signing an electrode according to the potential at its terminal. This writer feels 
that the first convention, the one used here, is better suited to the physical chemist 
interested in electrode reactions and in viewing the potential of an electrode in 
solution rather than at its terminal. It is also consistent with the sign convention 
for the emf of a whole cell. Both these potentials are positive if the cell reaction 
proceeds spontaneously with the left-hand electrode as anode. Likewise, the #° 
for a half-cell is positive if the cell reaction is spontaneous with the half-cell 
written as the left-hand electrode or anode and the hydrogen half-cell as the 
cathode. 


13-CN-2 Storage Batteries 

Electrochemical cells have great practical application. They are called primary 
cells if electrical energy is supplied on a one-time basis and secondary cells or 
storage batteries if an external source of energy is required to charge them. 
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One common type of storage battery is the lead-sulfuric acid cell for which 
the electrode reactions are 

anode Pb + H 2 S0 4 = PbS0 4 (s) + 2H+ + 2e“, 

cathode Pb0 2 (i) + H 2 S0 4 + 2H+ + 2e“ = Pb + PbS0 4 (i) + 2H 2 0. 

The net reaction is 

PbO 2 0) + PbS0 4 + 2H 2 S0 4 = 2PbS0 4 (i) + 2H 2 0. 

The potential is about 2 V; most lead storage batteries consist of several cells in 
series. The Leclanche dry cell has a potential of about 1.6 V and consists of a 
carbon electrode surrounded by manganese dioxide and graphite immersed in 
a starch paste containing zinc chloride and excess solid ammonium chloride. The 
electrode reactions of this cell are 

anode Zn -f 2NH 3 = Zn(NH 3 ) 3 + + 2e _ , 

cathode 2Mn0 2 + 2NH 4 + 4- 2e~ = Mn 2 0 3 + H 2 0 + 2NH 3 . 

The lead storage battery loses a good deal of power under high loads and, of 
course, is very heavy. A more expensive, but otherwise very attractive storage 
battery has been in use in Europe for many years, and, more recently, in the 
United States. This is the Jungner nickel-cadmium battery, which consists of 
nickel and cadmium electrodes and a KOH or other alkali electrolyte. The cell 
reactions are 

anode Cd + 20H" = Cd(OH) 2 + 2e", 

cathode Ni(OH) 3 + e~ =- Ni(OH) 2 + OH". 

The net reaction is 

Cd + 2Ni(OH) 3 = Cd(OH) 2 + 2Ni(OH) 2 . 

Notice that the electrolyte serves merely as a vehicle for the transportation of 
OH - ions. The Ni-Cd battery is rechargeable and can deliver very high currents 
without appreciable loss of power. An important use is in battery-powered tools 
and appliances. 

An important type of primary cell is the fuel cell. A simple example is the cell 

Pt/H^/electrolyte/OjfeO/C, 

for which the net reaction is just H 2 + £0 2 = H 2 0. Much current research is 
being carried out on the development of suitable electrodes for the reversible 
combustion of hydrocarbons so as to obtain electrical energy directly from a 
reaction such as CH 4 + 20 2 = C0 2 + 2H 2 0. The electrode reactions should 
be nearly reversible, high current densities are desirable, and a means must be 
provided for removing the products of the electrode reaction. It has not yet been 
possible to meet these requirements in a fully satisfactory manner, although 
results with experimental fuel cells have been encouraging. 


13-CN-3 Thermodynamic Quantities for Aqueous Ions 


We have completed, with this chapter, the presentation of the various experi¬ 
mental approaches by which we obtain thermodynamic quantities for aqueous 
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electrolytes. The thermochemical approach is summarized in Section 5-5B and 
standard enthalpies of formation of aqueous electrolytes and of individual ions 
are given in Table 5-3; it will be recalled that these latter are based on the con¬ 
vention that A H® 298 = 0 for H+ ion. 

The free energy of formation of an aqueous electrolyte may be determined 
from either solubility or emf data. As an example of the first method, the solubility 
of KC1 is 4.82 M at 25°C and the mean activity coefficient in the saturated solution 
is 0.588; the standard free energy of solution is the solubility equilibrium constant, 
or 

Afi° — —RTlnK = —2RT\n a±( Sa ,t) 

= —(2)(1.98)(298) ln[(4.82)(0.588)] = -1.23 kcal mole- 1 . 

The value of AH 0 of solution (at infinite dilution since this is the reference condi¬ 
tion) is 4.11 kcal mole -1 , and on combination of the two results, of solution 
is 18.0 cal K _1 mole -1 . In the case of AgCl the corresponding calculation might 
be based on the thermodynamic solubility constant, as determined from emf data, 
whose temperature dependence would give directly. 

Absolute standard entropies for a number of electrolytes have been determined 
by one or another of these methods and one now adopts the convention that S® 
of H+ ion is zero. This allows the entropy data to be reported for individual ions, 
and a selection of such values is given in Table 13-3. The standard free energies 
of formation of the various ions are included in the table; again that for H+ ion 
is taken to be zero. One may use tables such as Table 13-3 in combination with 
those for standard entropies and free energies of formation of pure compounds 
to obtain £® values for half-cells not previously measured. 


TABLE 13-3. Standard Free Energies of Formation and 
Absolute Entropies of Aqueous Ions at 25°C“ 


Ion 

s° 

(cal K" 1 mole" 1 ) 

(kcal mole -1 ) 

H+ 

(0.0000) 

(0.0000) 

Li + 

3.4 

-70.22 

Na+ 

14.4 

-62.59 

K + 

24.5 

-67.46 

Ag + 

17.67 

18.43 

OH- 

-2.52 

-37.59 

F- 

-2.3 

-66.08 

ci- 

13.2 

-31.35 

Br~ 

19.29 

-24.57 

I- 

26.14 

-12.35 

cio 4 - 

43.2 

-2.47 

so 2 4 - 

4.1 

-177.34 

CO 2 - 

-12.7 

-126.22 


“ Adapted from G. N. Lewis and M. Randall, 
“Thermodynamics,” 2nd ed. (revised by K. S. 
Pitzer and L. Brewer). McGraw-Hill, New York, 
1961. 
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13-CN-4 Electrocapillarity. Absolute Electrode Potentials 

A very interesting electrochemical effect is that of the change in interfacial 
tension with applied potential. Not many interfaces allow an accurate study 
of this effect, however, because an attempt to apply a potential difference often 
results in electrolysis or in electrolytic transport across the interface. An especially 
well-adapted system is that of the mercury-electrolyte solution interface. This is 
highly polarizable, meaning that applied potentials result in little electrolysis in 
the absence of easily reducible ions, and, since mercury is a liquid, the interfacial 
tension can be observed by the methods of capillarity. 

The typical experimental observation is illustrated in Fig. 13-11, which shows 
the mercury-solution interfacial tension to increase, go through a maximum, 
and then decrease as potential is applied. The experimental arrangement is that 
depicted in Fig. 13-12; a mercury reservoir terminates in a fine capillary tube 
and the position of the meniscus is viewed through a traveling microscope. Since 
the contact angle glass-mercury-solution is obtuse, there is a capillary depression 
[note Eq. (8-37)], so a positive head of mercury is needed to force the meniscus 
toward the end of the tapering capillary tube. The electrical connection is from 
the mercury through a source of potential to a calomel electrode and thence to 
the electrolyte solution. Measurement of the head required to maintain the 
meniscus yields the capillary depression and hence the surface tension at the 
mercury-solution interface. It is the variation of this surface tension with applied 
potential that is reported in Fig. 13-11; the abscissa is the potential relative to 
that at the maximum, called the rational potential. 

The thermodynamic explanation of the electrocapillarity effect is that the deriva¬ 
tive of surface tension with respect to potential gives the surface charge density o: 

w = —• (13 - 40) 

Just as the adsorption of a surfactant at an interface lowers the interfacial tension, 



FIG. 13-11. Electrocapillarity curves. [From D. C. Grahame, Chem. Rev. 41 ,441 {1947). © 1947, 
The Williams and Wilkins Co., Baltimore, Maryland .] 
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FIG. 13-12. The Lippmann apparatus for observing the electrocapillary effect. [From A. W. 
Adamson, “Physical Chemistry of Surfaces,” 3rd ed. Copyright 1976, Wiley (Interscience ), 
New York. Used with permission of John Wiley & Sons, Inc.] 


so does the concentration of charge at an interface. At the maximum the derivative 
in (13-40) is zero and so therefore must be the surface charge density; this suggests 
that the absolute potential difference across the interface is also zero. The voltage 
applied to reach this electrocapillarity maximum therefore just balances the 
natural potential difference between the phases. This applied potential difference 
is 0.48 V if the electrolyte is one not apt to interact with the mercury surface, 
such as potassium carbonate or sulfate, which implies that the absolute half-cell 
potential of the calomel electrode is —0.48 V (as compared to —0.28 V on the 
hydrogen scale). 

The problem is that even though the charge density must be zero at the electro¬ 
capillarity maximum, there will still be adsorbed and polarized solvent and solute 
molecules, so that A<j>, the galvanic potential difference across the interface, is not 
necessarily zero. Notice, for example, that the position of the electrocapillarity 
maximum shown in Fig. 13-11 varies with the nature of the electrolyte as the anion 
is changed; the same happens if the cation is varied or if the solvent medium is 
altered. 

Various other attempts have been made to determine absolute half-cell poten¬ 
tials, but, as in this case, certain unprovable assumptions are always involved. It 
does seem likely, though, that the absolute values are not greatly different from 
those reported on the hydrogen scale. 


SPECIAL TOPICS 


13-ST-l Liquid Junctions 

The existence and importance of the potential at a liquid junction have been 
noted in several places in this chapter. The detailed treatment is somewhat spe¬ 
cialized, however, and has therefore been placed in this section. We consider 
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first the potential of a cell having a liquid junction and then some aspects of the 
electrochemistry of the liquid junction itself. 


A. Concentration Cells with a Liquid Junction 

The least complicated type of cell which has a liquid junction is a concentration 
cell since the electrode reactions are then the same, except for a difference in 
concentration of the electrolyte across the junction. The general cell diagram is 

anode/solution at m x j solution at m 2 /cathode, 


where the dashed line means that the two solutions are in electrolytic contact 
but are somehow prevented from mechanical mixing. This may be by means of a 
porous diaphragm, as in the Daniell cell of Fig. 13-2, or by a stiffening of one of 
the solutions at its point of contact with the other by agar-agar or gelatine, as is 
done in a salt bridge. 

An example of a concentration cell with a liquid junction is the following: 


Pt/Hj(l atm)/HCl(ro 1 ) / / / HCl(ro 2 )/H 2 (l atm)/Pt, 

(13-41) 

anode reaction 

|H 2 (1 atm) = H + (mj) + e~, 


cathode reaction 

H+(/» 2 ) + e- = |H 2 (1 atm), 

(13-42) 

net reaction 

H + (m 2 ) = H+(m,). 



The emf of a cell corresponds to the free energy change associated with the sum 
of all processes occurring per faraday of electricity passed through the cell. 
Current is carried by the ions in the solution, which means that t + equiv of 
hydrogen ion must cross the junction from left to right and t_ equiv of chloride 
ion must do so from right to left, where t denotes transference number (see Sec¬ 
tion 12-6). The changes that occur in addition to the electrode reactions are then 

Z+H+tmO = t+H + (m 2 ), r_Cl _ (m 2 ) = /_Ch(m 1 ). (13-43) 

The sum of process (13-42) and processes (13-43) is 

t_H+(m 2 ) + /_Cl-(m 2 ) = + f_C l-(m,), (13-44) 


bearing in mind that f + + /_ = 1. The corresponding Nernst equation is 


RT 

-^ In 


a H + ,mi a cr,m 1 


a 


t_ 


a - 


H + ,m„ Cl ~,m 

z 9 


or 


RT a± 

/= —2t_ In ——i- 

& a±. m . 


(13-45) 


If m 1 and m 2 are 0.1 and 0.01, respectively, then the y± values are 0.796 and 
0.904, respectively, and the t_ values are 0.1686 and 0.1749, respectively. The 



SPECIAL TOPICS, SECTION 1 529 


average value of t_ is 0.1717, and the emf of the cell at 25°C is calculated to be 


S = —(2)(0.1717)(0.02569) In 


(0.1)(0.796) 

(0.01)(0.904) 


-0.1919. 


The overall cell reaction is the sum of processes (13-42) and (13-43), and the 
separate Nernst expressions for these are 


and 


RT 

^ a H + ,m 2 








RT , a Cl _ .m, 

Cl ,m 9 


(13-46) 


(13-47) 


Inspection confirms that the sum of Eqs. (13-46) and (13-47) gives Eq. (13-45); 
thus 


= <^E + 


The emf for the cell can therefore be viewed as made up of two terms: that due to 
the electrode reactions <? E , and the junction potential <? } , which gives the work 
associated with the transport of ions across the liquid junction. 

We can extend the preceding numerical example to the calculation of <^ E and 
j only by making some assumption regarding individual ionic activity coefficients. 
If, for example, we assume that y H + = y cl - = y± , then Eqs. (13-46) and (13-47) 
give <? E = —0.05588 V, <?j = 0.03669 V. The junction potential represents a major 
correction in this case. 

In using Eq. (13-45), an average value of t_ for the two concentrations was 
used. It turns out that the correct average is not the simple arithmetic one, and 
the work done in transporting an ion across the junction actually involves the 
integral 

C m 2 

RT Ud(\na t ), (13-48) 

J T7l j 

so that the corrected version of Eq. (13-45) is 


= -2 4? C d ( ]n a ±>- (13-49) 

3 '' Jm, 

A study of cells of this type evidently permits the determination of transference 
numbers as a function of concentration. 

As a last point, the overall cell reaction will depend on whether the electrodes 
are reversible to the anion or to the cation. Thus for the cell 


Ag/AgCl/HCl(/nj)^/HCl(/n 2 )/AgCI/Ag 

Eqs. (13-45) and (13-49) would have t + rather than t_ , and <^ B would have the 
opposite sign. The numerical example would then give 

= <? E + «fj , or 0.09257 = 0.05588 + 0.03669. 

The sign of the junction potential remains the same. Thus, although we analyze 
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in detail each specific concentration cell to determine the correct overall cell 
reaction, the junction potential remains the same for any given junction. 


B. Junction Potentials 

Equation (13-47) simplifies considerably if activity coefficient effects are 
neglected. We then obtain 

^ = (t + — t_) In . (13-50) 

This form brings out the important point that Sj depends on t + — t_ . It is largely 
with this factor in mind that one expects the junction potential to be small in the 
case of a KC1 bridge; t + for 1 m KC1 is 0.488, and so t + — t_ is only 0.024. The 
same situation applies in the case of NH 4 N0 3 , an electrolyte that is used in a salt 
bridge if it is not desirable that Ch-ion-containing solution have contact with 
the electrolyte of the half-cell being studied. 

If various electrolytes are present on either side of a liquid junction, then the 
total work of transporting ions across the junction per faraday, which gives <f,, 
depends on weighted averages or integrals such as that of Eq. (13-48). By using 
concentrated KC1 in the salt bridge, one ensures that the important t { will be 
those of K + and Cl - , so that «fj will not be very sensitive to the nature of the more 
dilute electrolyte solution of the half-cell into which the salt bridge dips. The 
analysis makes it clear, however, that although we can reduce a junction potential 
to a fairly small value, cells with liquid junctions retain a residual uncertainty in 
the interpretation of their emf’s and one which is difficult to analyze exactly. 


13-ST-2 Polarization at Electrodes. Polarography 

Three types of polarization effects were noted in Section 13-9: ohmic, concentra¬ 
tion, and activation. We now discuss these last two in more detail. 


A. Activation Polarization 


The Tafel equation (13-38), which relates the activation polarization component 
of the overvoltage to the current i, may be accounted for in terms of the following 
analysis. Consider a general electrode reaction 

e _ + O (oxidized state) = R (reduced state), 

where, as illustrated in Fig. 13-13, the oxidized state must pass through some 
high-energy intermediate I in the process of being reduced. We write an equation 
analogous to Eq. (8-65) for the rate of the forward process: 



(O), 


(13-51) 


where AGj* is the standard free energy change to go from O to I. It will be known 
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Intermediate I 



FIG. 13-13. Mechanism for activation polarization. 


in the next chapter as the free energy of activation. Similarly, the rate of the back 
reaction is 



(R). 


(13-52) 


The presence of a potential difference <f> between the electrode and the solution 
contributes to dG t °* and we write this last as the sum of a chemical component 
and an electrical one: 


AG{* — ^dGf.chem — <*J^, 


(13-53) 


which allows that only some of this potential difference is effective; this fraction 
is called the transfer coefficient a. The current part due to the forward reaction 
is then 



(O), 


(13-54) 


where current is in faradays per square centimeter per second. At equilibrium 
there will be equal and opposite currents in the two directions, or if = /t>° = i°, 
where i° is known as the exchange current, and <f> has the value <f>° and corresponds 
to «f°. Then 


r kT /■ 


cdFcf) 0 \] 

hr exp r 

RT ) 6XP ( 

RT )] 


(O). 


(13-55) 


Combination of Eqs. (13-54) and (13-55) gives 


it = r exp 


— <f> 0 ) 


= t exp 


OC^Tj 


RT ’ RT ’ 

where rj is the overvoltage. Equation (13-56) may be written in the form 


(13-56) 


In i = In i° + 


WT ’ 


which rearranges to the Tafel equation. 

In a stricter analysis, an equation analogous to Eq. (13-54) is written for in , 
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FIG. 13-14. A general current versus voltage diagram. 


with i = if — / b ; the effect is to alter the coefficient of rj in Eq. (13-56) to give 

' - <• W^) - «K- (13 ' 57) 

As the equation suggests, the situation is symmetric; 77 may be positive or negative, 
so that the electrode reaction is driven either forward or backward. Figure 13-14 
shows the general behavior of Eq. (13-57). 

This treatment, although somewhat sketchy, is designed to indicate how the 
detailed study of overvoltage effects can lead to information about the intrinsic 
rate of the electrode reaction, through i°, and the energy of the reaction barrier. 
As an example, although the mechanism for the reduction of H+ ion at a metal 
electrode is still not fully elucidated, the evidence suggests that the rate-determining 
step is probably the reaction of H 3 0+ with the metal surface to give adsorbed 
hydrogen atoms and water: 

H a O + + M + e- = M-H + H 2 0. 


B. Concentration Polarization 

The preceding analysis was based on the assumption that the rate-limiting step 
of the electrode process was some activated chemical reaction at the electrode 
surface. Another process must become rate-controlling at sufficiently high current 
densities, namely the rate of diffusion of reactant to and of product away from the 
electrode surface. If the reaction is one of the deposition of a metal from solution, 
only the rate of diffusion of the metal ion to the electrode is to be considered. 
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Recalling Eq. (2-65) and the discussion of Section 10-7B, we can write 

(13-58) 

where J is now in moles per square centimeter per second. If there is an excess of 
inert electrolyte in the solution so that the ion being reduced carries little of the 
current, the potential term in Eq. (12-121) will not be important and 3> will be 
a constant, equal to the ion diffusion coefficient as given by Eq. (12-119). Further, 
a reasonable approximation to the physical situation is that the stirring conditions 
leave a thin stagnant layer of thickness S within which C varies linearly from C, 
the bulk solution concentration, to C 6 , the concentration at the electrode surface. 
We expect the linear variation of C with x since in a steady-state condition J is 
constant, and since 2 is constant, so must be dC/dx. Equation (13-58) then 
becomes 


zS(C 8 - C) 
4 = zJ =-— r -— 


(13-59) 


where id is the diffusion current density in faradays per square centimeter per second 
and z is the valence number of the metal ion being discharged. Under the condi¬ 
tions of the preceding subsection it is assumed that is large enough that 
C s = C, and the observed current is determined by the rate of the chemical 
reduction reaction at the electrode, 4 . That is, under steady-state conditions there 
is no accumulation of material in the diffusion zone and id = 4 ■ As the over¬ 
voltage is increased, 4 increases by Eq. (13-57), and C s drops enough for / a to 
match the increase in 4 - The maximum possible diffusion rate /d(max) is reached 
when C s has dropped to zero. Further increase in the overvoltage cannot increase 
the current any further, and the plot of / versus V must level off at /d(max), or at 

z2>C 

Id(max) — —— • (13-60) 


Thus the effect of concentration polarization is to give a maximum current which 
is proportional to the concentration of the ion being discharged. 

If a mixture of potentially reducible ions is present, again with a supporting 
electrolyte, that is, an excess of inert electrolyte, present, then as the applied 
reducing potential is increased the first metal ion begins to deposit, reaches its 
/'max, and the second metal ion begins to deposit at some higher potential, and 
reaches its i m&x , so that the plot of / versus V is as shown in Fig. 13-15. The 
characteristic deposition potential for each ion could be identified as in Fig. 13-9 
but when one is operating in the diffusion-controlled region C s and hence <? r ev 
is changing with V so that one obtains a sinusoidal rather than a linear / versus V 
plot. Consequently, it is much more accurate to pick the potential at the half-way 
point of the step, or the half-wave potential V 1/2 , as the characteristic one. 

Since the overvoltage rj is given by 


RT, C s 
zS? n C 


V = 


rev 


(13-61) 
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FIG. 13-15. Current versus voltage in the region of concentration polarization. 


where ohmic polarization is neglected, as are activity coefficient terms, we can 
solve for C a /C. Also, combination of Eqs. (13-59) and (13-60) gives 


The result is 


Id — Id(max) 


(' 



id 

id(max) 


= 1 — exp — 


z3?r] 
~KT ' 


(13-62) 

(13-63) 


Equation (13-63) gives a symmetric curve such as shown in Fig. 13-15, for which 
Vll2 occurs at the inflection point. 


C. Polarography 

The preceding analysis suggests that we could analyze for metal ions in solution 
by obtaining experimental i versus V curves, each limiting diffusion current giving 
the concentration of a particular ion, the ion being identified by its V 1/2 . This 
procedure is indeed used. To maintain S more constant than is possible by stirring 



FIG. 13-16. Schematic diagram of a polarographic cell. 
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the solution, a common practice is to use a rotating electrode. There is still a 
problem with accumulation of reduction products, and a very ingenious alternative 
procedure was devised by J. Heyrovsky in 1922. 

The basic experimental features of the Heyrovsky polarograph are shown in 
Fig. 13-16. The cathode is a mercury drop that is steadily growing at the tip of 
a capillary immersed in the electrolyte solution, and the anode is a large pool of 
mercury. By having a tiny drop as the anode surface, concentration polarization 
effects can be made to develop at relatively small currents; the large area of the 
anode pool of mercury essentially eliminates concentration polarization at its 
surface. As each drop grows and falls the anode surface is steadily kept fresh and 
reproducible, and with a supporting electrolyte the same general analysis applies 
as for a stationary electrode. 

A typical polarogram is shown in Fig. 13-17. The oscillations are a result of 
the successive appearance of new drops at intervals of a few seconds; currents may 
be only microamperes in order of magnitude. Each step is called a polarographic 
wave and is characterized by its half-wave potential V ll2 and diffusion current 
z'd(max) • The detailed algebraic analysis is complicated by the situation of an 
expanding cathode surface, and an equation derived by D. Ilkovic in 1938 will 
be given without the derivation: 

id(max) = 70.82zw(|0(i^)(iC), (13-64) 

where z is the valence number of the ion, w is the flow of the mercury in grams 
per second, t is the drop time in seconds, and C is the concentration in moles 
per liter. Equations have also been derived for the half-wave potential, but this 
remains essentially an empirically determined quantity for each species. 

Polarography is capable of measuring ion concentrations as low as 10 -4 M and 
is a rapid as well as a sensitive analytical tool. The physical chemist uses it to 
study the chemistry of reduction (or of oxidation) processes. One can determine 
from the diffusion current whether the reduction occurs as a one- or as a two- 



FIG. 13-17. A typical polarogram. 
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electron step. If complexing ions are added to the solution, both the reduction 
potentials and the formation constants of complex ions can be found. With a 
commutator to interrupt the applied voltage, chemical rate processes can be 
followed. 

A modem variant of polarography uses a fixed (not a dropping mercury) 
electrode and current is recorded as the voltage is changed at a fixed rate. In cyclic 
voltammetry the voltage sweep is first in one direction and then in the other. Sweep 
rates of up to 100 V sec -1 may be used. An idealized voltammogram is shown in 
Fig. 13-18. On the forward sweep (upper curve) reduction products are formed and 
on the backward sweep (lower curve) these are oxidized. About the same informa¬ 
tion is obtained as in ordinary polarography but, in addition, much can be learned 
about the nature and the reaction kinetics of the reduction product. 



FIG. 13-18. Typical cyclic voltammogram for a reversible redox couple. [From D. T. Sawyer and 
J. L. Roberts, Jr., “Experimental Electrochemistry for Chemists.” Wiley ( Interscience ), New 
York, 1974.] 
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EXERCISES 


Activity coefficient effects are to be neglected in Exercises and Problems unless specifically 
noted otherwise. Assume 25°C unless otherwise specified. Take as exact numbers given to one 
significant figure. 

13-1 The emf of the cell Pb/PbCl 2 (s)/KCl(m)/Hg 2 Cl 2 (s)/Hg is 0.5357 V at 25°C and increases 
with temperature by 1.45 x 10 ~ 4 V K~ l . Write the electrode and overall cell reactions 
and calculate AG 0 , AH 0 AS 0 , and q tev . 

Ans. Pb + Hg 2 Cl 2 = PbCl 2 + 2Hg(/), AG° = -103.4 kJ, 
AS 0 = 28.0 J K-\ AH 0 = -95.1 kJ, q re , = 8.34 kJ. 

13-2 The emf for the cell Cd/0.1 m Cd(NO,) 2 , 0.01 m AgNOj/Ag is -0.446 V at 25°C. 
Calculate for this cell. 

Ans. -0.357 V. 


13-3 Calculate <? 298 for the cell Ag/Agl(s)/0.1 m HI/H 2 (1 atm)/Pt. 


Ans. 0.038 V. 


13-4 Calculate and K at 25°C for the reaction Tl + Ag + = T1+ + Ag. 

Ans. = 1.135 V, K= 1.56 x 10 18 . 

13-5 Calculate K for the reaction JCd + Tl + = ^Cd 2+ + Tl and the ratio (Cd 2+ )/(TI + ) if 
excess Cd is added to a solution which is 0.1 m in Tl + . 


Ans. K= 13.4 M' 1 ' 2 ; 2.76. 


13-6 Calculate for the half-cell reaction Tl = Tl 3+ + 3e _ . 

Ans. -0.721 V. 

13-7 Obtain <f% 9S for the half-cell Mg + C 2 0 4 2- = Mg(C 2 0 4 ) + 2e _ given that Ke v =9.0 x 10” 6 
for Mg(C 2 0 4 ). 

Ans. 2.49 V. 


13-8 What fraction of Ag(CN) 2 ~ is dissociated into Ag+ in 1 x 10 -3 M CN _ if cf“ 98 = 0.289 V 
for the half-cell Ag + 2 CN“ = Ag(CN) 2 _ + e _ ? (Neglect the hydrolysis of CN~.) 


Ans. 4.0 x 10- 13 (!). 
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13-9 Calculate <? 29 s for the following concentration cells: (a) Na(Hg, XNa = 0.1 )/NaCl(m = 
0.1)/Na(Hg, * Na = 0.01); (b) Pt/H 2 (P = 0.1 atm)/HCl(m = 0.1)/H 2 (P = 0.01 atm)/Pt; 

(c) Ag/AgBr(s)/HBr(m = 0.1)/H 2 (1 atm)/Pt—Pt/H 2 (l atm)/HBr(m = 0.01)/AgBr(i)/Ag. 

Ans. (a) 0.0592 V, (b) 0.0296 V, (c) 0.1183 V. 
13-10 Calculate <? 35 o for the cell in Exercise 13-9(b). 

Ans. 0.0348 V. 


13-11 Calculate <? 29e for the cell Ag/AgCl(s)/0.1 m HC1/H 2 (1 atm)/Pt, using activity coefficient 
data from Chapter 12. 

Ans. -0.352 V. 

13-12 A pH meter gives a reading of 200 mV when measuring a solution whose hydrogen ion 
activity is considered to be 10 -4 ; what is the hydrogen ion activity of a solution for which 
the meter reads 100mV? (Assume 25°C.) 


Ans. pH =2.31. 


PROBLEMS 


13-1 is -1.46 V for the half-cell Pb 1+ + 2H 2 0 = Pb0 2 (s) + 4H + + 2e~. Using addi¬ 
tional data as needed from Table 13-1, calculate (a) for the half-cell Pb + 2H 2 0 = 
PbO„(.s) + 4H + + 4e" and (b) Kiov the reaction 2Pb a+ + 2H a O = Pb + Pb0 2 (s) + 
4H + . 

13-2 The cell Cu/CuCl(*)/K.Cl(0.100 m)/Cl 2 (l atm)/C has a potential of 1.234 V at 25°C. 

(a) Calculate the solubility product for CuCI in water at 25°C. 

(b) What is the concentration of cuprous ion at the anode of this cell ? 

13-3 Given that <?° = 0.152 for Ag + I - = Agl + e~ at 25°C and is —0.800 for Ag = Ag+ + e _ , 
calculate the solubility product for Agl. 

13-4 The voltage of the cell Ag'Ag 2 S0 4 (r)/saturated solution of Ag 2 S0 4 and Hg 2 S0 4 /Hg 2 S0 4 / 
Hg is 0.140 V at 25 'C and its temperature coefficient is 0.00015 V °C _1 . 

(a) Give the cell reaction. 

(b) Calculate the free energy change for the cell reaction. 

(c) Calculate the enthalpy change for the cell reaction. 

(d) Calculate the entropy change for the cell reaction. 

(e) Does the cell absorb or emit heat as the cell reaction occurs? Calculate the number 
of calories per mole of cell reaction. 

(f) One mole each of Hg, Ag 2 S0 4 (s), Hg 2 S0 4 (s), and some saturated solution of the two 
salts are mixed. What solid phases finally will be present and in what amounts? 

13-5 S for the cell Ag/AgCl/ZnCl 2 (m)/Zn is -1.240 V at 25°C and -1.260 V at 35°C, if 
m — 1 x 10' 8 m. Write the cell reaction and calculate AG, AH, and AS for this reaction 
at 30°C. 

13-6 Write the cell diagram for a cell whose S could be used to determine the solubility 
product for Ag 2 S0 4 (s). What additional information would be needed besides the 
measured emf? 

13-7 Given the cell 

Ag/AgNO a (0.00100 m) / y 'AgN0 3 (0.00100 m), KCN (0.004 m)/Ag, 
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whose emf is —0.767 V at 25°C: 

(a) Write the electrode and net cell reactions. 

(b) Calculate the equilibrium constant for Ag++ 2CN - = Ag(CN) 2 * (neglect activity 
coefficient effects). The double dashed diagonal denotes a salt bridge which (it is 
hoped) makes the junction potential negligible. 


13-8 At 25°C, S for the cell Pb/PbS0 4 (r)/H 2 S0 4 (0.00200 m)/H 2 (l atm)/Pt is 0.125 V. Calculate 
the solubility product of PbS0 4 at 25°C. 

13-9 Calculate the percentage of mercury in the mercuric state in a solution of mercuric 
nitrate that is in equilibrium with liquid mercury. 

13-10 Calculate the solubility product of ferrous hydroxide from the cell Fe(s)/Fe(OH) 2 (.s)/ 
Ba(OH) 2 (0.05 m)/HgO(*)/Hg. <? 298 = 0.973 V. 

13-11 Molecular weights are given in kg in the SI system; thus, the molecular weight of O a 
is 0.032 kg. In going from the cgs to the SI system, state whether the numerical value 
of each of the following is changed, and if it is, calculate the new value, (a) Avogadro’s 
number, (b) Faraday’s number, (c) «?° for the cell Pt/H 2 (l atm)/HCl/AgCl/Ag. (d) dG° 
for the cell reaction in (c). (e) & at 25°C for the cell Pt/H 2 (l atm)/HCl(0.001 /n)/AgCl/Ag. 
What would your answers be had the molecular weight of 0 2 been defined as 32 kg mole ~ 1 
(and m had been kg molecular weights per 1000 kg of solvent)? 


13-12 It is desired to separate Cd 2+ from Pb 2+ by electrodeposition from a solution which is 
0.1 m in each ion and at pH 2. Calculate the sequence in which Cd and Pb metals and H 2 
are produced and the concentrations of the various species in solution when a new stage 
of electrolysis occurs. Include overvoltage effects in considering H 2 evolution. 


13-13 R. Ogg found S = —0.029 V at 25°C for the cell 


Hg, 


/mercurous nitrate (0.01 N ) 
l HN0 3 (0.1 m) 


l\ //mercurous nitrate (0.001 N)\ / 
)/( HNQ 3 (0.1 m) )/ Hg - 


What is the formula for mercurous ion? Show how your conclusion follows from this 
information. 

The actual dissociation constant for Hg 2 * = 2Hg + is not known, but suppose that S 
for this cell is found to be —0.059 V when the higher and lower mercurous nitrate nor¬ 
malities are 2 X 10** and 3 x 10~ 6 , respectively. Calculate A' dlse for Hg 2+ from this data. 
(In both parts of the problem neglect any junction potential.) 


13-14 Calculate the emf of the following cells (neglect activity coefficient effects): 

/ /H 2 S0 4 (1 m) \ I 

(a) Pt/H 2 (0.1 atm)/H 2 S0 4 (l m) / I K 4 Fe(CN)„(0.01 m) I /Au. 

/ \K 3 Fe(CN)„(0.01 m)l I 

(b) Au/O 2 (0.2 atm)/(^ 2 ^° 4 ^) /h 2 S0 4 (1 m)/H 2 (l atm)/Pt. 

\H 2 O 2 (0.1 m)// 

(c) Ag/AgBr/HBr(0.01 m)/H 2 (0.5 atm)/Pt. 

Neglect junction potentials. 


13-15 If copper and silver are negligibly soluble in each other as solids, approximately what 
must be the concentration of Ag + in a solution in which Cu 2+ is at unit activity in order 
that the two metals may be plated out together in electrolysis? At what potential will this 
occur, on the assumption that oxygen is formed at the anode at an overvoltage of 0.50 V 
at 1 atm pressure from a solution of pH 5? Assume 25°C. 
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13-16 At 25°C, <f for the cell Pt/H 2 (l atm)/HCl(m)/AgCl/Ag is as follows (Hamed and Ehlers, 
1932): 


m 

0.01002 

0.01010 

0.01031 

0.04986 

0.05005 

0.09642 

<?(V) 

0.46376 

0.46331 

0.46228 

0.38582 

0.38568 

0.35393 

m 

0.09834 

0.2030 





<?(V) 

0.35316 

0.31774 






Calculate for the cell by the extrapolation method, and then the activity coefficients 
for HCI at these concentrations and plot them against \/m\ compare the limiting slope 
with the value from theory. 

13-17 At 25°C, S for the cell 

Ag/ AgCl/NaCI(m)/NaHg(amalgam)—NaHg (amalgam)/NaCl(0.100 m)/AgCl/Ag 
is as follows: 

m 0.200 0.500 1.000 2.000 3.000 4.000 

<f rja (V) 0.03252 0.07584 0.10955 0.14627 0.17070 0.19036 

The mean activity coefficient of 0.100 m NaCI is 0.773. Calculate the mean activity 
coefficients of NaCl in solutions of these concentrations and plot the values against the 
square root of m. 

13-18 At 25°C, «f for the cell Pb/PbS0 4 (s)/H 2 S0 4 (m)/H a (l atm)/Pt changes with the molality 
of the sulfuric acid as follows: 

m 0.00100 0.00200 0.00500 0.0100 0.0200 

<? aa8 (V) 0.1017 0.1248 0.1533 0.1732 0.1922 

By the extrapolation method, obtain <?° for this cell. From this value calculate the thermo¬ 
dynamic solubility product for PbS0 4 . 

13-19 At 25°C, S for the cell Pt/H 2 (l atm)/ m Ba(OH) 2 /Ba(amalgam)/0.1200 m Ba(OH)„/H a 
(1 atm)/Pt is as follows: 

1000 m 2.45 7.93 15.09 49.70 199.60 

£ (V) -0.1245 -0.0840 - 0.0630 - 0.0254 + 0.0144 

(a) Write the cell reaction (each electrode separately and then the net reaction). 

(b) By means of the appropriate extrapolation procedure, calculate the mean activity 
coefficient for 0.1000 m Ba(OH) 2 . 

13-20 Suppose that the atomic weight of carbon is defined as 12 kg mole -1 . Explain whether this 
redefinition would affect the values of £ and <?° for the cell Pb/PbCl 2 (s)/KCl(10 g liter -1 )/ 
Hg 2 Cl a (i)/Hg at 25°C. 

13-21 The pH of a solution may be found with the use of a hydrogen electrode and a calomel 
half-cell. Suppose that the pH of a certain buffer solution is measured at a high altitude 
such that the ambient pressure is 600 Torr but that the observer neglects this aspect and 
calculates the pH assuming the pressure of the hydrogen bubbling past the electrode to be 
1 atm. If he reports a pH of 5.50, what is the correct pH of the solution? 

13-22 Calculate the free energy of formation of AgCl(s) using the solubility product for AgCl 
and data from Table 13-3. 

13-23 Calculate AG° for the reaction H a O(/) = H+ + OH - at 25°C given that the free energy 
of formation of liquid water is —56.69 kcal mole -1 and using Table 13-3. 

13-24 A thallous (TI + ) solution is titrated with ceric (Ce 4+ ) solution. The reaction is 


T1+ + 2Ce 4 + = TI 3 + + 2Ce 8+ . 
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Calculate the half-cell potential at 25°C for the reaction Tl + = Tl 3+ + 2e“ at the end¬ 
point (that is, the equivalence point of the titration) given 

Ce 3+ = Ce 4+ + e- <?“ = — 1.60 V, 

T1+ = Tl 3+ + 2e- <?° = -1.23 V. 

As a calculator problem, obtain the titration curve for 0.1 m T1+ titrated with 0.1 m Ce 4+ . 

13-25 Calculate the equilibrium concentration of ferric ion at 25°C in a solution which is 0.01 / 
in Hg(NO s ) 2 and 0.01 / in Fe(NO a ) 2 . Use the Debye-Huckel limiting law to estimate 
activity coefficients. 


SPECIAL TOPICS PROBLEMS 


13-1 Calculate 6, £?., and <?j at 25°C for the cell 

Na(dilute Hg amalgam)/NaCl(0.01 m) /NaCl(0.001 m)/Na(dilute Hg amalgam). 

13-2 Calculate the emf’s of concentration cells with transference for the following electrolytes 
in 0.01 m and 0.001 m solution, respectively, with appropriate silver chloride or mercurous 
sulfate electrodes: (a) CaCl 2 ; (b) La 2 (S0 4 ) 3 . 

13-3 Calculate the emf of the following cells with transference at 25°C: 

(a) Ag/AgCl/CaCl 2 (0.01 m) /caCl 2 (0.001 m)/AgCl/Ag. 

(b) Hg/Hg 2 SOj/K 2 SO 4 (0.01 m) /k 2 S0 4 (0.001 m)/Hg 2 S0 4 /Hg. 

13-4 Given the cell Ag/Ag 2 S0 4 (i)/Na 2 S0 4 (/n 1 )/Na 2 S0 4 (m 2 )/Ag 2 S0 4 (i)/Ag, and that t + = 
0.38 for both Na 2 S0 4 concentrations, (a) write the anode and cathode reactions per 
faraday, and the net cell reaction, and (b) obtain the expressions for <? E and and 
calculate the ratio <£j/<?e . Neglect activity coefficient corrections. 




CHAPTER FOURTEEN 


KINETICS OF 
GAS-PHASE REACTIONS 

14-1 Introduction 

The emphasis up to this point has been on the equilibrium properties of sub¬ 
stances in pure or solution form. The rate processes considered have been restricted 
to transport phenomena such as diffusion and conductance. Chemical kinetics 
is a more complicated subject than that of chemical equilibrium because time is 
now a variable in the description of the state of a system and because there may 
be more than one reaction path whereby reactants become products. The theory 
is difficult because such paths involve molecules in energetic and otherwise unusual 
states; these states can rarely be studied by themselves independently, so theoretical 
models contain assumptions which cannot be corroborated in detail. 

There are three major facets to the study of chemical kinetics. The first might 
be termed the experimental side but involves not only the measurement of reaction 
rates but also their reduction to what we will call a rate law. In chemical kinetics 
we retain the historic mass action rate law (Section 7-1) by expressing the rate R 
of a reaction at constant temperature as a function of the composition of the 
system, 

R = - = /[(A), (B), (C), ...]. (14-1) 

The complete function can be complicated, but it is often of the form 

R = &(A)*(B)»(C)* ••• , (14-2) 

where A, B, and C are reactants. This may come about either naturally or by 
deliberate choice of experimental conditions, such as having one reagent in great 
excess so that its concentration is constant. Thus if the complete rate law were 
either 

R = T+J^C) ° r R = k{K) + k ' (A)(C) ’ 

it would reduce to one of the preceding type if (C) were constant; one could then 
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carry out a series of experiments in which the constant level of (C) was varied. 
The constant A in Eq. (14-2) is called the rate constant, and the expression which 
gives R as a function of concentrations is the rate law. The first goal of the experi¬ 
mental stage is then to devise and carry out experiments that will establish the 
algebraic form of a mass action type of expression for R and to evaluate the rate 
constant or constants that it contains. The next experimental stage is that of 
determining how such constants vary with temperature and with the nature of 
the reaction medium. 

The second facet of chemical kinetics is that of reaction mechanism. It turns 
out that with few exceptions the fundamental act of chemical change involves 
just one or two molecules at a time; that is, elementary reactions in kinetics 
are nearly always unimolecular or bimolecular. The overall reaction that is being 
studied may, however, occur through a series of such elementary steps, which 
then gives the experimental rate law some complicated form. The steps, typically, 
will involve transient chemical species or reaction intermediates whose presence 
is not always independently provable. The reaction between H 2 and Br 2 , for 
example, is considered to occur through hydrogen and bromine atoms as inter¬ 
mediates, and steps in the overall reaction include H + Br 2 = HBr + Br. 

It is this detailing of the intermediate bimolecular steps constituting the path 
for the overall reaction that is known as the reaction mechanism. One uses mainly 
the experimentally observed rate law, but in general all available information, to 
infer a reaction mechanism that is consistent with the kinetics of the system. The 
study of reaction mechanisms is the final goal of the more chemically oriented 
investigator; the field can be a very controversial one because it has happened 
that two or more mechanisms, each equally capable of explaining the data, have 
each received strong partisan support. 

Third, the theoretical study of elementary reactions is now highly developed. 
It is concerned with the detail of how molecules approach each other, what their 
special requirements are for reaction—for example, with respect to energy—and 
with just how the crucial act of chemical bond making or breaking occurs. The 
two principal theoretical models of current importance differ considerably in 
flavor. If the elementary reaction is one of A with B to give products, and we 
suppose that state [AB]* is that in which the two reactants have come together 
with the necessary energy and so on for reaction, but have not yet fallen apart into 
products, we can write 

A + B ^ [AB]* -♦ products. (14-3) 

—2 

The first model, that of collision theory, deals with the rate at which A and B 
can form [AB]* and thus emphasizes A 2 , and, in its simpler form, ignores A_ 2 so 
that [AB]* is considered always to go on to products. The second model, that of 
transition-state theory, treats [AB]* as being in equilibrium with A and B, so 
that the reaction rate is determined by the [AB]* concentration and by the fre¬ 
quency or rate constant Ay . 

The two models approach each other when pursued to a more sophisticated 
level, but each in its simple form has provided a framework or a language for 
qualitative explanations as to why a given reaction is fast or slow. Both are there¬ 
fore presented. 

Although chemical kinetics can be outlined as a unified general subject, as has 
been done here, when details are explored facets of the treatment of gaseous and 
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solution systems tend to separate as distinguishable subfields. The three aspects 
just described develop different emphases and different bodies of empirical fact. 
For this reason the material has been separated into two chapters. We first take 
up the subject of rate laws and their algebraic manipulation and then that of 
some important mechanisms of gas-phase reactions. The two major theories are 
next presented, with emphasis on their application to gaseous systems. Chapter 15 
covers some of the experimental techniques special to solution systems and then 
proceeds to a discussion of how both collision and transition-state theory are 
modified in the case of solutions. 


14-2 Rate Laws and Simple Mechanisms 

A rate law is conventionally presented in the form of Eq. (14-1), that is, as a 
differential equation, and the principal concern at the moment is with the mathe¬ 
matical characteristics of specific functions/[(A), (B), (C),...], including their 
integrated forms. There is virtually no limit to the complexity of functions that 
may be encountered, and only the more important ones are taken up here. Also, 
we will consider only reactions that go to completion, deferring the more general 
case until Chapter 15. 

A major category of rate laws is that for which R is given by an expression of 
the form of Eq. (14-2). We then speak of the order of the rate law as the sum of 
the exponents (x + y + z • ■ ■), the important cases being those of first- and second- 
order reactions, Although the rate law bears no a priori relationship to the chemical 
equation for the overall reaction, the stoichiometry of this last must always be 
kept in mind; this point will be illustrated in Section 14-2B. 


A. The First-Order Rate Law 


Suppose that the forward rate Rt of a reaction is found to depend only on the 
concentration of some reactant A. 

The rate law is then 

= -*(A) (14-4) 


and the overall reaction may be condensed to the form 

R i 

A + other reactants -» products, (14-5) 


where Rt is the forward reaction rate. If the reaction goes to completion, then 
Eq. (14-4) provides the complete description of the rate behavior since .Rb, the 
rate of the back reaction, is zero. Integration gives 


or 


f rf(A) 
J (A) 



ln(A) = —kt + constant. 


(14-6) 


Thus a plot of ln(A) versus t gives a straight line of slope equal to —k, as in 
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FIG. 14-1. The first-order rate law. (a) Plotted according to Eq. (14-6). ( b ) (A)/(A) 0 as a function 
of time, showing the constancy of t in . 


Fig. 14-l(a), where k is the rate constant, usually given in sec -1 . 

It may be convenient to evaluate the constant of integration by setting (A) = (A) 0 
at / = 0. Equation (14-6) then becomes, in exponential form. 


(A) = (A) 0 e~ kt 


(14-7) 


and the graphical appearance is illustrated in Fig. 14-l(b). A characteristic time 
is that at which (A)/(A) 0 = §; this is called the half-life t 1/2 of the reaction, and 
is very simply related to k: 


(A) 

(A ) 0 




1/2 


(14-8) 


or 

kt 1/2 = 0.6931. (14-9) 

Thus either k or t V2 defines the rate of a first-order reaction. Note that if t = 2 1 1/2 , 
the effect is to double the exponential in Eq. (14-8), so that (A)/(A) 0 = (ff = 
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In general, if t = nt ll2 , 

(A) = /l\ n 
(A)o \2) • 


(14-10) 


This is illustrated in Fig. 14-l(b): (A)/(A) 0 = \ at t V2 , £ at 2 t ll2 , J at 3 1 1/2 , and 
so on. 


Example. It takes 10 min for a certain first-order reaction to go 20% toward completion. 

What are k and t in and how long should it take for 75% reaction? By Eq. (14-7), ln(0.8) = 

—k(10), whence k — 0.0223 min -1 and r l/a = 0.6931/0.0223 = 31.1 min. At 75% reaction, 
(A)/(A ) 0 = 0.25 or J; the required time is two half-lives or 32.2 min. 

There is nothing unique about the time for half reaction—any other fraction could be picked. 
Were we to speak of fj/*, the analog of Eq. (14-8) would be kt 1 /3 = —In 3 , and in general if 

t l / T is the time for (A) to drop to the fraction 1/r of its initial value, 

7 ^- = - = e~ kt il ', kt llr = -In - (14-11) 

(A ) 0 r r 


and 


(A) = 

(A ) 0 W ’ 


(14-12) 


where n T is the time expressed in multiples of t 1 / r . An important feature of an exponential function 
is then that if it takes a time t 1 / r for (A) to decrease by factor 1/r, then in a second such interval 
of time a further decrease by the same factor will occur, or an overall decrease of ( 1 /r) 2 , and so on. 
A numerical illustration is given in Section 14-3. 

It is sometimes useful to take 1/r = 1/e, in which case t 1 / r is given the special symbol r and is 
known as the mean lifetime for the reaction since it is, in fact, the average time elapsed before a 
molecule of A reacts. Substitution into Eq. (14-11) gives 1/e = e~ tT , or — 1 = —kr, whence 

kr = 1. (14-13) 


The quantity r can be shown to be the mean lifetime as follows. For the moment let the mean 
lifetime be denoted by t, which we define by weighting each value of t by the amount of A present: 


J(a!"(a > 0 1 4(A) [(A) 0 /k] (kt)e~ k ‘ d(kt) 

C:?a„ ^ 

1 oo 1 

i = 7 I —e~ k Xl + kt )|„ = - . 
k k 


Thus t is identical to r. 


B. The Second-Order Rate Law 

Consider the case where the overall order of reaction in Eq. (14-2) is found to 
be two, that is (x + y) = 2, either because the rate is proportional to (A) 2 or 
because it is proportional to (A)(B). In the first case we can use Eq. (14-5) as 
giving the overall process, and write the rate law as 

Rt = - ^ = k( A) 2 . (14-14) 

We again assume that the reaction goes to completion, so that Rt, is zero. Note 
that the rate constant k now has the dimensions of (concentration) -1 (time) -1 ; 
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time is usually given in seconds, and in the case of gases, concentration is commonly 
expressed in terms of partial pressure, so k might be in atmosphere -1 second -1 . 
The integration of Eq. (14-14) is straightforward: 

k dt or -r^- = kt + constant. (14-15) 
(A) 

As illustrated in Fig. 14-2(a), a plot of 1/(A) versus t gives a straight line, with 
intercept 1/(A) 0 and slope equal to k, so that 


f d(A) _ (• 

J (A) 2 J 


1 

(A) 


1 

(A)o 


-t~ kt. 


(14-16) 


One may again use the concept of half-life, and setting (A)/(A) 0 = J at t V2 in 
Eq. (14-16) gives 

2 1 = (A) 0 kt ll2 or t 1/2 — • (14-17) 

However, unlike the case of a first-order reaction, the time for successive diminu¬ 
tions in (A) by a factor of one-half is not a constant, but doubles with each decre¬ 
ment. Thus t x/i — 3/k(A) 0 and t l/g = 7/k(A ) 0 , so that, as illustrated in Fig. 14-2(b), 
the first interval is t 1/2 , the second 2 t V2 , and so on. 



FIG. 14-2. The second-order rate law. (a) Plotted according to Eq. (14-16). ( b ) (A)/(A) 0 as a 
function of time, showing the successive doubling of t ll2 . 
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If the rate law is second order but of the form 


Rt = - 


d{ A) 
dt 


= *(A)(B), 


the reaction type becomes 


aA + bB + other reactants 


products. 


(14-18) 


(14-19) 


We again assume that there is no back reaction, but note that Rt could equally 
well be expressed in terms of d(B)/dt, from the stoichiometry of the reaction, 


1 1 tf(B) 

a dt b dt 


(14-20) 


A notation that is convenient at this point is that of defining x as the decrease in 
concentration in A at time t, x — (A) 0 — (A), and similarly, y = (B) 0 — (B). 
We then have 


d(A) dx d( B) dy 

dT~~df !F~di ‘ 

The simplest case is that for which b — a, so that the rate law becomes 

or [(A) ,_5 [(B)t _„ -**• <>«‘> 

On integrating, we obtain 

1 , n (B) 0 [(A) 0 - x] _ 

(A) 0 — (B) 0 m (A) 0 ((B)o — x] 
or 

ln = [(A) ° - (B) ° ] kL ( 14 ‘ 22 ) 

There are two special cases of interest. First, if (A) 0 <C(B) 0 , then very little B 
is consumed so that (B) is essentially constant and equal to (B) 0 . The effect is that 
Eq. (14-18) reduces to the form 

- ^ = t^(B)oKA) = k app (A), (14-23) 

or to the same form as the first-order rate law, Eq. (14-5). 

Since fc app is not a true rate constant but the product of k and the concentra¬ 
tion (B) 0 , it is customary to call Eq. (14-23) a pseudo-first-order rate law. This term 
is applied whenever a first-order rate expression has been obtained by virtue of 
some concentration or concentrations being held constant. The distinction is 
important to the mathematics of the situation, in that kapp will vary with (B) 0 . 
Thus Eq. (14-23) gives the time rate law for a particular experiment, but not the 
full concentration rate law. The distinction can also be quite important in any 
theoretical interpretation of the rate constant. 

The second special case is that for (A) 0 = (B) 0 . Equation (14-22) becomes in¬ 
determinate, and it is necessary (as always in such a circumstance) to return to the 
original differential equation. Since a = b, it follows that (A) = (B) at all times 
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during the reaction. Equation (14-18) therefore reduces to 


d( A) 
dt 


= —k(A) 2 , 


or to Eq. (14-14). 

These two special cases illustrate an important point for the experimentalist. 
By choosing (A) 0 (B) 0 , we reduce the rate law to a first-order one, and by 

choosing (A) 0 = (B) 0 , we reduce it to a much simpler mathematical form of 
a second-order rate law. Part of the art of experimental chemical kinetics lies in 
the designing of experimental conditions so that the mathematical complexity 
of the time rate law is reduced. 


Example. The rate law for the reaction A + B —*• products is d(A)jdt = —k(A)(B) with 
k = 0.02 M _1 min -1 . What percent of A has reacted after 15 min if (a) (A) 0 = 0.1 M and 
(B)„ = 0.3 M, (b) (A) 0 = (B) 0 = 0.1 M, and (c) if (A) 0 = 0.001 M and (B)„ = 0.3 M ? (a) By 
Eq. (14-22), ln[(0.3)(A)/(0.1)(B)] = (0.1 - 0.3)(0.02)(15) = -0.06, whence (A)/(B) = 0.3139. 
Since (A)/(B) = (0.1 — x) 1(0.3 — x), we find * = 8.49 x 10 -3 M, corresponding to 8.49% 
reaction of A. (b) We now use Eq. (14-16), which gives 1/(A) = 1/0.1 + (0.02)(15), whence 
(A) = 0.09709 Mand the percent reacted is 2.91%. (c) The reaction is pseudo first order because 
of the great excess of B, so ln[(A)/(A) 0 ] = —k„ p t = — (0.02)(0.3)(15) = —0.09, whence 
(A)/(A) 0 = 0.9139, corresponding to 8.61% reaction. 

Note. The reaction stoichiometry might be 2A 4- B —*• products, but with the rate still 
first order in (A) and in (B). We would now write d(A)/dt = —2k(A)(B) since it is customary to 
define rate constant in terms of the reaction and in this case two moles of A disappear per mole 
of reaction. See Exercise 14-7. 

We return briefly to the general case of a # 6, or to Eq. (14-21). The rate law is now written 
d(A)\dt = ak( A)(B) since it is conventional to define rate constants in terms of the process 
rather than in terms of any particular species. Thus R = (1/a) d(A)jdt — (1/6) d(B)ldt. Equation 
(14-21) becomes 

g = ofc[(A), - *][(B)„ - b -x \, (14-24) 

which gives, on integration, 

ln = W A >» - °( B >o] kt - 04-25) 

Again, a suitable choice of experimental conditions can greatly simplify matters. If (B) 0 /(A) 0 
is made equal to 6/a, then Eq. (14-24) becomes 

~ = bk[(A)„ - *]* or ^ = -bk(A)\ (14-26) 

so that the simpler form of Eq. (14-14) has been regained, with k„ Pp = kbja. 


C. The Zero-Order and Other Rate Laws 

The term “zero order” is applied to a reaction whose rate is independent of 
time, that is, 

R = - ^ = k (14-27) 

dt 

or 

(14-28) 


(A) = (A) 0 - kt. 
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Such rate laws are more properly called pseudo-zero-order, since Eq. (14-27) 
gives the time dependence of (A) but cannot be the full description of the factors 
affecting the rate. 

This point may be illustrated as follows. First, in photochemical reactions if 
the entire incident radiation is absorbed by the reacting species, then the rate of 
reaction will not depend on concentration and hence will be of zero order. However, 
the complete rate law is actually R = I&bs<f>, where 7 a b S is the intensity of the 
absorbed light and <f> is an efficiency factor called the quantum yield for the reac¬ 
tion (see Section 18-4E); in the form written 7 a b S would be expressed as quanta 
of light per unit volume per second. Thus although the rate does not depend on (A), 
it does depend on 7 a b S ; at a sufficiently low concentration of A, 7 a b S will become 
proportional to (A), and the rate law will revert to first order in (A). 

Second, many examples of zero-order reactions occur in heterogeneous catalysis. 
The situation is one in which the reaction takes place on the surface of the catalyst 
so that R = k'dsi, where 0 is the fraction of surface covered by the adsorbed 
reactant and si is the total catalyst surface area. If the concentration or pressure 
of A is large enough, 0=1, and the reaction is zero order; at sufficiently low 
pressures, however, 0 becomes proportional to (A) and the reaction reverts to 
first order. Note that R will depend on the amount of catalyst, that is, on the area si, 
as well. See the Special Topics section for further details. 

Experimental rate laws may be of some general order n, the simplest case of 
which is 

= k{k)n - (14-29) 

Integration gives 

(XF r '-dr- = < ' , - 1,u (14 - 30 > 

provided that n # 1. Some examples are the interconversion of ortho- and para- 
hydrogen, for which n — J, the formation of phosgene (CO + Cl 2 = COCl 2 ), 
for which n — f, and a variety of reactions for which n = 3. 


14-3 Experimental Methods and Rate Law Calculations 


A. Use of Additive Properties 

As stated earlier, an important goal of the experimentalist is that of establishing 
the rate law which governs a given reaction. The initial task is very similar to that 
in the study of chemical equilibrium—one needs some way of following the 
degree of reaction. As discussed in Section 7-3, one may quench or otherwise 
stop a reaction and then proceed at one’s leisure to analyze chemically for reactants 
or products. However, very often some specific physical property of one or more 
of the species may be measured in situ, so that one may follow the reaction con¬ 
tinuously as it proceeds. If one of the reactants has a characteristic light absorption, 
for example, the optical density of the solution may be monitored at a particular 
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wavelength. In the case of a gas-phase reaction the change in the total pressure 
may be used as a measure of the degree of reaction (provided the number of 
moles of gaseous products differs from that of the reactants). 

These last two quantities, optical density and total pressure, are examples of 
additive properties SP discussed in Chapter 3. There is a very useful relationship 
whereby SP for a reacting mixture may be used to give the degree of advancement 
of the reaction. Consider the general reaction 


aA + 6B + ••• = mM + nN + ■■■. (14-31) 

Initially A 0 moles of A, B„ moles of B, and so on are present, and we have 


= Ao^ a + Bo^ b + - . (14-32) 

We now define v as the degree of advancement of the reaction, where av is the 
number of moles of A reacted, bv the number of moles of B reacted, and so on, 
and mv is the number of moles of M produced, nv is the number of moles of N 
produced, and so on. After some time t we then have 


= [A 0 — av]0> A + [Bo — bv ]&’ B + — + + nv% + —, 

so that 

PP o — PP i — avSP h + bvSP B + ... — mv^ M — nvSP-a — ■■■ . (14-33) 

At infinite time, or on completion of the reaction, v has the value v a , and so 


^So — [A 0 — av^SP^ + [B 0 — bva, ]SP B + ••• + + nv x 3P n 4- •••, 


so that 

~ &<* = avn&A + bv^ B + ••• — — nvjPfi — ••• 

and therefore 



(14-34) 

(14-35) 


the term {a^ A + b& B + — mSP M — n£P N — •■•) being a common factor to 

both Eqs. (14-33) and (14-34). Alternatively, we have 


= , V . (A),-(A), 
^0 - p„ (A) 0 - (A). • 


(14-36) 


We see that the second part of Eq. (14-36) is correct by writing (A) f as [A 0 — av]jv 
and so on, where v is the volume, and observing that the result simplifies to 1 — 

(p/p 0°)- 

As a specific example, paraldehyde, (CH 3 CHO) 3 , dissociates into acetaldehyde, 
the overall reaction being of the form 


A = 3B. 


The change in total pressure with time at 260°Cis given in Table 14-1 and applica¬ 
tion of Eq. (14-36), with 3P — P tot (total pressure), then gives Pa/Pq.a > or the 
fraction of paraldehyde remaining (P^.a being zero in this case since the reaction 
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TABLE 14-1. Thermal Dissociation of Paraldehyde 
at 260°C 


Time 

(hr) 

Plot 

(Torr) 

Pa! P o.A 

0 

too 

1.00 

1 

173 

0.64 

2 

218 

0.41 = (0.64) 2 

3 

248 

0.26 = (0.64) s 

4 

266 

0.17 = (0.64) 4 

CO 

300 

0.00 


goes to completion). The results are plotted in Fig. 14-3, according to Eq. (14-6), 
and the linearity of the plot indicates that the reaction is first order. In Fig. 14-4, 
the data are also plotted according to Eq. (14-16), which tests for possible obedience 
to the second-order rate law, but the points now fall on a curved line. As indicated 
in the table itself, one could determine the first-order character directly by noting 
that Pa/Pq.a drops by the constant factor 0.64 with each interval of 1 hr. 



FIG. 14-3. The thermal decomposition of paraldehyde. Data plotted according to the first-order 
rate law. 



Time, hr 


FIG. 14-4. The thermal dissociation of paraldehyde. Data plotted according to the second-order 
rate law. 
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The rate law for the reaction is therefore 


dP a 
dt 


= -kP 


A > 


and there are several ways in which k might be obtained. The slope of the line in 
Fig. 14-3 gives k — — [ln(O.l) — ln(l)]/5.2 = 0.44 hr -1 . Alternatively, t ll2 is 
read from the graph as 1.57 hr, and by Eq. (14-9), k = 0.693/1.57 = 0.44 hr -1 . 
Finally, kt 0 , Si = —In 0.64 = 0.44, and so k = 0.44/1 = 0.44 hr -1 . 


B. The Isolation Method 


The preceding subsection dealt with one very common method of determining 
an experimental rate law—that of fitting data to the integrated form of a specific 
rate law. This procedure is accurate and very satisfactory if the reaction rate is 
some integral order in a single reactant, or a second-order reaction in two 
reactants. If the data do not fit one or another simple integrated form, the number 
of more complicated possibilities rises rapidly, and the approach becomes 
increasingly less definitive, that is, the various more complicated integrated forms 
may not actually differ enough to allow a clear experimental distinction among 
them. At this point it becomes very useful to fix one or another concentration 
so as to isolate the dependence of the rate on each species in turn. One usually 
does this using a large excess of first one reactant and then another. 

An illustration may be constructed as follows. The reaction 

2NO + H 2 = N 2 0 + H 2 0 (14-37) 

is known to obey the rate law 

= kPloPn ,, (14-38) 


with k = 1.00 X 10 -7 Torr -2 sec -1 at 820°C. Let us examine how this conclusion 
might have been arrived at by the isolation method. Suppose that first the reaction 
was studied with a large excess of NO: F 0 .no = 600Torr and J° 0>H = lOTorr. 
P NO will be virtually constant, and the rate law becomes pseudo first order: 


dP » 2 

dt 


dP n 2 o 


— [kPl*o\ Ph, — k & 


where fc app = (1.00 X 10 -7 )(600) 2 = 0.036 sec -1 . The reaction would be found to 
obey Eq. (14-6) or Eq. (14-7), with t ll2 = 0.693/0.036 = 19.3 sec, and the experi¬ 
menter would therefore conclude that the rate law contains P H as a term. We 
confirm this by observing that t V2 does not depend on F 0 > h 2 so long as NO is in 
large excess. 

The next step would be to reverse the situation and use a large excess of 
H 2 : F 0>no = 10 Torr and P 0 ,h 2 — 600 Torr. The reaction would now be pseudo 
second order: 


1 dP NO dP Na o 
2~dT = dt 
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or 

^no __. p 2 

ft app i NO » 

with Ar ap p now equal to 2(1.00 x 10 _7 )(600) = 1.20 x 10- 4 Torr -1 sec -1 . Note 
the presence of the stoichiometry factor of 2. The rate data would now obey 
Eq. (14-16), and would show t Vi = 1/(1.20 x 10 _ 4 )( 10) = 833 sec. The experi¬ 
menter would conclude from this behavior that the rate law contains P^ 0 . Combina¬ 
tion of the two results would thus yield the full rate law. 


C. Use of Initial Rates 


The procedures so far have made use of integrated rate laws. One must obtain 
data over a sufficient degree of reaction to establish agreement with one or another 
particular form. Considerable difficulties can develop with this procedure, however. 
The reaction may not be clear-cut, so that side reactions obscure the true course 
of the process being studied. Or the reaction may not proceed to completion, 
so that the term for the back reaction has mistakenly been omitted from the rate 
laws tested. It must be emphasized that quite different appearing algebraic forms 
will often fit a given set of data equally well, especially if the results are of the 
usual accuracy of about 1 %. 

In either case, the difficulty is avoided if the reaction is studied during its initial 
stages only. The experimental problem is that the analytical procedure must now 
be one suited to determining small amounts of a product in large amounts of 
reactants. Conventional quenching techniques followed by specific product 
analysis are often best. A nonvolatile product might be selectively condensed 
out of the reaction mixture or separated from it by gas chromatography, for 
example. If a product has a distinctive absorption spectrum, then even small 
amounts may be measured in situ. General additive properties such as total 
pressure are not very sensitive to small degrees of reaction, however, and become 
difficult to use. 

The measurement of an initial reaction rate provides no information in itself 
as to the form of the rate law; it is necessary to make several experiments in which 
the initial concentrations are varied. In terms of the previous example, 
(dP N oMOimtiai would have been found to be 0.36 Torr sec -1 with P 0 ,no = 600 Torr 
and Po.h 2 = 10 Torr (at 820°C) and 0.72 Torr sec -1 if P 0 .h 2 had been increased 
to 20 Torr. Thus, doubling (H^ at constant (NO) doubled the initial rate, and 
on the assumption that the rate law was of the form 


dP n 2 o 
~dT 


KDX pV 

Kr NO r H 2 > 


one would write 


0.72 Ar(600) x (20) ! ' 

0.36 “ Ar(600) x (10) v “ 1 


or 2 = 2 y , y = 1. 


The conclusion would thus again have been that the reaction was first order in 
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H 2 . Had P 0 ,no been 300Torr and P 0> h 2 10 Torr, the initial rate would have 
been 0.090 Torr sec -1 and the corresponding quotient of rate expressions would 
be 


0.36 k(600) x (l0) v = 

0.090 *(300)"(10)* 1 ’ 


or 4 = 2 X , x = 2. 


The reaction would thus have been shown to be second order in NO. 


D. Fast Reaction Techniques 

The analytical techniques so far mentioned require from a few seconds to 
carry out, as with optical density determinations, to minutes or hours, for chemical 
procedures. Many reactions are much faster than this, and a number of ingenious 
methods have been developed for such cases. For example, reaction times of as 
low as a few milliseconds can be studied with fast-mixing reactors. As illustrated 
in Fig. 14-5, the separate reactant gases are jetted into a chamber so designed 
that mixing is rapid and complete, and the mixed gases exit into a viewing chamber. 
One then determines optical density of the mixture by allowing a steady light 
beam to shine through the chamber and measuring its reduction in intensity. 
The average lifetime of the mixture can be estimated from the inlet flow rates and 
the volume of the mixing chamber, and each measurement is thus for one particular 
time of reaction. One varies the inflow rates to vary the reaction time. 

A difficulty with this procedure is in the calculation of the average lifetime 
and in the fact that each measurement gives only one point on the plot of amount 
of reaction versus time. An alternative procedure is to stop the flow of the mixed 
gases (such as by means of an electrically operated gate) and then to observe the 
progress of the reaction in the now stationary mixture in the viewing chamber. 
To do this, the monitoring light beam must impinge on a light detector, such as 
a photomultiplier tube, whose output can go to an oscilloscope. The sweep of 
the oscilloscope then traces the decay of the reactants with time. Reactions 
involving NO a have been much studied by this type of technique since its intense 
brown color makes its disappearance very easy to follow. 



FIG. 14-5. Mixing cell for the study of fast reactions. 
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A very closely related photochemical technique is that of flash photolysis. 
The reactive species is now produced by a short, intense flash of light, and its 
decay is followed by the same monitoring light beam-oscilloscope method as 
before. Light flashes containing perhaps 10~ 7 mole of light quanta can be made 
to occur within a few microseconds by triggering of the discharge of high-voltage 
capacitors through a gas-filled tube; xenon at about lOTorr is often used. Many 
reactions involving free radicals and other reactive species have been studied by 
this means. Alternatively, a laser may be used to produce intense flashes of a few 
nanoseconds or even picoseconds duration, so that reaction times of this order of 
magnitude can now be studied. 

These methods may be used for either gas- or solution-phase kinetics, and 
additional methods specially suited for solution work are described in Section 15-3. 
A remaining technique that is special for gaseous mixtures is that of the shock 
tube. The reaction mixture is separated by means of a diaphragm from some 
inert gas which is at a high pressure. On rupture of the diaphragm, a shock wave 
passes down the reaction mixture, rapidly heating it by hundreds of degrees. 
As a result of the change in temperature, reaction occurs, and it is followed, again 
by the monitoring light beam-oscilloscope technique. Reaction times of the order 
of microseconds may thus be studied. 


14-4 Rate Laws and Reaction Mechanisms 

Once an experimental rate law has been determined attention turns to the 
actual sequence of chemical steps that produces the reaction, that is, to the nature 
of the reaction path or mechanism. Such steps are known as elementary chemical 
reactions, as distinguished from the overall reaction. With two exceptions, discussed 
further in Sections 14-7 and 14-CN-l, we take all elementary reactions to be 
bimolecular, that is, to involve the reaction together of just two molecules. We 
proceed in this section to see how various overall rate laws can result. 


A. Simple Reactions 

A simple reaction is defined here as one for which the overall process and the 
elementary reaction are the same. The simple reactions that have been studied 
fall into perhaps three categories, summarized in Table 14-2. Association reactions, 
as the name implies, involve the combining of two molecules to give a single 
product. Exchange reactions are ones in which an atom or a group is transferred 
from one molecule to another. A very large number of such reactions have been 
studied; for example, many organic molecules and radicals can exchange hydrogen 
or halogen atoms. Decomposition reactions may be ones in which two molecules 
of a species combine to then break up into simpler products. These are often 
exchange reactions. 

The experimental observation is that the mass action law, in its historic form, 
applies to simple reactions. That is, the rate law corresponds to the overall chemical 
reaction. Thus for the exchange reaction 


NO + C1NO, = NOC1 + NO,, 
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TABLE 14-2. Some Simple Reactions 


Type 

Example 

Association 

2NO a - N 2 O a 

2CH S — C 2 H 6 

Exchange 

NO + CINO, — NOC1 + NO, 
no 2 + o 3 —- NO s + o 2 

CO + Cl 2 — COC1 + Cl 

H + D 2 — HD + D 

H + HC1 — H 2 + Cl 

CH 2 + H 2 — CH* + H 

CH 2 + NH 3 — CH* + NH 2 

Decomposition 

C S H,I - C 3 H 6 + HI 


the rate law is 

Rt = - = k( N0)(C1N0 2 ). 


B. Two-Step Mechanisms. Rules for Obtaining a Rate Law from a Mechanism 

A rather frequent situation is that in which a bimolecular reaction produces an 
intermediate which in turn reacts with itself or with one of the original reactants. 
The reaction 2NO + H 2 -*■ N 2 0 + H 2 0 [Eq. (14-37)] is one example. The 
mechanism seems likely to be 


2NO = N 2 0 2 


(rapid equilibrium), 


N 2 0 2 + H 2 i N 2 0 + H 2 0 (slow step). 


The rules for constructing the rate law from a reaction mechanism are that, first, 
the mass action principle is applied to each elementary step, or to the slow step 
if all others are fast. This slow step determines the overall reaction rate, but it is 
then conventional to use the equilibrium constants and the stoichiometry of the 
other steps of the mechanism to express the rate law purely in terms of species 
that appear in the overall reaction. 

The example provides an illustration of these rules. We first apply the mass 
action law to the slow step: 


rf(N 2 0) 

dt 


d± N 2 Q 2 ) 
dt 


= k(N 2 0 2 )(H 2 ). 


However, N 2 0 2 does not appear in the overall equation (14-37), and we may 
eliminate it by using the equilibrium constant expression K — (N 2 02)/(N0) 2 to 
get 

ktf(NO) 2 (H 2 ), (14-39) 


which is the observed rate law [Eq. (14-38)]. 
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Note, however, that the alternative mechanism 

NO + H 2 = NO ■ H 2 (rapid equilibrium), 

NO • H 2 + NO ^ N 2 0 + H 2 0 (slow step), 

where NO • H 2 is an association complex, equally well reproduces the experi¬ 
mental rate law (the reader might verify this statement). Thus even in this simple 
situation at least two alternative paths can be thought of, both chemically reason¬ 
able and both agreeing with the kinetic results. The similar type of reaction 
2NO + X 2 = 2NOX is known, with X 2 = 0 2 , Cl 2 , or Br 2 , and the same 
ambiguity of mechanism is present. One of the applications of fast reaction 
techniques has been to the identification of reaction intermediates so as to allow 
a decision to be made between alternative mechanisms. It has not yet been 
determined, however, whether in the cases cited the intermediate is N 2 0 2 or 
NO • X 2 . 

A further point is that by either mechanism the experimental rate constant is 
seen to be a product of a true rate constant and the equilibrium constant for the 
precursor reaction. This type of situation presents a very real problem in the 
theoretical analysis of rate data; reaction rate theories deal with elementary 
reactions and can easily lead to erroneous conclusions if applied to composite 
rate constants. 


C. The Stationary-State Hypothesis 

The two-step mechanism just discussed is a special case of a more general 
situation. It was assumed that the first step consisted of a rapid equilibrium, but 
the more complete analysis would be as follows: 

*1 

2NO^ N 2 0 2 , 

*-i 

n 2 o 2 -f h 2 —► N 2 0 -f h 2 o. 

We now write the sum of the mass action rate expressions for each process whereby 
a given species should change in concentration with time: 

\ d{ ^ = —*i(NO) 2 + ^:(N 2 0 2 ), (14-40) 

</(N 2 0 2 ) = kj(NO) 2 - A:_ 1 (N 2 0 2 ) - A: 2 (N 2 0 2 )(H 2 ), (14-41) 

dt 

= k 2 (N 2 0 2 )(H 2 ). (14-42) 

The set of three differential equations must now be solved simultaneously. Although 
this can be done in the present case, the mathematics of such situations rapidly 
becomes intractable, and a very useful approximation is usually made so as to 
simplify matters. If an intermediate I, in this case N 2 0 2 , is being produced and 
consumed in such a manner that its concentration never becomes appreciable, 
this means that the total reaction “traffic” is large compared to the amount of 
intermediate and hence that the latter rapidly attains a steady level of concentration 
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which then slowly drops as the reactants are consumed. The further implication 
is that, in this case, d(N 2 0 2 )/dt is small compared to d(NO)/dt or d(N 2 0)/df, if 
(N 2 0 2 ) is, say, 10 -8 (NO), then d(M 2 0 2 )/dt should be about 10~ 3 d(NO)/dt, and 
hence 10 -3 times each of the terms of Eq. (14-41). The approximation that is 
therefore made is to set d(l)/dt equal to zero. This is known as the steady- or 
stationary-state approximation. 

Application of the stationary-state approximation to the present example sets 
d(N 2 0 2 )/dt = 0 and allows Eq. (14-41) to be solved for (N 2 0 2 ): 


(N 2 0 2 ) 


^(NO) 2 
k -1 + /c 2 (H 2 ) 


Insertion of this result into Eq. (14-42) gives 

rf(N 2 Q) = Mh(NO) 2 (H 2 ) 

dt k _! + fc 2 (H 2 ) 


(14-43) 


(14-44) 


Notice that if k_ x is large compared to A: 2 (H 2 ), then Eq. (14-44) reduces to 
Eq. (14-39), since K = kjk^ . On the other hand, at very large (H 2 ), it should 
be possible to obtain the other limiting form: 


- —Jp- = fci(NO) 2 . 


(14-45) 


Were the alternative mechanism, involving NO • H 2 as intermediate, the correct 
one, then at large (NO), the limiting form should be 


d( N 2 0) 
dt 


= Ar x (NO)(H 2 ). 


(14-46) 


Investigators have attempted such studies as a means of distinguishing between 
the two mechanisms, but without success in that they could not reach sufficiently 
high pressures to observe departures from the normal rate law. However, success 
in this respect has been achieved in some related situations that will be discussed 
in Section 14-7. 


D. Chain Reactions 

A chain reaction is one in which some intermediate or intermediates are con¬ 
sumed and regenerated in a cycle of reactions the net result of which is to carry 
forward the overall reaction. Analysis of such systems can be quite complicated, 
and the following example will serve to illustrate both the type of mechanism 
encountered and a further application of the stationary-state hypothesis. 

The reaction 

H 2 + Br, = 2HBr (14-47) 

has been extensively studied from the time of M. Bodenstein around 1906. Unlike 
the situation with the seemingly analogous reaction H 2 + I 2 = 2HI, the experi¬ 
mental rate law is very complex: 

rf(HBr) _ fcj(H 2 )(Br 2 ) 1/2 

dt 1 + [*,(HBr)/(Br 2 )J ’ y ’ 
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where has been called the inhibition constant and the term in the denominator 
reflects the inhibition of the reaction rate by the product HBr. The mechanism 
for this reaction seems now well established as the following: 


Br 2 + M -i 2Br + M 


(chain initiation), 


*2 

2Br + M -► Br 2 + M (chain termination), 

*3 

Br + H 2 ^ HBr + H (chain propagation), 

*4 

*5 

H + Br 2 -► HBr + Br (chain propagation). 

(M is any gaseous species, and serves to supply the energy for the dissociation— 
see Section 14-CN-l.) Note that the last two reactions together constitute a cycle, 
the net effect of which is to carry out the overall reaction [Eq. (14-47)]; this pair 
then constitutes the chain reaction. 

The stationary-state assumption is now applied to the intermediates H and Br: 


- = 0 = 2Ar 1 (Br,)(M) - A: 2 (Br) 2 (M) - A: 3 (Br)(H 2 ) + A: 4 (HBr)(H) + A: 5 (H)(Br 2 ) 

(14-49) 

and 


= 0 = A: 3 (Br)(H 2 ) - A: 4 (HBr)(H) - A: 5 (H)(Br 2 ) (14-50) 


or 

mi - MBr)(H 2 ) 

(n> fc 4 (HBr) + A: 5 (Br 2 )' 


Also, addition of Eqs. (14-49) and (14-50) leads to 


(Br) = 


]*/' _ 


(14-51) 


(14-52) 


where K l2 is the equilibrium constant for the dissociation of Br 2 into atoms; 
notice that (M) has cancelled out. 

The rate of production of HBr is given by 


= fc 3 (Br)(H 2 ) - fc 4 (HBr)(H) + A: 5 (H)(Br 2 ) (14-53) 


and replacement of (H) and (Br) by the appropriate expressions yields 


<*(HBr) 2^ 3 ^;](H 2 )(Br 2 ) l/2 

dt 1 + [Ar 4 (HBr)/Ar 5 (Br 2 )] ’ U ' } 

which is the same as the observed rate law [Eq. (14-48)]. 

Many oxidation reactions proceed through a chain mechanism, and a particular 
example, H 2 + |0 2 = H 2 0, is discussed in Section 14-CN-4 as illustrative 
of systems that can lead to explosions. In addition, the thermal decomposition 
of many gaseous organic molecules involves free radical chains. Usually, however, 
thermal decomposition or pyrolysis is complicated by the presence of a large 
variety of products due to the various types of decomposition reactions that can 
occur. It has therefore been useful to initiate such decompositions photochemically; 



562 CHAPTER 14: KINETICS OF GAS-PHASE REACTIONS 


the first step is then more apt to be a simple one, and the whole reaction sequence 
can be followed at a low enough temperature that intermediates and reaction 
products do not themselves pyrolyze. 

Perhaps the most studied system of this last type is that of the photodecomposition of acetone. 
Hundreds of publications have appeared on the subject, and it must suffice here to sketch the 
main conclusions. Irradiation of acetone vapor with light of around 254 nm wavelength results 
in its fragmentation to give CH 3 CO, CH 3 , and CO: 


CH 3 COCH 3 ^ 


(CH 3 CO • + • CH 3 
I CO + 2 • CH 3 . 


The following reactions then appear to be important: 


2 • CH 3 
2 • COCH 3 

• CH 3 + ■ COCH 3 

• CH 3 + • COCH 3 

• COCH 3 + M 
• CH 3 + • CH 2 COCH 3 
• ch 3 + CH 3 COCH 3 
• CH 2 COCH 3 


c 2 h 6 

(CH 3 CO) 2 

ch 3 coch 3 

CH« + CH 2 = CO 
CO + • CH S + M 
CH 3 CH 2 COCH 3 
ch 4 + • CH 2 COCH 3 
• ch 3 + ch 2 =co. 


(association), 

(association), 

(recombination), 

(H exchange), 

(decomposition), 

(association), 

(H exchange). 


(For clarity radicals are marked with an electron dot.) The products thus include CO, CH 4 , 
C 2 H,, C 2 H 6 COCH 3 , and CH 2 =CO, with the various indicated radicals as chain carriers. Notice 
that all but one of the elementary reactions are bimolecular. The last reaction, however, shows 
a unimolecular decomposition process. 


14-5 Temperature Dependence of Rate Constants 

The preceding material has presented the customary procedure of expressing 
a reaction rate in terms of a rate law, or function of concentrations of species, 
and the concept of reaction mechanism, whereby the mass action principle is 
applied to the one or more elementary reactions that are responsible for the 
overall process. All dependences of a reaction rate other than on concentration 
are thus contained in the rate constant (or constants if the rate law is a complex 
one). We now examine the temperature dependence of reaction rates, that is, of 
rate constants. 

A preliminary historical review seems appropriate at this point. The mass 
action principle developed during the period 1850-1890, beginning with the 
observation by L. Wilhelmy that the rate of inversion of cane sugar was propor¬ 
tional to the amount of unconverted sugar, the reaction being 

H 2 0 + C 12 H 22 Ou -» C 8 H 12 O e (glucose) + C 6 H 12 0 9 (fructose). 

Wilhelmy integrated the first-order rate equation and, in effect, developed much 
of the material of Section 14-2A. The first emphasis on chemical equilibrium as 
the result of a dynamic balance of equal forward and reverse rates came from 
C. Guldberg and P. Waage in 1867, who also clearly formulated the law of mass 
action. Later, van’t Hoff added that the equilibrium constant should then be given 
by K — ktjkt ,. It was not until 1865, however, that the first second-order reaction 
was clearly defined experimentally, by Harcourt and Essen (1865, 1866, 1867), 
in a study of the reaction between permanganate and oxalate ions. Thus the 
subject of reaction kinetics evolved through the study of solution rather than 
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gas-phase reactions, although we will see that it is for the latter that theory is 
best developed today. 

The preceding developments set the stage for Arrhenius to observe in 1889 
that rate constants showed much the same temperature dependence behavior as 
did equilibrium constants, namely, 

d{ In k ) _ constant 
dT ~ T 2 ' 

By analogy with the second law equation, Eq. (7-29), for equilibrium constants, 
it was natural to write 


d( In k) E* 

dT ~ RT 2 ’ 


(14-55) 


where E* represents some characteristic energy that must be added to the reactants 
for reaction to occur. We call E* the activation energy of the reaction. 

Equation (14-55) has the usual alternative forms. Integration gives 


In k = constant — 


E* 

-RT’ 


(14-56) 


so that a plot of In k versus 1/7" should give a straight line of slope —E*jR. 
An equivalent form is 


k = A e~ E * IRT 


(14-57) 


and integration between limits gives 



E* /J_ 
R l7\ 



(14-58) 


These various forms are all known as the Arrhenius equation for rate constants; 
the constant A is called the preexponential or frequency factor. 

As the equations imply, reaction rates increase as temperature increases; 
around 25°C, for example, a doubling of k with a 10°C rise in temperature corre¬ 
sponds to about 12 kcal mole -1 for E*, and a quadrupling of the rate, to 
24 kcal mole -1 , and so on. The factor by which k increases over a 10°C interval 
is known as the temperature coefficient. 

Example. E* is 35 kcal mole -1 for a certain reaction. By what factor would k increase be¬ 
tween 100°C and 110°C? By Eq. (14-58), In (k 3<> ,lk, 7 J = [(35,000)/(1.987)][(10)/(383.15)(373.15)] 
= 1.23. The factor is thus 3.43. 

The Arrhenius equation is amazingly well obeyed by systems showing a rate 
law of the type of Eq. (14-2). The reaction 2HI -*■ H 2 + I 2 obeys second-order 
kinetics over a wide range of conditions and some of Bodenstein’s data (1894-1899) 
are plotted in Fig. 14-6 according to the form of Eq. (14-56). The values of k are 
given in Table 14-3 along with those calculated from the best-fitting straight line 
in the Arrhenius plot. The agreement is within about 25 % over five orders of 
magnitude variation in k. This best straight line is given by 

kt = 9.17 X 10 10 e -44 - 450/J?r , (14-59) 


where kt is in liters per mole per second. 
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FIG. 14-6. Arrhenius plot for the reaction 2HI —*- H 2 + I 2 . 


Excellent though this agreement is, there is some systematic deviation of the 
data from the straight line; a better fit is obtained by an equation of the form 

k t = A'T 1 l i e- E *' RT (14-60) 

or 

k t = 1.05 x 10 «T m e- i2 -* OOIRT . (14-61) 

As will be seen in the next section, Eq. (14-60) is suggested on theoretical grounds 
to be better than the simple Arrhenius equation. An important point to note is 
that the slight improvement in fit has resulted in rather different A and E* para¬ 
meters; kineticists are not always properly sensitive to this situation. 


TABLE 14-3. The Reaction 2HI -*■ H„ + 1/ 


T 

(K) 

k 

(liter mole -1 sec -1 ) 

Observed 

Calculated from 
Arrhenius equation 

556 

3.52 x 10 -7 

3.11 x 10 -7 

575 

1.22 x 10-* 

1.18 x 10 -8 

629 

3.02 x 10 -6 

3.33 x 10 -5 

647 

8.59 x 10 -6 

8.96 x 10 -1 

666 

2.19 x 10 - * 

1.92 x 10 -1 

683 

5.12 x 10 - * 

5.53 x 10 -1 

700 

1.16 x 10 -3 

1.21 x 10 -3 

716 

2.50 x 10 -3 

2.53 x 10 -3 

781 

3.95 x 10 -3 

3.33 x 10 -3 


4 Adapted from E. A. Moelwyn-Hughes, “Physical 
Chemistry.” Pergamon, Oxford, 1961. 
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FIG. 14-7. Relationships among 
E,*, £■„*, and AE. 


E t * = 42.8 E b * = 38.9 



2H1 


AE= 3.9 

~T 


h 2 +i 2 


The reverse reaction, H 2 + I 2 -> 2HI, has also been studied extensively, and 
the second-order rate constant kb is given by 

kb = 3.30 x i0 8 7' 1 /2 e -38.Boo/jf7- ) (14-62) 


where kb is in liters per mole per second. 
According to the mass action relationship, 


_ (H 2 )(I 2 ) 
(HI ) 2 


I, 

— = 0 32e _3900/Br 


(14-63) 


That is, AH 0 for the reaction is 3900 according to the kinetic data. Table 5-2 gives 
6.20 kcal mole -1 as the heat of formation of HI [from I 2 (j)], so the corresponding 
thermochemical AH 0 = —(2)(6.20) + 14.88 = 2.48 kcal [where 14.88 is the heat 
of sublimation of I 2 (j)J. The agreement is quite good, especially if the thermo- 
chemical AH is corrected by the (small) AC P of reaction to the temperature region 
of the kinetic studies. The absolute values of K as determined directly and as 
found by the mass action equation also agree well. 

Application of the van’t Hoff and Arrhenius equations to the mass action 
expression K — kt/kb thus leads to the conclusion that 

AE = Et* - Eb*, (14-64) 


as confirmed by the example. (The distinction between AH and AE is unimportant 
in the present case since for H 2 + I 2 = 2HI the two are equal.) The picture that 
emerges is one of a critical energy content of reacting species which is the same 
for either direction of reaction as illustrated in Fig. 14-7. This conclusion is in 
accord with the principle of microscopic reversibility (see Section 7-CN-l). The 
nature of the common high-energy state will be the subject of discussion in Sec¬ 
tions 14-6 and 14-8. 

This presentation has left the implication that the H 2 + I 2 -> 2HI reaction is 
a simple one, that is, one that proceeds by the single-step, bimolecular path 
indicated by the overall equation. The reaction has, in fact, been cited in countless 
texts as the clearest and best understood example of a bimolecular reaction. 
It was a shock to many persons (including this writer) to learn that work by 
Sullivan (1967) has shown the actual mechanism probably to be either 

I 2 = l 21, (14-65) 

H 2 + 21 % 2HI, 

fc -2 


(14-66) 
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or the preequilibrium (14-65) followed by 


H g + I = H 2 I, (14-67) 

HgI + I^2HI. (14-68) 

*-4 


The first mechanism gives (after the procedure of Section 14-4B) 


and the second gives 


kf — K^k g , kb — k —g 

kt = K^K^k^ , kb = k_ 4. 


Notice that the rate law remains second order in both directions. Only the 
interpretation of kt and of k b has changed—the former now contains either one 
or two preequilibrium constants. None of the earlier mass action analysis is 
invalidated— kt/kb still gives the correct equilibrium constant—but the detailed 
picture of the reaction path has changed profoundly. The revised mechanisms 
were arrived at, incidentally, by the photochemical generation of iodine atoms. 
By this means, their concentration could be varied independently of that of I 2 . 
The same series of investigations also indicated that above 600 K an increasing 
proportion of the reaction goes through a short chain mechanism similar to that 
for the reaction of hydrogen with bromine. Thus the period from Bodenstein to 
the present has barely sufficed to unravel the detailed mechanism of an apparently 
very simple reaction! 

This example illustrates the point that even though the Arrhenius equation is 
well obeyed, detailed mechanistic studies may indicate the apparent rate constant 
to be composite, that is, to contain one or more equilibrium constants. In some 
instances the situation is obvious. Thus the reaction 2NO + 0 2 -*• 2NO z shows 
a small negative temperature coefficient, so that the apparent activation energy is 
negative. The mechanism is thought to be analogous to that giving Eq. (14-39), 
so that the observed rate constant is really equal to kK, where K is the equilibrium 
constant for the preequilibrium step. One thus has 


E* 

^app 


^true i ^ ^'preequil 


The preequilibrium involves an association, probably 2NO = N 2 0 2 , and is 
therefore likely to be exoergic, with AE negative. It appears in this case that AE 
is sufficiently negative to give a net negative apparent activation energy. 

The foregoing situation is one that clearly invites the indicated conclusion; 
more often, as in the H 2 + I 2 —► 2HI reaction, .E*p p will be positive even though 
the rate constant is composite. 

In summary, if rate data do not obey the Arrhenius equation reasonably well, 
it is an indication that the apparent rate constant is a sum or some other more 
complicated function of rate and equilibrium constants. If the Arrhenius equation 
is obeyed, the observed rate constant may still be a product of equilibrium and 
true rate constants and the apparent activation energy a corresponding sum of 
energy quantities. The molecular interpretation of an observed activation energy 
can thus only be made in terms of a specific reaction mechanism. 
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14-6 Collision Theory of Gas Reactions 


The mass action background to the treatment of reaction rates made it natural 
for Arrhenius to associate E* with a critical energy for reaction and to suggest 
that there might be an equilibrium between ordinary and “active” molecules, 
with only the latter reacting. This approach was not very fruitful for some time 
because it provided no detailed explanation of how molecules become activated 
or of the frequency factor A in the Arrhenius equation; it reappeared, however, 
in transition state theory (Section 14-8), but only much later. Perhaps the early 
emphasis on solution kinetics retarded the advance of theory because of the great 
difficulty in treating liquids on a molecular basis. At any rate, the first major 
theoretical advance was based on the kinetic molecular theory of gases. 

During the period around 1920, M. Trautz, W. Lewis, C. Hinshelwood, and 
others developed a quantitative treatment of gas-phase reactions on the basis 
that only colliding molecules could react and then only if their combined kinetic 
energy of impact equaled or exceeded a critical energy E*. The rate of a bimolecu- 
lar reaction should then be 


rate 


(collision frequency) 


(fraction of impact pairs 
expected to have E > E* 


)■ 


The first quantity is given by + 


(14-69) 


- / irk T \ 1 / 2 

Z 12 = 2 y/2 a 2 12 (-^-) ni n 2 (Eq. (2-54)], 

where, we recall, a 12 is the average collision diameter, n 12 is the reduced mass, 
and n t and n 2 are the concentrations in molecules per cubic centimeter, so that Z 
is in collisions per cubic centimeter per second. Thus Z 12 can be written as 

Z AB = (constant) 7' 1 / 2 (A)(B) 

for a reaction between molecules A and B. The numerical example of Exercise 2-9 
gives a typical Z AB value of about 4 x 10 4 moles of collisions cm' 3 sec -1 for A and 
B each at 1 atm pressure and 25°C, or about 4 X 10 10 moles of collisions liter -1 
sec -1 if A and B are each at a concentration of 1 mole liter -1 .. 

The second factor of Eq. (14-69) is arrived at as follows. We consider that E* 
is to be provided by the kinetic energy of relative motion of two molecules making 
a head-on collision. This is equivalent to asking that a velocity c (in two dimen¬ 
sions) be such that Jmc 2 > £*, and we may therefore turn to Eq. (2-29): 


dN(c) 

~/vT 


m 

k T 


e -mc t /2kT c c j c 


That is, the probability that a single molecule will have one-dimensional velocities 
u and v such that u 2 + v 2 = c 2 is the same as the probability that two colliding 
molecules will have separate one-dimensional velocities such that w A 2 + w B 2 — c 2 - 
If we make the change of variable x = mc 2 /2kT, Eq. (2.29) becomes 


dN 

N 0 


e~ x dx. 


f We write the Boltzmann constant as k in this chapter to avoid confusion with rate constant. 
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This is now integrated from x = x* to x = oo to give 


AN 

N 0 


£ —E*lkT 


where AN/N 0 is the fraction of molecules taken two at a time that have an impact 
kinetic energy equal to or greater than E*. 

Equation (14-69) now reads 


rate = (constant) e _r * /Ji7 '(A)(B) 
and the corresponding bimolecular rate constant is then 

k = A e~ E * ,RT = A'T 1 / 2 e ~ E * /RT , (14-70) 

where 



( A' is reduced by a factor of 2 in the case of collisions between like molecules). 

Equation (14-70) represents the initial achievement of collision theory and one 
which was at first very successful. It is the same as Eq. (14-60), which fits the 
temperature dependence data for the HI decomposition very well. Moreover 
the calculated A' value is fairly close to the experimental one. If one takes a to be 
3.5 A, one obtains 3 X 10 10 as compared to the experimental value of 1 X 10 9 . 

Data for a number of simple bimolecular reactions are summarized in Table 14-4 
and the agreement between experimental and calculated A' values can be quite 
good. In many cases, however, the observed rate is definitely too small. This 


TABLE 14-4. Some Simple Bimolecular Reactions ° 


Reaction 

E* 

(kcal mole -1 ) 

log A' 

(liter mole -1 sec -1 ) 

P 

Observed 

Calculated 

2N0 2 — 2NO + 0 2 

26.6 

8.42 

9.85 

0.038 

2NOC1 — 2NO + Cl 2 

25.8 

9.51 

9.47 

1.1 

NO + C1N0 2 — NOC1 + NO, 

6.6 

7.73 

9.76 

0.01 

NO + 0 3 — ► N0 2 + 0 2 

2.3 

7.80 

9.90 

0.008 

no 2 + o 3 — no 3 + o 2 

6.7 

8.60 

9.84 

0.06 

NO + CI 2 -* NOC1 + Cl 

19.6 

8.00 

9.87 

0.014 

CO + Cl 2 — COC1 + Cl 

51.3 

8.5 

9.87 

0.04 

H + D 2 — HD + H 

6.5 

9.00 

10.45 

0.035 

Br + H 2 — HBr + H 

17.6 

9.31 

10.23 

0.12 

H -j- HBr — ► H 2 H - Br 

0.9 

8.91 

10.39 

0.033 

H + Br 2 — HBr + Br 

0.9 

9.83 

10.65 

0.15 

Br + HBr — Br 2 + H 

41.8 

9.13 

9.83 

0.20 

CH 3 + H 2 -► CH 4 + H 

10.0 

7.25 

10.27 

0.00095 

CH 3 + CHClj — CH 4 + CC1 3 

5.8 

6.10 

10.18 

8.3 x 10 -6 

2-Cyclopentadiene -» dimer 

14.5 

3.39 

9.91 

3 x 10 -7 


° Adapted from S. W. Benson, “Foundations of Chemical Kinetics.” McGraw-Hill, New York, 
1960. 
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problem of “slow” reactions was recognized by around 1925, and Eq. (14-70) 
was modified by the addition of an empirical factor P called the steric factor, 
where P = A 0 \,fA c _&\c : 

k = PA e- E,/RT . (14-71) 

The factor was justified qualitatively on the grounds that colliding molecules 
might not be suitably oriented for reaction; P then represents the fraction of 
energetically suitable collisions for which the orientation is also favorable. 

The orientation explanation is perhaps acceptable for P values not much 
below about 0.1, but as shown in the last column of Table 14-4, there are many 
instances of much lower values, as low as 10 -6 . There are in fact enough of such 
cases to put simple collision theory into serious difficulty. The matter is discussed 
further in the Commentary and Notes section. 


14-7 Unimolecular Reactions 

The considerable success of collision theory in the period 1910-1920 seemed 
to establish that elementary gas-phase reactions were always bimolecular, with the 
colliding molecules supplying the necessary activation energy. A puzzling difficulty 
developed, however, with the finding that many decomposition reactions were 
first-order kinetically, which implied that the reaction was unimolecular. Yet 
the Arrhenius equation was well obeyed, giving quite respectable activation ener¬ 
gies. How, then, could a molecule undergoing unimolecular decomposition acquire 
the necessary energy to react? An early proposal was that radiation absorbed 
and emitted between molecules provided the activation energy, but this hypothesis 
did not stand up to detailed inspection—molecules often would not have an 
absorption band in the wavelength region for which light quanta would have the 
requisite energy, for example. 

The solution to the problem came through a recognition that there could be 
a lag between the time a molecule gains energy E* and its decomposition. The 
decomposition reaction is essentially one of the breaking of a particular chemical 
bond, and if the energy E* were distributed among various vibrational degrees 
of freedom, only after a number of vibrational cycles might it happen to concen¬ 
trate on a particular bond vibration. The picture is difficult to present graphically, 
but suppose that a molecule has three bonds, each with its own potential energy 
curve, as illustrated in Fig. 14-8(a), and that as a result of a collision the vibrational 
quantum states of the molecule are populated as shown. Bond 3 has the smallest 
dissociation limit, and we take this to be the one that will break first. Although 
bond 3 does not initially have sufficient vibrational energy for dissociation, the 
various vibrational modes are coupled to some extent, with the result that various 
redistributions of energy can occur. Eventually a situation such as shown in 
Fig. 14-8(b) occurs, in which bond 3 gains sufficient energy to dissociate on the 
next vibrational swing, and reaction occurs. During this waiting period the mole¬ 
cule has a total energy E* or more, which is much above the average molecular 
energy, and if a second collision occurs, it will most probably take energy away 
rather than add to it. Thus if reaction is to occur, it must do so between the time 
of the collision which has brought the energy up to E* and that of the next collision, 
and if the probability of this happening is small, then in effect a Boltzmann 
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(b) 

FIG. 14-8. A molecule with three vibrational modes, (a) As populated immediately after a 
collision. (b) After energy redistribution has occurred, leading to bond breaking along mode 3. 


distribution of molecules of energy E* or more is present, only slightly distorted 
by the disappearance of some molecules through reaction. 

The kinetic scheme corresponding to this picture was proposed by F. Lindemann 
and J. Christiansen in 1922 and is as follows. The activating and deactivating 
processes are written 

A + A.^A + A*, (14-72) 

*—a 


where A* is a molecule which is sufficiently energized to react, and which does so 
with a certain probability, and hence according to the rate law 

*1 

A* -*• P (products). (14-73) 


Equations (14-72) and (14-73) may be treated according to the stationary state 
approximation described in Section 14-4C to give 


d{ P) k 1 k 2 (A) 2 

dt fci + k_ 2 (A) ' 


(14-74) 


If k_ 2 (A) k x , then Eq. (14-74) reduces to 


d{ P) 
dt 


— kjAT 2 (A) — k app( A), 


(14-75) 


where K 2 is the equilibrium constant for process (14-72), and K 2 (A) is therefore 
the equilibrium concentration of A*. This corresponds to the situation mentioned 
earlier, in which the rate of decomposition of energized molecules is slow enough 
that their distribution is the equilibrium or Boltzmann one. Equation (14-75) is 
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pseudo first order, and thus accounts for the existence of first-order decomposition 
reactions. 

A crucial test of the Lindemann-Christiansen mechanism lies in its prediction 
that at sufficiently small (A), Eq. (14-74) becomes 

= U A) 2 (14-76) 

or second order. The actual test is usually made in the following way. We write 
Eq. (14-74) in the form 

< 14 - 77 ' 

That is, the initial rate of decomposition is reported as though it were a uni- 
molecular reaction with rate constant k u n i. One then determines k un i for various 
pressures and plots k u ni/kuni,oo versus pressure, where k u ni, x is the limiting value 
at high pressures [given by Eq. (14-75)]. This ratio should decrease toward zero 
at low pressures, and such behavior has indeed been found in a number of well- 
substantiated cases. Some data on the isomerization of cyclopropane are shown 
in Fig. 14-9. 

It is not necessary that A collide with a second molecule of its own kind in 
order to be energized, and Eq. (14-72) may be written in the more general form 

A + M % A* + M, 

*—2 


which leads to 

<*(P) *i*«(M) . 

dt k, + k_ 2 (M) ’ 


(14-78) 


where M denotes some nonreactive gas present in large excess over A, so that 
A-A collisions are unimportant. The decomposition will now be first order at all 
pressures, since (M) in Eq. (14-78) is constant, but k un i will vary as the pressure 



log P 

FIG. 14-9. Variation of kum/kum,® versus pressure for isomerization of cyclopropane. P is in 
cm Hg and temperature is 490°C. [From H. Pritchard, R. Sowden, and A. Trotman-Dickenson, 
Proc. Roy. Soc. A217, 563 (1953).] 
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TABLE 14-5. Arrhenius Parameters for Some Unimolecular Reactions “ 


Reaction 

log A 
(sec -1 ) 

E* 

(kcal mole -1 ) 

Cyclopropane —► propylene 

15.17 

65.0 

cw-Isostilbene -»Wa/ti-isostilbene 

12.78 

42.8 

CH 3 CH 2 C1 -► C 2 H 4 + HC1 

14.6 

60.8 

CCI 3 -CH 3 -► CC1 2 =CH 2 + HC1 

12.5 

47.9 

t-Butyl alcohol -► isobutene + H 2 0 

14.68 

65 

ClCOOC 2 H 5 C 2 H 5 C 1 + co 2 

10.7 

29.4 


“ Adapted from S. W. Benson, “Foundations of Chemical Kinetics.” 
McGraw-Hill, New York, 1960. 


of (M) is altered in successive experiments. Most studies of the Lindemann- 
Christiansen mechanism are made in this manner nowadays, and collisional 
efficiencies as given by k 2 have been studied for a large number of inert gases. 

The Arrhenius parameters for the high-pressure limiting rates of some uni¬ 
molecular reactions are given in Table 14-5. In the case of the cyclopropane 
isomerization, investigators have compared k 2 for various inert gases with that 
for cyclopropane itself to obtain relative efficiencies of activation. Some values 
are He, 0.060; N 2 , 0.060; CO, 0.072; H 2 0, 0.79; and toluene, 1.59. It appears 
that the more internal degrees of freedom a molecule has, the greater is its ability 
to transfer energy in a collision, which supports the idea that internal energy as 
well as translational energy transfers are important. 


Example. An illustration of the treatment presented here is as follows. The high-pressure 
limiting rate for the decomposition of azomethane is found to obey the Arrhenius equation with 
A = 9.228 X 10 11 and E* = 51.130 kcal mole " 1 .At 603 K, /t unl //t unI ,„ = 0.10 at P = 0.2Torr. 
First, from Eq. (14-75), 

fcapp = k ml ' X = k 2 K 2 = 9.228 x lO'V- 61 ' 130 / 11 - 987 ’ 1603 ’ 
or k 2 K 2 — 0.00270 sec - l . Then from Eq. (14-77), 


— 22 - = 0.10 = ---- 

k an i.°° (kjk_^) + 0.2 

or kjk. 2 = (0.2/0.10) — 0.2 = 1.8 Torr. Alternatively, k 2 = (k^^k.^k^) = 0.00270/1.8 = 
1.52 x 10 ” 3 Torr~ l sec- 1 . Thus the experimental data give values for k 2 K 2 and for k 2 or kJk- 2 ; 
it is not possible to obtain k 2 or K 2 alone, however, unless some assumptions are made. One 
could, for example, assume that k l corresponds to a single vibrational frequency, or to about 
10 18 sec" 1 , in which case K 2 = 2.7 x 10 -1 ' and k. 2 = 5.6 x 10 12 Torr -1 sec -1 . 

An interesting point now arises. One might expect K 2 to be given simply by the Boltzmann factor 
for the probability of a molecule of A having energy E*, or exp ( — E*/RT). The observed activa¬ 
tion energy of 51 kcal mole - 1 then leads to a theoretical value for K 2 of 3.0 x 10" 19 , or much 
smaller than the estimate based on k . = 10 13 sec -1 . It is not reasonable to take k 2 as any larger 
than this estimate, so it appears that the population of energized molecules is at least 1000 times 
that expected. The qualitative explanation is that the energized state is more probable than 
otherwise expected because of the many degrees of freedom among which E* can be distributed; 
that is, its entropy as well as its energy must be taken into account. Some further discussion of 
this aspect is given in the Commentary and Notes section. 
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14-8 Absolute Rate Theory. The Activated Complex 


A. The Reaction Profile 

The material of the preceding section leads rather naturally into an alternative 
treatment of reaction rates. The Lindemann-Christiansen mechanism deals with 
molecules A* having within them enough energy to react but able to do so only at 
some rate k x determined by the speed with which E* can localize on the particular 
bond that is to break. We now consider the simplest possible situation, namely 
a reaction of the type A' + A—A —>• A'—A + A, where A is an atom and the 
prime might denote isotopic labeling that distinguishes A' from A. There is now 
only one bond in the reacting molecule, and if sufficient energy is present, it 
should break on the next vibrational swing. Further, the concentration of energized 
molecules should now be given by a simple Boltzmann factor. There is thus the 
possibility of making an absolute calculation of a reaction rate. 

A theory along these lines was developed by H. Eyring and M. Polanyi in the 
period 1930-1935. Consider the reaction 

H' + H —H -*■ H' —H + H, 

where H' might in fact be a deuterium atom. Assume that colliding H' and H 2 
molecules approach along a common line through the centers, so that various 
stages of reaction would be 

H' + H —H ->H'-H-H -*■ H'-H-H -*■ H'-H-H -*■ H' —H + H. 

1 2 3 1 2 3 1 2 3 

As atom 1 approaches, or the distance r 12 decreases, the bond length between 
atoms 2 and 3, or r 23 , begins to increase. The maximum potential energy must be 
at a point such that r 12 = r 23 , corresponding to the energized molecule which, 
being symmetric, might break up either to return to H' + H 2 or to give the product 
H'H + H. Essentially, the kinetic energy of approach of H' and H 2 is converted 
into potential energy, and it is possible to construct a diagram illustrating the 
situation as shown in Fig. 14-10. A three-dimensional model of the surface would 
have the appearance of two valleys which interconnect through a high saddle point. 
The approach of H' to H 2 would be given by motion from right to left up the r 12 
valley. 

If the atoms of H 2 were vibrating as well, then r 23 would be oscillating, and the 
approach path would be given by the wavy line shown in Fig. 14-11(a). In this 
case there is insufficient energy to reach the saddle point, and the system would 
be “reflected” back on itself. 

The contours of Fig. 14-10 are theoretical ones—the system is simple enough 
to allow reasonably accurate quantum mechanical calculations. The saddle point 
is at about 8 kcal energy above that for separated H' and H 2 , so that if the two 
molecules approach with slightly more than this kinetic energy, a simple path 
leading to reaction would be that illustrated in Fig. 14-11(b)—note that the 
product H'H has in this case retained some vibrational energy. Such a detailed 
analysis of how an elementary reaction occurs will be called the intimate mechanism 
of a reaction. The reaction profile is the plot of potential energy against degree of 
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H + H'H 



r l2 , A 


FIG. 14-10. Potential energy surface for H—H—H; energies are in kcal mole' 1 relative to 
H + H 2 (the energy o/H + H + H is 104 kcal). [See R. N. Porter and M. Karplus, J. Chem. 
Phys. 40 ,1105 ( 1964) and 1. Shavitt, R. M. Stevens, F. L. Minn, and M. Karplus, J. Chem. Phys. 
48, 2700 (1968).] 


advancement of the elementary reaction; in the present case the degree of advance¬ 
ment might be given by v = r 12 — r 23 , so that a plot of the minimum potential 
energy versus v would look as shown in Fig. 14-12. 

At the saddle point the system corresponds to the molecule H'—H—H, where 
each bond length is about 0.9 A instead of the usual 0.74 A in H 2 . The species 
H'—H—H is stable against vibrations involving motions against the walls of the 
saddle point; it should have a set of vibrational and rotational energy states. It is, 
however, a compound with an Achilles heel—there is one mode of vibration that 
meets no restoring force so that the compound falls apart in this mode. Such a 
compound is called a transition state or an activated complex. 


B. Transition-State Theory 

The relatively pure theoretical approach that can be made to the H + H 2 
system is simply not possible with more complicated systems; it is difficult, although 
possible, to treat the H + H 2 case if the approach paths are at an angle to each 
other. However, H. Eyring and others have developed this picture into a form 
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H + H'H 



(a) 

H + H'H 



(b) 

FIG. 14-11. Schematic illustration of possible trajectories for the system H' + H 2 . The skewed 
coordinates are used as a graphical device whereby the interconversion of kinetic and potential 
energy corresponds to that for a frictionless ball rolling on the surface. Thus the two trajectories 
shown could be for a successful and an unsuccessful putt in a game of miniature golf where the 
ball is to be putted around an elevated corner. 



FIG. 14-12. The reaction profile. Plot of minimum energy versus degree of advancement of 
reaction. 
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that provides a framework for treating reactions generally. Although detailed 
reaction trajectories are abandoned, it is assumed that the activated complex 
is a distinct chemical species in equilibrium with the reactants, but a special 
kind of species in which one degree of vibrational freedom has become open, 
that is, corresponds to translation along the reaction coordinate (a parameter 
equivalent to r 12 — r 23 in the H + H 2 case). The activated complex is not the 
same as the energized molecule of the preceding section; the latter possessed the 
energy E* but might be anywhere on a reaction coordinate system, such as high 
on the side of a valley in Fig. 14-10, while the activated complex has the con¬ 
figuration corresponding to the saddle point. 

The procedure is to write the intimate mechanism for an elementary reaction 
as 

A + B = [AB]*, (14-79) 

where [AB] S denotes the activated complex, which then gives products 

[ABF -+ products. (14-80) 

In the case of the Lindemann-Christiansen mechanism, k x could not be determined 
a priori, but the special nature of [AB]* now makes it possible for us to do so. The 
more rigorous treatment is given in the Special Topics section, but essentially k x 
is the frequency with which the open vibrational mode of the activated complex 
can lead to reaction and is approximated by k T/h. 

The rate of process (14-80) is then 


«/[AB]* 

dt 



The overall reaction rate is then 


Rt 


d( A) 
dt 


y^AXB), 


and the rate constant for an elementary reaction becomes 


k = 



(14-81) 


(14-82) 


(14-83) 


K* is regarded as a normal equilibrium constant, and Eq. (7-11) therefore gives 


k 



AG°* \ 
RT ) 


(14-84) 


or 



AH°*\ + 

RT ) ' 


(14-85) 


* For a bimolecular reaction, we can use Eq. (5-10) to replace AH 0 * by AE°* — RT and thus 
obtain a parallel to Eq. (14-57), with A = (ek Tjh) exp (AS°*IR). 
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Example. The reaction 2NO a = 2NO -f 0 2 obeys bimolecular kinetics with k = 4.45 M ~ 1 
sec' 1 at 600 K and 0.632 1 sec~ 1 at 550 K. Find AH 0 *, AE 0 *, and dS°*. First, ln(4.45/0.632) 
= (AH°*IR)(1I550 — 1/600), whence AH 0 * = 25,600 cal mole- 1 . Remembering the footnote 
to Eq. (14-85), we obtain AE°* = 26,800 cal mole’ 1 . Then k =4.45 = [(1.3805 X lO' 1 *) 
(600)/(6.6256 x 10‘ 27 )] exp(dS 0, /£) exp(-25,600/600R), from which we find dS°‘ = -14.29 
cal K" 1 mole _1 . 


C. Application of Statistical Thermodynamics to Transition-State Theory 

The statistical mechanical methods of Chapter 6 can be applied to estimate 
A G ox , that is, the standard free energy of the activated complex. One needs to 
list the number of rotational and vibrational degrees of freedom and make a 
guess as to the characteristic rotational and vibrational temperatures or the moment 
of inertia of the activated complex and the spacings of its vibrational levels. The 
same can be done for the reactants, so it is possible to make reasonable calculations 
of AG ot in simple cases. The procedure is developed in more detail in the Special 
Topics section. 

More often, one uses the experimental rate constant and activation enthalpy to 
calculate AS 01 from Eq. (14-85). The resulting value then allows some conclusions 
to be drawn about the structure and general chemical nature of the activated 
complex. 

Example. Consider the following case. Experiment gives log A' = 9.52 for the reaction 
H 2 + I 2 —i- 2HI, or A = 7.94 X 10 10 mole liter" 1 sec" 1 at 575 K, and according to transition- 
state theory, 



where dS 01 is the standard entropy change for the reaction 

H 2 + I, = [(HI),]*. (14-87) 

The questions of mechanism discussed earlier do not enter into the picture at the moment; entropy 
being a state function, the value of dS°* does not depend on the path whereby the transition state 
[(HI) 2 ]» is formed. The quantity kTjh has the value 1.20 x 10 13 sec -1 at 575°K and we calculate 
the experimental dS°* to be —9.97 cal K" 1 mole" 1 . 

Alternatively, dS 01 may be estimated from statistical thermodynamics as a sum of translational, 
rotational, and vibrational contributions. First, the translational contribution is obtained from 
the Sackur-Tetrode equation 

■Strans = R - 2.31 [Eq. (6-85)]. 

Substitution of T = 575 K and of the appropriate molecular weights gives 31.3, 45.8, and 45.8 
cal K’ 1 mole -1 for the entropies of H 2 ,1 2 , and [(HI) 2 ]* at 1 atm pressure. We want, however, 
to use a standard state of 1 mole liter" 1 rather than the 47.2 liter mole" 1 for 1 atm at 575 K. The 
correction is then R ln(l/47.2) = —7.66 cal K" 1 mole" 1 and yields 23.7, 38.1, and 38.1 cal K 1 
mole" 1 for the corrected entropies. Then dS? r *„a = —23.7 cal K" 1 mole" 1 . 

We proceed to obtain the rotational entropies. The entropy 5 rot is given by 

S rot = R + R In -r— [Eq. (6-89)], 

CT “rot 
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where, for completeness, a is a degeneracy factor given by the number of equivalent ways of 
orienting the molecule in space; a = 2 for each of the molecules involved here. From Table 
6-1, 6 rot = 87.5 K for H 2 and 0.0538 K for I 2 , giving 4.4 and 19.0 cal K' 1 mole -1 for the 
respective rotational entropies at 575 K. 

We have now reached a point where some specific structure must be assumed for the activated 
complex [(HI) 2 p. Equation (14-68) suggests that the structure may be the linear molecule 
I—H —H—I. We expect the bonds to be somewhat longer than normal and guess the I —H bond 
to be about 1.75 A and the H—H bond to be 0.97 A, so that the iodine and hydrogen atoms are 
2.23 A and 0.48 A from the center of mass, respectively. The moment of inertia of the molecule 
is then 

/* = — [(127)(2.23 x 10' 9 ) 2 + (1X0.48 x 10' 9 ) 2 ] = 2.10 x 10' 37 gem 3 . 

K 

Recalling Eq. (4-74), we obtain B rot = 0.0192 K and thence Sj ot = 21.1 cal K ~ 1 mole -1 . There¬ 
fore dSf ot = 21.1 - 4.4 - 19.0 = -2.3 cal K' 1 mole -1 . 

The vibrational entropy of a molecule is given by 

■S vlb = R [ J_ ] - ln(l - «'*)] [Eq. (6-91)], 

where x = 8 vlb IT. Table 6-1 gives 8 vib as 5986 K and 306.8 K for H 2 and I 2 , respectively. For 
H 2 ,S»i b is negligible in view of the large 0 vlb andforl 2 ,5, lb = 3.3 cal K' 1 mole''.The molecule 
I—H— H— I, being linear, has(3)(4) — 3 — 2 = 7 degrees of vibrational freedom, of which, however, 
one is open or corresponds to translation along the reaction coordinate. We guess that at least three 
of the remaining six vibrational degrees of freedom are low in fundamental frequency (I—H—H —1 
is, after all, a rather weakly bonded molecule at best) and assign them a frequency of 100 cm -1 
each; the other three frequencies we assume to be high enough that their contribution to the entropy 
of the molecule is small. From Section 4-12, 8 V u> = hv 0 /k, so that for the low-energy vibrations 
®»ib = 144 K; x is then 0.25 and application of Eq. (6-91) yields S vlb = (3)(4.75) = 14.2 cal K' 1 
mole' 1 . Then 4S* lb = 14.2 - 3.3 = 10.9 cal K' 1 mole' 1 . 

We now assemblers 0 * as —23.7 — 2.3 + 10.9 = —15.1 cal K' 1 mole' 1 . We have thus 
calculated a value for dS°* which is within about 5 cal K' 1 mole' 1 of the experimental value, 
which corresponds to a factor of 10 in frequency factor A. 


We are able to explain experimental activation entropies theoretically. 
Herschbach et al. (1956) have carried out a number of similar calculations of 
AS ot for various reactions of the type listed in Table 14-4 and again were able to 
obtain order-of-magnitude agreement with the experimental frequency or Arrhenius 
A factors in almost every case. The reactions treated included several with very 
low steric or P factors and the effect could be seen to arise as a natural consequence 
of the structure and degree of stiffness of the activated complex as compared to 
that of the reactants. 

On the other hand, the example also illustrates that there is a considerable 
degree of latitude in the choice of moments of inertia and vibrational frequencies 
for the activated complex, so that agreement of theory with experiment can be 
rather subjective. For example, it was thought for many years that the activated 
complex in the H 2 + I 2 —► 2HI reaction was a four-centered molecule 


H-H 

/ \ 
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and about equally successful statistical calculations were made on this assumption. 

One other example might be given. In the case of a unimolecular reaction one has, in terms of 
transition-state theory, 


A = [A]*, [A]* -i products, 

where At, is still given by Eq. (14-85). From the example of the preceding section At = 0.00271 sec" 1 
for the decomposition of azomethane at 603 K, and the Arrhenius constant A = 9.23 x 10 u . 
Equation (14-86) then gives dS°* = 13.1 cal K" 1 mole' 1 —a fairly positive value. From the 
statistical thermodynamic point of view, dSj* ang should be zero since there is no change in the 
number of species in the formation of the activated complex. Since A and [A]* must be very 
similar in moment of inertia, dS* ot should also be zero, or at best a small positive number if 
[A]* is somewhat expanded in size over A as a result of its high energy content. The main contri¬ 
bution to dS°* must then come from dS*. Ib . This last should be negligibly small for A, but evident¬ 
ly the activated complex must have one or more vibrational modes of very low 6 V ib value, that is, 
some low-frequency vibrations corresponding to very weak bonds. 


COMMENTARY AND NOTES 


14-CN-l Termolecular Reactions 

All elementary reactions considered so far have been bimolecular or 
unimolecular, and even the so-called unimolecular processes are explained 
physically on the basis of activation by bimolecular collisions. The reason ele¬ 
mentary reactions of a higher order are not usually important is simply that their 
frequency factor is expected to be small. The situation may be examined from 
either the point of view of collision theory or from that of transition-state theory. 

Simple collision theory treats molecules as hard spheres so that the duration 
of a collision is so very short that the chance of a third molecule hitting a colliding 
pair is small. Thus we have a problem in defining exactly what is meant by a 
triple collision; roughly, we want the chance of three molecules being within a 
molecular diameter of each other. One way of estimating this is to assume that 
a collision between two molecules lasts about one vibrational period, or 10~ 13 sec. 
The collision frequency Z 12 for two molecules is about 10 n (A)(B), in liter mole -1 
sec -1 , and the concentration of a collision complex (AB) is then (rate of 
formation of AB) x (lifetime of AB) = 10 -13 Z 12 . The frequency of collisions 
between (AB) and another molecule C is then about 10 U (AB)(C) or 
(10 -13 )(10 n ) 2 (A)(B)(C) = 10 9 (A)(B)(C). The frequency factor A for a termolecular 
reaction should then be about 10 9 liter 2 mole -2 sec -1 as compared to the value of 
10 11 liter mole -1 sec -1 for a bimolecular reaction. The rate constant for a termolecu¬ 
lar reaction is thus expected to be about one-hundredth that for a bimolecular 
one, others factors being the same. 

According to transition-state theory, the elementary process is 


A + B + C = [ABC]* 
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and dS°* is expected to be more negative than usual simply because of the loss 
in translational entropy. The numerical example of the preceding section gave 
Str&ns as about 36 cal K ~ 1 mole ~ \ so the translational entropy contribution to dS°* 
for a termolecular reaction should be about 36 — (36 + 36 + 36) = —72 cal K -1 
as compared to —36 cal K -1 in the case of a bimolecular reaction. The difference, 
—36 cal K -1 mole -1 , corresponds to a factor of 10 -8 in the exp(— AS 0 */R) term. 
However, [ABC]* has rotational and vibrational entropy, and more detailed 
calculations again indicate that A for a termolecular reaction should be about 
10 —2 —10 —3 that for a bimolecular reaction. 

Termolecular reactions should thus be considerably slower than bimolecular 
reactions of the same activation energy, and it is for this reason that the elementary 
reactions making up a reaction mechanism are ordinarily restricted to bimolecular 
ones. There is one type of reaction that can only occur as a termolecular one, 
however. If two atoms are to combine to give a molecule, 

A + A = A 2 , 

a third body must be present to carry off the energy of the A—A bond—otherwise 
the atoms can only fly apart again. The process must then be 


a + a + m = a 2 + m. 


For example, in writing the mechanism for reaction (14-47), the step 

2Br + M-Br 2 + M (14-88) 

was involved. Further, by the principle of microscopic reversibility (see Sec¬ 
tion 7-CN-l), the reverse process must occur by the same path: 

Br 2 + M -*• 2Br + M. 

The rates of a number of termolecular reactions have been measured. That for 
reaction (14-88), for example, shows nearly zero activation energy (as expected, 
since the two atoms need only proceed to form the Br—Br bond) and a frequency 
factor A = 10 9 liter 2 mole -2 sec -1 dependent somewhat on the nature of M. For 
the reaction 0 + 0 2 -f-M-*0 3 + M the activation energy is again virtually 
zero but A is only about 10 8 . Collision theory would explain the lower value in 
terms of a steric factor. The frequency factor may be quite low if M is also a 
reactant; thus for 2NO + O s ->2NO z , A is only 10 3 . At this point a transition- 
state theory examination of the rotational and vibrational entropies of the 
reactants and the activated complex would be needed. 


14-CN-2 Collision versus Transition-State Theory 

The collision theory for gas-phase reactions presents a very direct, indis¬ 
putable physical picture of how molecules react—they must collide and must do 
so with the proper orientation and with a certain minimum energy E*. One 
difficulty is in treating the so-called steric factor P. Not only does the simple 
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geometric interpretation become implausible in the case of very small P values 
such as 10 -6 , but this interpretation provides virtually no way to make calculational 
estimates or correlations. 

A major further development of collision theory took place as a result of some 
observations of the rates of unimolecular reactions. According to the Lindemann 
mechanism, the maximum possible rate for a unimolecular reaction would be 
observed if each energized molecule decomposed on the next vibrational swing, 
which means that 

k T 

k ~ o-E*IRT 

A ’uni.oo ^ e 


Thus the maximum possible frequency factor for a unimolecular reaction should 
be about 10 13 sec -1 . However, the observed Arrhenius A parameter is over 10 15 
for cyclopropane isomerization (see Table 14-5) and is 9.23 X 10 15 for the decom¬ 
position of azomethane (from the numerical illustration in Section 14-7). It 
appeared at first that something was seriously wrong. 

The explanation that was developed by O. Rice, H. Ramsperger, and L. Kassel 
around 1930 is the following. G. Lewis had pointed out several years previously 
that it was not necessarily true that E* came only from the kinetic energy of relative 
motion of the colliding molecules, since it would also be supplied by their internal 
energy. The resulting modification of Eq. (14-70) gives 


k = 


A 


(E*/RTY'W- 1 

(L f- 1)! 


e -E*/RT 


(14-89) 


where /is the number of degrees of freedom available to supply E*. The equation 
reduces to the usual one if / = 2, but has the effect of increasing the apparent A 
value for larger values of/. It should be mentioned that / is actually the number 
of so-called square terms, that is, terms contributing to the equipartition energy, 
so that each vibrational degree of freedom contributes 2 toward f. Thus the cases 
of very high preexponential or A factors could easily be explained—in the cyclo¬ 
propane case it would only be necessary to say that about one-third of the molecu¬ 
lar vibrations contribute to E* in addition to the impact kinetic energy. 

There remained some discrepancies between the Lindemann mechanism and 
the experimentally observed variation of kuni/kuni with pressure, and one of the 
contributions of Rice et al. was to further suppose that k x of Eq. (14-73) depended 
on the actual energy possessed by A *. That is, the greater it was in excess of the 
minimum amount E*, the greater the probability of the necessary energy localizing 
on the particular bond that was to break before a deactivating collision occurred. 
Thus if energy E was distributed among s vibrational degrees of freedom, the con¬ 
clusion was that for that particular molecule 


ki 




An elaborate integration procedure is necessary to sum this expression over all 
possible E values, that is, from E* to infinity, but the results have given reasonably 
good detailed agreement with experiment. 

There appear to remain no fundamental difficulties with collision theory- 
only the problem that it is rather difficult to estimate steric factors, that is, very 
low Arrhenius A values. 
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Transition state theory draws its justification from the type of absolute 
rate calculations that can be made on simple reactions such as that of 
H' + H 2 -*■ H'H 4- H. In actual practice one is dealing with reactions for which 
the exact structure of the activated complex can only be guessed. There is 
generally sufficient flexibility to account for any observed zf£ 0 *, and it is therefore 
difficult to say that the theory has really been verified. On the other hand, its 
formalism is very convenient and allows for a pleasing structural approach to 
the detailed reaction path. 

One or two ambiguities might be mentioned. If we have a simple reaction 

A + B = C + D, 

then for the forward rate 

A + B = [ABP i C + D, R t = ^ ([ AB D- 
Similarly, for the reverse rate, 

C + D = [CD]* ^ A + B, Rb = ([CD]*). 

Yet, according to the principle of microscopic reversibility (Section 7-CN-l), 
the forward and back reactions should follow the same detailed path, which seems 
to imply that [AB]* is the same as [CD]*, yet if this is so, Rt should always equal 
Rb , which cannot be true. It has been argued that [AB]* and [CD]* are perhaps 
the same structurally but differ in their directions of motion along the reaction 
path. The analogy can be made to two billiard balls in collision. If ball A has been 
propelled to a head-on collision with stationary ball B, the two balls at the moment 
of collision would look the same as if ball B had been propelled against stationary 
ball A. Yet in the first case A remains stationary after the collision, whereas in 
the second case B remains stationary, as illustrated in Fig. 14-13. 


©~ © - ©© - © ©~ 
©* © — Qi© — © ©~ 

FIG. 14-13. 


A second question is that of whether an activated complex can really be in 
thermodynamic equilibrium with its surroundings. Collision theory certainly 
implies that the energized molecules which react do not necessarily have an 
equilibrium distribution of energy among the internal degrees of freedom, although 
they can proceed to react. It has been suggested that a species [AB] of energy 
just below E* cannot react, so that its population will be given by equilibrium 
thermodynamics, and that the perturbation from equilibrium when [AB] gains 
a further small increment of energy to become [AB] is negligibly small. To decide 
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this question we must find some independent means of measuring the free energy 
of [AB]*, and this does not seem possible to do. One other ambiguity is mentioned 
in the Special Topics section. 

On the whole, it appears that because of the desirable features of each, both 
theories will remain in active use. Very likely, as each is developed further the 
differences between them will diminish. Thus the introduction of Eq. (14-89) adds 
to collision theory some of the flavor of the statistical mechanical calculation 
of ■dS'* ib , while for the reaction H' + H 2 —H'H + H absolute rate theory is 
not really very different from collision theory. 


14-CN-3 Radicals, Molecular 
Beams, and Reaction Trajectories 

At several points in this chapter, and especially in Section 14-4, an experimental 
rate law has been explained in terms of a mechanism invoking reactive intermediates. 
These may be radicals, such as CH 3 or COCH 3 , or relatively unstable com¬ 
pounds, such as H 2 I. Although the lifetime of such species is short in a reacting 
system, they usually survive enough collisions to come to equilibrium with the 
surroundings, that is, to reach the equilibrium Boltzmann distribution of transla¬ 
tional, rotational, and vibrational energy. They thus have definite physical and 
thermodynamic properties. They are perfectly “good” chemical species. 

Organic free radicals have been known for some time. F. Paneth and co-workers 
showed around 1930 that the thermal decomposition of lead tetraethyl or of mer¬ 
cury dimethyl produced ethyl and methyl radicals. These could be swept along by a 
flow of inert gas to react downstream with a film of lead or other metal, to regenerate 
metal alkyl compounds. The triphenylmethyl radical, produced by the dissociation 
of hexaphenylethane, is stable enough in solution to be observed both spectro- 
photometrically and through its paramagnetism. 

The world of chemistry now includes a vast number of compounds that are too 
reactive to be stored in bottles but at whose properties the physical chemist can 
arrive by various contemporary means. For example, modern mass spectrometers 
routinely measure trace quantities of all kinds of molecular fragments produced 
either in a chemical reaction or by induced decomposition by light or by electron 
impact. In this last approach one determines the energy of impinging electrons 
needed to produce a given fragment, the threshold value being called the appearance 
potential. Methane produces CH 4 + when 12 V electrons are passed through the 
gas, and at 14 V, CH 3 + results. Methyl radicals generated in a chemical reaction 
and then electron bombarded give CH 3 + again, but now with only 10 V electrons 
and the difference between 14 and 10 V must correspond to the energy for the 
process CH 4 —> CH 3 + H. Thus the energies of formation of unstable species can 
be estimated. 

The kineticist contributes much information. For example, the activation energy 
for the recombination of two radicals, • R + • R' -> RR', is often zero or very small, 
which means that the activation energy for the reverse process gives the AE for 
the overall reaction (note Fig. 14-7) and hence that bond energy. Extensive tables 
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RbCl 



Cs 


(c) 


FIG. 14-14. (a) Molecular beam apparatus used for the study of the reaction of fluorine 
atoms with hydrocarbons. \From J. M. Parson, K. Shobatake, Y. T. Lee, and S. A. Rice, 
Disc. Far. Soc. 55, 344 (1973).] (b) The cone containing most of the KI product intensity for 
the reaction K+I 2 -»I+KI. (c) Velocity-angle contour map for the CsCl product of the 
Cs+RbCl reaction. (From R. D. Levine andR. B. Bernstein, ‘‘Molecular Reaction Dynamics," 
Oxford Univ. Press, London and New York, 1974.) 
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of bond energies and entropies make possible the fairly reliable calculation of 
activation energies and frequency factors for most reactions involving small mole¬ 
cules and radical fragments [see Benson (1968)]. 

Another facet of modern kinetics is the study of the intimate details of just how 
elementary reactions occur. An important technique is that using molecular beams, 
and a representative apparatus is illustrated in Fig. 14-14(a). Collimated beams of 
the two reactants impinge, and the angular distribution of product molecules is 
determined. A mass spectrometer may be used in front of the detector to select only 
that product desired. The beams emerge from a nozzle or an aperture in an oven 
with a thermal velocity distribution, but velocity selectors (see Fig. 2-12) can be 
used to limit the beam to a particular kinetic energy range. One of the beams may be 
made intermittent by means of a chopper so that the time lag before the appearance 
of product can be measured. It is, in brief, possible to obtain the kinetic energy as 
well as the angular distribution for the reaction products. One can thus calculate 
how much of the available energy (impact energy plus energy of reaction) appears 
as kinetic energy in the products, and therefore how much remains in the form of 
vibrational excitation. Also, ion-molecule reactions can be studied by using an ion 
source. 

Some reactions that have been studied are 


(1) K + HBr—H + KBr, 

(2) Cs + RbCl -* Rb + CsCl, 

(3) K + Ij — I + KI, 

(4) Ar + + D a ->D + ArD + , 

Since reactant energy can be specified, 


(5) K + ICH, -> KI + CH,, 

(6) F + C a H 4 — H + C a H,F, 

(7) Cs + SF, -* CsF + SF 6 , 

(8) (V + D a -*D + O a D + . 

[. (14-70) takes the more general form 




where a denotes the effective cross section or target area of a molecule for a reactive 
collision and is considered to be a function of the relative kinetic energy E and of 
temperature. Equation (14-90) reduces to Eq. (14-70) if a, which corresponds to 
ncT 2 , is taken to be a constant. Treated on this basis, o is 127 A 2 for reaction (3). 

The angular distribution of the products is of great interest, however, because it is 
informative as to how the reaction occurs. At one extreme is a “stripping” process 
whereby one reactant simply pulls off an atom from the other as it goes by. This 
appears to happen in the case with reaction (3). The resulting angular distribution of 
the KI product is shown in Fig. 14-14(b) f (the other product, I, would have the 
complementary distribution required by momentum conservation). Alternatively, 
the reactants may form a weak association complex. This will have angular momen¬ 
tum and rotate in the plane defined by the two reactant beams. When the complex 
breaks up, the products will be concentrated in this plane but will otherwise be 
random in direction. This is the case for reaction (2). Figure 14-14(c) shows the 
angular distribution of the CsCl product, plotted as isoprobability contours in a 
polar plot, distance from the origin being proportional to velocity. 1 Note that 


f Figure 14-14(b,c) shows angular distributions taking the center of mass as the frame of 
reference. The experimental data, of course, give angular distributions in the laboratory frame 
of reference, and would be skewed in the direction toward which the two product beams travel. 
The conversion to the center-of-mass frame of reference is not a trivial process and can some¬ 
times be done only with some approximations. 
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there is now about equal probability for the CsCl to appear in the forward as in the 
backward direction. 

Still more fundamental is the complete distribution of reaction “trajectories.” 
The term is used here to denote not just the angular distributions but also those of 
product kinetic and vibrational energies. For example, in reaction (6), the product 
CsF appears with a distribution of vibrational excitation. The relative probability 
falls off exponentially with increasing vibrational quantum number, but CsF in, 
say, the v = 4 state, is still quite probable. The understanding of reaction kinetics 
at this level of detail has become a challenging and difficult exercise in wave 
mechanics. 


14-CN-4 Explosions 

An explosion is a reaction which proceeds at an accelerating rate; once initiated 
it goes to completion very quickly and essentially cannot be stopped. The subject 
is obviously one of very great practical importance, ranging from the engineering 
of internal combustion engines to the devising of commercial and military explo¬ 
sives. The subject is also: a very difficult one for the gas kineticist. A mixture of 
hydrogen and oxygen at about 500°C will react slowly and in a well-behaved way 
at a low pressure, say a few Torr. If the pressure is raised to about 10 Torr, an 
explosion occurs and this behavior continues up to a pressure of perhaps 20 Torr, 
above which the mixture again reacts in a normal, nonexplosive fashion. If the 
pressure is raised further to about 10 atm pressure, the mixture is again explosive! 
A diagram showing these explosion limits is given in Fig. 14-15. The problem is 
to explain the behavior. 

One general explanation for explosive reaction is simply that if the process is 
exothermic, the heat released may not be able to escape rapidly enough, and so 
the reaction mixture heats up, thereby increasing all reaction rates, which then 
increases the rate of heat production, which further accelerates the rise in tempera¬ 
ture and speed of reaction. Such an explosion is called a thermal explosion. There 



FIG. 14-15. Explosion limits of a stoichiometric mixture of H 2 + 0 2 . (From S. W. Benson, 
“The Foundations of Chemical Kinetics ,” Copyright I960, McGraw-Hill, New York. Used with 
permission of McGraw-Hill Book Co.) 
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is no doubt that this is one important mechanism, but it cannot explain the com¬ 
plexity of behavior shown in the figure. 

A very common characteristic of systems which can produce explosions is that 
a so-called branching chain reaction is present. Thus in the reaction between H 2 
and 0 2 some of the postulated steps are 

(1) H 2 + wall H (on wall) + H, 

(2) H + 0 2 - HO + O, 

(3) O + H 2 - HO + H, 

(4) HO + H 2 -► HOH + H. 

Steps 2 and 3 are said to be branching in that one radical produces two new ones, 
so that the effect is to multiply the number of chain-carrying intermediates present. 
All of the various radicals may recombine at the wall of the container to give 
stable species, and the geometry and nature of the vessel is therefore very impor¬ 
tant. 

The general explanation of Fig. 14-15 seems to be that the first explosion limit 
is reached because, as pressure is increased at constant temperature, the concentra¬ 
tion of radicals has become high enough that their diffusional deactivation at the 
walls is insufficient to control the reaction. The reaction becomes ordinary again 
at a still higher pressure, perhaps because of the onset of a termolecular process 
which interferes with the chain, such as the reaction 

H + 0 2 + M — HO, + M, 

which replaces the very active radical H by the much less active one HO z . The 
final high-pressure explosion region is then probably a thermal explosion one. 


SPECIAL TOPICS 


14-ST-l Heterogeneous Catalysis. 
Chemisorption of Gases 

It was mentioned in Section 14-2C that zero-order reactions may be observed 
under conditions of heterogeneous catalysis; a brief presentation of this general 
subject seems worthwhile. Many commercially important gas-phase processes 
depend on heterogeneous catalysis to make the reaction proceed more cleanly to 
desired products or at a lower temperature than otherwise feasible. Often the 
equilibrium is favorable only at such a low temperature that the reaction rate is 
very slow, and it is only by catalytic means that the reaction can be made to occur 
on a practical basis. 

Some examples of commercially important catalyzed reactions are the following. 
Iron oxide (with added aluminum and potassium oxides) catalyzes the formation 
of ammonia from hydrogen and nitrogen; mixed cobalt thorium oxides catalyze 
the Fischer-Tropsch reaction whereby hydrocarbons are produced from CO and 
H 2 ; nickel and platinum metals catalyze various hydrogenation reactions; various 
aluminas and other acidic oxides are widely used in the catalytic cracking of hydro¬ 
carbons, and so forth. In all of these cases the role of the catalyst is that of stabilizing 
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some intermediate, which then takes part in reactions on the catalyst surface or with 
a molecule from the gas phase which collides with the surface. Hydrogenation 
catalysts may dissociate hydrogen into atoms to give M—H, where M denotes a 
surface metal atom. Thus a mechanism for the hydrogenation of ethylene is 


(1) 


C 2 H 4 

+ M 

= H 2 C- 
| 


-CH : 

1 





M 


1 

M 





h 2 


H 

(2) 


h 2 

+ M 

- | -2 

! , 





M 


M 
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H 2 C- 
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-*c 2 h. 




1 M 
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That for catalytic cracking probably involves the step 

R+ 

RH + SH + -*• | + H 2 , 

S 

where SH+ denotes an acidic surface site, perhaps an Al—OH function, and 
R + —S is a surface-adsorbed carbonium ion, which then fragments or undergoes 
surface reactions with other adsorbed carbonium ions. 

Heterogeneous catalysis, then, is intimately related to adsorption processes in 
which the adsorbed species, or adsorbate, forms a chemical bond with the adsor¬ 
bent. Such adsorption is called chemisorption, as contrasted to the much weaker 
adsorption of vapors on a surface due to secondary or van der Waals forces. 
This second kind of adsorption is more like a condensation process, and is called 
physical adsorption (or, sometimes, physisorption). It is necessary first to discuss 
chemisorption as a phenomenon before proceeding to the subject of the kinetics 
of heterogeneous catalysis. 


A. Chemisorption. The Langmuir Equation 

Chemisorption may be studied as a separate phenomenon from catalysis simply 
by using a single adsorbate species which is stable toward reaction. Examples 
would be the chemisorption of nitrogen on tungsten, of hydrogen on nickel, and 
of ammonia on carbon black. The adsorption process can be slow and temperature- 
dependent, that is, increase in rate with increasing temperature, indicating an 
activation energy for adsorption; it may not always be possible to attain a 
reversible equilibrium. The better-behaved systems, however, show rapid adsorp¬ 
tion and for each pressure of adsorbate gas there will be an equilibrium amount 
of adsorption. The data are conventionally plotted as an adsorption isotherm, 
that is, as amount adsorbed v (usually measured as cubic centimeters STP of gas 
adsorbed per gram of adsorbent) versus pressure, as shown in Fig. 14-16. The 
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T, K 
(b) 


FIG. 14-16. (a) Adsorption isotherms for ammonia on charcoal, (b) Adsorption isosteres for ammonia 
on charcoal. [From Vol. /, “Physical Adsorption" of Stephen Brunauer, “ The Adsorption of Cases 
and Vapors” (copyright 1943 © 1971 by Princeton University Press). Reprinted by permission of 
Princeton University Press, Princeton, New Jersey .] 


normal behavior is for v to approach a limiting value v m with increasing pressure, 
and, as also shown in the figure, for the amount adsorbed to decrease with increasing 
temperature at constant pressure. 

A very straightforward treatment of chemisorption was given by I. Langmuir 
in 1918. The picture is one of a surface having a certain number of adsorption 
sites S of which 5 X may be occupied by adsorbate and S 0 = S — S x is then bare. 
Adsorption equilibrium is treated as a dynamic state in which the rate of adsorption 
is equal to the rate of desorption. The former rate is taken to be nonactivated and 
just proportional to the surface collision frequency of the gaseous adsorbate on 
the bare sites, which, by Eq. (2-45), is proportional to the pressure P: 


rate of adsorption = k 2 PS 0 = k 2 P{S — SJ. 
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FIG. 14-17. Plot of adsorption data in 
the form of Eq. (14-93). 


The rate of desorption is proportional to the number of occupied sites : 

rate of desorption = k 1 S 1 . 

The two rates are set equal, and on solving for S 1 we obtain 



bP 

1 + bP ’ 


(14-91) 


where 6 is the fraction of surface covered and b = k i jk 1 . The limiting value v m 
of Fig. 14-16 corresponds to 9 — 1, hence vjv m = 6, and we can write 


v ~ 


v m bP 
1 + bP 


(14-92) 


Equations (14-91) and (14-92) are known as the Langmuir adsorption isotherm. 
The latter may be rearranged to the form 


Z = _L + Z 

v bv m v m ’ 


(14-93) 


which states that a plot of P/v versus P should be linear. Some data obeying Eq. 
(14-92) are plotted in this manner in Fig. 14-17. 

Although the adsorption process is not considered to be activated, that for 
desorption must be, since there will be an adsorption energy Q which the adsorbate 
must gain if it is to desorb; k 1 must therefore be of the form k j = k 1 ’e~ c/ / RT , and 
the constant b consequently can be written 

b = b 0 e°/ RT . (14-94) 

Equation (14-91) reduces to the form 

0 = bP, or v = v m bP (14-95) 


at low pressure, so that the Langmuir model requires that the adsorption isotherm 
be linear at low pressures; the isosteres for this region obey a Clausius-Clapeyron 
type of equation: 

(dlnP\ _ Q 
\ dT ) voie ~ RT 2 ■ 


(14-96) 
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From its nature, Q must be a positive number, and so pressure must increase with 
temperature. Alternatively, at constant pressure, 


Jin # \ _ d\nb _ Q 
dT ) P _ ~df ~~RT*' 


(14-97) 


Finally, if more than one species is competing for adsorption, the adsorption 
isotherm for some one of them is given by the Langmuir derivation as 


n = bjPj 

* 1 + I b,P, ’ 


(14-98) 


where the summation is over all species. 

Relatively few chemisorption systems obey the simple Langmuir model really 
well; the data may not fit the Langmuir equation, especially at the extremes, or 
if they do, the variation of the b parameter with temperature may fail to obey the 
simple exponential law. The basic model seems sound, however, and such diffi¬ 
culties can often be attributed to nonuniformity of the surface so that Q varies 
with degree of surface occupancy. The adsorbate adsorbs first on the more active 
sites, with highest Q, and then on progressively less active ones. Hydrogen 
appears to be present on the surface as individual atoms, so that the desorption 
process requires a recombination of two surface atoms, and is therefore bimolecu- 
lar. Analysis leads to an isotherm of the form 


bPV* 

1 + bP ‘ 


(14-99) 


The derivation assumes that the adsorbing gas requires two adjacent sites, which 
has the effect of making the rate of adsorption proportional to S 0 2 . 

As may well be imagined, there are a number of sophisticated treatments both 
of the Langmuir derivation and of variants such as that just given. Equation (14-91) 
may be obtained, for example, by means of a statistical thermodynamic derivation 
in which the adsorbed gas has the partition function 


Q S = Qsite Qint e Q ' RT , 

where e°l RT allows for the change in zero-point energy on adsorption; Qf nt may 
be taken to be the same as for the free gas, and Q| ite is given by the number of 
distinguishable ways of arranging N molecules on 5 sites. Our present use of the 
Langmuir model, however, is simply as a convenient basis for treating the kinetics 
of heterogeneous catalysis. 


8. Kinetics of Heterogeneous Catalysis 

A number of simple catalytic systems can be reasonably well treated on the 
basis that the reactants adsorb on the catalyst surface, to react according to a 
mass action type of rate law. 

Suppose that the reaction is A C + D and that the surface reaction proceeds 
according to the rate law dn A jdt = —k0 A S, where 9 A S is the surface covered by 
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adsorbed A, or, by Eq. (14-98), 


f*A_ = _ b A P A _ 

dt 1 + b A P A + b c P c + b D P D ' 


(14-100) 


If the products C and D are weakly adsorbed, then Eq. (14-100) reduces to 


dn A 

dt 


= -kS 


b\P A 

1 + b A P A ’ 


which means that at low P A the rate should be proportional to P A , while at high 
P A the rate levels off at the maximum value kS, and hence is independent of P A . 
This last situation is then one of a zero-order reaction. Behavior of this type has 
been observed for the decomposition of HI on gold and platinum and of N 2 0 on 
indium sesquioxide. 

If the reaction is of the type A + B —► C + D and the surface reaction obeys 
the rate law dn A jdt = —kd A 0 B S, then the general expression for the apparent 
rate law is 


dn * = _ ks _ b A b B P A P B _ 

dt (1 + b A P a + b B P B + b c P c + I>dPd) 2 


(14-101) 


If both products and reactants are weakly adsorbed, this reduces to 
~~ = kSb A b B P A P B = -k am P A P B . 


Examples are the reaction between nitric oxide and oxygen on glass and the low- 
pressure, low-temperature hydrogenation of ethylene on active carbon. If reactant 
A and the products are weakly adsorbed but B is strongly adsorbed, then 

dn a i c b A P A kappP a 

dt ~ b B P B ~ P B ■ 


It is thus possible for a reactant to inhibit a reaction. 

We return to Eq. (14-100) to make a final observation. At low P A , the equation 
becomes 


dn A 

dt 


kSb A P A — k ap p P A . 


The reaction is first order, and its temperature dependence could be written as 


t/(ln kapp) _ Eapp 

dT ~ RT 2 ' 


However, fc app contains the product of b A and the true rate constant k and by 
Eq. (14-97), it follows that 


17* _ Z7* _ 

-c-app — •C'true 


Qa- 


Thus the apparent activation energy is less than the true one by the heat of 
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adsorption. There is not only this effect, of course, but the true activation energy 
may be less than that for the bulk-phase reaction. Thus the true activation energy 
for the tungsten-catalyzed decomposition of ammonia is only 39 kcal mole -1 as 
compared to the value of about 90 kcal mole -1 for the gas-phase reaction. One 
reason a catalyst is effective, then, is because of a reduction in the activation energy 
for reaction. 


14-ST-2 Statistical Thermodynamic 
Treatment of Transition-State Theory 

The application of statistical thermodynamics to the calculation of zJS ot was 
illustrated in Section 14-8C. This in fact represents the practical approach that 
is the most useful. It is possible, however, to arrive at Eq. (14-81) or Eq. (14-82) 
on a more formal basis and one which sheds some light on the fundamental 
assumptions of transition-state theory. We must first develop a certain formalism 
for the general treatment of an equilibrium constant, which will then be applied 
to K x . 


A. Statistical Thermodynamic Treatment of Equilibrium Constants 

The statistical thermodynamic expression for the free energy of an ideal gas 
can be reduced to a very simple form. Equation (6-79) reads 

G = -RT (In Q) + RTV ^*^ ] + RT In N 0 - RT. 

However, only Qtrans depends on V, and for an ideal gas it is proportional to V 
by Eq. (4-68), so that [3(lnQ )/dV] T is just 1/F and the second and fourth terms 
of Eq. (6-79) cancel. Also, Eq. (6-79) was derived on the assumption that H 0 , 
the absolute enthalpy at 0 K, was set equal to zero. We now want to retain this 
reference point, and since for an ideal gas at 0 K H 0 = E 0 , we obtain 

G = E 0 — RT In Q 4- RT In N 0 (14-102) 

or 

G = E 0 - RT In . (14-103) 

iv 0 

We now define a subsidiary partition function (f> defined as Q = <f>V, that is, 
<f) contains all the terms of Q except the volume factor. If the standard state is 
taken to be 1 atm pressure, then V = N 0 kT, and Eq. (14-103) becomes 

G° = E 0 - RT\n(<f>kT). (14-104) 

From our standard chemical reaction 


aA + bB + ••• = mM 4- nN 4- •••, 
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for which 

AG° = —RT In K P [Eq. (7-11)]. 

If the standard state is 1 atm, substitution of Eq. (14-104) gives 

K P = (k T) An K^e~ AE ° lRT , (14-105) 

where An is the number of moles of products minus moles of reactants and K t 
is the quantity 

_ <f>M m <f>N n - 

* *A°*B> - ' 

[Note the resemblance to Eq. (7-51).] Since by Eq. (7-14) K c = K P (RT)~ in , or 
K n — K P (kT)~ An , where K n is the concentration equilibrium constant using the 
concentration in molecules per unit volume n, Eq. (14-104) can be put in the final 
form 

K n = K i e~ AE ° !1>T . (14-106) 

An equilibrium constant can thus be expressed as the product and quotient of the 
slightly modified partition functions <f> multiplied by the term e - AE <> IRT , which 
involves the change in zero-point energy accompanying the chemical reaction. 


B. Application to Transition-State Theory 


We first calculate the concentration of activated complex [AB]' as 
([AB]*) = /f„*(A)(B) = K/ e~ AE o ,RT (A)(B). 

A special assumption has been made regarding Q or <f> for [AB]*, however, namely 
that one of its degrees of freedom is in translation along the reaction coordinate; 
this particular component of <£* is then to be expressed separately with Eq. (4-67) 
for the translational partition function in one dimension, leaving (f >* containing 
the usual three degrees of translational freedom but one less than the normal 
number of vibrational contributions. We therefore write 


([AB]*) = 


(277/w*kr) 1 / 2 a x cf> t 
2 h <^A<^B 


e- J£ i>* / - Rr (A)(B), 


where a* must be some characteristic linear dimension associated with the saddle 
point of Fig. 14-10 and the factor of \ is present since only forward translation 
along the reaction path is being considered. 

The frequency with which molecules of [AB]* will pass over the saddle is next 
expressed as in terms of a velocity v *: 


rate = 


r*([AB]*) „ (27rw*k7’) 1/2 

-= v* - 

a* 2 h 


4> x 

e~ AE ° /RT (A)(B). 

<Pa<Pb 


The velocity n* is now supposed to have a Boltzmann distribution of values given 
by the treatment for a one-dimensional gas, Eq. (2-29). The average velocity for 
a three-dimensional gas is (SkT/nm) 1 / 2 [Eq. (2-38)]; for a one-dimensional gas it 
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turns out to be (IkT/nm) 1 / 2 , and this result is inserted in place of v* to obtain 
rate = -fij- e- AE ' IRT (k)m, 

h <f>A<f>B 

from which the rate constant, expressed in molecules per cubic centimeter, is 

kT fh x 

k = —7— -A- e- AE » x !* T . (14-107) 

h <f>A<f>B ’ 

One may, of course, factor the partition function <f> in the usual manner, writing 
<f> = <£trans<£rot<£vib , and evaluate the terms from the standard expressions of 
Chapter 4, remembering that V is dropped out of Qtrans and [AB]* has one less 
than the usual number of vibrations; otherwise the are the same as the Q’s. 


C. Discussion 

The preceding derivation has led to an equation of the same form as Eq. (14-85) 
but shows more specifically the assumptions that are made in transition-state 
theory. There is a certain artificiality to the treatment of the rate of passage over 
the saddle point, but the more interesting aspect is the following. Although the <£’s 
are temperature-dependent, the major temperature term is exp(— AE^/RT). The 
experimental activation energy, as obtained by means of the Arrhenius equation, 
is thus largely identified with the difference in zero-point energy between [AB]* 
and the reactants A and B. Thus [AB]* is treated as a definite chemical species 
and not just as some special energized association of A and B. Its translational, 
rotational, and vibrational partition functions are treated as though [AB]* were 
in ordinary thermal equilibrium with its surroundings; that is, the ambient tempera¬ 
ture is used in their evaluation. 

The contrast with collision theory is especially striking in the case of a uni- 
molecular reaction. Collision theory treats such a reaction in terms of a molecule 
A* which is essentially the same molecule as A but in a highly vibrationally 
excited state. Transition-state theory says that [A]* is a new chemical species of 
extra zero-point energy AE 0 X whose vibrations are those corresponding to equi¬ 
librium with the ambient temperature. The writer must confess a reluctance to 
accept this second picture. 

The case of an elementary bimolecular reaction is somewhat different. Here we 
do rather expect that A and B will form some new kind of molecule (as in the 
H 2 + I 2 reaction), and it makes sense to regard this as having a real AE 0 x . There 
is still a question as to whether those molecules of [AB]* that pass on to reaction 
do, in reality, have vibrations (and rotations) corresponding to the ambient 
temperature. These questions are rather subtle ones and are brought up here 
mainly to give some perspective to the two theories of reaction rates. 
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EXERCISES 


Take as exact numbers given to one significant figure. 

14-1 Calculate k, t, and t ln for a first-order reaction for which t,/ 3 = 25 min. 

Ans. 0.044 min' 1 , 22.8 min, 15.8 min. 

14-2 The disappearance of a reactant is at the rate of 0.25 % min -1 . Calculate the half-life if 
the reaction is first order. 


Ans. 277 min. 

14-3 A plot of 1/(A) versus t gives a straight line of intercept 150 atm -1 and slope 2 x 10 -3 
atm -1 sec -1 . Calculate the half-life for this reaction. 


Ans. 7.5 x 10 1 sec. 

14-4 A gas-phase reaction has the stoichiometry A + 2B ->■ products and obeys the rate 
law d(A)jdt = ~k(A)(B) with k = 2 X 10 -1 liter mole -1 sec -1 at 25°C. A reaction 
mixture at 25 Q C initially contains 20 % A and 80 % B at a total pressure of 2 atm. Cal¬ 
culate the percentage of A and of B that have reacted after 1 hr. 

Ans. 4.55% A, 2.27% B. 

14-5 Calculate the half-life for the reaction of Exercise 14-4 if (a) (A) 0 = 0.02 M and (B) 0 = 
0.5 M, (b) if (A)„ = 0.5 M and (B) 0 = 0.02 M, and (c) if (A)„ = 0.02 M and (B)„ = 0.04 M. 
(Half-life is the time for half of that reactant not in excess to have reacted.) Assume in 
cases (a) and (b) that the reactant in excess is sufficiently so that the reaction is pseudo 
first order. 


Ans. (a) 6930 sec, (b) 3470 sec, (c) 1.25 x 10 6 sec. 

14-6 Suppose that A and B are volatile solids and that the reaction of Exercise 14-4 is carried 
out in a five-liter flask at 25°C in the presence of excess solid A and B. If the vapor pressures 
of A and B are 0.1 atm and 0.02 atm, respectively, how long should it take for 0.5 mole 
of A to be converted to products? 


Ans. 1.50 x 10 8 sec. 
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14-7* As a continuation of the example of Section 14-2B, rework part (a) assuming the reac¬ 
tion stoichiometry to be 2A + B -> products. The rate constant, k, is still 0.02 M -1 
min' 1 , but is now defined by d(A)/dt = —2k(A)(B). 


Arts. 16.26% A reacted. 

14-8 Under certain conditions the reaction H 2 + Br 2 = 2HBr obeys a rate law of the form 
d(HBr)ldt = k(H 2 )‘‘(Br 2 ) l ’(HBr) c . At a certain temperature T the reaction rate is found 
to be R when (HBr) is 2 M and (H 2 ) and (Br 2 ) are both 0.1 M. The rate varies with con¬ 
centration as follows: 


Concentration (M) 

Rate 

(H 2 ) 

(Br 2 ) 

(HBr) 

0.1 

0.1 

2 

R 

0.1 

0.4 

2 

SR 

0.2 

0.4 

2 

16 R 

0.1 

0.2 

3 

1.88 R 


Find the exponents a , b, and c. 


Ans. 1, f, — 1. 


14-9 Consider the reaction A 2 + B 2 2AB. Explain whaUhe rate law for each of the following 
mechanisms should be: (a) A 2 -* 2A (slow step), B 2 = 2B (rapid equilibrium highly dis- 

k ~ K K 

placed toward B 2 ) and A + B -l AB (fast), (b) A 2 = 2A, B 2 = 2B (both rapid equili- 
bria, highly displaced toward A 2 and B 2 , respectively), A + B -»• AB (slow step), (c) 
A 2 + B 2 ► A 2 B 2 (slow step), A 2 B 2 -i- 2AB (fast). 

Arts, (a) R = k,(A 2 ); (b) R = k» pp (A 2 ) 1 / a (B a ) 1 / a , 
where k lpp = k\ I2 kI'\ 3 ; (c) R = k,(A 2 )(B 2 ). 


14-10 Derive the steady-state rate law for the mechanism 

*1 

NO + H 2 ^ NO • H 2 
NO • H 2 + NO ^ N 2 0 + H 2 0. 


Show under what condition this reduces to the form of Eq. (14-39). 

Ans. R - k 1 k 2 (NO) 2 (H 2 )/[/c_ 1 + k 2 (NO)]. 


14-11 Verify the expressions for k, that follow Eq. (14-68). 

14-12 Calculate the activation energy for the reaction 2HI -*■ H 2 + I 2 using the first and last 
entries of Table 14-3. Obtain also the frequency factor A. 

Ans. 44.6 kcal mole -1 , 1.19 x 10 11 liter mole -1 sec -1 . 

14-13 Calculate the rate constant for the reaction CH S + H 2 -* CH 4 + H at 100°C. 

Ans. 478 liter mole -1 sec -1 . 


14-14 Calculate log A' for the reaction of Exercise 14-13, assuming a collision diameter of 3 A. 

Ans. 10.27. 
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14-15 The reaction cyclopropane -»■ propylene conforms (approximately) to the simple 
Lindemann mechanism. The limiting rate constant has the parameters log A = 15.17 
(A in sec ~ *) and E* = 65 kcal mole “ 1 and at 765 K, Ar U ni = 10"* sec " 1 at a pressure of 
1 Torr. Calculate k u m,<c at 765°C and the ratio kjk_ 2 . 

Arts. 4.0 x 10"* sec -1 , 3.0 Torr. 

14-16 Calculate d5°* and AH ot for the decomposition of N 2 O s . At high pressures the reaction 
is first order with k = 3.35 x 10~ 5 sec -1 at 25°C and 0.0048 sec" 1 at 65°C. 

Ans. 24.9 kcal mole"*, 4.39 cal K" 1 mole" *. 

14-17 The entropy of activation is —20 cal K" 1 mole" 1 for the reaction CH a + NH, -*■ CH 4 -f 
NH 2 , thought to be a simple reaction. Estimate the translational contribution to this 
entropy and hence, by difference, that from rotation and vibration. Assume 25°C. 

Ans. dS°* aM = -32.2 cal K" 1 mole" 1 , 
(dS? M + dS* lb ) = 12.2 cal K" 1 mole" 1 . 


PROBLEMS 


14-1 The reaction 4A(#) -»■ ll(^) + 6C(g) is studied, and the following data are obtained,where 
P is the total pressure. Assume that no products are present initially and that the reaction 
goes to completion. Show what the order of the reaction is and calculate the rate 
constant. 

P (Torr) 500 687.5 781.3 

/(sec) 0 60 120 

14-2 The decomposition C1COOCC1, —*■ 2COCl 2 goes to completion, and the total pressure 
is found to vary with time (at 280°C) as follows: 

/(sec) 0 500 800 1300 1800 

P (Torr) 15.0 18.9 20.7 23.0 24.8 

Show what the order of the reaction is and calculate the rate constant. 

14-3 The reaction 2NOC1 -*• 2NO + Cl 2 is studied at 200°C. The concentration of a sample 
initially consisting of NOC1 only changes with time as follows: 

/ (sec) 0 200 300 500 

Cnoci (A/) 0.02 0.0159 0.0144 0.0121 

Assuming that the reaction goes to completion as stated, show what the order is and 
calculate the rate constant. 

14-4 A reaction between the substances A and B is represented stoichiometrically by the equa¬ 
tion A + B -*■ C. Observations on the rate of this reaction are obtained as follows 
(figures are “rounded” values): 


Initial concentration (A/) 

/(hr) 

Concentration 
of A at end of 
interval (A/) 

A 

B 

0.1 

1.0 

0.5 

0.095 

0.1 

2.0 

0.5 

0.080 

0.1 

0.1 

1000 

0.05 

0.2 

0.2 

500 

0.10 
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Formulate the differential equation that expresses the rate of this reaction and calculate 
the specific rate constant. Indicate your reasoning. 

14-5 The half-life for the decomposition of NH 3 as catalyzed by a hot tungsten filament (at 
about 1100°C) is found to vary with the initial NH 3 pressure as follows: 

P (Torr) 300 100 30 

tii 2 (min) 8.4 2.8 0.84 

[see Kunsman (1928)]. Show what the order of the reaction is (in P NH ) and calculate 
the rate constant. 

14-6 A reaction obeys the rate law of Eq. (14-31). How should (A) be plotted as a function 
of time so as to give a straight line plot? Relate the slope of this plot to k , / 1 / 2 , and n. 

14-7 Show that Eq. (14-23) can be put in the form 

-[ fa.-'ffVi’. H T*™*' 

where F A — (A)/(A) 0 and p = (B) 0 /(A) 0 . Make plots of F A versus (B) 0 k/ for p — 0.1, 
0.5, 1.0, 2.0, and oo. 

14-8 Derive the integrated rate expression for a reaction of order i and the equation relating 
k to half-life. 

14-9 The following hypothetical rate data are found for the reaction 3H a + N, -*■ 2NH S at 
450°C. 


Experiment 

Initial pressures (Torr) 

Initial rate, —dP M \dt 
(Torr hr -1 ) 

n. 

n. 

1 

100 

1 

0.01 

2 

200 

1 

0.04 

3 

400 

0.5 

0.08 


(a) The rate law is of the form Rate = kP^,P ^,. Show what the values of * and y are. 

(b) Calculate the rate constant, (c) Calculate the initial rate for the conditions of 
Experiment 1, but for 500°C, taking the activation energy to be 45 kcal mole -1 . 

14-10 The reaction A + B —products obeys the rate law d(A)ldt = — fc(AXB). In Experiment 
1 the initial concentrations are 0.001 M and 2 M for A and B, respectively, and in Ex¬ 
periment 2 the initial concentrations are both C 0 . Find the value for C„ such that the 
time for half reaction will be the same for the two experiments. 

14-11 The decomposition of ozone, 20 s —*■ 30 2 , is observed to obey the rate law R = 
*(0,) a /(0 3 ). Suggest a mechanism. 

14-12 The following reaction sequence is proposed: 

no 2 ci 4 no 2 + ci, 

*-l 

N0 2 C! + C! **► NO, + Cl 2 . 

Show what the overall reaction is and derive the stationary-state rate law. 

R. Ogg proposed the following mechanism for the reaction N 2 0 6 -* N 2 0 4 + £0 2 : 

N 2 0 5t i NO, + NO,, 

k -1 


14-13 
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NO- + N0 3 ^ NO + 0 2 + NO,, 

NO + NO a ^ N,0 4 . 

Derive the stationary-state rate law for this mechanism. (Both N0 3 and NO are treated 
as stationary-state intermediates.) 

14-14 Sullivan (1967) reported that k 2 of reaction (14-66) is 1.12 x 10 5 liter 2 mole -2 sec -1 at 
418°K. Calculate and k _ 2 . 

14-15 For the decomposition of N 2 0 5 the following is observed: 

t (°C) 25 35 45 55 65 

10 6 k(sec -1 ) 1.72 6.65 24.95 75 240 

Calculate AH K and the frequency factor. Calculate AG ot and AS K for the reaction at 
50°C. 


14-16 For unimolecular gas reactions the activation entropy can often be neglected. Assuming 
the activation entropy to be exactly zero, calculate the rate constant and half-life at room 
temperature (25°C) for a reaction with a heat of activation of (a) 15 kcal and (b) 20 kcal. 

14-17* Askey and Hinshelwood obtained the following data for the pyrolysis of dimethyl 
ether at 777 K: 


Initial concentration (M x 10 3 ) 

0.58 

1.20 

1.89 

3.12 

5.01 

kuni X 10 4 (sec -1 ) 

1.88 

2.48 

3.26 

4.12 

5.57 

Initial concentration (M x 10 3 ) 

6.48 

8.18 

13.21 

16.61 

18.57 

k a nl X 10 4 (sec -1 ) 

5.58 

6.29 

6.90 

6.64 

7.45 


The system was believed to conform to the general Lindemann mechanism. Plot the data 
in a linear form so as to obtain values for k t and k_ 2 /kj from the best least-squares slope 
and intercept. The observed activation energy for kum,» is 65.5 kcal mole -1 . Estimate 
the value of /in Eq. (14-89) that will account for the experimental k,A 2 . 


14-18 Estimate the value of k t K 2 and k_ 2 /k 1 for the isomerization of cyclopropane (using Fig. 
14-9) and also the best value of /in Eq. (14-89). 

14-19 The rate constants for the second-order reaction CH„CHO + I 2 -* CH 4 + CO + I 2 
vary with temperature as follows: 

T (K) 630 645 660 675 695 

k (liter mole -1 sec -1 ) 12 22 41 76 140 

Calculate A and £*, and, using transition-state theory, JS°*. (Optional: make a least- 
squares fit of the data to an Arrhenius plot in evaluating the above quantities.) Assume 
630 K in the calculations. 

14-20 Before some recent new developments (see Section 14-5) the H 2 + I 2 = 2HI reaction was 
thought to be a simple one, the probable transition state being 

0.97 

H-H 

1.75 / \ 1.75 

I-1 

2.95 

(distances in angstroms). Calculate the value of at 575 K. assuming that the three 
moments of inertia are 921.5, 6.9, and 928.4 (in units of 10 -40 gem 2 ) [note that <7 = 2; 
see Eq. (4-90)], and that the vibrational frequencies are 994, 86, 1280, 1400, and 1730 
(all in cm -1 ). 

14-21* Calculate k for activation enthalpies varying from 10 to 60 kcal mole -1 in increments 
of 10 kcal mole -1 , and activation entropies varying from —20 to 20cal K -1 mole -1 in 
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increments of 5 cal K -1 mole “'. Plot the results (a) as log k versus AH°*IRT for various 
AS°*IR and (b) AS°*IR versus AH°*IRT for various k. Assume kTjh = 10 la sec. 


SPECIAL TOPICS PROBLEMS 


14-1 The Pt-catalyzed decomposition of NO (into N 2 and 0 2 ) is found to obey the experimental 
rate law dP^oldt = —A:P NO /Po 2 • Assuming adsorbed gases obey the Langmuir equation, 
derive this rate law starting with some reasonable assumed mechanism for the surface 
reaction. 

If the heat of adsorption of NO is 20 kcal mole' 1 and that of 0 2 is 25 kcal mole -1 , show 
what the actual activation energy for the surface reaction should be, given that the apparent 
activation energy is 15 kcal mole -1 (as found from the temperature variation of k). 

14-2 Gases A and B chemisorb according to the Langmuir model. The adsorbent has a specific 
surface area of 50 m 2 g -1 and the area occupied by an A or B molecule is 20 A 2 . The gas 
A reaches one-half of its maximum adsorption at 10 Torr while B, in a separate experiment, 
reaches the half adsorption point at 20 Torr (at 50°C). (a) Calculate v m in cubic centimeters 
STP per gram, (b) Calculate b for gas A and b for gas B. (c) Calculate 0 A and 0 B if ad¬ 
sorption occurs at 50°C from a mixture of the two gases each at 10 Torr pressure. 

14-3 Derive the relationship between K„ of Eq. (7-48) and of Eq. (14-106). 

14-4 If the transition state for a reaction is one in which some bond M —X is stretched essen¬ 
tially to the point of dissociation, then the dissociation energy is regarded as making a 
direct contribution to the activation energy. Consider the case where M is a heavy atom 
and X is hydrogen or deuterium. The bond dissociation energy is less for the M—H case 
than for the M—D one since this energy is the difference between the potential energy of 
the separated atoms and the zero-point energy of the M —X vibration. This last is smaller 
for M—D than for M—H [note Eq. (4-78)]. Assuming the mass of M to be effectively 
infinite and the M—H vibrational frequency to be 3300 cm -1 , calculate the zero-point 
energies for M—H and M —D, the difference in their dissociation energies, and the resulting 
difference in the rate constant for the reaction. The effect is known as the primary isotope 
effect. 


14-5 For the case of the reaction A + B -*■ AB, where A and B are atoms, Eq. (14-107) reduces 
to 


k = 


_ [• 8?r(m A + m B ) kTj 1 / 2 


L m A m B 


r A b exp 


\ RT1 


cm 1 molecule -1 sec -1 . 


where r AB is the A —B bond distance. Derive this result; also, compare the equation with 
the corresponding one from collision theory and comment on the similarities. 



CHAPTER FIFTEEN 


KINETICS OF 
REACTIONS IN SOLUTION 


Much of the material of Chapter 14 is needed as a foundation for this chapter. 
Particularly important are the sections on reaction rate laws, the relationship 
between reaction mechanism and rate law, and the collision and transition-state 
theories. We proceed to consider some aspects of rate laws that were omitted 
before and which are often encountered in solution kinetics, as well as experimental 
approaches that are now more relevant. Collision and transition-state theories 
are discussed again in terms of their special applications to solutions, and the 
main portion of the chapter concludes with a discussion of a number of types of 
reaction mechanisms. 

The flavor of this chapter differs noticeably from that of Chapter 14. There is 
less emphasis on detailed, quantitative theories and more on reaction mechanisms. 
One reason lies in the far greater variety of reactions in solution than in the gas 
phase. There are perhaps 30 important types of gas-phase reactions as compared 
to 1000 or more in solution. Gas-phase reactions are restricted to small (volatile) 
molecules and ions. Solution studies extend to protein and other macromolecular 
species. Reactions involving ions are a specialty in the gas phase, but dominate 
large areas of kinetics in solution. 

An important and recurring theme, again special to this chapter, will be that 
of the role of solvent. The solvent affects the manner in which reacting molecules 
can come together and, further, it not only may specifically alter the structure 
or other properties of the reactants but often is itself a reactant. In fact, one of 
the difficulties of solution kinetics is the distinction between solvent as a medium 
and solvent as a direct participant in a rate-controlling step. Mechanistic schemes 
involving solvent are for this reason often more difficult to establish and more 
subject to controversy than gas-phase reactions, hence the relatively high degree 
of preoccupation with them by solution kineticists. 


603 
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15-1 Additional Comments 
on Rate Laws. Reversible Reactions 

It will be recalled that in Section 14-2 a detailed presentation was made of the 
mathematical behavior of first- and second-order rate laws. Some minor additional 
types of rate laws were mentioned, and the stationary-state hypothesis was 
developed in detail. 

All of these treatments assume that the reaction goes to completion. It is entirely 
possible, however, for the equilibrium constant to be such that equilibrium is 
reached before the reactants are entirely consumed. In effect this means that the 
back reaction must be included in the rate equation. Although this situation can, 
of course, occur with either gas- or solution-phase reactions, it is perhaps more 
often encountered in the latter case; its consideration is therefore appropriate at 
this point. 


A. Reversible First-Order Reaction 

Consider the reaction 

A + other reactants ^ B + other products, (15-1) 

*2 

where we suppose either that A is actually the only reactant and B the only product 
or that the concentrations of other reactants and products are kept constant. 
In either case, we take the consequence to be that the forward rate is first order 
in A and the reverse rate first order in B. If, as in Section 14-2A, only the forward 
reaction is considered, then the rate equation is 

Rt = -^r'^ ki( A) t Ec i-( 14 - 4 )J 

and, on integration, we obtain 

(A) = (A) 0 e~ kl ‘ [Eq. (14-7)], 

where (A) 0 is the initial concentration, with the half-life t V2 given by 
Khn = 0.693 [Eq. (14-9)]. 

The reaction thus goes to completion; (A) approaches zero as t —> oo. 

We next allow the reverse reaction to be significant, so that if one starts with 
no B present, Rt is at first large but decreases as A is consumed, and Rb , zero 
initially, gradually increases as B is formed. The net rate of reaction at any time 
is thus 

= -*i(A) + *,(B) (15-2) 


or, since (B) = (A) 0 - (A), 

d( A) 
dt 


-*x(A) + *,[(A) 0 - (A)]. 
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Separation of the variables leads to 


d{ A) _ = , 

k 2 ( A) 0 - (k, + k 2 )( A) ai ’ 

which gives, on integration, 

— k k - ln[k 2 (A) 0 — (k ± + k 2 )(A)] = t + constant. 

On setting (A) = (A) 0 at t = 0, we obtain 

A =T ~^ (k * + kie ~ kt) ’ (15-3) 

where k = k x + k 2 . Equation (15-3) may be put in a more elegant form as follows. 
At t = oo we have equilibrium, so that d(A)/dt = 0, and Eq. (15-2) gives 

K = — = 

“ k 2 (A). 


or, since (B)^ = (A) 0 — (A)„ , rearrangement yields 

(A)» = 1 ... k 2 

(A) 0 1 + K k x + k 2 


(15-4) 


where K is the mass action law equilibrium constant. Since (A) 0 k 2 l{k 1 + k 2 ) = (A),,, 
and (AU#i + k 2 ) = (A) 0 {1 - [kjik, + A:,)]} = (A) 0 - (A). , Eq. (15-3) 
becomes 


(A) - (AX, 
(A) 0 - (A)„ 


05-5) 


It follows from Eq. (14-35) that if 0 is any additive property, then 


9 -9 n 



= e 


-kt 


Two alternative forms of Eq. (15-5) are 


and 


or 


JA) 

(A). 


1 + Ke~ kt 


(A) 1 , K » 

(A) 0 1 + K ' 1 + K ’ 


(A) _ 1 , K -[<i+jr)/fliM 

(A) 0 1 + K ^ 1 + K 


(15-6) 


(15-7) 

(15-8) 


(15-9) 


Equation (15-5) makes clear the point that the rate law will still be first order 
in nature, provided that the quantity (A) — (A)*, is used rather than just (A). 
Thus a plot of ln[(A) — (A)„] versus t will be a straight line of slope —k. The 
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usual half-life relationships are obeyed, with kt 1/2 = 0.693. Notice, however, 
that the observed rate constant is k and not k t . The experimental rate data thus 
give k = k-L + k 2 , and (A)a,/(A) 0 = k 2 /(k 1 + k 2 ), and these two pieces of informa¬ 
tion allow ki and k 2 to be calculated separately. If the reaction goes to completion, 
so that (A)^ = 0 and k 2 <^k 1 , Eq. (15-5) reduces to Eq. (14-6). 


Example. The reaction 

CH s Br + I- i CHjI + Br- 

is followed in a solvent in which KI and KBr are not very soluble. By having excess solid KI and 
KBr present, the I" and Br" concentrations are fixed and the forward and reverse reactions 
become pseudo first order; k 1 and k 2 are these first-order rate constants. In a particular experi¬ 
ment there is initially 100% CH 3 Br; the percentage drops to 90, 71.7, and 40 after 10 min, 
35 min, and at equilibrium, respectively. Find and k 2 . 

We can verify that the reaction is a reversible first-order one by calculating k (=k 2 + k 2 ) 
for the 10-minand 35-min points. Thus k = —ln[(90 — 40)/(100 — 40)]/10 = 1.82 x 10" 2 min -1 
and k = — In[(71.7 — 40)/(100 — 40)]/35 = 1.82 x 10" 2 min" 1 . The constancy of k shows that 
Eq. (15-5) is obeyed. From the equilibrium datum, K = (CH s I)/(CH,Br) = 60/40 = 1.5. 
Since K — kjk^, we find k 2 = 1.82 X 10" a /2.5 = 0.728 X 10"* min" 1 and k 1 = l.Sk 2 = 
1.09 x 10"* min" 1 . 


The set of curves shown in Fig. 15-1 is calculated from the alternative equation 
(15-9), which brings out more explicitly the effect of allowing the back reaction 
to assume increasing importance. As K decreases from infinity, (A)/(A) 0 approaches 
a larger and larger limiting (A) OS /(A) 0 value, and the approach, while always 
exponential, is increasingly rapid. That is, although the initial rates are all the 
same, the back reaction comes in earlier and earlier to cause (A)/(A) 0 to level off 
at the equilibrium value. 

Similar but more complex analyses can be made for cases where either the 
forward or the reverse reaction is second order or where both are. Some of these 
are given in the Special Topics section. However, such treatments are difficult 
to use and to fit accurately to data, and it is good practice to try to establish 
experimental conditions such that the rate law is made pseudo first order. 



FIG. 15-1. Rate of approach to equilibrium for the case A ^ B, for varying K. For K = 0.1, 
(A)„/(A)„ = 0.91; K = f, (A)„/(A) 0 = t, K = 2, (A)„/(A) 0 = i; K = 00 , (A)„/(A)„ = 0. 
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B. Kinetics of a Small Perturbation from Equilibrium 

An important type of method for studying fast reactions, discussed in Sec¬ 
tion 15-2B, consists in making a sudden change in the physical state of a system 
at equilibrium, such as a sudden jump in temperature, so that a different equilibrium 
constant applies and the system seeks its new equilibrium state. If the perturbation 
is relatively small, then the kinetics of this relaxation to the new equilibrium 
position takes on a rather simple mathematical form. 

While the treatment may be generalized, it is best illustrated in terms of a 
specific example. Consider the dissociation of a weak acid 

HA% H + + A-, K' = ^~, (15-10) 

*ii k -1 

with (H + ) = (A - ) = x e ' and (HA) — a — x e ' initially, where a is the total for¬ 
mality of the acid present. As a result of a sudden temperature jump, the equi¬ 
librium constant takes on a new value K, where K = kjk-x , for which the corre¬ 
sponding equilibrium concentrations are x e and a — x e , so that the system has 
been displaced from equilibrium by Ax 0 = x e ' — x e . Net reaction will now occur 
with jc at some subsequent time t equal to x e + Ax. If the reaction is a simple one, 
that is, if Eq. (15-10) is also the mechanism for the reaction, then the reaction 
will take place according to the mass action rate law: 

k^a — x) — k^x 2 


ki(a — x e — Ax) — k^xe + Ax) 2 , 

k x {a — x e ) — ki Ax — k_ x x e 2 — 2k^iX e Ax — k^Ax) 2 . (15-11) 
Since x e is the new equilibrium value, it must be true that 


dx 

~dt 

d(Ax) 

~~dT 

d(Ax) 

dt 


k^a — x e ) = k- x Xe 2 , 

so Eq. (15-11) reduces to 

~jf^- = ~k\ Ax — 2fc_ 1 x e Ax — k- x {Ax) 2 . (15-12) 

At this point the characteristic assumption is made that Ax is sufficiently small 
that square or higher-power terms in Ax can be dropped. In the present case the 
result is 

= -(^ + 2k-iXe) Ax = -k T Ax. (15-13) 

Equation (15-13) is first order in Ax and integrates to give 

Ax = Ax 0 e-^‘, kr — —, (15-14) 

T 

where k r , the relaxation rate constant, is often reported as its reciprocal r, the 
relaxation time. From Eq. (15-13) we have 

k r = k, + 2 L>x e = (l + ^f). (15-15) 


Thus if K is known, k t and k may be calculated. 
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The general derivation is somewhat complicated, but the result is that regardless 
of mechanism or actual rate law, the dropping of all terms higher than first power 
in Ax leads to Eq. (15-14), where k T will have some specific relationship to the 
actual rate constants and various equilibrium concentrations. If the mechanism 
is in doubt, the form of the rate law may be deduced from a study of the variation 
of k T (or of t) with system composition. 

Example. A 0.010 / solution of NH 4 OH experiences a sudden temperature jump terminating 
at 25°C, at which temperature K = 1.8 x 10" 5 mole liter -1 for the equilibrium NH 4 OH = 
NH 4 + 4- OH", so that x, = 4.1 x 10" 4 M. The observed relaxation time is 1.09 x 10"’ sec, 
corresponding to k r = 9.2 x 10* sec -1 . From Eq. (15-15) we have 


*1 


9.2 x 10 s 

1 + [(2)(4.1 x 10 _4 )/( 1.8 x 10" 5 )] 


= 2 X 10 5 


sec -1 


and £_j = 2 x 10 5 /1.8 x 10" 6 = 1.1 x 10 10 liter mole -1 sec -1 . Note how a knowledge of k 1 
has allowed the indirect determination of an extremely large . If there were any doubt about 
the correct rate law, it could be verified that £, and k_ 1 were in fact independent of the ammonia 
concentration used. 


15-2 Experimental Methods 


A. General 

Most of the experimental techniques described in Section 14-3 are applicable 
to reactions in solution. The system may be quenched, either by cooling or by 



FIG. 15-2. Dilatometer. 
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removal of a catalyst, and then analyzed chemically. Or an additive property 
may be used such as optical density at a suitable wavelength. A technique special 
to solutions is that of following the change in volume; the partial molal volumes 
of the reactants and products generally will differ, with the consequence that the 
total volume of the solution will increase or decrease as the reaction proceeds. 
The change is usually not large but can be followed accurately if the system is in 
a dilatometer, or essentially a flask capped with a capillary tube (see Fig. 15-2) 
and well thermostated. The level of the meniscus in the tube is then measured 
periodically with a traveling microscope. The method is often resorted to if, as 
in the case of polymerization reactions, no very characteristic optical density 
changes occur. Equation (15-38) was followed dilatometrically, for example. 

One does not, however, follow solution reactions by means of pressure change 
at constant volume. In the case of liquids the pressure necessary to maintain 
constant volume in the face of even a small partial molal volume change would 
be quite large—large enough to affect the rate constant itself (see Special Topics 
section). 


B. Fast Reaction Techniques 

The types of methods just cited are applicable to reactions whose half times are 
1 min or more. Reaction times as short as 0.1 sec can be investigated by means of 
rapid mixing devices such as illustrated in Fig. 14-5. The reacting solutions enter 
a mixing chamber and then travel down a small-bore tube; it is necessary that 
some color change accompany the reaction so that the light absorption at a 
suitable wavelength can be used in the determination of the degree of reaction at 
various positions down the tube and hence for various times of reaction. 

A number of additional methods have come into use in recent years which allow 
the time scale to be shortened considerably. An important one is called the stopped- 
flow method. Reacting solutions are again delivered into a mixing chamber, now 
usually by means of motor-driven syringes. After an interval sufficient to establish 
a steady-state condition in the exit tube, the flow is stopped abruptly and the optical 
absorption is determined as a function of time thereafter. A schematic of such 
equipment is shown in Fig. 15-3(a); as indicated, the progress of the reaction, 
following stoppage of the flow, appears as a time trace on an oscilloscope. Reaction 
times of the order of milliseconds can be handled by this technique. 

A different family of techniques is that known as relaxation methods. One starts 
with an equilibrium mixture and subjects it to some physical perturbation such 
that the system must adjust or relax to a new equilibrium condition. As shown in 
Section 15-1B, if the departure from equilibrium is small, the relaxation process will 
be first order even though the rate law is not. Various methods have been used to 
produce the perturbation, the most important one perhaps being the T- or 
temperature-jump method. The method is illustrated in Fig. 15-3(b) and some results 
in Fig. 15-3(c). By discharging a large condensor across electrodes placed in a 
conducting solution, one achieves a quick, ohmic heating. As a result of the 
temperature jump, the system is no longer in equilibrium, and one uses the usual 
monitoring light-oscilloscope technique to follow the rate of reequilibration. 
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FIG. 15-3. Combination stopped-flow and temperature-jump method. 



(a> The block diagram shows the layout of a stopped-flow cell. A T-jump may be triggered 
after stopping of the flow, the cell then having electrodes and associated circuitry of the type 
shown in (b). [From J. E. Erman and G. G. Hammes, Rev. Sci. Instr. 37, 746 (1966). ] 


(b) The T-jump cell. The high voltage is ap¬ 
plied across electrodes B and C. Conical 
lenses D focus the monitoring light into the 
cell region and then recollimate it. The cell 
volume is only 0.2cm 3 . [From "Investigation 
of Rates and Mechanisms of Reactions” (G. 
G. Hammes, ed.), Wiley (Interscience), New 
York, 1974. \ 

The rate of ohmic heating is just dT/dt~ 
PR/Ct V where C r is the heat capacity of the 
solution in Jem- 3 K ] , and V its volume in cm 3 . 
The current flow during the discharge of a 
condenser bank decays exponentially, how¬ 
ever, i=(V 0 /R) exp (-t/RC), where V 0 is the 
initial voltage across the capacitor, R is the 
resistance, and C the capacitance. Combina¬ 
tion of the two equations and integration gives 
CV 2 

bT(t) = j^\I-exp-i"« c \. 

Typical ranges of values of the parameters are 
V 0 , 10-100 kV; C, 0.01-0.1 pF; R, 20-2000.; 
and V, 0.1-25 cm 3 . The time constant RC/2 
is thus 1-10 psec and 8 T x about 5°C. 
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(c) Some T-jump results. Oscilloscope tracing 
A shows the heating curve. The ordinate is in 
arbitrary absorbancy units and the abscissa 
scale is 10 nsec per division. Curve B shows 
the Co(11)-diglycine reaction (abscissa scale 
500psec per division). | From ‘‘Investigation of 
Rates and Mechanisms of Reactions" (G. G. 
Hammes, ed.), Wiley (Interscience), New 
York, 1974. [ 


FIG. 15-3 (continued). 


An interesting further development combines the stopped-flow and T-jump 
methods. The stopped-flow procedure yields a steady-state set of concentrations of 
reaction intermediates—one that changes relatively slowly (over milliseconds) after 
the flow is stopped. Immediately after the flow is stopped, an electrical discharge is 
triggered to produce the T-jump by means of the usual ohmic heating effect, and one 
may now observe the relaxation of the pseudo steady state. 

Another type of relaxation method makes use of sound waves. The absorption of sound by a 
medium is a consequence of various irreversible, essentially frictional processes that take place 
during the compression-rarefaction cycles that occur as a sound wave passes through the solu¬ 
tion. If a chemical reaction system is present, its position of equilibrium is cyclically perturbed 
by the sound wave, with the frequency of the sound. If the rate of reaction is slow, then the 
chemical system cannot follow the changing equilibrium constant, and the solution behaves 
simply as a nonreacting mixture of solutes. If the reaction rate is fast compared to the sound 
frequency, then the reacting system does follow the changing equilibrium position, with the 
result that energy is taken from the sound wave to supply the heat of reaction; the absorption 
coefficient or rate of attenuation of the sound wave is thereby increased. The transition between 
the two extremes of no effect and maximum effect occurs fairly narrowly at a frequency corres¬ 
ponding to the relaxation time of the chemical system. The variation in the absorption co¬ 
efficient of the sound with its frequency—known as the dispersion curve —has an inflection point 
at the frequency equal to 1/r, where t is the relaxation time as given by Eq. (15-14). By using 
high-frequency sound, one can observe reaction times of as short as perhaps 10 microseconds. 

Reactive species may also be generated photochemically (see Section 19-4D) on 
a microsecond time scale by conventional flash photolysis, and in nanosecond and 
even picosecond times using a pulsed laser. Very fast subsequent reactions can be 
studied by using a monitoring beam and the photomultiplier-oscilloscope detection 
technique. The same is true in pulse radiolysis experiments, in which the reactive 
species are formed by means of a very short burst of electrons or of other high- 
energy radiation. 
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15-3 Kinetic-Molecular 
Picture of Reactions in Solution 


A. Encounters 


The physical picture of molecular motions in a liquid is rather different from 
that in a gas. The molecules of a liquid are about as close together as in the 
crystalline solid—there is usually about a 10% expansion on melting (water 
being an exception because of its unusually open crystal structure) which allows 
some looseness and randomness in the liquid structure. As illustrated in Fig. 8-7(b), 
it seems likely that molecules of a liquid are in a potential well, but a somewhat 
flattened one so that vibrations against immediate neighbors are of low energy. 
There is, nonetheless, a confinement which is usually referred to as the solvent 
cage effect. The physical picture is then one of a molecule vibrating a number of 
times against the walls of its cage, that is, against its immediate neighbors, with 
occasional escapes to some adjacent position. The situation is illustrated in 
Fig. 15-4, where the molecules are shown as roughly spherical and in a somewhat 
expanded but essentially close-packed arrangement. 

The cage model is supported by the fairly successful treatment of diffusion in 
liquids (see Section 10-ST-2) in which the random dififusional motion of molecules 
in a liquid is taken to occur as a sequence of jumps from one molecular position 
to the next. This elementary jump distance A is about 2 r, where r is the radius of 
the molecule. By Eq. (2-67), 

® = (15-16) 


The average time between jumps should then be 

A 2 

T ~ W 


(15-17) 


Equation (2-67) assumes a continuous medium, and since we are treating a liquid 
as having a quasi-crystalline structure, with more or less definite molecular sites, 
it turns out that a somewhat more accurate statement should be 

A 2 A 2 

^ = 67 ° r T = (15 ' 18) 

For small molecules a reasonable value of A is about 4 A, and, from 
Table 10-4, 3> at 25°C would be about 1 X 10~ 5 cm 2 sec^ 1 ; r is then about 
(4 x 10~ 8 ) 2 /(6)(1 x 10 -5 ) 2.5 x 10 -11 sec. We next guess that the solvent cage 



FIG. 15-4. The solvent “cage.” 
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FIG. 15-5. Diffusional encounter between A and B. 


is sufficiently loose that the average vibrational energy is about k T, corresponding 
to a frequency hv = kT or v = kT/h. Vibrations against the wall of the cage then 
occur at intervals of h/kT or about 1.5 x 10 _13 sec at 25°C. We conclude that a 
typical molecule in solution vibrates about 2.5 x 10 -11 /1.5 x 10~ 13 or about 
150 times against its immediate neighbors before escaping to a new position and 
new neighbors. 

The same analysis applies to solute molecules, and the next task is to estimate 
the frequency with which two solute molecules A and B will, by diffusion, 
accidentally become neighbors (Fig. 15-5). Such a process is called an encounter 
and the estimation of encounter frequencies is central to much of solution kinetics. 
The problem is a difficult one, complicated by the present impossibility of describ¬ 
ing the structure of a liquid with any great accuracy. As an approximation, we 
assume the molecules of solvent and of A and B to be about the same size and 
to be spherical. Each A molecule should then have about 12 nearest neighbors, 
so that on each diffusional jump it should find 6 new ones. The chance that one 
of these will be a molecule of B is given by the mole fraction of B in the solution, 

_ molecules of B cm~ 3 _ n B 
Xb molecules of solvent cm -3 1/yA 3 ’ 

where y is a geometric factor which reflects the way in which molecules are packed 
in the liquid and A 3 is the molecular volume. Substitution into Eq. (15-18) gives 
the frequency l/r AB of encounters of A with B as 

— = 6 |(n B yA 3 )(6) = 36yAn B ®. 
t ab o 

If we take the effective 3 to be the sum of 3 A and 3 B , y to be about 0.7, and A 
to be the sum of the molecular radii r AB , 

— ~ 25r AB 3 AB n B . (15-20) 

t ar 

The total number of encounters per cubic centimeter per second is this value 
multiplied by n A or, in mole per liter units, 

Ze.AB = ~ A ^ B — (A)(B). (15-21) 


where Z e , AB is the A-B encounter frequency. The corresponding frequency factor 
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For = 1 x 10 -5 cm 2 sec -1 and r AB = 4 A, A e = 1.2 x 10 9 liter mole -1 

sec -1 . 

A very simple and useful approximation results if 2 is estimated by means of 
Eq. (10-42) so that r AB cancels out. The result is 


Ae — 


1.1 x 10 5 — 
V 


liter mole -1 sec -1 . 


(15-23) 


In summary, for a solution 1 Min A and 1 M in B the encounter frequency at 
25°C is about 4 x 10 9 mole liter -1 sec -1 . Having made an encounter, A and B 
remain in their solvent cage for some 150 vibrational periods. We next contrast 
this picture with that provided by gas collision theory. 


B. Application of Collision Theory to Reactions in Solution 

It would seem that collision theory, based on the kinetic molecular theory of 
gases, would be totally inapplicable to reactions in solution. The surprising and 
very significant fact is that a number of solution reactions do have an Arrhenius 
frequency factor A [Eq. (14-57)] which is close to that expected from collision 
theory (~5 x 10 11 ). Some representative data are given in Table 15-1. In other 
cases, although the frequency factor may be smaller than the theoretical value, 
it is not affected by the nature of the medium, as illustrated by the data of 
Table 15-2. More qualitatively, a number of other reactions have been found to 
have the same rate in the gas phase as in solution; for example, the rate of 
decomposition of N 2 O s is about the same in the gas phase as in nitromethane 
solution. 

These examples are ones in which there is probably not a great deal of specific 
interaction between the solvent and the reacting solutes, and it seems necessary 
to conclude that at least in such cases the bimolecular collision frequency is 
about the same as in the gas phase. This conclusion, incidentally, provides a 
qualitative rationale for the fact that the osmotic pressure equation (10-22) has the 
same form as the ideal gas law. The frequency of solute collision against the 
semipermeable membrane appears to be the same as for gaseous solute at the 
same volume and temperature, thus making the osmotic pressure equal to the 
corresponding gas-phase pressure. 

We can also return to Fig. 8-7(b) for a rationalization of this conclusion. If 
the potential well has a flat bottom, the vibrations of a molecule against its neigh¬ 
bors may be of low enough energy that there is an equipartition distribution 


TABLE 15-1. Some Second-Order Reactions in Solutions ° 


Reactants 

Solvent 

A 

(liter mole -1 sec -1 ) 

E* 

(kcal mole -1 ) 

CH 3 Br + I - 

CH 3 OH 

2.26 x 10 10 

18.25 


h 2 o 

1.68 x 10 10 

18.26 

I 2 + N 2 CHCOOC 2 H 5 

CCI, 

2.21 x 10 11 

20.23 

C 2 H 6 Br + (C 2 H 6 ) 2 S 

C 6 H 6 CH 2 OH 

1.40 x 10 11 

25.47 


“See E. A. Moelwyn-Hughes, “Physical Chemistry,” 2nd ed. Pergamon, 
Oxford, 1961. 
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TABLE 15-2. Dimerization of Cyclopentadiene 0 




Medium 

log A 

(liters mole -1 sec -1 ) 

E* 

(kcal mole -1 ) 

Gas 

6.1 

16.7 

C 2 H 5 OH 

6.4 

16.4 

CS 2 

6.2 

16.9 

C e H e 

6.1 

16.4 


0 Source: S. W. Benson, “The Foundations of 
Chemical Kinetics.” McGraw-Hill, New York, 1960. 


among vibrational states (note Section 8-CN-l). The degrees of freedom of such 
vibrations will then be rather like three degrees of translational freedom insofar 
as the frequency of intermolecular impacts is concerned. Thus if a molecule 
having a room-temperature gas-kinetic theory velocity of 4 x 10 4 cm sec -1 were 
simply bouncing back and forth in a box of about 4 A on the side, its collision 
frequency with the walls would be about 1 x 10 12 sec -1 , or about the same as the 
vibrational frequency k Tjh. 


C. Encounters versus Collisions 

The previous discussion about encounters does tell us, however, that although 
the collision frequency may be the same in the gas phase and in solution, the 
pattern of collisions must be quite different. Consider the case of molecules A 
and B both 1 M in concentration. The gas collision frequency at 25°C would be 
about 5 x 10 11 liter -1 sec -1 and, as illustrated in Fig. 15-6(a), if each A-B collision 
could be marked on a time scale, their pattern would be a random one. 

The encounter frequency would be about 4 x 10* liter -1 sec -1 , or 1/100 as 
often. The two molecules would stay in their mutual solvent cage for about 
2.5 X 10 -11 sec, however, or long enough to make about 100 collisions with each 
other. The collision pattern is therefore as shown in Fig. 15-6(b)—occasional 
encounters with many collisions during each encounter. 


Time 

(a) 



Time 

(b) 


FIG. 15-6. (a) Pattern of A-B collisions according to collision theory and (b) pattern of A-B 
collisions according to encounter picture. 
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The activation energies cited in Table 15-1 are around 20 kcal mole -1 , which 
means that at 25°C the chance of a collision leading to reaction is about 
exp(—20,000/2987?) or about 10 -15 . Thus only after 10 15 collisions, or 1 X 10 13 
encounters, does reaction occur, on the average. The difference in pattern between 
Fig. 15-6(a) and Fig. 15-6(b) is thus unimportant in such cases. If, however, the acti¬ 
vation energy is small so that reaction should occur after only a few collisions at the 
most, then every encounter should result in reaction. Further, the frequency 
factor for the reaction is now limited by the encounter frequency. Reactions which 
occur with every encounter are said to be diffusion-controlled. Their observed 
activation energy will not be zero, however, but will be determined by the tem¬ 
perature dependence of ^ AB [in Eq. (15-22)] and hence by that of the viscosity 
of the solvent since by Walden’s rule (Section 10-7B), @7] is approximately a 
constant. From Table 8-4, this means that diffusion- or encounter-controlled 
reactions should show activation energies of 3-4 kcal mole -1 in common solvents. 
Reactions of this type are discussed in somewhat more detail in the next section. 

There is an aspect of the theoretical treatment of encounter frequencies that 
should be mentioned at this point. In deriving Eq. (15-21), we assumed that the 
distribution of A and of B in solution was random. If we focus on A as the species 
making the encounter, the derivation also assumes that as A diffuses away after 
an encounter it remains available to make new encounters with the same or nearby 
B molecules. If, however, chemical reaction takes place with every encounter, 
then B acts as a sink into which A disappears and there is therefore on the average 
a depletion of A in the vicinity of B (and vice versa, of course). A simple treatment 
given by Smoluchowski in 1917 applies ordinary diffusion theory to this situation. 
By Fick’s law [Eq. (2-65); see also Section 10-7B] the total flux of A flowing 
toward a B molecule is 

1 - (- tH, ■= -4 ^ FH • < 15 - 24 > 

where $4 is the area of the spherical surface around B at a distance r. We now 
assume a steady-state condition, that is, that dn A /dr is independent of time, so 
that Eq. (15-24) has the form 

dn A _ J 

dr 4nr 2 S> A 

and integrates to give 

" A = + a ’ 

where a is a constant of integration. We then set n A = 0 at r = r AB and n A = n A °, 
the average concentration, at r = oo, which allows a to be evaluated. On solving 
for J, we obtain 

j = -47rr AB ^ A n A °. (15-25) 

We allow for the diffusion of B by using @ AB instead of just 3) A , and multiply 
by n B ° to get the total encounter frequency 

Ze.AB = 477r AB ^ AB n A n B (15-26) 
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(dropping the superscript degree as no longer necessary), or the frequency factor 




4CT* AB^AB-^0 
1000 


(15-27) 


The frequency factor as given by Eq. (15-27) is about half of that from Eq. (15-23), 
and although both derivations are approximate, this comparison is probably 
about right. That is, the encounter frequency for a diffusion-controlled reaction 
is about half that expected in the absence of reaction. [Note that Eq. (15-33) should 
be used if A and B are ions.] 


D. Collision Theory as Modified for Solution Reactions 


There are two limiting situations. The first, treated earlier, is that in which reaction occurs on 
every encounter, so that the rate constant is given by Eq. (15-27) and the activation energy is that 
for diffusion (see Section 15-4). The second is that in which the chemical activation energy is 
large enough that reaction occurs only after many encounters. Practically speaking, this means 
that E* should be more than about lOkcal mole -1 . It is this second situation to which collision 
theory seems to apply about equally well in gas and solution reactions. We can write 

k = A'Z'e~ E ' IBT , (15-28) 

where A . is the encounter frequency factor, and z„ is the number of collisions that occur during 
an encounter; A„z, is the total collision frequency, or A in the Arrhenius equation, 

k = Ae- E *l RT [Eq. (14-57)]. 


In terms of the preceding qualitative treatment, A e is given by 36yA^7V 0 /1000 and z, ~ 
(k77/i)T, where t is the lifetime of the encounter. This last may be altered by the presence of 
attractive or repulsive forces between A and B. In the formation of [AB] the van der Waals 
forces of attraction (see Section 8-ST-l) between A and B will be balanced against those between 
A and solvent and B and solvent, since solvent is displaced in forming [AB]; the net effect could 
be either a repulsion or an attraction. In addition, of course, hydrogen bonding may be present. 
If w is the work of separating A from B, then Eq. (15-18) should now be 


T = 



(15-29) 


If w is positive, the encounters will last longer and more collisions will occur during each one. 

If we think of the encounter pair as a weak complex, we can write A + B ^ AB where R ,, 
the forward rate, is .4„(A)(B) and R b is (l/r)[AB], The equilibrium constant, K ,, is thus A,t. 
Substitution into Eq. (15-28) gives 

kT 

k = _L Ke e -E>,RT (15.30) 

h 


or 


k = 


kr 

~h 


gAsllRg-HllRTg-EURT 


(15-31) 


Note that if w is zero, AT, ~ 6/C,, where C, is the concentration of solvent in mole liter 1 . 
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15-4 Diffusion-Controlled Reactions 

According to the treatment of the preceding section, a diffusion-controlled 
reaction should have a rate constant of around 10 9 liter mole -1 sec -1 at 25°C and 
show an activation energy corresponding to that for diffusion or for the solvent 
viscosity, namely of 3-4 kcal mole -1 for ordinary solvents. An implied condition 
is that the chemical activation energy be small enough that the reaction occurs within 
the first 100 collisions. 

Some examples of what appear to be diffusion-controlled processes are given 
in Table 15-3. Note that the rate constants are around 10 9 liter mole -1 sec -1 , 
depending somewhat on the solvent and on the size of the reactants. Equally 
important, the activation energies are only a few kcal mole -1 , or about that 
expected for diffusion in the solvents in question. 

A number of acid-base type of reactions appear to be diffusion-controlled. 
Table 15-4 gives the rate parameters for several reactions of the type 

HA + h 2 o ^ A - + H 3 0+, (15-32) 

which are believed to be simple reactions, that is, the overall reaction also 
constitutes the mechanism. These reactions have been studied by one or another 
fast reaction techniques of the type mentioned in Section 15-2B. Notice that in 
all cases it is the back reaction, or the transfer of a proton from H 3 0 + to A - , 
that is in the diffusion-controlled region of rate constant value; k 1 for each forward 
reaction is then proportional to K , the equilibrium constant (see also Section 15-7). 

The values of k 2 are distinctly larger than the 4 x 10 9 figure arrived at earlier for 
a diffusion-controlled reaction and at least two possible additional factors may 
be present over the usual situation. It will be recalled that the mobility of H + ion 
is unusually large and that a Grotthus-type mechanism is presumably responsible. 
As discussed in Section 12-5C, the hydrogen-bonded structure of water makes it 
possible for charge to move from one end of a chain of water molecules to the 
other by hydrogen bond shifts, the effect being the same as if a proton moved 
the length of the chain. It may then be that A - can acquire a proton from other 
than nearest-neighbor H 3 0 + molecules by means of a similar mechanism, so that 
A - and H 3 0 + do not have to diffuse as close to each other as in a normal bimolecu- 
lar reaction. Their effective encounter rate would therefore be increased. 

The second factor is that the reactants, being oppositely charged, experience 


TABLE 15-3. Some Diffusion-Controlled Reactions' 1 


Reaction 

Solvent 

10 -9 k 

(liter mole -1 sec' 

t 

- 1 ) (°C) 

E* 

(kcal mole -1 ) 

I + I - I 2 

Vapor phase 

7 

23 

3.2 


n-Hexane 

18 

50 

— 

2CCI 3 — QCI, 

Cyclohexene + CCl 3 Br 

0.05 

30 

<6 


Vinyl acetate + CCl 3 Br 

0.05 

30 

<6 

/3-Naphthylamine + 

Cyclohexane 

6 

20 

2.5 

CC1 4 fluorescence 

Isooctane 

13 

20 

1.6 

quenching 






“Source: S. W. Benson, “The Foundations of Chemical Kinetics.” McGraw-Hill, New York, 
1960. 
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TABLE 15-4. Fast Reactions of the Type 

HA + H,0 ^ A- + H 3 O +0 
k. 


HA 

pK » 

log 

log k. 

h 2 o 

15.7 6 

-4.6 

11.1 

h 2 s 

7.0 

3.9 

10.9 

HF 

3.3 

7.7 

11.0 

HSOr 

1.6 

9.4 

11.0 

CH 3 COOH 

4.8 

5.9 

10.7 

ch 3 coch„ 

20 

-9.3 

10.7 

(CH 3 ) 3 NH+ 

9.8 

1.0 

10.8 

0-Naphthol c 

3.1 

7.6 

10.7 


° Source: E. F. Caldin, “Fast Reactions in Solutions.” Wiley, 
New York, 1964. The k values are in liter mole -1 sec -1 at 25°C. 

b Ky, has been put on a basis consistent with other weak acids by 
writing it as (H+)(0H _ )/(H 2 0), that is, the usual value for K„ has 
been divided by 55.5, the number of moles of H 2 0 per liter. 

c The reaction is one of deactivation of the first electronic excited 
state of /3-naphthol by proton transfer, as observed by fluorescence 
quenching. 


an electrostatic attraction which enhances their diffusion toward each other. 
It is a rather difficult problem to treat theoretically, but, qualitatively, the encounter 
frequency equation (15-27) is modified by an exponential term: 


A e 


^ 7rr ab^abNq -t/k T 
1000 


(15-33) 


where <f> should be proportional to z A z B , the algebraic product of the charges on 
the reactants. Since z A z B = — 1 in the present case, the exponential term acts to 
increase A e over its normal value. 


15-5 Transition-State Theory 

The formal statement of transition-state theory is the same for solution as 
for gas-phase reactions. An elementary bimolecular reaction is given the intimate 
mechanism 


A + B = [AB]» [Eq. (14-79)], 
[AB]* -i- products [Eq. (14-80)], 


where k 1 = k Tjh. The rate constant is then 


, kT k l /ah v *\ 

* = -T K = t exp hH exp br) 


kT /AH ot \ 


[Eq. (14-85)]. 


The equilibrium constant for forming the activated complex [AB]* or, alter¬ 
natively, AS 0i and AH ot , must reflect not only the changes in chemical bonding 
that occur but also any changes in solvation. As a consequence, the complete 
statistical mechanical evaluation of K * is too complicated to be of practical use 
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in the case of solution systems. Portions of the partition functions can be estimated, 
however. For example, the translational entropy change can be calculated approxi¬ 
mately from the change in the entropy of mixing accompanying Eq. (14-79) if 
ideal solutions are assumed. By Eq. (9-69), the entropy of mixing of a solution of 
A and B for the standard state of 1 m is — (R In x A + R In x B ) and that of 1 m [AB]* 
is —i?ln jc[ AB ]* , where each mole fraction is just 1 /n s , n s being the number of 
moles of solvent per 1000 g. We are neglecting some change in entropy of the 
solvent, and on this basis 

■^trans = — R ln *[abi* + R In x A + R In x B = R In — . (15-34) 

n s 

In the case of water n s = 55.5, which gives ^S?r an8 = —4 R and exp (AS ot /R) = 0.02. 
This value, although obtained by a very different route, is essentially the same 
quantity as the purely statistical part of K e of Eq. (15-30), which was found to 
be 6/C,, or about 0.1 for water. 

Further aspects of the comparison between collision and transition-state theory 
as applied to solutions are taken up in the Commentary and Notes section. 


15-6 Linear Free Energy 

Relationships. Reactions Involving an Acid or a Base 


A. Acid-Base Systems 

A rather interesting observation is that if some particular reaction is studied 
for a series of related compounds, then it will often be true that log k will vary 
linearly with log K, where k is the rate constant and K the equilibrium constant. 



-log A a 

FIG. 15-7. Data of Table 15-4 plotted according to the Bronsted equation (15-36). 
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log** 

FIG. 15-8. Bronsted plot showing both diffusion-controlled limits. 


The actual relationship, proposed by Bronsted, is 

k = (constant) AT a “, (15-35) 

or 

log k = b + a. log K* , (15-36) 

where b and a. are constants. The data of Table 15-4 for the reaction 
HA + H 2 0 A~ + H 3 0 + are plotted in this manner in Fig. 15-7, and indeed, 
give a reasonably straight line, whose slope (and hence ot) is 1.03. All this is rather 
misleading, however, since for these cases k 2 is essentially constant, being at the 
diffusion-controlled limit; and if k 2 is constant, then k l must be proportional to 
AT&, so that on the log k l versus log K & plot a straight line of slope unity is auto¬ 
matically expected. The more complete picture is as shown in Fig. 15-8. Thus k y 
should increase with K & until the diffusion-controlled limit is reached and there¬ 
after should be constant. Conversely, k 2 should increase with decreasing K& again 
until the diffusion-controlled limit is reached. When one k is at this limit, so that 
for it a = 0, then the other k must obey the Bronsted equation with a = 1. Thus 
a varies from 0 to 1 (or —1) along each curve. The two curves need not be sym¬ 
metric, although they have to cross at log K = 0. Also, there can be regions 
where neither k is at the diffusion limit, so that there can be an intermediate region 
for which both a’s lie between zero and unity. It happened that the early studies 
on rates of dissociation lay in this intermediate region and that the range of values 
that was experimentally accessible was small enough that a. appeared to be a 
characteristic constant for each acid. 

Example. Estimate k 1 and k 2 for H s CO, . The equation of the line of Fig. 15-7 is approxi¬ 
mately log kt = 11.7 + 1.03 log K & . From Table 12-9, log = —6.37, whence log k 1 = 5.14 
and — 1.4 x 10 5 sec' 1 . Then k % = KJk x = 3.2 x 10 11 M' 1 sec' 1 . 

Equation (15-32) is merely a special case of an acid-base reaction 


HA + B- = A" + HB. 
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That is, bases other than water may be used, in which case the more general form 
of Eq. (15-36) is 


log k = b + a(log A'ha — log A: hb ) (15-37) 

and a number of systems have been studied in which B - is varied with behavior 
analogous to that shown in Fig. 15-8 [the abscissa now being (log K ka — log A'hb)]- 
The results may sometimes appear as indicated by the dashed lines in the figure, 
however. That is, it is not always possible to reach the diffusion limit for either k. 
For more detailed discussion see Eigen (1963). 


B. Acid and Base Catalysis 

A somewhat more complex situation is that in which a reaction is acid- or 
base-catalyzed. For example, the acid-catalyzed dehydration of acetaldehyde 
hydrate, 

(HA> 

CH 3 CH(OH) 3 - ch 3 cho + h 2 o, (15-38) 

appears to occur through the mechanism 


/ 


OH 


H H 


ch 3 ch 

1 

+ HA ^ CH 3 C-0-H + A" 

1 + 

(fast), 

OH 

OH 


(B) 

(HB)+ 


H H 

H H 



11 *2 II 

CH 3 -C-0-H + A-->CH S —C—O-H + HA (slow). 


OH 


H H 

I I 

ch 3 -c-oh 


o- 

H 

I 

-ch 3 -c=o + h 2 o 


(fast), 


o- 


where HA is some acid. The rate law for this mechanism is 


= -Mi(B)(HA) = -WB)(HA), (15-39) 

where B denotes acetaldehyde hydrate [the student should verify Eq. (15-39)]. 

Bronsted and co-workers studied a number of reactions of this type in the 
1920’s and found, as an empirical observation, that Eq. (15-36) again applied, 
with a values between zero and unity, depending on the system. Some data on 
reaction (15-38) are plotted according to Eq. (15-36) in Fig. 15-9; the straight 
line relationship is obeyed reasonably well with a = 0.53 [see Bell and Higginson 
(1949)]. 
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FIG. 15-9. Bronsted plot for the acid-catalyzed dehydration of CH,CH(OH) 2 . [Data from R. 
Bell and fV. Higginson, Proc. Roy. Soc. A197, 141 {1949).] 


An alternative type of mechanism may be observed: 


S + H + ^ SH + 


(fast), 

SH + + R ► products (slow), 

d( S) 


(15-40) 
(15-41) 

dt = -A:app(S)(H+)(R) = -A:^ 1 (S)(H+)(R), (15-42) 


where S is the main reactant and R some additional one, often the solvent. The 
hydrolysis of esters, acetals, and ethers, as well as the inversion of sucrose, follow 
this type of scheme. 

Various base-catalysis mechanisms occur. Thus 


HS + B ^ S- + BH+ (fast), 

*2 

S~ + R -*• products (slow), 
d(R) M^HSXBXR) _ k 2 K x 


dt 


(BH+) 


K n 


(HS)(R)(OH-), 


(15-43) 

(15-44) 

(15-45) 


where K B is the base constant for B + H 2 0 = BH+ + OH - . Many of the condensa¬ 
tion reactions of organic chemistry seem to follow this last mechanism, such as 
the Claisen, Michael, Perkin, and aldol condensations. The base-catalyzed reac¬ 
tions of many transition metal ammine complexes follow Eq. (15-45), with 
B = OH - and R = H 2 0. The base-catalyzed hydrolysis of esters follows the 
mechanism 


o o- 

II *1 I 

R-C-O-R' + OH - ^ R-C-O-R', 


OH 


(15-46) 
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0- 


j k 

R-C-O-R' -i RCOO- + R'OH, 

1 

(15-47) 

OH 


^) er) = — M^i(ester)(OH-). 

(15-48) 


A distinction is usually made as to whether the catalysis is a general acid or 
base one or is specifically by H + or OH" ions. Thus Eqs. (15-42), (15-45), and 
(15-48) contain the specific ion H + or OH". On the other hand, Eq. (15-39) 
involves the acid concentration (HA), and the rate depends on this rather than on 
(H + ). Experimental distinction is possible since solutions can be made up which, 
say, vary in (H + ) at constant (HA), or vice versa. It is the cases of general acid or 
base catalysis to which the Bronsted equation (15-36) applies. 


C. A Further Application of the Brpnsted Equation 

If a series of reactions obeys Eq. (15-36) so that b is the same for each, an 
alternative approach developed by Hammett (1940) is to take one specific reaction 
as a reference, with rate constant k 0 and acid constant K 0 , and write 

log£ = „logA, (15.49) 

where, by convention, p is used in place of a. The quantity log(Ay K 0 ) is taken to be 
a characteristic of the system being studied and is denoted by a, so Eq. (15-49) 
becomes 


log ~r~ = po. (15-50) 

Kq 

The application has been largely to reactions of substituted benzoic acids, with 
benzoic acid itself taken as the reference. Various types of reactions each have 
a characteristic p value, whereas a, of course, depends only on the nature of the 
substituent on the benzoic acid. [See Hammett (1940) for more details.] 


D. Linear Free Energy Relationships 

The Bronsted equation (15-36) and its progeny, such as Eq. (15-50), are examples 
of what is called a linear free energy relationship. The basis for this phrase is that 
log K is proportional to AG° for the reaction while, by transition-state theory, 
log k is proportional to AG Equation (15-36) can thus be written 


AG ot = b' + <xAG°. (15-51) 

This type of relationship is so often obeyed that it amounts to one of the empirical 
laws of kinetics, and it is important to inquire into possible explanations. It has 
already been pointed out that in a series of simple reactions (so that K = kfk 2 ) 
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Eq. (15-37) must be obeyed by k 1 with a = 1 for systems such that k 2 is at the 
diffusion-controlled limit, and with a = 0 for those such that k ± is at this limit. 
Intermediate values of a then arise naturally for cases lying in the transition region 
between these extremes. Certain sets of reactions may then appear to have an 
intermediate and constant value of <x simply because an insufficient range of k 
or K values is experimentally accessible. 

Data such as those of Fig. 15-9 seem to require a different explanation—the 
linearity extends over too large a range of values for the constancy of a to be 
an artifact. The alternative possibility is that there is in fact an intrinsic propor¬ 
tionality between AG ot and AG° for a series of related reactions. A simple exposi¬ 
tion is the following. 

If the reactions, being related, have a constant JS 0J , then the proportionality 
is actually between AH ot and AH 0 , or between the activation energy and the 
overall energy of reaction. Suppose, for example, that the reaction is one of 
proton transfer, 

HAj -{- A2~ —► Aj~ -{- HA 2 . 

The reaction could proceed by the mechanism 

HA, H+ + A,-, AH, 0 (rate determining), 

H+ + a 2 - — ha 2 (fast), 

for which the activation energy would be d//,°. If, however, the reaction takes 
place by the route 

HA, + A 2 - —► [A, H ••• A 2 ]“ —► A, - + HA 2 , 

then, as illustrated in Fig. 15-10, the activation energy should be smaller since 
complete breaking of the H—A x bond is not required. If now some second reactant 
HA 2 ' is employed and the general shape of the energy curves remains the same, as 



Reaction coordinate 

FIG. 15-10. Possible explanation for the existence of linear free energy relationships. 
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illustrated by the dashed line in the figure, then the geometry of the situation 
indicates that the change in activation enthalpy A{AH oi ) should be proportional 
to the change in overall reaction enthalpy, A(AH a ), which leads to Eq. (15-37) 
if the entropies do not change. This last assumption may be a poor one, but it 
turns out that very often AS and AH quantities for a given process are linearly 
related to each other [Barclay and Butler (1938)], and so Eq. (15-37) is still obeyed. 


15-7 Ionic Reactions. Role of Activity Coefficients 


Reactions in the gas phase are generally at pressures of 1 atm or less so that 
the species are essentially ideal in their behavior. By contrast, solution systems 
are often distinctly nonideal, and this is true for electrolytes even at quite low 
concentrations. An important question is then whether the mass action law is 
correctly applied to elementary reactions when concentrations rather than activities 
are used in the rate expression. Alternatively, if we retain the mass action law, 
then does the rate constant contain activity coefficient quantities ? 

Both transition-state theory and collision theory as modified for solutions 
affirm that rates should depend on activity coefficients. Considering the former 
first, we see that the derivation of Eq. (14-82) (repeated in Section 15-5) should 
really be 


or 


ML expf—^ expf- 

t v exp (nr) 




(15-52) 


The difficulty, of course, is in the evaluation of y [AB ]* > and for neutral molecules 
the activity coefficient factor 1 /K v * is generally ignored—one can argue that in 
dilute solutions each activity coefficient is close to unity and further that small 
departures from unity will tend to cancel each other. 

The remaining situation is that of a reaction involving ions, and here the 
Debye-Hiickel theory allows estimation of each y purely on the basis of the charge 
of the species. Consider the elementary reaction 


A‘ A + B* B -*■ [AB]“ A+ ' B -* products, 


for which the activity coefficient factor l/K v * is given by 

_L = y*y* 

K y l 7[ab] { 

The Debye-Hiickel limiting law is 


(15-53) 


In y, = —pZi 2 [Eq. (12-84)], 

where the constant p = e 2 «r/27)k7’ and k is proportional to the square root of the 
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ionic strength I [by Eq. (12-87)], where 

/ = * 2 [Eq. (12-70)]. 

It follows that 


In = -[z A 2 + V ~ (z A + z B ) 2 ] a v7 = 2z A z B a v7, 

A y 

where for water as solvent a = 1.172 at 25°C. Equation (15-52) may then be 
written 

In k = In k 0 + 2z A z B a VI, (15-54) 

where k 0 is the rate constant if K./ is unity—for example, at infinite dilution. 
Note that the same result follows from collision theory as phrased in the form of 
Eq. (15-30). We now deal with y[ AB ], but the Debye-Hiickel theory involves 
only the net charge on a species, and the distinction makes no difference. 

Equation (15-54) predicts a linear relationship if log k is plotted against VI, 
with a slope proportional to z A z B . The qualitative prediction has been confirmed 
in that with increasing ionic strength reactions between like charged ions increase 
in rate constant and those between oppositely charged ions decrease in rate constant. 
It is questionable, however, whether Eq. (15-54) has ever been verified quantita¬ 
tively. The difficulty is that the effect predicted is not very large relative to the 
precision of rate data until such ionic strengths are reached that serious departure 
from the Debye-Hiickel limiting law occurs and Eq. (15-54) should not hold 
anyway. The reader is referred to Section 12-CN-2 for a discussion of activity 
coefficients of electrolytes in more concentrated solutions. There is no doubt, 
however, that nonparticipating electrolytes or “neutral” salts do affect reaction 
rate constants. Figure 15-11 shows a traditional plot of rate constants for various 
types of ionic reactions. 

Example. The slow step in the reduction of Hg a+ by Fe 2 + is thought to be Fe a+ + Hg a+ -> 
Fe 8+ + Hg + , with k = lx 10’* M ~ 1 sec' 1 at 25°C. The rate constant was determined at an 
ionic strength of 0.2, however. Find k 0 . From Eq. (15-54), In k„ = In k — (2)(2)(2)(1.172)(0.2) 1/a , 
whence In k 0 = —13.4, and k„ = 1.5 x 10' 8 Af' 1 sec' 1 . 

Reactions not involving ions or between a neutral molecule and an ion are also 
subject to ionic strength effects, but now higher concentrations are needed. 

The determination of a rate law usually involves changes in concentrations of 
reactants, as in the usual procedure of fitting data to an integrated expression, 
and hence changes in the ionic makeup of the solution. The consequent activity 
coefficient changes can be severe enough to lead to error in the determination 
of the actual form of the rate law. An example is the reaction 

Co(NH 3 ) 6 (H 2 0) 8 + + x- - Co(nh 3 ) x 2 + + h 2 o, 

where X - denotes a halogen ion. Activity coefficient (or, alternatively, ion pairing) 
effects are so large that early studies appeared to give first-order kinetics, although 
the reaction is actually second order. One can reduce such effects by conducting 
the reaction in a medium having a high concentration of nonreactive salt such 
as 1 Af sodium perchlorate. The activity coefficients of the reactants may then be 
nearly independent of their concentration. 
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s/T 


FIG. 15-11. Effect of ionic strength on the rates of some ionic reactions. 

(1) Co(NH 3 ) 6 Br a + + Hg a + + H 2 0 — Co(NH 3 ) 6 (H 2 0) s + + HgBr + . 

(.2) S 2 Of' +I--^(SI0 4 - + SOJ-)-^I,‘ + 2SOr- 

(i) o 2 n—n—cooc 2 h 5 - + OH" n 2 o + CO|- + C 2 H 6 OH. 

(4) cane sugar + OH" —* invert sugar. 

(5) H 2 0 2 + H + + Br" -*■ H 2 0 + £Br 2 ( not balanced). 

(6) Co(NH 3 ) 6 Br a + OH - —*■ Co(NH 3 ) 6 (OH) a+ + Br*. 

(7) Fe a+ + Co(C 2 0,)r ^Fe ,+ + Co(C 2 0 4 )f-. 

[Adapted from “The Foundations of Chemical Kinetics," by S. W. Benson, Copyright 1960, 
McGraw-Hill, New York. (Used with permission of McGraw-Hill Book Company) in which the 
detailed references may be found. The interested reader should also refer to A. Olson and T. 
Simonson, J. Chem. Phys. 17, 1167 (1949) for some adverse comments, and also to M. Kilpatrick, 
Ann. Rev. Phys. Chem. 2, 269 (1951).] 


COMMENTARY AND NOTES 


15-CN-l Comparison of 

Collision-Encounter and Transition-State Theories 

It turns out to be quite difficult to devise a means of distinguishing experimen¬ 
tally between collision theory (as modified for solutions) and transition-state 
theory. In the case of the usual reaction of activation energy greater than about 
10 kcal mole- 1 , both treatments lead essentially to the experimentally observed 
Arrhenius equation. Both predict about the same frequency factor to be the 
“normal” one. The activity coefficient formulations are indistinguishable. 

There seems no doubt, however, that the collision-encounter picture is physically 
correct, at least with respect to the sequence of events up to actual chemical 
change. There are many substantiations of the cage model for liquids, and we 
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have seen that bimolecular reactions in solution do reach a diffusion-controlled 
limit. Further, the existence of reactions showing the same rate constant in a 
solvent as in the gas phase indicates that collision frequencies, as distinct from 
encounter frequencies, are about the same in the two phases, provided that specific 
molecular interactions in the encounter complex are weak. 

Transition-state theory, of course, offers a most appealing formalism in ascribing 
essentially well-behaved thermodynamic properties to a transition state or activated 
complex. The formalism leads naturally to pleasing explanations of the existence 
of linear free energy relationships. Also, the term exp(AS°*/R) is amenable to some 
very useful structural interpretations. 

For example, the denaturation of proteins—in everyday experience, the cooking 
of an egg—is enormously temperature-sensitive. The denaturation rate doubles 
with about every 1° rise in temperature (the boiling point of water has dropped 
by about 10°C at 14,000 ft elevation and the time to boil an egg has increased 
about 100-fold) corresponding to an activation energy of about 130 kcal mole -1 . 
The term exp(—E*/RT) is then about 10 -75 (!) at 100°C, so that the rate of 
denaturation should be negligible on this basis. The reaction does in fact occur, 
of course, and the transition-state formalism leads to a calculated compensating 
entropy of activation of about 300 cal K ~ 1 mole - x . This is understandable since 
denaturation corresponds to an unraveling of the secondary, helical coil of the 
protein to a far more random structure. If the transition state is one of partial 
unraveling, then AS ot should indeed be a large positive number. 

Although this is an extreme example, the point is that /dS 0 * often lies between 
zero and’ AS 0 for the overall reaction. The ratio AS^/AS 0 then appears to be 
a useful indication of the extent to which the transition state resembles either 
reactants or products. These are esthetic arguments, however. Their acceptance 
is more a matter of taste than of scientific necessity since comparable and not 
much more contrived rationalizations can be made in terms of the collision- 
encounter model. 

An important point concerning reactions in solution has to do with the manner 
of energy acquisition. Transition-state theory is silent on this matter since it 
begins with the assumption that the activated complex is in equilibrium with its 
surroundings. Collision theory, however, suggests the following important differ¬ 
ence between solution- and gas-phase reactions. In the latter case activation 
energy E * is gained from the collisions of the reactants, drawing on their kinetic 
energy of impact and on the energy distributed among various internal degrees 
of freedom. In solution, however, the reactants that diffuse together to form the 
encounter complex are essentially of normal energy content. The activation energy 
must then be supplied by collisions of surrounding solvent molecules. Perhaps 
more accurately, the Boltzmann distribution of energies in a liquid is present as 
regions of extravibrational energy; these regions move around rapidly and can 
be thought of as soundlike waves in the liquid—called phonons. The activation 
of an encounter complex probably occurs when a confluence of phonon waves 
momentarily concentrates an unusually large amount of energy in the vicinity 
of the complex. The concentration must be a momentary one since phonon waves 
travel with about the velocity of sound, and would pass the region of the encounter 
complex in about 10 -12 sec. The lifetime of the energized complex must thus be 
very small, if its energy resides in vibrational excitations. 

In summary, in the collision-encounter model, the encounter complex replaces 
the activated complex of transition-state theory; the two “complexes” are similar 
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in concept except that the former possesses no unusual energy. The principal 
question, not yet answered, is whether the energized complex may have too short 
a period of existence to be regarded as a species in a definite thermodynamic 
state. 


15-CN-2 Relationship between the 
Equilibrium Constant for a Reaction and Its Rate Constants 

The statement has been made several times in this and the preceding chapter 
that the equilibrium constant K for a chemical reaction is equal to ktjkb , the 
ratio of the forward and backward rate constants. This is strictly true only for 
a simple reaction, that is, one for which the mechanism is the same as the overall 
reaction, and it is now time to take a closer look at the situation. 

If the reaction is a simple one, such as 


A + B = C + D, 


y (Q(D) 
(A)(B) ’ 


then Ri = fcf(A)(B) and Rb = kb(C)(D), and at equilibrium Ri = Ry ,, so that 

1-K. (,5-55) 

A complication arises, however, if the reaction is complex, that is, if the reaction 
mechanism does not coincide with the statement of the overall reaction. It turns out 
that the correct general statement of Eq. (15-55) is 

Tb = K "’ (15 ' 56) 

where n is an integer or rational fraction. The conclusion 
strated by means of a specific example. 

Consider the reaction 

2Fe 2+ + 2Hg 2+ = 2Fe 3+ + Hg 2+ 

for which 

(Fe 3+ ) 2 (Hgg + ) 

(Fe 2+ ) 2 (Hg 2 ^) 2 ' 

The experimentally observed forward rate law is 

Rt = kr(Fe 2+ )(Hg 2+ ), (15-59) 

which can be explained by the mechanism 

(a) Fe 2+ + Hg 2+ ^ Fe 3+ + Hg + (slow), 

*-i 

(b) 2Hg+ = Hg| + (rapid equilibrium). 

Then R s is as given by Eq. (15-59) with k t = k x , and R b is 


is perhaps best demon- 
(15-57) 
(15-58) 


Rb = k_ 1 (Fe 3+ )(Hg+), 
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or, on elimination of (Hg + ) by means of the expression for K 2 , 


= (Fe 3+ )(Hg 2+ ) 1 / 2 = &b(Fe 3+ )(Hg 2+ ) 1 / 2 . (15-60) 

2 

On equating Rt to at equilibrium, we obtain 


Art (Fe 3+ )(Hg| + ) 1/2 
k b (Fe 2_ )(Hg 2 ') 


(15-61) 


The ratio k t /k h is thus the square root of K as defined by Eq. (15-58). 

We can now generalize somewhat. Suppose that for some reaction the mechanism 
is such that 


Rt = 8 t (k) <f>t(C), (15-62) 

where 6t(k) denotes some function of rate constants and 4>t(C) some function of 
concentrations, and, similarly, 


Rb = 6t(k) MQ. (15-63) 

At equilibrium Rt must equal Rb and therefore 9t(k) <f>t(C) = d b (k) <j>b(C) or 
9t(k)/6b(k) = (f>b(C)j<f>t(C). The right-hand side of this last equation is a function 
of C only and must be identifiable with K n , that is, 


js n = Ml = Ml 
e b (k) 4>t(C) ■ 


(15-64) 


If, now, the expression for Rt has been determined experimentally, it follows that 
the expression for Rb must be 


Rb = K n 9b(k) <f>t(C). (15-65) 

The exponent n is not known a priori, and could be any rational number. Thus 
even though the forward rate law is known, as well as the overall reaction (and 
hence K ), an indefinite number of possible expressions for Rb remain. Each is 
generated through Eq. (15-65) by making some particular choice for rt. 

Returning to the example, we see that R t is given by Eq. (15-59) and K by 
Eq. (15-58), so that 

W(Fe 2 +)(Hg 2 +). (15-66) 


If n is set equal to J, Eq. (15-60) results, with 0 b (k) = , consistent with the 

mechanism given by reactions (a) and (b). Suppose, however, that we set rt = 1. 
Now Rb must be 


Rb = e b (k) 


(Fe 3 +) 2 (Hgp 
(Fe 2+ )(Hg 2+ ) 


(15-67) 
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Such a reverse rate law cannot be explained by the first mechanism, but does 
result from the following one [where (a) is as before]: 


Rb is still 


(a) 

Fe 2 + + Hg 2+ & Fe 3+ + Hg+ 

*-i 

(slow), 

(b) 

Fe 2+ + Hg+ = Fe 3+ + Hg° 

(rapid equilibrium), 

(c) 

Hg° + Hg 2+ =‘ Hg 2+ 

(rapid equilibrium). 


Rb = /c_i(Fe 3+ )(Hg+), 


but on eliminating (Hg + ) by means of K 3 and K i , we obtain 

„ k-x (Fe 3+ ) 2 (Hg| + ) 

b K 3 K t (Fe 2+ )(Hg 2+ ) ’ 


(15-68) 


which is the form required by Eq. (15-67). 

Thus in the study of the rate of oxidation of ferrous by mercuric ion experimental 
knowledge of the forward rate law does not allow unambiguous selection among 
various possible mechanisms. The mass action relation between forward and 
reverse rate laws does serve to reduce the alternatives to a limited set. In practice, 
n can be expected to be a rather simple number such as 1,2, or One therefore 
rarely proceeds further in considering possible mechanisms in cases where the 
forward rate law but not the reverse one has been determined experimentally. 


15-CN-3 Entropy 

Production during a Chemical Reaction 

An interesting aspect of thermodynamics is its application to irreversible proc¬ 
esses. The subject is a highly developed one in the case of transport phenomena 
(note Section 2-CN-4) and has led to important relationships for situations where 
two or more transport processes are going on simultaneously. An example would 
be the case where both a temperature and a concentration gradient are present, so 
that both diffusion and heat conduction occur. 

One of the central assumptions is that locally (in space or in time) the system is 
close enough to equilibrium to be treated by normal thermodynamics. In diffusion, 
for example, one assumes that successive small portions of the system taken along 
the concentration gradient have essentially local equilibrium values of activity 
coefficient, enthalpy, entropy, etc. Related to this is a second assumption of local 
microscopic reversibility; for each elementary process the opposite one exists and 
both occur at the same rate at equilibrium. 

In the case of a chemically reacting system, concentrations are ordinarily 
uniform in space although not in time. The assumption is that at each instant the 
system has the same thermodynamic properties that it would have were it not 
reacting. Suppose, for example, that the reaction is 2H a + 0 2 -> 2H 2 0 in the gas 
phase, or, in solution, the hydrolysis of an ester. The entropy of each species is 
known and so the entropy of the system can be calculated at the start of the reac¬ 
tion, and for each stage. Thus, after 10% reaction, one would add up the entropies 
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of the reactants and products present, including the entropy of mixing. In the two 
cases above, conditions could be such that the reaction is very slow unless catalyzed 
One could then add catalyst until the 10% reaction had occurred, and then remove 
the catalyst. The calculated entropy change could thus be verified by direct measure¬ 
ments. 

To be more general, consider the formal process 

aA + bB + — = mM + «N -f- 

We define the degree of advancement, v, by saying that at any state of reaction, 
dn A =-adv, dn B = -bdv, dn M = -mdv, etc., where dn t denotes moles of the z'th species 
reacted or formed (Section 14-3A) as v changes to v + dv. With the assumption of 
local equilibrium, we can speak of dS, the entropy change for a small amount of 
reaction at constant pressure, dv, as 


TdS = dH - ^ i*t dn t , 


that is, by Eq. (9-28), where the summation is over reactants and products. Alter¬ 
natively, 

TdS = dH = (8G/8v ) dv, (15-69) 


where G is the free energy of the system. 

If we suppose the reaction to be at constant pressure and temperature, dH is 
dq P and gives the heat exchanged with the surrounding constant-temperature bath. 
This exchange is taken to be reversible, so that one contribution to the entropy change 
of the reacting system is dS e = dq P /T = dH/T. The total entropy change can thus be 
written as the sum of that exchanged with the surroundings and that developed 
internally, dS t : dS — dS e + dS t . It is in dS, that we are interested, and comparison 
with Eq. (15-69) gives 




or 


dS f _ 1 jdv 
dt~T dt’ 


(15-70) 


where A is called the affinity, A — —(8G/dv). 

We can relate dvjdt and A for a system close to equilibrium. The rate of ad¬ 
vancement is the net of the forward and reverse rates, or, for a system of unit 
volume, 

dvjdt = R t -R b = R c (\ - R b IR t ). (15-71) 

We recall from Section 7-2 that R b /R t = QjK if the reaction is a simple one and the 
rates are given by the mass action rate expressions. K is the equilibrium constant, 
and Q is the product and quotient of reactant and product concentrations at the 
particular stage of reaction. We make the further approximation that R s = R ex , 
the equilibrium exchange rate (R in Section 15-ST-2D), so that 

dvjdt = R ex (\ - QjK). (15-72) 

Equation (7-10) can be written in the form 

(8Gldv)=AG° + RTlnQ or A = -RT\n {QjK). 

Again, since we are close to equilibrium, the In (Q/K) term is expanded, to give 
AjRT = 1 — Q/K. Combination with Eq. (15-72) yields 

dvjdt = R ex AjRT. 


(15-73) 
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Note that we have found the rate of a reaction near equilibrium to be proportional 
to a driving force, the affinity. Chemical reaction thus falls in the same linear frame¬ 
work as do the transport processes summarized in Eq. (2-78). The rate quantity is 
dv\dt (per unit volume if R ex is so defined), and the driving force is A. R ex is analo¬ 
gous to 7), and k. 

To continue, Eq. (15-70) becomes 

dS,[dt = R ex R(AjRT ) 2 = (R[R ex )(d v ldt) 2 . (15-74) 

Because of the square term, dS t jdt is always positive. Thus regardless of the direc¬ 
tion from which equilibrium is approached, the system produces entropy internally. 

The quantity dS t [dt can be calculated, of course, given a specific case. For the 
reversible first-order reaction A ^ B, for example, R ex — A: 1 (A) W and dvjdt — 
/c 2 [(A) — (A)*] (per unit volume). 

Often the overall entropy change, dS, is small, so that dS t ~ dS e *, and dS t is thus 
—dq P jT. In this approximation, dS { jdt can be determined by calorimetry, and we 
thus have a means of estimating the entropy production in very complex systems, 
such as living organisms. An interesting thought, for example, is that dSi/dt and 
hence heat evolution should be less for an embryo than for the adult (per unit 
amount of each) because of the greater coupling or coordination present in the 
processes that occur in the former case. 

Names associated with the development of the thermodynamics of irreversible 
processes include L. Onsager, Th. De Donder, and I. Prigogine. The reader is 
referred to Prigogine (1967) for a review. 


SPECIAL TOPICS 


15-ST-l Enzyme Catalysis 

A very important family of catalytic reactions comprises those involving an 
enzyme. Enzymes are biologically developed catalysts, each usually having some 
one specific function in a living organism. Pepsin, secreted by the stomach, 
catalyzes the hydrolysis of proteins; urease, that of urea; others are involved in the 
mechanism of blood clotting, in the fixation of nitrogen by legumes, and so on. 
Enzymes are proteins, ranging in molecular weight from about 6000 to several 
million. Some 150 kinds have been isolated in crystalline form. 

A rather widely applicable kinetic framework for enzymatic action is that 
known as the Michaelis-Menten mechanism (1913). If an enzyme E acts to catalyze 
the reaction of some species, called the substrate S, then the first step is an 
association: 


S + E % S ■ E. 

*-i 


(15-75) 


The enzyme-substrate complex then breaks up into products plus free enzyme, 

S • E -» E + P (products). (15-76) 
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The steady-state approximation (Section 14-4C) is made: 

d(S , f E) = A: 1 (S)(E) - k _ x (S • E) - k 2 (S • E) = 0. (15-77) 


Since by material balance, (E) + (S • E) = (E) 0 , where (E) 0 is the total enzyme 
concentration, Eq. (15-77) may be solved for (S • E) to give 

k,( S)(E) 0 

1 C) U S) + + k 2 ' 

The rate of formation of products is v, obtained from Eq. (15-76) as 


v = 


d(P) 

dt 


k 2 ( S • E) = 


^ 2 (S)(E)q 

(S) + [(Ar_ x + kj/k,] ■ 


(15-78) 


The quantity (k _ x + k 2 )jk 1 is called the Michaelis constant, K u ; for a given enzyme, 
it will be characteristic of the substrate. 

A plot of Eq. (15-78) is shown in Fig. 15-12(a). Note that v reaches a limiting 
value, r max , equal to Ar 2 (E) 0 . The quantity k 2 is known as the catalytic constant or as 
the turnover number (if there is only one active site per enzyme molecule). It is 
sometimes given as the amount of product formed per minute (maximum rate) per 
unit amount of enzyme present. Catalase, for example, catalyzes the decomposition 
of hydrogen peroxide into water and oxygen with a k 2 value of about 10 8 min" 1 . 
Further, when the rate is just half of the maximum or limiting rate, then 
( k_ j + k 2 )jk 1 = (S) 1/2 , so that the ratio k 1 jk_ 1 can be calculated on introduction 
of the value for k 2 . 

Equation (15-78) may be put in the linear form 


1 1 , k., + k 2 1 1 

v k 2 (E) 0 ' k, £ 2 (E) 0 (S)' 


(15-79) 


Some early data on the reduction of nitrogen to ammonia and of acetylene to 
ethylene by the nitrogenase enzyme found in Azotobacter are shown in Fig. 15-12(b), 
plotted according to Eq. (15-79). See Special Topics Problem 15-1 for alternative 
linear forms. 

Many enzyme systems are more complicated kinetically than the foregoing 
treatment suggests. There may be more than one kind of enzyme-substrate binding 
site; sites within the same enzyme may interact cooperatively. Often, a cofactor is 
involved. That is, there may be some substance which is not an integral part of the 
enzyme but whose presence is necessary for enzyme activity. 

As implied by the data of Fig. 15- 12(b), nitrogen fixation (that is, the reduction 
of atmospheric nitrogen to ammonia) occurs catalytically in nature. As an example, 
legumes develop root nodules which harbor colonies of a bacterium capable of 
nitrogen fixation. The enzyme involved, nitrogenase, contains molybdenum and 
iron, but its exact structure is not yet known. A very schematic mechanism is shown 
in Fig. 15-13. Major research efforts are being directed toward elucidating this 
structure and toward the synthesis either of the actual enzyme or of model com¬ 
pounds having similar catalytic activity. The discovery of coordination compounds 
having dinitrogen as a ligand, such as [(C 6 H 5 ) 3 P] 3 (N 2 )CoH, seemed at first a major 
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(S) (arbitrary units) 
(a) 


N 2 ->2NH 3 


c 2 h 2 ->c 2 h 4 



^NjCatm) 



FIG. 15-12. The Michaelis-Menten mechanism, (a) Plot of Eq. (15-78). (b) Data on nitrogen 
and acetylene reduction by nitrogenase, plotted according to Eq. (15-79). [From R. fV. Hardy, 
R. D. Holsten, E. K. Jackson, and R. C. Burns, Plant Physiol. 43, 1185 (1968).] 


breakthrough, but so far none has shown a significant turnover number. Not only 
is the problem a fascinating one in organometallic chemistry, but its solution could 
significantly enhance world food production. 

The enzyme system is not a simple one. After all, whereas the overall reaction is 
downhill energetically, N 2 H 2 is presumably an intermediate, and this lies some 
50 kcal mole -1 uphill. The natural enzyme system indeed requires an energy source, 
adenosine triphosphate (ATP), and a reducing agent, ferredoxin. The ATP pro¬ 
duces about 10 kcal mole -1 in its hydrolysis, and several such contributions are 
somehow made available to the enzyme system. In the laboratory, other reducing 
agents, such as hydrosulfite (S 2 0 4 2- ) work well (ATP is still needed). Also, the 
enzyme is not purely specific for N 2 , but will reduce the isoelectronic compounds 
C 2 H 2 (to CaH*) and HCN (to CH 4 and NH 3 ) as well; in the absence of other 
substrate, water is reduced to H 2 . For reasons of analytical convenience, acetylene 
reduction is often used in laboratory tests of enzymatic activity and in inhibition 
studies. Note in Fig. 15-12(b) the inhibition by CO of both N 2 and C 2 H 2 reduction. 
[The subject of nitrogen fixation has been reviewed by Burns and Hardy (1975).] 
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FIG. 15-13. Mechanism of nitrogen fixation, (a) General process. ( b ) Possible local mechanism. 
[From R. W. F. Hardy, R. C. Burns, and G. fV. Parshall, in “Inorganic Biochemistry ” ( G. L. 
Eichhorn, ed.), Elsevier, New York, 1973.] 


15-ST-2 Integrated 

Forms for Some Additional Rate Laws 

There are a few additional cases which occur often enough to warrant inclusion 
in this text. More extensive coverage can be found in monographs such as that by 
Benson (1960). 


A. Branching First-Order Reactions 


A compound may be able to react in two different ways. An example from 
coordination chemistry is 


Co(en) 2 (X)(Y) + + H 2 Q< 


Co(en) 2 (H 2 0)(X) 2+ + X~ 


Co(en) 2 (H 2 0)(Y) 2+ + Y~ 


(15-80) 


where “en” denotes the bidentate ligand ethylenediamine and X and Y are halogens 
or pseudohalogens. If both reactions are first order, then the rate of disappearance 
of reactant A is 

=-(*, + fc 2 )(A), (15-81) 


or still first order, but with k app — k t + k 2 . The rates of formation of the alter¬ 
native products B and C are 


d( B) 
dt 


= ^i(A), 


d( C) 
dt 


= * 2 (A). 
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Thus the ratio of (B) to (C) at any time must be kjk 2 , and their sum, of course, 
must be (A) 0 — (A). If, for example, k x and k 2 were 0.1 hr -1 and 0.2 hr -1 , respec¬ 
tively, the plots of concentrations versus time would look as shown in Fig. 15-14. 

The products B and C will have some equilibrium ratio themselves, and this 
in general will not be the same as kjk 2 . The example of Fig. 15-14 is based on 
the assumption that the B-C equilibration is slow, so that the product ratio 
(B)/(C) is kinetically determined. The general situation is 

B 


(15-82) 


c 

If k 3 and k_ 3 are large compared to k x + k 2 , then B and C will equilibrate as 
they are produced, and the observed product ratio will be the equilibrium one. 
The distinction between these two situations is an important one if the rate data 
are to be used in mechanistic interpretations. 

Example. If X and Y in Eq. (15-80) are Cl" and NCS“, respectively, it turns out that k x is 
much larger than k % , so the reaction is exclusively 

Co(en) 2 <NCS)(CI)+ + H 2 0 ->- Co(en) 2 (H 2 0)(NCS) 2 + + CF. (15-83) 

The equilibration between the two possible products is slow, so that in this case the product 
ratio is kinetically determined. The equilibrium also strongly favors the product Co(en) 2 (H 2 0) 
(NCS) 2+ , so that the rate constants parallel the equilibrium constants K x and K 2 , that is, k x > k 2 
and K x ^> K 2 . A linear free energy relationship thus appears to be present. 

This need not be the case. Continuing with the same example, the complex Co(en) 2 (NCS)(CI) + , 
being octahedral, has cis and trans isomers as shown in the accompanying diagram. The cis 
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Trans Cis 


isomer is the thermodynamically favored one, and if allowed to aquate according to Eq. (15-83), 
the product is entirely cw-Co(en) 2 (H,0)(NCS) i+ . However, if the trans isomer is the starting 
material, then about 60% cis and 40% trans product results. In this last instance, then, the 
reaction is definitely subject to some kinetic, stereospecific control. If X = Cl - and Y = NO a ~ 
the chloride aquation reaction, which again dominates, is 100 % stereospecific, cis starting material 
giving cis product only and trans starting material giving trans product only. 

The reaction scheme of Eq. (15-82) is the classic one of a triangular reaction 
system. The mathematics was investigated extensively in the 1920’s and for a 
while it appeared that if an equilibrium system were perturbed by, say, the sudden 
addition of more A, then the concentrations of A, B, and C could undergo oscilla¬ 
tion. While we now know that indefinite oscillation will not occur, systems of 
coupled reactions can oscillate, although the oscillations damp out and the system 
finally approaches ordinary equilibrium. Several cases of so-called clock or periodic 
reaction systems are known. 


B. Sequential First-Order Reactions 

The reaction sequence 

A^-B-C (15-84) 

occurs often enough that its mathematical behavior should be explored. Each 
reaction is first order or pseudo first order and each goes to completion. The 
equations for (A) are as before, 

^ = -kJA) [Eq. (14-3)], 

(A) = (A) 0 e~ klt [Eq. (14-6)]. 

For (B), however, we have 


= k,( A) - U B) = &i(A) 0 e- k ' f - k 2 ( B). 


(15-85) 
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Equation (15-85) may be put in integrable form by a change of variable, 


R = (B) e k 


or (B) = Re 


and 


<*(B) 

dt 


= e 


-k^t dR 
dt 


kj^Re 


Substitution into Eq. (15-85) introduces e ~ k into each term, so that it may be 
canceled out, leaving, on rearrangement. 


dR 

dt 


= *i(A) 0 + (k x - k 2 )R, 


and 


or 


dR 


*i(A) 0 + (k x - k 2 )R 


= t. 


-r -t— lnfAr^AJo + (ki — At 2 )/?] = t + constant. 

k\ k 2 


We now replace R by (B) e kl ‘ and solve for (B), evaluating the constant of inte¬ 
gration by setting (B) = 0 at t = 0, to obtain 


(B) = (e~ klt - e~ kit ). (15-86) 

If (C) is the final product, then, by material balance, 

(C) = (A) 0 - (A) - (B). (15-87) 

The behavior of the reaction sequence of Eq. (15-84) is somewhat complex 
since, although (A) is always given by Eq. (14-6), there is a qualitative difference 
in the behavior of (B) and hence of (C) for k 2 > k x versus k 2 < k x . 


Case 1. k 2 > k x . Equation (15-86) may be put in the form 

(B) = kl(A) ~ e~ k '\\ - e~ (k ‘- k ' u ) = i~—i- (1 - e- (k ‘- klU ). (15-88) 

K<1 Ki K<i Ki 

The second exponential term of Eq. (15-88) goes to zero at times long compared 
to l/(k 2 — k x ), and in this limit 


/ (B) \ = k x 

\ (A) /lim ^2 ki 


or (B) lim = -j—^ (A) 0 e- k '\ (15-89) 


Thus (B) eventually must parallel (A), differing from it by the constant factor 
kj(k 2 — k^. This limiting condition is known as one of transient equilibrium, a 
name given by early radiochemists; sequences such as Eq. (15-84) are especially 
common with radioactive species (see Section 21-5). Since (B) = 0 at t = 0 and 
returns toward zero as (A) goes to zero, we conclude that (B) must have a maximum 
value, as is indeed the case. At the maximum d(B)Jdt — 0, and so, by Eq. (15-85), 
ki( A) = k 2 (B). Insertion of this relationship into Eq. (15-88) gives 


e 


{k. z -k,) fjnax 


h. 

V 


t max 


\n(k 2 /kj) 
k 2 — ki 


(15-90) 


Figure 15-15(a) shows the variation of (A), (B), and (C) with time for the case 
of ki = 0.1 hr -1 and k 2 = 0.3 hr -1 . Note that (B) never exceeds (A); in general, 
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FIG. 15-15. Sequential first-order reactions, (a) The case of transient equilibrium, k 2 > ki . 
(b) The case of no equilibrium, k 2 < k 1 . 

the mathematics of this case does not allow B ever to be the majority species. 
Note also that (C) shows a time lag or induction period before beginning to rise 
rapidly; the inflection point is at ? max of Eq. (15-90). 

Case 2 k x > k 2 . We now write Eq. (15-86) in the form 

(B) = -~~r e“ M (l - e ~ (kl ~ k2>t ). (15-91) 

K i K 2 

The second exponential term goes to zero at times long compared to 1 j(Jc x — k 2 ), 
to give 

(B)um = (A)o e- k >\ (15-92) 

/Ci /C 2 

The previous condition of transient equilibrium is not present—(B) simply disap¬ 
pears according to its own rate constant k 2 . If k 1 ^>k 2 , (A) disappears very quickly, 
leaving only (B), which then reacts at its own slower rate: 

(B)iiin = (A) 0 e- k *. 
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An illustrative set of curves is shown in Fig. 15-15(b) for k x = 0.1 hr -1 as 
before, but now with k 2 = 0.0333 hr -1 . The concentration (B) goes through 
a maximum as before, with r max again given by Eq. (15-90), and for a time B is 
the dominant species. Again, there is an induction period for (C). 

The above represent two important special cases. There is, however, a general 
solution for any scheme of coupled first-order reactions [see Benson (I960)]. 


C. Reversible Second-Order Reactions 


We consider the simple reaction 

*1 

A + B ^ C + D, 
*2 

for which the rate law is 


^ = — Ar x (A)(B) + * 2 (C)(D). 

If a and b denote the initial concentrations of A and B, respectively, and x denotes 
the concentration of products, so that (A) = (a — x) and (B) = (b — x), we have 

— x)(b — x) — k 2 x 2 


(supposing no C or D to be present initially), or 


dx 

oc + fix + yx 2 


= dt, 


(15-93) 


where a = k x ab, = —k x {a + b), and y = k x — k 2 . Equation (15-93) integrates 
to give 


In 7* + Kff ~ g 1/2 ) 
yx + KjS + g 1 ' 2 ) 


q x ' 2 t + S, 


(15-94) 
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where q = \ 3 2 — 4a y and 8 is the constant of integration, determined by setting 
x = 0 and 1 = 0. Equation (15-94) is difficult to use experimentally. A problem 
is that, given some experimental error in the data points and a limited range of t, 
it may be possible to find choices of k 1 and k 2 that appear to fit the results even 
though some other rate law is actually the correct one. We should either choose 
experimental conditions such that the system becomes a reversible first-order 
one (such as by having excess B and D present) or, at least, obtain an independent 
relation between k x and k 2 (such as from the equilibrium constant). Figure 15-16 
illustrates the relatively uninformative shape of an (A)/(A) 0 versus time plot given 
by Eq. (15-94); it is calculated for a = 0.1 M and b = 0.2 M. 


D. Rate Law for Isotopic Exchange 

A type of kinetic approach that has been widely deployed in the study of 
reaction mechanisms is isotopic labeling to follow the exchange of an atom or 
group between two chemical states. An example of an exchange reaction is 


RBr + 80 Br- = R 80 Br + Br-, (15-95) 

where R might be an alkyl group, and radioactive “Br is used as a label. Other 
examples are 

SO, 2 ' + h s 18 o = S0 3 18 0 2 ‘ + H z O, (15-96) 

where oxygen exchange is studied with the use of the stable isotope w O and 

Ni(CN)," + 14 CN" = Ni(CN) 3 ( 14 CN) 8 " + CN~, (15-97) 

“Fe s ++ Fe 2 += 65 Fe 2+ + Fe 3 +, (15-98) 


in which radiocarbon and iron are tracers. 

The normal exchange procedure consists of establishing an equilibrium system 
containing the two chemical species AX and BX, having atom X in common and 
exchange between which is to be studied, and following the rate of appearance of 
labeled BX if the labeling was originally present in AX. That is, the reaction type 
is 

AX* + BX ^ AX + BX*, (15-99) 

where the asterisk denotes the presence of a radioactive atom or an excess of 
some stable isotope of the atom. Samples of the system are taken periodically, 
compounds A and B are physically separated by some procedure (such as precipi¬ 
tation or solvent extraction), and the content of labeled atom in each is determined. 
It is ordinarily assumed that different isotopes of the same atom have essentially 
identical chemistry, which means that at exchange equilibrium the proportion of 
labeled X atoms must be the same in compound AX as in compound BX. 

It turns out that these conditions imply that the kinetics of an exchange reaction 
will always be of the first-order reversible type, regardless of the actual mechanism 
whereby the exchange occurs. The demonstration of this conclusion is as follows. 
Since the system of Eq. (15-99) is at chemical equilibrium—that is, the amounts 
of AX and BX are not changing with time—it follows that Rt , the rate at which 
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chemical species AX forms chemical species BX, is just equal to Rb , the rate of 
the back reaction. We denote the total amounts of AX and of BX by a and b, 
respectively, and the amount of AX* and BX* by x and y, respectively, 

AX* + BX ^ AX + BX*, 
x b a y 

and suppose that x 0 is the initial amount of AX* (and y 0 = 0). Then the rate of 
appearance of BX* must be 

t = R T~ R t- <l5 ' l0 °) 

where R = Ri = Rb ■ That is, the rate of appearance of BX* is the overall chemical 
rate R times the fraction of atoms X in compound AX that are labeled, and the 
rate of back exchange is R times the fraction of atoms X in compound BX that 
are labeled. Since * 0 = x + y, Eq. (15-100) can be written 



Separation of variables and integration gives 

— cy = (constant) e~ ct , where c = (15-101) 

The constant of integration is evaluated from y = 0 at t — 0, and rearrangement 
leads to 

cy = (i _ e ~ ct ). 

a 

However at exchange equilibrium, y„ — xjjj(a + b), so 

Rx o _ R y* _ rv 

a ab/(a + b) Cy °° * 
and the final form of the exchange rate equation is 

1 - - 2 - = e~ ct , (15-102) 

Too 

which is a special case of Eq. (15-5). Thus a plot of ln[l — (y/y®)] versus t should 
give a straight line of slope — c. 

Each exchange experiment provides a value of the exchange rate constant c 
for some particular set of values of a and b. Use of Eq. (15-101) then gives the 
rate R of the chemical reaction responsible for the exchange. The rate law for 
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/, hr 

FIG. 15-17. Exchange of n-C 4 H 8 I(RI) with I'. (/) (RI) = 0.1 M, (I~) = 0.2 M, or (RI) = 0.2 
M, (I') = 0.1 M. (2) (RD = O') = 0.2 M. 


the chemical reaction is then explored by repetition of the exchange study with 
varying concentrations of (AX) and (BX). 

Example. The exchange of n-C 4 H 8 I with I ' was followed at 50°C with the use of radioiodide 
ion as tracer. Samples were withdrawn periodically and the amount of radioactivity associated 
with the butyl iodide determined. The plots of [1 — (y/y*)] versus t for three sets of concentra¬ 
tions are shown in Fig. 15-17. Thus for (RX) = 0.1 Mand (I”) = 0.2 M, the exchange half-life 
isO.588 hr,orc = 1.179 hr' 1 . From Eq. (15-101), we find the rate of reaction/? — 1.179/1(1/0.1) 
+ (1/0.2)] = 0.0786 liter mole' 1 hr ' h The same slope and R value are obtained if (RX) = 0.2 and 
(I") = 0.1. If both concentrations are 0.2 M, then the exchange half-life becomes 0.441 hr, 
which leads to an R value of 0.157. Thus doubling (RX) at constant (I') doubles the rate, in¬ 
dicating the rate law to be first order in (RX), and doubling (RX) while halving (I - ) does not 
change the rate, implying first-order dependence on (I') as well. 

The rate then appears to be given by R = fc(RI)(I'), with k = 0.0786/(0.1)(0.2) = 3.93 liter 
mole' 1 hr' 1 [or k — 0.157/(0.2X0.2) = 3.93 liter mole' 1 hr' 1 ]. The exchange of one halogen 
for another in alkyl iodides is believed to occur by the bimolecular process 

CHRiRjI + X- — CHR^X + I'. 

Exchange studies have, in fact, provided strong confirmatory support for this Walden inversion 
mechanism. 


Some further points are the following. The quantities a and b refer to the 
amounts (or concentrations) of labeled element, so that in a case such as that of 
Eq. (15-97), a = 4[Ni(CN)4~] and b = (CN~). The rate law, or expression for R, 
remains, of course, in terms of the concentrations of the molecular species, 
[Ni(CN)J~] and (CN-). 

It was assumed in the derivation that x a and y <^b, that is, that the amounts 
of labeled elements were small compared to those of the normal ones. This is 
generally true in the case of radioactive labeling but is usually not so if labeling is 
by means of a stable isotope. The writing of Eq. (15-100) is altered, but the final 
result is still Eq. (15-102). 
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15-ST-3 Effect of 

Mechanical Pressure on Reaction Rates 


It is easiest to approach the effect of pressure on reaction rates through the 
formalism of transition-state theory, whereby we can write 


k 


k T 
h 


exp 




RT ) 


or 


In k = In 


k T 
h 


A G ox 
RT ’ 


It follows from Eq. (6-47) that 


/ d(ln k) \ 

\ 8P ) T 


AV ot 
RT ' 


(15-103) 


Strictly speaking, the effect of pressure on activity coefficients is being neglected, 
but this contribution should be small compared to the A V ox term if the system is 
dilute, so that departures from ideality are not large. 

Partial molal volume changes for a reaction are generally small—of the order 
of 20 cm 3 mole -1 , and pressures of thousands of atmospheres are needed to make 
an appreciable change in k. Experiments therefore require special high-pressure 
equipment. Some representative data are given in Fig. 15-18. It appears that 
A V ot values tend to lie between zero and A V°, the value for the overall reaction. 
The results also tend to make qualitative sense in terms of structural considerations. 
If a reaction involves bond breaking, it seems reasonable that AV°* should be 
positive, corresponding to an expanded or loose activated complex structure 
relative to that of the reactants, as in the case of the decomposition of benzoyl 
peroxide (curve 1 in the figure). Conversely, AV 0X should be negative for an 
association reaction since the transition state should now involve incipient bond 
formation and hence a compaction. This case is illustrated by curve 2 in the figure. 
An ionization reaction also tends to give a negative A V ox , presumably as a conse- 



FIG. 15-18. Variation of some rate constants with pressure. Curve 1: rate of decomposition of 
benzoyl peroxide at 70° C. curve 2: rate of dimerization of cyclopentadiene at 50° C (in monomer 
as solvent): curve 3: rate for C 2 H 5 I + C 2 H 6 0 - —> C 2 H 6 OC 2 H 6 + I ~ in ethanol at 25° C. (From 
“The Foundations of Chemical Kinetics ” by S. W. Benson. Copyright 1960, McGraw-Hill, New 
York. Used with permission of McGraw-Hill Book Company.) 
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quence of the electrostatic compaction of solvent around ions; that is, one assumes 
the transition state to correspond to incipient ionization. 

Example. We read from curve 2 of Fig. 15-18 that log (k P jk) at 50°C is about 1.0 at P = 
2000 atm for the dimerization of cyclopentadiene, where k P and k are the rate constants at P 
and at 1 atm, respectively. Log k P is nearly linear in P and we estimate 8(ln k P )/8P to be about 
9 x 10* 4 atm -1 . From Eq. (15-103)dP°* is then —(82)(323)(9 x 10* 4 ) = —24 cm 8 . For com¬ 
parison, AV° for the overall reaction can be estimated to be about —30 cm 8 . 
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EXERCISES 


15-1 The initial rate of the reaction 



is 0.2 % A reacted per minute; at equilibrium 80 % of A is converted to B. Calculate the 
half time of the reaction. 

Ans. 277 min. 


15-2 The dissociation constant of a weak acid HA is 3 x 10* 8 mole liter 1 and the relaxation 
time observed in a temperature-jump experiment using a 2 x 10* 8 M solution is 6.5 nsec. 
Calculate the rate constants for dissociation and association, k t and . 

Ans. 2.98 x lO'sec* 1 , 9.93 x 10 8 liter mole* 1 sec -1 . 


15-3 Consider the reaction CH 3 Br + I* occurring in aqueous solution (see Table 15-1). Assume 
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both species to be 4 A in diameter and that Eq. (10-42) applies. Taking 25°C and the 
solution to be 1 M in each species, calculate (a) the reaction rate, (b) the frequency factor 
A, (c) the encounter rate, (d) the encounter frequency factor A e , (e) the collision frequency 
from collision theory, and (f) the value of K e assuming that JN e ° is zero. 

Ans. (a)R = 6.93 x 10 -4 Msec -1 ,(b) A = 1.68 x 10 10 M -1 sec-'(from Table 15-1), 
(c) Z, = 3.67 x 10»M sec" 1 , (d) A e = 3.67 x 10" M -1 sec’ 1 , 
(e)Z 12 = 1.03 x 10 11 Msec -1 , (f) K, = 0.1 M -1 . 

15-4 Verify (a) Eq. (15-39), (b) Eq. (15-42), (c) Eq. (15-45), and (d) Eq. (15-48). 

15-5 For chloroacetic acid A"a = 1.38 X 10 -8 mole liter -1 . Estimate the rate constant for the 
dissociation of this acid at 25°C. 

Ans. 5.7 x 10 8 sec -1 . 

15-6 The equilibrium constant for the reaction Co(NH 3 ) s (H 2 0) 8+ + Br - = Co(NH,) 6 Br 2 * + 
H 2 0 is 0.37 liter mole -1 and the rate constant for the back reaction is 6.3 X 10 -8 sec -1 
(both values for 25°C). Calculate the rate constant for the forward or anation reaction (a) 
in a low-ionic-strength medium and (b) in 0.1 M NaC10 4 . 

Ans. (a) 2.33 x 10 -8 liter mole -1 sec -1 , (b) 2.5 x 10 -7 liter mole -1 sec -1 . 


PROBLEMS 


15-1 The reaction 

trans- Co(en) 2 (OH) 2 + f' m-Co(en) 2 (OH) 2 + 

k 2 

(en = ethylenediamine) is first order in both directions. At 25°C, k l and k 2 are 3.2 x 
10 8 and 3.7 x 10 - 8 sec -1 , respectively. Find the time for a solution initially 0.001 M in 
the trans complex to reach the composition 0.0008 M trans and 0.0002 M cis. 

15-2 Referring to Problem 15-1, that AH°* is 28 kcal mole -1 in both directions. Calculate 
for the forward and the reverse reactions, and AS 0 and AH 0 for the overall reaction. 

15-3 A mixed ethanol-water solvent is 0.0677 Min formic acid (plus some added HC1 as catalyst) 
and the esterification reaction is followed by periodic titration of 5 cm 8 aliquots by 0.010 m 
base. The following data (for 25°C) are obtained: 

Time (min) 0 50 100 160 290 oo 

Amount of base (cm 8 ) 43.52 40.40 37.75 35.10 31.09 24.29 

Calculate the rate constants k 1 and for the formation and decomposition of the ester 
and the equilibrium constant K. If the rate law is written to include (H + ) (as catalyst), 
what are the values of k x and k_i ? 

15-4 Calculate k x and k 2 for the curve labeled K = 2 of Fig. 15-1. At a different temperature, 
ki is doubled and K increases by 20 %. Calculate the new half-time. 

15-5 The first-order catalyzed decomposition of H 2 0 2 in aqueous solution is followed by 
titration of the undecomposed H 2 0 2 with KMn0 4 solution. By plotting the proper func¬ 
tion, ascertain from the following data the value of the rate constant. 

t (min) 0 5 10 20 30 50 

cm 8 KMn0 4 46.1 37.1 29.8 19.6 12.3 5.0 

per given amount 
of H 2 0 2 solution 

15-6 A solution at 25°C initially contains 0.063 M FeCl 3 and 0.0315 M SnCl 2 . After the elapsed 
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times given, the concentration of the ferrous chloride produced is determined by a titration 
procedure: 


/(min) 1 3 7 17 40 

Fe 2+ (A/) 0.0143 0.0259 0.0361 0.0450 0.0506 

Determine the reaction order and the rate constant. (This one is hard!) 

15-7 Calculate A e at 25°C for the dimerization of cyclopentadiene, assuming that the molecular 
diameter is 4.5 A and that Eq. (10-42) applies. Compare A e with the experimental A factor; 
alternatively, calculate K e . Assume the solvent to be benzene, obtain necessary data from 
a handbook and from Table 15-2. 

15-8 The kinetics of the reaction S 2 0 2- + 2I~ —2SOj“ + I 2 is being studied. A solution was 
made up which was 0.1 M in KI and 0.001 M in K 2 S 2 0 8 , and the concentration of iodine 
was measured at 3 min intervals with the following results: 

/ (min) 0 3 6 9 12 

(I 2 ) (mole liter- 1 ) 0 0.00010 0.00019 0.00027 0.00034 

The rate of the reaction will be some function of the concentrations of the species appearing 
in the overall equations, such as 

d(\)!dt = Ar(S 2 0 2 -)“(I-)‘(S0 1 -)'(I 2 )' i . 

(a) Derive from the data as much information as you can about the values of the ex¬ 
ponents a, b, c, and d. (b) The following mechanism is proposed for the reaction: 

S 2 0 2 - + I- = SOD + SO 2- (rapid equilibrium), 

I- + S0 4 I- 4 I 2 + SO 2 - (slow). 

Show what the values of a, b, c, and d are that would be predicted by this proposed mecha¬ 
nism. Discuss whether the rate data are compatible with the mechanism. 

15-9 The following data are obtained on the kinetics of the Iactonization of hydroxyvaleric 
acid. The overall reaction is 

ch 3 chohch 2 ch 2 cooh -^ch 3 -ch-ch 2 -ch 2 -c=o + h 2 o. 

■—o- 1 



25°C 




50°C 

(H + ) 

= 0.025 M 

(H + ) 

= 0.050 M 

(H + ) 

= 0.025 M 

t 

(min) 

Concentration of 
acid (M) 

/ Concentration of 
(min) acid ( M ) 

t Concentration of 
(min) acid (A/) 

0 

0.080 

0 

0.100 

0 

0.080 

2 

0.0570 

2 

0.0510 

1 

0.0408 

4 

0.0408 

4 

0.0260 

2 

0.0210 

6 

0.0295 

6 

0.0133 

3 

0.0107 

8 

0.0210 






The rate is to be expressed by the equation (/(hydroxyvaleric acid)/c?/ = &(H^“(hydroxy- 
valeric acid) s . Calculate the values of a and b and the value of the rate constant k at 25°C 
and 50°C, and the activation energy. Estimate the entropy of activation. 
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15-10 The aquation reaction Co(NH 3 ) 6 Br 2+ + H 2 0 = Co(NH 3 ) 6 (H 2 0) 3+ + Br _ is followed 
spectrophotometrically at 25°C by monitoring of the optical density of a 0.001 M solution 
at 370 nm. Added Br~ is present, and also other absorbing but inert species, so that the 
measured optical density does not directly give the concentration of the reactant, nor is 
the value at infinite time known. Obtain the aquation rate constant. 

t (min) 0 10 20 30 40 50 

D (at 370 nm) 1.03 0.91 0.81 0.730 0.665 0.615 

Hint: Since equal time intervals are involved, it turns out that (A),/(A) 0 — (A), + ^(A),, oc 
exp (ik At) where (A), is the concentration at the end of the ith time interval and At is the 
time interval. 


15-11 The reaction 2Fe 2+ + 2Hg 2+ = Hg 2+ + 2Fe s+ has been studied by measurement of the 
optical density of the solution at various times. The initial solutions contained only ferrous 
and mercuric ions, and at the wavelength employed the optical density D increased owing 
to the increased absorption of the products. The following two runs are given: Run 1, 
initially (Fe 2+ ) = 0.1, (Hg 2+ ) = 0.1; run 2, initially (Fe 2+ ) = 0.1, (Hg 2+ ) = 0.001. 



Run 1 



Run 2 

t (sec) 

D 

(Hg 2+ )/0.1 

t (sec) 

(Hg 2+ )/0.001 

0 

0.100 

— 

0 

1.000 

1 x 10 5 

0.400 

— 

0.5 x 10 5 

0.585 

2 x 10 5 

0.500 

— 

1.0 x 10 5 

0.348 

3 X 10 5 

0.550 

— 

1.5 x 10 5 

0.205 

00 

0.700 

— 

2.0 X 10 3 

0.122 




00 

0 


(a) Calculate the ratios (Hg 2+ )/0.1 for run 1, that is the fraction of Hg 2+ remaining at the 
various times. 

(b) Show what the order of the reaction is in run 1 and in run 2. 

(c) If the rate equation is written in the form: Rate = k(Fe 2+ ) I ’(Hg 2+ ) s , what are the values 
of p and ql 

(d) Write a possible mechanism which would give this rate law. 


15-12 The reaction CH 3 I + C 2 H 5 0 _ = CH 3 OC 2 H 5 + I - is second order and k varies with 
temperature as follows: 

t(° C) 0 12 18 24 

k (liter mole" 1 sec -1 ) 5.60 x 10 -3 24.4 x 10 -5 48 x 10 -5 100 x 10~ s 

Calculate A , E*, dS° 2 , and AH 0 *. 

15-13 Find the rate law for the reaction 3HN0 2 = H z O + 2NO + H + 4- N0 3 ~ if the actual 
mechanism is the following, where the first two steps rapidly attain equilibrium and 
the third step is slow: 

(1) 2HNO a = NO + N0 2 + H 2 0 

(2) 2N0 2 = N 2 0, 


(3) n 2 o 4 + h 2 o hno 2 + H+ + no 3 -. 
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15-14 A proposed mechanism for the reaction 

2Cr(VI) + 3As(III) = 2Cr(III) + 3As(V) 


is the following: 

Cr(VI) + As(IlI) % Cr(IV) + As(V), 

*-l 

Cr(IV) + Cr(VI) % 2Cr(V), 

*-2 

Cr(V) + As(III) % Cr(III) + As(V). 

*-3 

The observed forward rate law is R = Ar aP p[Cr(VI)][As(III)]. What are possible rate laws 
for the reverse reaction? 


15-15 Cobaltic trioxalate undergoes a thermal decomposition into cobaltous dioxalate and 
carbon dioxide. The following mechanism is assumed; 

Co(Ox) 2 ~ 4= Co(Ox) 2 - + C 2 0, - , 

C 2 Or + Co(Ox) 3 3- —► Co(Ox>2 + 2C0 2 + C 2 C>^“. 

Derive the corresponding rate expression if (a) the first reaction is assumed to be a rapid 
reversible equilibrium, and the second reaction is rate determining, (b) the forward direction 
of the first reaction is rate determining, and (c) a stationary state is assumed. Derive 
likewise the three cases if instead of the second reaction, the assumed reaction is 

2Cp~ 2CO z + C 2 0, 2 -. 


15-16 Find the constants b and a of the Bronsted relation given the following data for the general 
base-catalyzed reaction of nitramide, H 2 NNO a —► H 2 0 + N 2 0: 


Base 

Pyridine 

Acetate ion 

Formate ion 

Dichloracetate ion 

k (liter mole -1 min -1 ) 

4.6 

0.50 

0.082 

7 x 10 -4 

Kx, 

2.3 x 10 -8 

5.5 x 10 -10 

4.8 x 10 -11 

2.0 x 10 -1S 


Estimate k in water (K w must be in liter mole -1 for consistency). 


15-17 The exchange reaction 

*Ce 4+ + Ce 3+ = *Ce ,+ + Ce 4+ 


isasimpleone, withdS 0 * = —40calK -1 mole" 1 anddFf ot = 7.7 kcal mole" 1 . Calculate 
k at (a) 25°C, at negligible ionic strength, (b) 25°C and / = 0.1, and'(c) 35°C and / = 0.1. 
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SPECIAL TOPICS PROBLEMS 


15-1 Show that the equations 

v = V — K m (vIS) and (£)/» = KJV+ ( S)l V 

are alternative linear forms for the Michaelis-Menten mechanism. V is the maximum 
rate of product formation. 

15-2 Estimate K M for the two systems shown in Fig. 15-12(b) (for the cases with no CO 
inhibitor present). 

15-3 The data of Fig. 15-12(b) show inhibition by CO. Suppose the inhibition merely modifies 
the Michaelis-Menten mechanism by tying up enzyme through the additional equilib¬ 
rium E+I^I'E, K z = (E)(I)/(I-E). Derive the corresponding modification to 
Eq. (15-79) assuming that both the inhibition equilibrium and that of Eq. (15-75) are 
rapid. Estimate K z for the two systems of Fig. 15-12(b). 

15-4 A type of enzyme mechanism is the following: 

E + S ES, 

ES + S ^ ES 2 , 

ES products + E. 

The first two equilibria are rapid; only ES reacts to give products, regenerating E. If 
(S) J>> (E) and the total concentration of S is varied at constant (E), find an expression 
for (S) when the rate of decomposition is at a maximum. 

15-5 A series of solutions is made up which have the same concentration of the enzyme saccha- 
rase (E) but different initial concentrations of substrate saccharose (S). The enzyme E 
is present in some small (unknown) concentration and catalyzes the hydrolysis of the 
saccharose, and the rate is measured from the change in optical rotation of the solutions. 
With increasing (S) the rate reaches a maximum R «,; it is half of this value when (S) is 
1.1% by weight. Assuming the Michaelis-Menten mechanism, calculate as much infor¬ 
mation as you can about k it k-i, and k 2 . 

15-6 Referring to the reaction scheme of Eq. (15-82), suppose that Ar x = 0.01 min -1 , k_ x = 
2 x 10 -4 min -1 , k 3 = 1 X 10 -7 min -1 , fc_ 3 = 5 X 10 -7 min -1 , and k 2 and /t_ 2 are very 
small. Calculate the composition of a system consisting initially of A only after 10 min, 
100 min, 10 3 min, 10 5 min, and 10 7 min. Also, find the ratio k 2 ik_ 2 . 

15-7 A sequential reaction, such as given by Eq. (15-84) is being studied. It is found that (B) 
reaches a maximum at 200 min and eventually disappears with a half time of 345 min, 
which is also the half-life with which (A) decreases with time. Calculate k 2 and k 2 and plot 
(A)/(A)„ and (B)/(A)„ as a function of time up to 1000 min. 

15-8 Calculate k x , k 2 , and K from the plot of Fig. 15-16. 

15-9 The treatment for the sequence of Eq. (15-84) yields an indeterminate result if k 2 = k 2 . 
Redo the derivation so as to obtain (B) and (C) as functions of time. 

*i 

15-10 Find the integrated expression for (C) as a function of time for the case A + B ^ C. 

*s 

15-11 A study of the kinetics of the exchange of radiocyanide ion with the hexacyanomanganate 
(III) ion, Mn(CN) 3- , gave the following values for the slope c of the exchange plot. 
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Concentration ( M ) 


CN- 

Mn(CN)J- 

pH 

c (min -1 ) 

mm 

0.0199 

10 

1.31 x lO" 2 


0.0102 

10 

0.883 x lO -2 

0.104 

0.0199 

10 

0.943 x 10 -2 

0.0596 

0.0199 

9 

1.33 x 10" 2 


Determine the form of the kinetic equation for the reaction leading to exchange and 
calculate the rate constant. On the basis of these results suggest a possible mechanism for 
the exchange. 

15-12 The rate of exchange between I 2 * and I0 3 - is studied with 0.00050 M I 2 and 0.00100 M 
HI0 3 . The radioactivity of the I0 3 “ at various subsequent times is given (corrected for 
radioactive decay). The total radioactivity of the system (or that initially present as I 2 ) 
is 1650. 

/(hr) 19.1 47.3 92.8 169.2 co 

Radioactivity of I0 3 ~ 107 246 438 610 819 

Calculate c of Eq. (15-101) and the rate R of the exchange reaction. 

15-13 The rate constant for the exchange reaction 

Cr(H 2 0)i + + H 2 18 0 —► Cr(H s O) s (H 2 18 0) 8 + + H 2 0 

is 5.00 x 10~ 6 M -1 sec -1 at 25°C and 1 atm pressure, and AF°* is —9.3 cm 8 mole' 1 . 
Calculate the rate constant for 2 kbar pressure. 







CHAPTER SIXTEEN 


WAVE MECHANICS 


16-1 Introduction 

The chapter on wave mechanics is probably subject to more variation in style 
and content than any other in a textbook of physical chemistry. Wave mechanics 
is of central importance to the physical chemist: Many of its results are of great 
utility, as in statistical thermodynamics, chemical bonding, and molecular spectro¬ 
scopy. It is also the most nearly correct theory of mechanics that we have and its 
very language has permeated chemistry. On the other hand, it is difficult to present. 
Wave mechanics is virtually unique in the history of scientific theories in that it 
introduces a mathematical rather than a physical model of nature—and its 
mathematics becomes so fiercely complicated for systems of chemical interest 
that its practice has developed into the very specialized field of discovering and 
evaluating various approximation methods. 

It is true, however, that the wave equation can be solved exactly for certain 
simple or model cases: A particle confined to a box or potential well, the hydrogen 
atom, and the harmonic oscillator are important illustrations. Most of the approxi¬ 
mation methods use combinations or modifications of the exact solutions for 
such cases, and the procedure in this chapter will be to describe some of these 
exact solutions in sufficient detail that the rationale of the more advanced 
approaches can be appreciated. Moreover, most of the language and qualitative 
thinking in wave mechanics draws on the results for the simple situations. This will 
be true in Chapter 17 on chemical bonding and again in Chapter 19, on molecular 
spectroscopy. 

The detailed treatment of the important model situations is thus both highly 
utilitarian and within the spirit of a course in physical chemistry. It might be 
thought, from all this, that the older quantum chemistry, as exemplified by the 
Bohr model, would be useless. However, the Bohr theory does give rough 
descriptions of the quantum states of an atom and also provides some of the 
terminology of modern spectroscopy. Spectroscopy, as part of the physical 
chemistry of electronic excited states, is taken up in Chapter 19. For the moment, 
we shall content ourselves with a brief review of Bohr’s picture for the hydrogen 
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atom. Also, although the origins of quantum theory lie in the development of the 
quantum treatment of blackbody radiation by Max Planck (around 1900), that 
subject itself is not ordinarily of great utility to the physical chemist and its outline 
is placed in a Special Topics section. It is of importance, however, to note here 
that Planck proposed and successfully defended the hypothesis that molecular 
oscillators can only have frequencies that are integral multiples of a fundamental, 
and that the energy of the oscillator is given by 

e = hv , 2 hv, 3 hv,..., (16-1) 

where v is the fundamental frequency and h is a proportionality constant, now 
called Planck’s constant. In the cgs system, h — 6.6256 X 10“ 27 erg sec. Planck’s 
ideas marked the beginning of quantum theory. 

Einstein added a vital complement to Planck’s hypothesis in explaining how it 
was that in the photoelectric effect the energy of electrons ejected from a metal 
by incident light had a definite energy which was independent of the energy flux 
of the light. Einstein (1905) proposed that light comes in units of energy, or 
quanta, of value given by the following equation, with v now the frequency of the 
light radiation: 

e = hv. (16-2) 

Each quantum ejects one electron and since the energy of the quantum is definite, 
so also is the energy of the electron. Increasing the flux of incident light merely 
increases the number of photoelectrons, their energy being determined by the 
wavelength or the frequency of the radiation. Wavelength and frequency are 
related, of course, by the equation 

Av = c, (16-3) 

where A is the wavelength and c the velocity of light (3.00 x 10 10 cm sec' 1 in 
vacuum). Later, in the period 1908-1912, Einstein extended his law to photo¬ 
chemistry, saying that the absorption of each quantum of light results in the 
activation or excitation of a molecule by an energy corresponding to that of the 
quantum. This law of photochemical equivalence is honored by the unit called the 
einstein ; an einstein is one mole of light quanta. 

Equation (16-2) is sometimes called the Planck-Einstein equation, in reflection 
of its general implications. An oscillation of frequency v, associated with atomic 
oscillators, electrons, or electromagnetic radiation, has energy hv. Absorption of 
a quantum of light changes the energy of an atom or molecule by hv, and, con¬ 
versely, if an atom or molecule changes energy by an amount Ae and thereby 
radiates light, that light will be of frequency given by 

Ae = hv. (16-4) 

The origins of wave mechanics trace back to Einstein’s special theory of rela¬ 
tivity, which led him to conclude that mass m and energy e are interconvertible, 

e = me 2 . (16-5) 

One of the important implications of Eq. (16-5) was perceived by L. de Broglie in 1923 
as he puzzled over the fact that electromagnetic radiation sometimes appears to 
behave as particles or quanta, as, for example, illustrated by the law of photo¬ 
chemical equivalence, and yet also appears to behave as waves, as in diffraction 
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effects. Equation (16-5) provided a connection between these two aspects; if a 
light quantum has energy hv, then it must have mass, given by me 2 = hv, and 
momentum p. 



The intuitional leap made by de Broglie was to see that if radiation could have 
this duality, so might particles as well. Equation (16-6) provided the connecting 
link. Although light must always have velocity c (in vacuum, at least), a particle 
may have some arbitrary velocity v. The generalization of Eq. (16-6) to both 
radiation and particles is 

P = \, (16-7) 

where, for a particle, p — mv. Dramatic verifications of de Broglie’s equation 
(16-7) followed. It was found, for example, that electrons show diffraction effects 
and therefore a wave nature, and today, even neutrons are used in the study of 
crystal structures by diffraction, their wavelengths being determined by their 
velocities through Eq. (16-7). Many qualitative features of the wave mechanical 
theory that followed are derivable just from de Broglie’s equation. 

The remaining principle that completes the foundations of wave mechanics 
was formulated by Heisenberg (1927). It is called the uncertainty principle or, 
sometimes, the principle of indeterminacy. The principle states that neither the 
position nor the momentum of a particle (or of a light quantum) can be determined 
with unlimited accuracy, and that if the two quantities are determined simul¬ 
taneously, the minimum uncertainty in each is such that 

Ap Ax ^ ^ ’ 06-8) 

Equation (16-8) refers to the ultimate obtainable accuracy; any actual experiments 
will, of course, probably be far less accurate. We consider here only the currently 
conventional interpretation. See Commentary and Notes, however, for more 
discussion; there is an important alternative viewpoint as to what is meant by the 
uncertainty principle. 

The uncertainty principle may be stated in alternative ways, since there are 
other pairs of quantities which determine the state of a particle and whose product 
has the dimensions of h. The product of the minimum uncertainty in each will 
then be equal to For example, a very useful alternative form states that 

(16-9) 

where At is the uncertainty in the time at which a measurement of energy is made. 
Equation (16-9) can be applied to a fluorescing excited state (see Section 19-4). 
Quite apart from instrument error, there is always some finite range of frequencies 
or linewidth for the fluorescent emission of light, which makes the energy of the 
emitting excited state somewhat uncertain. The rate constant for fluorescent 
emission gives the average lifetime of the state [see Eq. (14-13)] and this lifetime 
is a measure of the uncertainty as to just how long a particular excited molecule 
has lived before emitting. The product of these two uncertainties is h. 

The Planck-Einstein, de Broglie, and Heisenberg principles largely demolished 
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the philosophy of the classical physics of mechanics (Newton’s laws), optics, and 
electricity and magnetism. Neither energy nor momentum were any longer 
infinitely divisible; the state of a particle could no longer be described exactly, 
but only in terms of probabilities. It is important to remember, however, that it 
is the philosophy and not the laws of classical physics that are affected. The laws, 
being phenomenological, remain as useful as ever in the macroscopic world 
although we now regard them as approximations or as limiting forms derivable 
from the more exact theory of wave mechanics. 

It is appropriate that we conclude this introduction with a review of perhaps 
the most dramatic early success of quantum theory, namely the model proposed 
by Bohr in 1913 for an atom—at first applied to the hydrogen atom, but almost 
immediately generalized to other atoms, especially those of the alkali metals. 
One of the mysteries of his day was the emission spectrum of hot hydrogen atoms, 
consisting of groups of sharp lines when registered on the photographic plate of 
a spectrograph. By contrast, a hot object or blackbody merely emits a broad, 
continuous spectrum of radiation. Groups of hydrogen lines were found, first in 
the visible (the Balmer series), then in the ultraviolet by T. Lyman, and then in 
the infrared, by F. Paschen and others. W. Ritz found, in 1908, geometric regu¬ 
larities in each series which we nowadays summarize by the equation 




(16-10) 


where v is the reciprocal of the wavelength of the emitted light corresponding 
to a particular line and is called the wavenumber and n ± and n 2 are integers. The 
Balmer series is accurately given by « 2 = 2 and n x = 3,4, 5,... ; the Lyman series, 
by n a = 1 and n x — 2, 3, 4,... ; and the Paschen series by n 2 — 3 and = 4, 5, 6,... . 
The same constant St applies to all the series, and is called the Rydberg constant. 
The modern value for 0t is 109,677.581 cm -1 . 

Bohr had available in 1913 this very precise, very regular, and as yet mysterious 
spectral data, although by 1912 J. Nicholson and N. Bjerrum had arrived at the 
point of explaining line spectra as due to transitions between atomic or molecular 
states of definite energies with the frequencies of the emitted light governed by the 
Planck-Einstein principle, or Eq. (16-4). Bohr was the first, however, to assemble 
a quantitative model. He made use of the nuclear model for the atom arrived 
at by E. Rutherford from the then rather new phenomenon of natural radio¬ 
activity and from observations on the way in which alpha particles are scattered 
by matter (see Section 21-4). According to Rutherford, the mass of an atom 
was concentrated in a small nucleus of charge Z surrounded by electrons at a 
much greater distance. Bohr also retained the classical Coulomb law and the laws 
of mechanics but added the quantum principle of discrete, rather than continuous, 
energy states and the ideas of Planck and Einstein. 

He then proposed the very specific picture of a hydrogen atom as consisting 
of an electron orbiting around a nucleus of equal and opposite charge. To make 
his model work, however, he had to postulate that it was not the energy of the 
electron that was quantized, that is, varied in simple steps, but rather its angular 
momentum. By classical mechanics, the angular momentum of an orbiting electron 
is given by mvr, where m is the mass of the electron and r is the radius of its circular 
orbit. Bohr’s postulate was that mvr can only have simple multiples of some 
minimum value, the necessary specific assumption being that 


mvr = 


nh_ 

2tt 


(16-11) 
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where n is an integer having the values 1, 2, 3,... . We call n the principal quantum 
number. 

By classical mechanics and electrostatics, the centrifugal force on the electron 
mv 2 /r must be balanced by the Coulomb force of attraction to the nucleus Ze 2 /r 2 , 
where e is the charge on the electron and Z is the positive charge on the nucleus 
expressed in units of e. On balancing these two forces, one obtains 


^ Ze 2 
T ~ mv 2 ’ 


(16-12) 


or, in combination with Eq. (16-11) so as to eliminate v. 


n 2 h 2 

4ir 2 me 2 Z ' 


(16-13) 


For the lowest quantum state n = 1, and for the hydrogen atom Z = 1, so the 
corresponding radius, given the special symbol a 0 , is 


h 2 

'° 4ttW 2 ‘ 


(16-14) 


The total energy of an electron in its orbit is the sum of its kinetic energy \mv 2 
and its potential energy —Ze 2 /r, and with the use of Eq. (16-12) to eliminate mv 2 , 
the result is 


£ = \mv 2 — 


Ze 2 


Ze 2 
2 r ‘ 


(16-15) 


The negative sign of £ reflects the fact that it takes energy to remove the electron 
an infinite distance away from the nucleus. One next eliminates r by means of 
Eq. (16-13) to obtain 


2ir 2 me i Z 2 1 
h 2 n 2 


(16-16) 


for the energies of successive quantum states. 

The emission spectrum of an atom was then explained as due to the transition 
from one energy state £* to a lower one £,, the emitted radiation being of frequency 
given by Eq. (16-4): 


Ei — Ej = hv — 


2ir 2 me i Z 2 i 1 
h 2 l m , 2 



It is customary for spectroscopists to deal with wave numbers, and from Eq. (16-3) 
the wavenumber of the emitted light is 


2t r 2 me*Z 2 /J_1_\ 

h z c l «j 2 n*)' 


(16-17) 


Equation (16-17) predicts that for the hydrogen atom, with Z = 1, the value of 
the Rydberg constant should be given by 2ir 2 me i /h s c, which comes out to be 
109,737 cm -1 . It was a major triumph for Bohr not only to have arrived at the 
form of Eq. (16-10), but also to have produced so accurate a value for 3/1 from a 
simple model. 


As an incidental point, the system (electron plus nucleus) really revolves around its center of 
gravity rather than the center of the nucleus. If this is taken into account, then y, the reduced 
mass, replaces m in the preceding equations, where y is given by mm A j(m + m A ), /n A being the 
mass of the nucleus. The correction is small; for example, the atomic weight of the electron is 



660 CHAPTER 16: WAVE MECHANICS 


0.00055, or about 1/2000 of that of the nucleus of the hydrogen atom, so /i = 0.9995m. The 
correct value of is therefore actually 109,678 cm -1 . 

A pleasing relationship is found if one combines Eqs. (16-7) and (16-11) so as 
to eliminate the momentum mv. The result is 

2 irr = nk. (16-18) 

That is, a Bohr orbit has a circumference which is an integral number of de Broglie 
wavelengths. The picture of the electron is thus one of a standing or stationary 
wave. One achievement of the Schrodinger wave equation, discussed in this 
chapter, is to give the amplitude of such a standing wave at every point in space 
and as a function of time. 


16-2 Energy Units 


We pause to review at this point some of the characteristic units of atomistics 
and spectroscopy as well as certain simple but instructive relationships among 
the various quantities described in the Section 16-1. Coulomb’s law is the only 
classical law of electricity that we will need in this and succeeding chapters, and 
it is therefore easy and rather natural to use the esu system. The increasing appear¬ 
ance of SI units (see Section 3-CN-l) makes it desirable, however, for us to illustrate 
the application of this system as well. 

There is actually a considerable variety of energy units in use. The fundamental 
unit is, of course, the erg in the cgs system, and the joule in the SI system. How¬ 
ever, since charged particles are often accelerated experimentally by an electric 
field, it is convenient,to take as a unit the energy necessary to transport 1 electronic 
charge across a potential difference of 1 V. The charge on the electron is 1.6021 X 
10 -19 C (coulomb), and from the definition of the volt, the required energy is 
just 1.6021 X 10 -19 J (joule). Thus 

1 electron-volt or 1 eV ~ 1.6021 X 10 -19 J. 


The energy acquired by a particle carrying Z units of electronic charge falling 
through a potential difference of V volts is then 1.6021 X 10 ~ 19 ZV. Chemists 
often prefer to consider 1 mole of electrons and to express the result in calorie 
units: 


, „ (1.6021 x 10 -19 )(6.0225 x 10 23 ) 

1 eV ~-4T8400- 


23,061 cal mole 1 . 


The spectroscopist is interested in energies associated with light quanta. Although 
the energy of a light quantum is given by Eq. (16-2), the practice has been to use 
wavenumbers rather than frequency, and the energy per wavenumber is 

1 cm- 1 ~ he = (6.6256 X 10 -27 )(2.99793 x 10 10 ) 

~ 1.9863 X 10 -1 « erg = 1.9863 X 10 -23 J. 

Alternatively, 

1000 cm- 1 ~0.12398 eV ~ 2.8591 kcalmole -1 . 

The unit of 1 wavenumber is sometimes called a kayser; 1000 cm -1 is then a 
kilokayser or 1 kK. 
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Finally, it is sometimes convenient to express atomic energy states in units 
of the potential energy of an electron in the first Bohr orbit, called the atomic unit 
(of energy) or a.u. The radius of the first Bohr orbit is given by Eq. (16-14), and 
insertion of numerical values for the constants gives 

a 0 = 0.52917 A. 


The potential energy of the electron is then e 2 /a 0 , with e in esu units, or 
(4.8030 X 10 _10 ) 2 /0.52917 X 10" 8 , so we have 

1 a.u. ~ 4.359 x 10" 11 erg = 4.359 X 10' 18 J. 


Alternatively, 


1 a.u. ~ 27.21 eV. 


Alternative units are the hartree and the rydberg; 1 hartree = 1 a.u. and 
1 rydberg = i a.u. Various equations may be considerably simplified if expressed 
in terms of atomic units. Thus Eq. (16-15) becomes 


Z 2 
2 n 2 ‘ 


(16-19) 


Interconversions between the various energy units may be summarized as 
follows: 

1 eV = 1.6021 x 10~ 19 J = 1.6021 x 10~ 12 erg = 8.066 kK 
= 0.03675 a.u. = 23.061 kcalmole -1 . 


In the SI system, Coulomb’s law is given by Eq. (3-36), so that the potential 
energy of an electron in the first Bohr orbit of hydrogen is e 2 /47re 0 a 0 . The permitti¬ 
vity of vacuum, e 0 , is 10 7 /4 ttc 2 or 8.854 X 10” 12 A 2 sec 4 kg -1 mr 3 ; e is now in 
coulombs, of course, and a 0 in meters. The relationship between eV and a.u. remains 
the same, but a 0 is now 5.2917 X 10 -11 m or 0.052917 nm. 


16-3 Hydrogen and Hydrogen-Like Atoms 

The energy states of a hydrogen atom are summarized diagrammatically in 
Fig. 16-1; the three scales allow conversion from one energy unit to another. 
The energies are given by Eq. (16-16) or Eq. (16-19) and the energy change accom¬ 
panying a transition between two states is given by Eq. (16-10) or Eq. (16-17). 
Several of the series observed in spectroscopy are indicated in the figure. Notice 
that the states become more and more closely spaced as n approaches infinity. 
An electron of energy greater than that corresponding to n = oo is free or is said 
to be dissociated. Thus the energy to dissociate an electron is 13.6 eV (or 
109,727 cm -1 or 300 kcal mole -1 ) if the initial state is the n = 1 or ground state. 
Alternatively, this energy is called the ionization energy or the ionization potential. 

Equations (16-16) and (16-19) apply to one-electron atoms other than the 
hydrogen atom if the appropriate value of Z is used. Thus for He + the ground 
state is still that with n = 1, but the ionization energy is given by Eq. (16-19) 
with Z = 2; this energy is thus 2 2 times that for a hydrogen atom, or is 2 a.u. 
(54.4 eV). The ionization energy for Li 2+ is 3 2 times that for a hydrogen atom, or 
4.5 a.u. 

The same equations may be applied to multielectron atoms if it is recognized 
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FIG. 16-1. The hydrogen atom spectrum (and energy conversion scale). 


that the inner electrons partially shield the outer ones from the full nuclear charge. 
As a consequence, the ionization energy of an outer electron can be regarded as 
corresponding to the presence of an effective nuclear charge (or atomic number) 
Z e tr ■ Although modern wave mechanics allows calculation of Z e rr, it is often 
treated as a semiempirical parameter. For example, in the case of He the ioniza¬ 
tion energy of the first electron is only 0.92 a.u. so that by Eq. (16-19), 
Zett = [(0.92)(2)] 1 / 2 = 1.36 (instead of 2). Before considering atoms beyond He 
it is necessary to review the additional quantum numbers that are involved. 

The rules for placing further electrons around a nucleus developed as the Bohr 
theory was applied to atoms other than hydrogen. First, it was necessary to allow 
elliptical as well as circular orbits, whose angular momenta were quantized. The 
wave mechanical treatment (see Section 16-7) leads naturally to this second 
quantum number t, called the azimuthal or angular quantum number, and further 
specifies that for a given n, t can have the values 0, 1,..., n — 1. As a consequence 
of early descriptive assignments by spectroscopists, these / states are often 
designated s (sharp), p (principal), d (diffuse), and f (fundamental), referring to 
t = 0,1, 2, and 3, respectively (beyond this, the lettering is alphabetical: s, p, d, 
f> g> h, b j> •••)* 

Second, the observation of splitting of spectral lines in a magnetic field (called 
the Zeeman effect) led to another quantum number m, called the magnetic quantum 
number, which gives the possible projections of the orbital angular momentum 
in the direction of the field. Again, the magnetic quantum number appears natu¬ 
rally in the wave mechanical treatment, which specifies that m can have the integral 
values —€, —{£ — 1), ..., 0,..., / — 1, and t, or a total of 2/ + 1 values in all. 
Finally, the discovery of electron spin led to the introduction of a fourth quantum 
number, the spin quantum number o, whose value can be \ or the angular 
momentum of the spinning electron being o{hj2Tr). 
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The first few possible combinations of these four quantum numbers are as 
follows: 



0 (s) 

Ml = 0 

d — i 


0 (s) 

Ml = 0 

<* = h ~i 

t = 

1(P) 

Ml = -1 

4 — h ~i 



Ml = 0 

6 = — i 



Ml = 1 


{ = 

0 (s) 

Ml = 0 

1 

II 

/ = 

1(P) 

Ml = -1 

d — i 



mi — 0 

d — i 



mi = 1 

« = i ~i 

/ = 

2(d) 

mi = — 2 

O = h -i 



m = —1 

o = h-i 



^ = 0 

o = \,-\ 



Ml = 1 

6 — h ~ i 



mi = 2 

= h 


Experimental spectroscopy led Pauli (1925) to conclude that no two electrons 
may have the same four quantum numbers. By this Pauli exclusion principle 
only 2 electrons can be in the n = 1 state, 8 in the n = 2 state, 18 in the n = 3 state, 


TABLE 16-1. Ionization Energies 


Element 

Z 

Outer electron 
configuration 

Ionization energy / for successive electrons (a.u.) 


h 

h 

I, 

h 

h 

U 

h 

h 

H 

1 

Is 

0.50 

— 

— 

— 

— 

— 

— 

— 

He 

2 

Is 2 

0.90 

2.00 

— 

— 

— 

— 

— 

— 

Li 

3 

ls 2 2s 

0.20 

2.78 

4.5 

— 

— 

— 

— 

— 

Be 

4 

...2s 2 

0.35 

0.67 

5.65 

8.0 

— 

— 

— 

— 

B 

5 

...2s 2 2p 

0.31 

0.93 

1.4 

9.53 

12.5 

— 

— 

— 

C 

6 

...2s 2 2p 2 

0.42 

0.90 

1.76 

2.37 

14.4 

17.9 

— 

— 

N 

7 

...2s 2 2p 3 

0.53 

1.09 

1.74 

2.84 

3.60 

18.6 

24.4 

— 

O 

8 

...2s 2 2p 4 

0.50 

1.29 

2.02 

2.84 

4.18 

5.06 

27.0 

32 

F 

9 

...2s 2 2p 5 

0.64 

1.29 

2.30 

3.20 

4.20 

5.75 

6.8 

35 

Ne 

10 

...2s 2 2p 6 

0.79 

1.51 

— 

— 

— 

— 

— 

— 

Na 

11 

...2s 2 2p 8 3s 

0.19 

1.74 

2.62 

— 

— 

— 

— 

— 

Mg 

12 

...3s 2 

0.28 

0.55 

2.95 

— 

— 

__ 

— 

— 

A1 

13 

...3s 2 3p 

0.22 

0.69 

1.05 

4.41 

— 

— 

— 

— 

Si 

14 

...3s 2 3p 2 

0.30 

0.60 

1.23 

1.66 

6.12 

— 

— 

— 

P 

15 

...3s 2 3p a 

0.41 

0.73 

1.11 

1.89 

2.39 

— 

— 

— 

S 

16 

...3s 2 3p 4 

0.38 

0.86 

1.29 

1.74 

2.66 

3.22 

— 

— 

Cl 

17 

...3s 2 3p 5 

0.48 

0.88 

1.47 

2.00 

2.50 

3.56 

4.18 

— 

Ar 

18 

...3s 2 3p 6 

0.58 

1.02 

1.51 

2.20 

— 

— 

— 

— 

K 

19 

...3s 2 3p 6 4s 

0.16 

1.17 

1.75 

— 

— 

— 

— 

— 

Ca 

20 

...4s 2 

0.23 

0.44 

1.88 

— 

— 

— 

— 

— 

Sc 

21 

...4s 2 3d 

0.24 

0.48 

0.91 

2.72 

— 

— 

— 

— 

Ti 

22 

...4s 2 3d 2 

0.25 

0.50 

1.04 

1.59 

3.67 

— 

— 

— 

V 

23 

...4s 2 3d 3 

0.25 

0.52 

1.09 

1.79 

2.35 

4.88 

— 

— 

Cr 

24 

...4s3d 5 

0.25 

0.61 

— 

— 

— 

— 

- 

— 

Mn 

25 

...4s 2 3d s 

0.28 

0.58 

— 

— 

— 

— 

— 

— 
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and so on, For example, the ground- or lowest-energy state of Li has the electron 
configuration ls 2 2s, the first number denoting the principal quantum number and 
the superscript the number of electrons of the indicated i value. Table 16-1 lists 
the outer electron configurations for a number of elements, along with their 
energies for the ionization of successive electrons. 

We can now proceed with some further examples of Z e ff calculations. The first 
ionization energy for Li is 0.20 a.u., and since n — 2 for this electron, Eq. (16-19) 
gives Zeff = [(0.20)(2)(2) 2 ] 1/2 = 1.26. For Na the outer electron is 3s and its 
ionization energy is 0.19 a.u., giving Z e tt = 1-85 as compared to the actual Z = 11. 
It requires 1.75 a.u. to remove a second 2p electron, however, and now 
Zeff = [(1.75)(2)(2) 2 ] 1/2 = 3.7. Thus the electrons in the n = 2 shell of Na are 
exposed to about one-third the full nuclear charge. The difference between Z and 
Zeff is called the screening constant s. This constant is 7.3 for Na + and 9.15 for 
Na, for example. 


16-4 The Schrodinger Wave Equation 

The Bohr model encountered increasing difficulties as attempts were made to 
apply it to atoms other than hydrogen; furthermore, it failed to account for the 
de Broglie principle that particles behave as though they had characteristic wave¬ 
lengths. The de Broglie hypothesis was quantitatively confirmed by the second 
half of the 1920’s through experiments, such as those of C. Davisson and L. Germer 
and G. Thomson, that showed that electrons produce x-ray-like diffraction 
patterns on striking a gold foil. The hypothesis is also consistent with the 
Heisenberg uncertainty principle that the position of a particle cannot be stated 
exactly but only as a probability. A new model was needed that would unite all 
the aspects of the behavior of atoms and electrons; this was provided in 1926 by 
E. Schrodinger and W. Heisenberg, somewhat independently. 

Schrodinger used the mathematical framework that had been developed for 
periodic motions such as those of waves. For a plane wave of electromagnetic 
radiation, the classical equation is of the form 

V = A exp[27r/(y - */)], (16-20) 

where W is the amplitude of the wave at point x and time t, A is its wavelength 
and v is its frequency; the constant A determines the maximum amplitude. Equa¬ 
tions of the form of Eq. (16-20) will appear frequently in the following material 
and an important identity to keep in mind is 

e ±ix _ cos x _j_ j s j n ^ ( 16 - 21 ) 

(as one can verify by writing out the respective series expansions). Equation (16-20) 
may be written as 

= A |cos j^277^ — v/jj + / sin j^277-|-^ — v/)]j. (16-22) 

The intensity of a wave is given by the square of its amplitude, and if the latter is 
complex, by WW*, where W* is the complex conjugate of W, in this case 
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FIG. 16-2. The amplitude of a wave, (a) As a function of distance at a given time and (6) as a 
function of time at a given position. 


A exp[— 2tti(x/A — vt)]. By using Eq. (16-22), we can see that the intensity for 
a plane wave is just A 2 . Also, by using the real part of Eq. (16-22), we can plot 
amplitude as a function of x and t; this is just a cosine function oscillating between 
A and —A, with a wavelength A if plotted against x with t constant, or of frequency 
v if plotted against time with x constant. Figure 16-2 shows such plots. 

Equation (16-20) is a solution to the second-order partial differential equation 


d 2X ¥ / 1 \ 8 2 W 
~dx 2 _ It) 2 / ~8t r ’ 


(16-23) 


where v is the velocity Av of the wave, as one can verify by carrying out the differen¬ 
tiations. One may then put the corpuscular nature of light quanta into Eq. (16-23) 
by replacing A by h/p [Eq. (16-7)] and v by ejh [Eq. (16-2)], whence Av = e/p: 


d 2 W _ p 2 d 2 '¥ 
dx 2 e 2 dt 2 


(16-24) 


The next step is to restrict the situation to standing waves, that is, waves whose 
amplitude at a given x is not a function of time. This is done by writing Eq. (16-20) 
as 


W = tf)e~ 2 ” ivt 


if, = Ae 2vix l k . 


(16-25) 
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One then deals only with the ip function, for which the differential equation is 


d 2 ip 4 ttY , 


(16-26) 


(obtained by differentiating </> = Ae 2 ” ix i* twice and replacing A by hip). 

Schrodinger modified equations of this type to apply to a particle. The kinetic 
energy of a particle is \mv 2 , or p 2 /2m, and kinetic energy can be regarded as the 
total energy E minus the potential energy V. On substituting p 2 = 2 m(E — V) 
into Eq. (16-26), one obtains 

g + ,*_0 

or 

-jki& +y +- E +- < l6 - 27 > 


Equation (16-27) is the Schrodinger wave equation in one dimension for a particle 
which is present as a standing wave. By hypothesis, the energy of the particle is 
given by E, and the probability of finding it between x and x + dx is given by 
<p*<p dx. Generalization to three dimensions gives 


h 2 / d 2 ^ 
%Tr 2 m l dx 2 




(16-28) 


If qne does not wish to specify a particular coordinate system (such as the Cartesian 
one used here), one writes the equation in the form 


h 2 

87 r 2 m 


V 2 P + V<P = Eif>, 


(16-29) 


where V 2 is known as the Laplace operator, del squared. It is then necessary to 
derive the detailed expression for V 2 for each new coordinate system, as, for 
example, the polar one that is used in Section 16-7. A yet more concise form is 

H>p = Eip, (16-30) 

where H stands for the operations on <p called for by the left-hand side of 
Eq. (16-29). This is known as the Hamiltonian operator (of wave mechanics), so 
named by analogy with a similar function that appears in the classical equations 
of motion. 

Schrodinger pursued the analogy to classical wave equations further by postu¬ 
lating the more general equation 


h 2 

&7T 2 m 


V 2 W + VW = 


_h_dW_ 
2m 8t ’ 


(16-31) 


where W is a function of both position and time. As was done with Eq. (16-25), 
we assume the special case in which W can be written as a product </><£, where <p 
is a function of time alone (and >p has already been taken to be a function of 
position alone). If this substitution is made into Eq. (16-31), then V 2 1F becomes 
<p V 2 </> (since <p is not a function of coordinates) and dWfdt becomes </> 8<p/8t 
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(since ip is not a function of time). On dividing through by i p<p, we obtain 




h 1 8<p 
2m <p 8t 


(16-32) 


The left-hand side of Eq. (16-32) is a function of coordinates only [assuming 
that V /(/)] and the right-hand side is a function of time only; consequently 
the quantity to which both sides are equal cannot be a function either of time 
or of coordinates—it must be a constant. Another way of phrasing one of 
Schrodinger’s hypotheses is to say that we take this constant to be E, the total 
energy. Equation (16-32) then separates into two equations, Eq. (16-29) and the 
time-dependent equation 


d<f> 

~dt 



which integrates to 


cf> = (constant) e~ {2niE l h)t . 


(16-33) 


Notice the analogy to Eq. (16-25), for which the time-dependent part is e~ 2 ’" ivt . 
This is the same as Eq. (16-33) if we write E = hv. Remembering relationship 
(16-21), <f> is evidently a function which oscillates with time. 

Nearly all of the applications of wave mechanics treated in this text will be 
in terms of ip rather than W. The typical application of Eq. (16-29) will be to an 
electron under the influence of some potential V, usually a potential well. In the 
case of the hydrogen atom, for example, V = — e 2 jr. The solutions to Eq. (16-29) 
then give the various energies which an electron can have if it is to act as a standing 
or stationary wave. Such a stationary state is possible only for certain wavelengths, 
depending on the nature of V, and hence only for certain energies. It will turn out, 
in other words, that discrete or quantized energy states appear as a natural conse¬ 
quence of our asking for stationary solutions to the wave equation. The stationary- 
state solutions are the appropriate ones for an atom or molecule which does not 
change with time. Rate processes, such as the emission of radiation (fluorescence), 
require the use of the full equation, (16-31), a use which is largely beyond the 
scope of this text; see, however, Section 19-ST-l. 

A remaining point is that while Eq. (16-29) is the wave equation for a single 
particle, in this case, an electron, obeying a potential energy function V and having 
total energy E, there is a simple recipe for constructing the wave equation for a 
system of particles. The first term of Eq. (16-29) plays the role of the kinetic energy 
of the particle and if more than one particle is involved, an analogous term is 
written for each of them. That is, the first term becomes — [(W/ii^m^Vfip] 
if i particles are present. Then V becomes the function giving all the mutual 
interactions between the particles; E is still the energy of the system. 

Further comments are the following. Equation (16-27) was obtained from the 
equation for a wave by replacing A by h[p and using the statement of energy con¬ 
servation: 

total energy = kinetic energy + potential energy 

E p 2 j2m (or imv 2 ) V. (16-34) 


Alternatively, one may take as a postulate of wave mechanics that in Eq. (16-34) 
momentum,/?, is replaced by (/i/2wi')(S/Sx), and total energy, E, by —(h[2ni)(dldt). 
These replacements are operators; they carry instructions to differentiate. Equation 
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(16-31) results if, after the substitution, each term is multiplied by W, the function 
to be operated on. It is postulated that the product ¥'*¥' (or gives the prob¬ 
ability of finding the particle at each point in space. 

Characteristically, the wave equation is solved subject to some set of restrictions. 
In each of the situations that we take up in this chapter, for example, we will 
require that i/> be everywhere continuous and single-valued. In addition, the solu¬ 
tion must obey certain boundary conditions. Typically, should go to zero at large 
x; we may require it to be angularly periodic. We will see that it is these boundary 
conditions that restrict integration constants to integral values—values that turn 
out to be quantum numbers. 

In concluding this section, it should be emphasized that while the Schrodinger 
equation can be obtained by means of certain analogies with classical wave equa¬ 
tions, there does not exist a rigorous derivation. The Schrodinger equation is 
taken to be correct by hypothesis, and therefore is itself the starting point of wave 
mechanics. The various analogies are useful in trying to attach some physical 
picture to the solutions obtained; they are also dangerous because wave mechanics 
does not rest on a physical picture (as does the Bohr theory)—it is a purely 
mathematical model [see Bridgman (1961)]. 


16-5 Some Simple 
Choices for the Potential Function V 


A. The Free Particle 

One of the simplest applications of the Schrodinger wave equation is to a 
particle for which the potential function is a constant. It is customary to take 
V = 0; if V has some other value, it merely shifts the energy of the system accord¬ 
ingly. Equation (16-28) therefore becomes 

_ h2 ( 8 ^ 4. 4- = f I 

Sjr 2 m \ 8x 2 ~ r 8y 2 ' r 8z 2 ! 1 

or 

Hx’p + Urf + H„(/l = Eljj. 

Any wave equation such as Eq. (16-36), in which H can be 
terms that do not share coordinates, can be resolved into the 

H*<£ X E X <P X , Hylfiy Eyipy , H Z 

where </> = </> x </> v </i 2 and E = E x + E v + E z . The procedure for demonstrating 
this conclusion is entirely analogous to that used in obtaining Eqs. (16-32) and 
(16-33). One substitutes <j) x <p y <p z for in Eq. (16-35) and then divides through 
by . The left-hand side then consists of a sum of terms in x only, y only, 

and z only, and therefore separates into the three equations (16-37). 

In the present case, the x, y, and z equations are identical in form, so that only 


(16-35) 

(16-36) 

written as a sum of 
set 

Erf,, 06-37) 
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one need be solved: 


h 2 d 2 <f> x 

8 - 7 t 2 /w dx 2 


Ex^x ■ 


(16-38) 


A stationary-state solution to Eq. (16-38), that is, one for which E is not a function 
of time, is 




A x sin 


[/ %ir 2 mE x x 1 / 2 I 

[( 7I 2 ) x \’ 


(16-39) 


as we can verify by substituting back into Eq. (16-38); A x is an integration con¬ 
stant (note Problem 16-4). Since the wave is not confined, there are no restrictions 
on its wavelength and E x can have any positive value. The total ifj is then the pro¬ 
duct 


[/ 8 TT 2 mE x \ J /2 -I . r 

/ 8 w*«i£, v 1 / 2 1 . r 

( %TT 2 mE z \ 1/2 I 

i( h 2 ) ^H 1 

( *■ ) 'M 1 

( h 2 ) Z J 


(16-40) 


and corresponds to an infinite sinusoidal wave in three dimensions. 

The wavelength in, say, the x direction is given by 

A = (8t T*mE x /h 2 y/ 2 ’ (16 ‘ 41) 

since for this value of x we have sin 2tt, which completes one cycle. Equation (16-41) 
simplifies to A = hl(2mE x ) l l 2 , but E x is also equal to p x 2 /2m, so the final result 
is just the de Broglie equation, A = hip. This result is not too surprising in view 
of analogies made when writing down the wave equation. 


B. The Particle in a Box 


We may next stipulate that the particle has zero potential energy over a region 
defined by 0 < x < a, 0 < y < b, and 0 < z < c, but that beyond these bounda¬ 
ries the potential energy is infinite. That is, V x is zero for 0 < x < a and is infinite 
for x < 0 and x > a, and similarly for V v and V z ; hence the term “box.” Equa¬ 
tion (16-28) is now 


h 2 / 8 2 <fj 8hjj_ 

87 r 2 m l ox 2 'ey 1 


8z 2 ) 


+ V</j = E>fj. 


(16-42) 


The situation is the same as for Eq. (16-35) in that the substitution <\> = </<*</<„«/>* 
allows the equation to be separated into three separate ones: 


h 2 8 2 4>x 
%TT 2 m dx 2 


+ y x<Px 


E x <Px 


(16-43) 


and similarly for y and z, where V = V x + V v + V z and E = E x + E v + E z . 
Alternatively, Eq. (16-43) may be viewed as the wave equation for a particle in a 
one-dimensional box. 

The solution to Eq. (16-43) is the same as that for Eq. (16-38) for the region 
inside the box, since V x = 0. However, the solution outside the box, where V = 00 , 
must be that tfi x = 0. This conclusion can be reached on both physical and mathe- 
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(a) 



(b) 

FIG. 16-3. 4> and functions for a particle in a one-dimensional box. 


matical grounds. Physically, it should be impossible for the particle to escape the 
box, and since ift x ijt x * dx gives the probability of finding the particle in the region 
dx at each x, it follows that </>*</>** = 0 and hence </> x = 0 for x < 0 and x > a. 
The mathematical reasoning is that the curvature of the plot of <p x versus x, 
c 2 ifiJ8x 2 , is proportional to (V x — E x ) ifi x ; if V x = oo and ifi x 0, then the 
curvature must be infinite and <p x must increase to infinity itself. This is an impos¬ 
sible catastrophe—it is not acceptable that ip x , and hence the probability function 
for the particle, be infinite anywhere. This catastrophe can be avoided only if >p x 
is zero (and hence the curvature is zero) for x < 0 and x > a. 

We also do not expect </> x to change discontinuously, that is, to have two values 
at a given x. There should be only one probability for the particle being at any 
one position. Since </> x must be zero just outside the box, it must therefore also 
be zero just inside the box. The consequence is that only those values of E x in 
Eq. (16-39) are acceptable which make >fi x zero at x — 0 and at x — a, which 
means that the wave must have a node at these boundaries. In other words, there 
must be an integral number n x of half-wavelengths in the distance a, as illustrated 
in Fig. 16-3. As applied to Eq. (16-41), the condition is that a = n x \j2, or, on 
rearrangement, 

_ h 2 n x 2 
" 8 ma 2 ’ 


n. 


= 1,2, 3,.... 


(16-44) 
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Also, substitution of this expression for E x into Eq. (16-39) gives 


<Px = A x sinp^). (16-45) 

One further step is usually taken with a solution to the wave equation. The 
solution will contain a constant of integration, A x in Eq. (16-45), and the value 
of A x is usually set so that the probability of the particle being somewhere is unity. 
The function is then said to be normalized. In the present case this condition is 

| >Px>f>x* dr = 1 = AJ j [sin(^^-j] dx, (16-46) 

where the first integral is the formal statement that the integral of <ji x ift x * over 
all space is to be unity and the second integral is the specific one involved here. 
The integral is a standard one, equal to a/2 for the given integration limits. The 
constant A x is therefore (2/a) 1 / 2 and the normalized solution is 

The preceding illustrates a fairly typical procedure in obtaining wave mechanical 
solutions. One uses the requirement that tfi be everywhere finite and single-valued 
if the solution is to have physical meaning, and this requirement then limits the 
possible number of solutions and hence of energy states. Quantization thus appears 
naturally and not as an ad hoc assumption. 

To continue with the particle-in-a-box treatment, we see that the solutions for 
the y and z coordinates are the same as that for the x coordinate, so the complete 
solution for a three-dimensional box is 


and 



(16-48) 


(16-49) 


where, for generality, the x, y, and z dimensions of the box are taken to be a, b, 
and c, respectively. Alternatively, for a two-dimensional square and a three- 
dimensional cubic box, 


h 2 

^square = % ma 2 w » 2 )> (16-50) 

E cube = g^F («z 2 + »* + «/)• (16-51) 


C, Some Applications 

The equations for the particle in a box have several important applications. 
One of these is the use of Eq. (16-51) to supply the energy states for a gaseous 
molecule in a container of volume V, thereby leading to the translational partition 
function for an ideal gas (see Sections 4-10 and 6-9C). The spacing of these energy 
states is quite small if the side a is of macroscopic size or if the particle is massive. 
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On insertion of numerical constants, Eq. (16-44) becomes 

„ (6.6256 X 10 -27 ) 2 (6.0225 X 10 23 )(10 16 ) n x 2 

h ~ 8 Ma 2 

— 3.305 X 10“ 14 -^2 ( er § molecule -1 ) = 476 (cal mole -1 ), (16-52) 

where M is the molecular weight of the particle and a is the length of the box in 
angstroms. For hydrogen gas in a 1 cm box, the first energy level would be at 
2.38 X 10 -14 cal mole -1 (!), the second at 2 2 times this, and so on. 

The spacing becomes quite respectable, however, for a light particle such as 
an electron in a box of atomic dimensions. The atomic weight of the electron 
is 0.000549 g mole -1 , so that E is 

£ = 867 ^ kcal mole -1 = 303 —■ kK = 37.6% 2 eV. (16-53) 
a 2 a 2 a 2 

Equation (16-53) may be applied in an approximate treatment of certain types 
of molecules which have electrons that can oscillate over the whole structure. 
The electrons which form the double bond in ethylene probably behave in this 
way. A more interesting example is butadiene, H 2 C=CH —CH=CH 2 , in which 
each carbon atom contributes one electron to the double bond system, and these 
four electrons probably can oscillate over the entire length of the chain. That is, 
the double bonds are not really localized to the particular pairs of atoms shown. 
In effect, then, the four electrons are in a one-dimensional box equal in length to 
that of the chain. This last can be estimated as equal to two C=C bond lengths 
or 2(1.35) A, plus one C—C bond or 1.54 A, plus the distance of a carbon atom 
radius at each end or another 1.54 A, for a total of 5.78 A. Equation (16-53) then 
gives the energy states in eV as [37.6/(5.78) 2 ]w* 2 = 1.12/j* 2 . By the Pauli exclusion 
principle, each state can hold two electrons (with spins opposed), and so the four 
electrons fill the first two levels as illustrated in Fig. 16-4(a). 

The energy of the first excited state of this system of four electrons is that for 
having one electron in the n = 3 level, and the energy to produce this state is 
E = 1.12(3 2 — 2 2 ) = 5.60 eV or 45,000 cm -1 . Butadiene does have an absorption 
band at 46,100 cm -1 (217 nm), and the very simple free-electron model, as this is 
called, has been fairly successful. 

As a further example, hexatriene, H 2 C=CH—CH = CH—CH=CH 2 , should 
have six delocalized electrons in the double bond system, in a box of length 8.67 A. 
The energy for the n — 1 state is then 37.6/(8.67) 2 = 0.500 eV, and as shown in 
Fig. 16-4(b), the six electrons fill the first three levels. The first excited state should 
now have one electron in the n = 4 state, and AE for the transition should therefore 
be 0,500(4 2 — 3 2 ) = 3.50 eV or 28,000 cm -1 . The experimental value is 38,500 cm -1 , 
and although the agreement is rather poor, the model has correctly predicted 
that the frequency of the absorption band should decrease with increasing chain 
length. 

The free-electron model is a semiempirical one—one does not know, for example, 
just how much “end space” to allow in calculating the length of the box. The 
uncertainty becomes less important with longer chains, and with carotene, which 
has alternating single and double bonds in an 11 carbon atom chain, one estimates 
about 25,000 cm -1 for the transition to the first excited state, as compared to 
22,200 cm -1 observed. The model may also be applied to two-dimensional boxes, 
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FIG. 16-4. Particle-in-a-box energy level scheme for (a) butadiene and ( b ) hexatriene. 


such as benzene or fused aromatic ring systems, with Eq. (16-50). A more 
sophisticated treatment is given in Section 18-7. 

It may happen that two or more solutions to the wave equation for a system 
have identical energy. Such solutions and the corresponding states of the system 
are said to be degenerate. Consider, for example, a two-dimensional box for which 
the energy states are given by Eq. (16-50). The energy for a state (n x = 1, n v = 2) 
is identical to that for a state (n x = 2, n v = 1) and the state of this energy is 
said to be doubly degenerate. 


16-6 The Harmonic Oscillator 

The harmonic oscillator represents the simplest possible model for an atom 
vibrating in a potential well. The force on the atom is in this case — £x, that is, 
proportional to the displacement x from the equilibrium position, and is negative 
since it is a restoring force. The potential energy is then \fx 2 , corresponding 
to the parabolic curve in Fig. 16-5, and the wave equation is 

% + ^ (E - ¥x 2 )<p = 0. (16-54) 


FIG. 16-5. The potential en¬ 
ergy function for a harmonic 
oscillator. 


0 
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We let a = (8tt 2 m/h 2 )E and f3 = 2-rr Vmd jh, so that Eq. (16-54) becomes 

gJ + («-/3V)0 = 0 

and then further make the change of variable q = x, to get 


d 2 <p , / a 

dqi^ij 



= 0. 


The solution is of the form 

ifj = rf>(q)e^l 2 


(16-55) 


(16-56) 


and substitution back into Eq. (16-55) gives the equation 


d 2 <f> 
dq 2 



(16-57) 


which is identical in form to a standard differential equation known as Hermite’s 
equation, 

d 3^~ 2q % + 2n4> ^°- (16 ' 58) 

The admissible (see end of this section) solutions to Eq. (16-58) are in the form 
of polynomials whose nature depends on the value of n. If n is an integer, the 
first few are as follows: 


//„_ 0 = 1, 

tf „-3 = 8? 3 — 12 q. 

i* 

ii 

i/ n=4 =16 q*- 48 q 2 + 12. 

H n=2 = V - 2, 

77n ; i = 2 qH n 2nH„_ 1 . 


The solutions to Eq. (16-55) are 




72 


(16-59) 


where n may be 0, 1, 2, 3, ... . The factor in front of the right-hand term serves 
to normalize the wave function. Substitution of the expressions for q and for 
then allow if) to be plotted as a function of x for various n values. This is done in 
Fig. 16-6 for the first three energy levels. Notice the wave nature of the solutions 
and also the fact that those for n even are symmetric about the middle line while 
those for n odd are antisymmetric or inverted across the line. The probability 
of finding the atom at a given x is obtained from or </f 2 in this case, and, 
except for n = 0, is greater at the extremes of the oscillation than in the middle. 
Also, although ip falls off rapidly with large x, because of the exp(— q 2 /2) term, 
there is always a finite probability of finding the particle at any x, however large. 

The energy of the various states is obtained as follows. The matching of 
Eqs. (16-57) and (16-58) requires that 
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FIG. 16-6. Energy levels for a harmonic oscillator , with superimposed plots of corresponding f 
and i/r 2 . (Adapted from K. S. Pitzer, “Quantum Chemistry ,” © 1953. By permission of Prentice- 
Hall, Inc., Englewood Cliffs, New Jersey.) 


or, on substitution of the expressions for a and /3 and simplification, 

E = 4~ (—) 1/2 (" + *) = hv 0 {o + £), (16-61) 

lit V m / 

where « has been replaced by the more conventional vibrational quantum number 
symbol v. The quantity (h/2TT)(fjm) 112 has the dimensions of energy, and is con¬ 
ventionally set equal to hv 0 , since v 0 would be the natural frequency of oscillation 
of a classical harmonic oscillator. 

The classical treatment writes mass times acceleration as equal to the force, or 


and the solution to this differential equation is 

x = acos(277i/ 0 r), 

where v 0 — (l/2n)(f/m) 1/2 . 

It turns out that the same treatment applies to the case of two atoms vibrating 
against each other, provided that the restoring force is still —/x. The only modifica¬ 
tion is that m becomes the reduced mass /x = m 1 m 2 l(m 1 + m 2 ). With this modifica- 
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tion, Eq. (16-61) is identical to Eqs. (4-77) and (4-78), 

E = (* + \)hv o, V 0 = i. (£) 1,2 (16-62) 

(Note that in this chapter we use E rather than e to denote energy per molecule.) 

According to Eq. (16-62), the lowest energy state is not zero, but \hv 0 ; this is 
known as the zero-point energy. Also, AE for the transition from one state to 
another is given by 

AE = hv 0 ( v 2 — «>i). (16-63) 

Because of the alternating symmetric-antisymmetric nature of the wave functions, 
it further turns out that the probability of making a transition by emission or 
absorption of light is large only if the change in quantum number is an odd integer; 
other transitions are said to be forbidden, that is, improbable (see Section 19-ST-l). 

Example. Force constants t are about 10 5 dyn cm “ 1 for typical diatomic molecules, and 
are therefore often expressed in this unit. We thus have 

* - i ©” - <>»• ->< 

or 

hv 0 = 2.59 X erg, (16-64) 

where t' is in units of 10 6 dyn cm “ 1 and /i' is in atomic mass units. For hv„ in eV the proportional¬ 
ity constant is 0.162, and for hv 0 in kK it is 1.30. 

The first vibrational transition for HCI is at 2886 cm' 1 , so d'ly! = (2886/1300) 2 = 4.928. The 
reduced mass is (1)(35)/(1 + 35) = 0.972, so f = 4.79 and t — 4.79 X 10 6 dyn cm* x . 

Vibrational potential energy curves and energy states are often shown as in 
Fig. 4-11(a); such a figure is somewhat misleading since it implies that the atoms 
are bounded in position by the the potential energy curve. It must be remembered 
that the actual situation is as shown in Fig. 16-6. Second, the harmonic oscillator 
model appears to be satisfactory for treating the first few vibrational levels, but a 
much more correct potential function is that shown in Fig. 4-11(b). That is, the 
restoring force that keeps atoms from separating gradually weakens with higher and 
higher vibrational energy until a dissociation limit is reached. The wave equation 
has been solved for potential functions of this shape, and as also illustrated in 
Fig. 4-11(b), the vibrational energy levels tend to come closer together with 
increasing quantum number. For example, a convenient algebraic form which 
approximates that shown in Fig. 4-11(b) is due to P. Morse, 

V — D{\ — e - ° < ’’~’’ e) ) 2 , (16-65) 

where D is the depth of the potential well at the equilibrium separation r e . Use 
of this potential function in the wave equation leads to a better approximation 
for vibrational levels: 

E = W e (v + i) — x e w e (v + £) 2 , (16-66) 

where vv e = (ahl-rr)(D[2p.) 112 and x e = wJ4D. The levels converge slowly, and the 
dissociation limit is reached after a finite number of states. 

Finally, as with the particle in a box, the quantization of vibrational energy 
occurs in a natural way in the wave mechanical treatment. First, at large x, E drops 
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out of Eq. (16-54) and the limiting solution is of the form exp(±q 2 /2); however, 
only the minus sign is physically acceptable since otherwise the catastrophe of ifi 
going to infinity would occur. This conclusion then leads to Eqs. (16-56) and 
(16-57), the latter being Hermite’s equation. Only integral values of n are allowed 
in the solution to Eq. (16-58) if the polynomials satisfying the equation are to 
have a finite number of terms and not themselves lead to a catastrophe. The 
quantization thus arises from restriction of the mathematical possibilities to 
physically acceptable solutions. 


16-7 Solutions of the 
Wave Equation for the Hydrogen Atom 


The most complete application of wave mechanics is undoubtedly to the case 
of the hydrogen atom. Not only can exact solutions be obtained, but these solutions 
are then widely used in approximate treatments of heavier atoms. We proceed 
in this section to the formal solutions for the hydrogen atom and will discuss the 
behavior of these solutions in detail in the following section. The derivation that 
follows is more frightening in appearance than actually difficult! 


A. The Schrodinger Equation for the Hydrogen Atom 

The potential function for the electron is now —e 2 /r, where r is its distance 
from the nucleus, and Eq. (16-29) becomes 

0M7) 

The presence of r as a parameter in the potential function makes it awkward for 
one to work in Cartesian coordinates and it turns out to be very convenient to use 
the polar coordinate system shown in Fig. 16-7. A point at (x,y, z ) is now given 


z 



FIG. 16-7. The polar coordinate system used for the hydrogen atom. 
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by its radial distance r and the two angles 8 and <f>. In sweeping out all of space 
r varies from 0 to oo, 9 varies from 0 to tt, and <f> varies from 0 to 2-n. 

The two coordinate systems are related. The projection of r onto the z axis 
gives 

z = r cos 8 (16-68) 

and r sin 9 gives the projection onto the xy plane, so that 


x = r sin 8 cos </>, (16-69) 

y = r sin 8 sin <f). (16-70) 


By inserting these relationships into the expression for V 2 in Cartesian coordinates, 
one obtains (finally) for Eq. (16-67): 


r 2 dr l dr r 2 sin 9 dd C d8 I ^ r 2 sin 2 9 d<f> 2 


(16-71) 


[see, for example, Eyring et al. (1944)]. 

One advantage of the new coordinate system is that it allows the variables to 
be separated. We do this by writing tp(r, 9 , <f>) = R(r) 0(9) 0(<f>), that is, as a 
product of three functions each having only one variable. The procedure is 
much the same as that used with Eq. (16-42); we substitute 0(9) 0(<f>)[dR(r)/dr] 
for dtp/dr , and so on and then divide through by R(r) 0(8) 0(<f>) to obtain (dropping 
the arguments of R, O, and 0 for convenience) 


1 d / 2 dR \ 1 d / dO \ 

r 2 R dr V dr ) + r 2 (sin 9)0 d9 l sm d8 ) 


+ 


1 


d 2 0 , %Tt 2 m 


r 2 (sin 2 9)0 d<f > 2 ' h 2 


(£+4)-o, 


where the partial differentiation signs are no longer needed since each function is 
of a single variable only. We multiply through by r 2 sin 2 8 and rearrange to obtain 


sin 2 8 d / 2 dR \ sin 9 d 
—JTTrX ~dT) + ~0~d9 



dO \ 

~W) 


+ ^W~( E + ^r) (^sin 2 9 ) = 


1 d 2 0 
0 d(f> 2 


(16-72) 


The left-hand side of Eq. (16-72) is a function of r and 9 only, and the right-hand 
side is a function of <f> only, so neither can depend on the other’s variable(s); each 
side must therefore be equal to some common constant, which we take to be m 2 . 
The right-hand side of Eq. (16-72) then gives 


1 d 2 0 2 

0W = ~ m ' 


(16-73) 


which we will call the 0 equation. 

The left-hand side of Eq. (16-72) is likewise equal to m 2 \ we divide through by 
sin 2 9 and rearrange to obtain 


J _d_ 
R dr 



87 T 2 m 



sin 2 9 


1 1 d 

sin 9 0 d9 



dO \ 
~W)' 


(16-74) 


By the same argument as before, each side must equal some common constant, 
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which is taken to be A. The resulting two equations are, with some rearrangement, 


and 




87 T 2 m 

~W~ 



= 0 


(16-75) 


1 d 
sin 6 dd 



d© \ 

If) 


m^0 

sin 2 9 


+ X© = 0. 


(16-76) 


These will be called the R and © equations , respectively. 

The problem is now reduced to the solution of three separate equations, each 
in one variable only. Before proceeding to these solutions, it should be mentioned 
that, strictly speaking, the mass of the electron m in the 87 r 2 m/h 2 term should be 
replaced by the reduced mass mm n /(m + m n ), where m n is the nuclear mass. The 
correction is a small one, however. 


B. Solution of the <t> Equation 

Since m is a constant that can have various values, there is a family of solutions 
to Eq. (16-73), of the form 

( I>,„ = ~— e im * = — 7 == (cos m<f> -f i sin m<f>). (16-77) 

v27r v27t 

One can easily verify that Eq. (16-77) is a solution for any m by differentiating 
twice and comparing with Eq. (16-73). By now it should be no surprise that the 

physically acceptable solutions are limited to those for which m = 0 , ± 1 , ±2 . 

The reason is simply that the solution must be for a stationary state or a standing 
wave and consequently cannot depend on how many times one cycles <f> around 
a circle. must be the same for <f> = 0, <f> = 2 tt, <f> = 4tt, and so on, and this is 
possible only if m is an integer or zero. As was anticipated, m turns out to be the 
magnetic quantum number of the Bohr theory. Finally, the factor \/V2n is a 
normalization factor, such that J 0 ” d<f> = 1 . 

The expression for is just X/VItt if m — 0. For other m values it is awkward 

to deal with an imaginary exponential. Use is therefore made of a general property 
of solutions of a differential equation of this type. It is that any linear combination 
of solutions must also be a solution. For any given m we can take the sum and 
difference of the solutions for m and — m to obtain two new ones. Thus form = 1, 

= /l(cos 4 > + i sin <f>), = /f(cos <f> — i sin <f >), 

and = 2A cos <£, — #_! = 2iA sin <f>. It is customary to drop the 

factor i in the second of these combinations, since it disappears when we write 

00*. Also, the constant 2A must be reevaluated if the new functions are to be 
normalized, and is then found to be just l/V-rr. In summary, the solutions of the 
equation are usually written 

-7= COS(| m\<f>) , 

V 77 

— 7 = sin(| ** 1 <f>). 
v 77 

Their graphical appearance is discussed in the next section. 


«£<> = 


V2i 


0 = 


(16-78) 
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The solutions of the wave equation for the various cases that we deal with are 
called eigenfunctions, and the corresponding energy values are called eigenvalues. 
An important property of the set of eigenfunctions for a particular system is that 
they are orthogonal. By orthogonal we mean that J >pi*>p 2 dx — 0, where the 
integral is over the entire range of the variable and ^ and are two different 
eigenfunctions. In the present case, the statement is that Jo" d<f> = 0, 

m x ^ . In addition, since the product ip*>p dx gives the probability of finding 

the particle in the region between x and x + dx, it is convenient to adjust the 
coefficients of the eigenfunctions so that J ip*<pdx = 1. A set of eigenfunctions 
is said to be orthonormal if J i/> t -*</>,■ dx = 8 , where 8 = 0 for i # j and 8 = 1 
for i = j. 


C. Solution of the 0 Equation 

The general solution of Eq. (16-76) requires considerations whose details are 
beyond the scope of this text. As with the 0 equation, the solution is in the form 
of a polynomial, but now in 9, and the requirement that it be cyclic in 9 restricts 
the values of A to + 1), where t is an integer. That is, in order for the solutions 

to represent stationary states, they must be the same for 9 = 0, it, 2 tt . The 

integer t, as may be guessed, functions as the azimuthal or angular momentum 
quantum number of the Bohr theory. The requirement that the polynomial 
solution have a finite number of terms further requires that m in Eq. (16-76) also 
be an integer, but not exceeding f. Once again, imposition of the physical condition 
of a stationary-state solution introduces integral values for constants of integration, 
thus converting them into quantum numbers. 

The polynomials that are stationary-state solutions of Eq. (16-76) are known 
as associated Legendre polynomials'. Table 16-2 lists a sufficient number of them 
to meet most needs. They are normalized and orthogonal. There is a 
somewhat tricky point here. The element of volume in polar coordinates is 
r 2 sin 9 dr d9 d<f>; this is the expression equivalent to dx dy dz in Cartesian coordi¬ 
nates. The normalization integral for the 0 function is therefore 



or, since the solutions are real, 


&l„ sin 9d9=l. (16-79) 

J o 

Similarly, the orthogonality integral is 

f sin 9 d9 = 0, (16-80) 

J 0 

where either / and t’ or m and mi (or both) are different. Equations (16-79) and 
(16-80) might be verified by the reader for the first few entries in Table 16-2 as 
well as the fact that the latter are indeed solutions to Eq. (16-76). 

The principal regularity in the 0 functions to be noticed at the moment is that 
they are all polynomials whose highest term is of the form (cos 9) a (sin 9) b , where 
a + b = i and b = | m |. Within a given /set, the progression is from an expression 
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TABLE 16-2. Solutions to the 8 Function 


t = 0, m = 0 (s orbitals) 

e 0 . 0 = 

t = 1 (p orbitals) 

tn — 0 

®i.o = i v^6 cos 6 


l-l = i 

®i.i = i \/3 sin 6 

( = 2 (d orbitals) 

m = 0 

02 .o = i^IoCJcos^ - 1) 


1 -1=1 

®2.i = \ V ^15 sin 6 cos 6 


1-1 = 2 

®2,2 = i v/l 5 sin 2 6 

f = 3 (f orbitals) 

m = 0 

02.0 = f t/l 4 (f cos 2 6 — cos 0 ) 


1-1 = 1 

02.1 = i \/42 (sin 6)(5 cos 2 5 - 1 ) 


1 — 1 = 2 

02.2 = i V 105 sin 2 6 cos 6 


1 — 1=3 

02.2 = J VlO sin 2 d 


containing cos 0 terms only to one containing only sin 0. Also, © for | m | = 
is always (sin 0~) e and © for | m | = t — 1 is always (sin 0Y~ 1 (cos 0). These func¬ 
tions are very important in the applications of wave mechanics to chemical bonding 
and are sufficiently limited in number that the reader should familiarize himself 
with them. 


D. Solution of the R Equation 


Equation (16-75) again can be reduced to a standard differential equation, and, 
as with the © equation, the solutions are in the form of polynomials—this time 
in r and known as the associated Laguerre polynomials. To avoid a catastrophe 
at r -*■ oo, it is again necessary that the poly iomials terminate after a finite number 
of terms; the requirement for this to happen is that A or + 1) be an integer. 
This defines a quantum number n, the same as the principal quantum number of 
the Bohr theory. 

It is convenient to generalize a little by replacing the potential function of 
Eq. (16-75), e 2 /r, by Ze 2 /r, to allow for a nuclear charge other than unity. Also, 
the polynomials are much simplified in appearance if written in terms of 



(16-81) 


where a 0 is the radius of the first Bohr orbit, as given by 


/t 2 

a ° ~ 4n 2 /u.e 2 


[Eq. (16-14)] 


(in the more accurate form using p rather than m). 

The most commonly needed solutions of the R equation are given in Table 16-3. 
These are again normalized and orthogonal. (Remember that the integrals in¬ 
volved are of the form J” R 1 R 2 *r 2 dr, these are equal to unity if R 1 = R 2 and 
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TABLE 16-3. Solutions to the R Equation 


n = 1 



e = o (is) 

* 1.0 " 

/ Z\ 2 > 2 

(—) (2 Ke-W) 

n — 2 



( = 0 (2s) 

* 2,0 ~ 

( Zla 0 fl 2 

2V2 (2 '*** 

t = 1 (2p) 

* 2.1 ” 

2 V6 

n = 3 



e = o (3s) 

* 3.0 = 

( Z/a 0 yi 2 

q — (6-6 P + P 2 )e -»/» 

9 v3 

= l (3p) 

* 3.1 = 

(. Zla 0 fl 2 

' ’ (4 - P )pe-n* 

9 v6 

t = 2 (3d) 

* 3.2 = 

(Zla 0 yi* , _ 

-—- p 2 e p' 2 

9 v30 

n = 4 



t = 0 (4s) 

* 4.0 = 

/ 77/7 \ 3/2 

(24 36p + 12p 2 p 3 )e-f/ 2 

' = 1 (4p) 

* 4.1 = 

(Zla.fl 2 

-——=(20 - 10p + p 2 )pe~ Pl2 

32 v 15 

t = 2 (4d) 

* 4.2 = 

p)p 2 e -,/ 2 

96 V5 

< = 3 (4f) 

* 4.3 = 

(2?/a„) 3/2 , „„ 

-— p 3 e “! 2 

96 v35 


zero otherwise.) The principal regularities of these solutions are the following. 
Each contains the exponential e~ p / 2 preceded by a polynomial in p. The highest 
term in the polynomial, that is, the order of the polynomial, is n — 1, and the 
polynomial is of the form 

(a + bp + cp 2 + ••• + p'-'-^p 1 . 

This general term looks complicated, and it is easier to perceive what is being 
said by studying the actual polynomials. Although the numerical coefficients are 
unimportant for our purposes, it is again very desirable to become familar with 
the progression in form of these solutions. 


E. Energy Levels for the Hydrogen Atom 

The energy corresponding to a given set of quantum numbers may be obtained 
by substituting the corresponding solution of the R equation back into the differ¬ 
ential equation, that is, into Eq. (16-75), and solving for E [remembering that 
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A =/(/+ 1)]. This procedure may be followed for each of the functions in 
Table 16-3, and the results are summarized by the expression 


27r 2 /ne 4 Z 2 
h 2 n 2 


[Eq. (16-16)]. 


This is exactly the result obtained by the simple Bohr theory (in the more accurate 
version with p replacing m )! 

The more elegant approach of advanced texts is to express R in a general form 
and to substitute this into Eq. (16-75); one then obtains Eq. (16-16) as the general 
result, the quantum number f canceling out. It is sufficient here to point out that 
the reader can verify Eq. (16-16) as the correct result for specific n and £ values. 


16-8 The Graphical 

Appearance of Hydrogen-Like Orbitals 

The solutions of the R, 0, and 0 equations were given in analytical form in the 
preceding section. Their product is >p, and the particular function for a given n, <f, 
and m is commonly called an orbital when used as a one-electron wave function. 
We now explore their semiquantitative graphical appearance. The natural division 
at this point is into the R solutions and the product of the 0 and 0 solutions. 
The first contains the principal quantum number n explicitly and the nuclear 
charge Z and determines the energy of the ip wave function. That is, the energy 
of a given ip = R(r) 0(d) 0(<p) is determined by the R(r) function alone. Thus 
for the hydrogen atom, states of the same n but different £ or m are degenerate. 
This function is crucial in quantitative calculations. The product 0(6) 0(<p) 
establishes the angular dependence of the solution and plays a key role with respect 
to the symmetry or geometric appearance of the </< function. Sometimes the term 
orbital is applied to this product rather than to the complete ip function. 

To make the point in a somewhat different way, it will be emphasized in the 
next chapter that a chemical bond develops if two atoms have orbitals that 
suitably overlap in space. Although the degree of such overlap is determined by 
the overall ip function, the R(r) component of <p determines how close the atoms 
must come and the 0 (6) 0(<p) component determines the most suitable bond 
angles. It is therefore this latter portion of >p that is of central importance to the 
qualitative understanding of molecular geometry. 

The functions to be discussed are called hydrogen-like since, although they 
derive from the solutions for the hydrogen atom, they apply approximately to 
the outer electrons of any atom. That is, only the R(r) function contains Z, and 
for other than hydrogen, it is a fairly good approximation to use a Z e « or a 
screening constant just as was done in the Bohr model. The 0(9) 0(<p) functions 
do not contain Z and thus are independent of the nature of the atom. This last is 
true only in first approximation, of course, and a sketch of the problems encoun¬ 
tered in more exact treatments is given in the Commentary and Notes section. 
Qualitative descriptions of the wave functions for atoms in .general are almost 
invariably made in terms of the hydrogen-like functions, however, and these 
therefore are of prime importance unless a person enters the discipline of chemical 
physics in a serious, professional way. 
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FIG. 16-8. The R functions. {Adaptedfrom H. Eyring, J. Walter, and G. E. Kimball, “Quantum 
Chemistry,” Copyright 1960, Wiley, New York. Used with permission of John Wiley & Sons, Inc.) 


A. The R(r) Functions 

Figure 16-8 presents the first few R(r) functions of Table 16-3. At large r, all 
approach zero as a consequence of the exponential factor, but notice the presence of 
nodes or points at which R(r) is zero, representing r values at which the polynomial 
portion is zero. The number of such nodes is simply the degree of the polynomial, 
and inspection of either the analytical or the graphical presentation leads to the 
general formula 

number of nodes = n — € — 1. (16-82) 

The probability of one’s finding an electron as one goes out along a particular 
radius line is proportional to [R(r)] 2 . Right now, however, it is of more interest 
to deal with the probability of finding an electron at a distance r from the nucleus, 
regardless of direction. What is now in question is the relative density of electrons 
in a spherical shell lying between r and r + dr, which means that [R(r)] 2 must be 
weighted by the area of a sphere of radius r , 47rr 2 . Figure 16-9 plots Atrr 2 [R{r)] 2 
against p for various n and t values, and Fig. 16-10 makes the same presentation 
in terms of a polar plot of the electron density intercepted by a plane through 
the nucleus. 

Either of the figures makes the point that the R(r) function leads to peaks in 
electron density, the number of which is given by n — f. There is only one such 
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FIG. 16-9. Radial probability functions for the hydrogen atom. 



FIG. 16-10. Pictorial representation of radial probability functions. 
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maximum for the function having the largest possible i for the given n value, 
and within the family having the same n the number of maxima then increases 
stepwise with decreasing £. This nodal aspect of the electron density distribution 
will not be referred to much henceforth but should be kept in mind. One is usually 
concerned mainly with the outermost maximum, which is the most important 
one with respect to chemical bonding, and it is important in this respect to note 
that its radial position increases with increasing n value, and within a given n set, 
with decreasing £ value, the first dependence being the more significant of the 
two. 


B. The Angular Dependence Function 


The total angular dependence function 0(6) <P(4>) modulates the R(r) functions 
shown in Figs. 16-8-16-10 according to direction in space. It has become customary 
to show these as three-dimensional polar plots, or as two-dimensional polar 
plots for some particular plane. It is necessary to keep in mind that in such plots 
distance out from the center is proportional to the numerical value of 0 ( 6 ) <P(<f>) 
and is not distance from the center of the nucleus. Also, although strictly speaking 
the term orbital refers to a particular one-electron ip function, it is often used 
to designate the 0 ( 6 ) <P(<f>) function for a given £ and will be so used in this section. 
An s orbital thus refers to this function for = 0, a p orbital to the function for 
£ = 1, and a d orbital to this function for £ =2. For simplicity of notation the 
product 0(6) <P((f>) will be designated as A(6, <f>). 

Let us now examine a few of these polar plots for particular A( 6 , <f>) functions. 
We obtain the function for an s orbital by multiplying the 0(6) function for £ — 0 
(from Table 16-2) by that for the <P(<f>) function for m — 0 [Eq. (16-78)]: 


V2__ 1_ 

2V2 77 2V 77 ’ 


(16-83) 


This is obviously independent of direction and merely modifies the appropriate 
radial function by the constant 1 /2\/7r. The three-dimensional polar plot of an 
s orbital is then just a sphere of radius 1 /2 x/tt-, and the two-dimensional plot for 
any plane is just a circle, again of radius l/2\Ar, as illustrated in Fig. 16-11(a). 

There are three p orbitals, corresponding to the three possible values of m for 
£ = 1. Thus for £ = 1 and m = 0, 

A p = ^ (cos 6) 1 = l J— cos 6 . (16-84) 

2 ^/ 2 n 2 \ 77 

This is known as a p z orbital since cos 6 gives the projection of a unit vector on 
the z axis (see Fig. 16-7). The other two are for | m \ = 1: 

A Px = sin (-^= cos <f> j ^ 'sj-^r sin 6 cos <f>, ( 16-85) 

A Pv = sin 0)(—i= sin sin 6 sin <f>, (16-86) 

and are designated as the p x and p„ orbitals, respectively, since by Eqs. (16-69) 
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(a) 



FIG. 16-11. Polar plots for various A functions. 


and (16-70), the trigonometric functions correspond to the x and y projections 
of a unit vector. 

The Pz orbital is independent of <f> and is therefore symmetric about the z axis. 
A polar plot in any plane containing the z axis there has the appearance shown 
in Fig. 16-11(b) (the actual plane being taken to be the xz plane). The polar plot 
of cos d is a circle tangent to the xy plane at the origin, and from a consideration 
of the sign of cos 6 for various quadrants the upper circle or lobe is positive and 
the lower one is negative. 

The p* and p„ orbitals have their maximum values at 6 = 90° and their polar 
plots in the xy plane are shown in Fig. 16-1 l(c, d). The three p orbitals are identical 
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except for their orientation in space; each is a figure of revolution, so that in a 
three-dimensional polar plot each consists of a pair of spheres, as shown in 
Fig. 16-l2(b-d). 

Finally (for us), there are five d orbitals, one for each of the possible m values 
for t = 2. Again using Eqs. (16-78) and Table 16-2, one obtains for A(9, <f>), 
when *n = 0 , 

A*,, = (3 cos 2 9 - 1 )) — L= = 1 yj-L (3 cos 2 9 - 1), (16-87) 

when | m | = 1 , 


Ad 


(Vl5 
\ 2 


(V\5 . 

(— sin 


A<1 ,: 

and when | m | = 2 , 


sin 9 cos (— 7 = cos <^>) = ^ yj — sin 9 cos 9 cos (f>, 

9 cos = sin <f> j ^ yj —— sin 9 cos 9 sin <£, 


(16-88) 

(16-89) 


^^2 2 = sin 2 cos sin 2 0 cos 2<f>, (16-90) 

sin 2 0^—i= sin 2</>j = ^ sin 2 9 sin 2<j>. (16-91) 


The designations d xz and d vz are fairly obvious since by Eqs. (16-68) (16-70), 
the respective trigonometric functions are the product of the x and z and of the y 
and z projections of a unit vector. The d xz orbital has its maximum value for 
4 > == 0 (or 77 ), and, correspondingly, the polar plot in the xz plane is that shown 
in Fig. 16-11(e). The d„ z orbital has its maximum extent in the yz plane and is 
shown in Fig. 16-11(f). Since the product sin 0cos 9 is a maximum at 45°, the 
lobes now point midway between the axes and carry alternate plus and minus 
signs, as determined from the signs of the functions for the various quadrants. 
They are no longer circular, but each lobe is a figure of revolution about its axis, 
and the three-dimensional polar plots are as illustrated in Fig. 16-12(e, f). 

The d xv orbital has its maximum extension in the xy plane and the sin 2 cf> function 
produces four lobes as shown in Figs. 16-11(g) and 16-12(g). Since sin 2<f> = 
2 sin (f> cos <f>, the trigonometric function of Eq. (16-91) corresponds to the product 
of the x and y projections of a unit vector, hence the name d* v . The d xz , d vz , 
and d xv orbitals form a group; they are identical in three-dimensional shape, 
differing only in their spatial orientation; each d 0 orbital lies in the plane defined 
by the i and j axes and the members of the set are thus mutually perpendicular. 

There remain the d X 2_„2 and d Z 2 functions. The first again has its maximum 
extension in the xy plane (sin 2 0 = 1 ) and the cos 2 <f> term produces four lobes 
with maxima at 0°, 90°, 180°, and 210°, or as shown in Figs. 16-11(h) and 16-12(h). 
It further turns out that the d X 2_„2 orbital is identical in shape to those of the d ti 
set. The first four so far discussed are thus equivalent except for spatial orientation. 

Since an atom has no preferred direction in space, it might be thought that 
the situation should be symmetric, and that there should be d Z 2_ x 2 and d z 2_ V 2 
orbitals to complete a set of three, as with the d {j ones. There can only be five 
independent orbitals, however, corresponding to the five possible m values; that 
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z 




FIG. 16-12. Pictorial representations of A functions. 


is, the t = 2 set is just fivefold degenerate. What is done therefore is to pick the 
z axis as unique (with respect to the orbitals but not with respect to space) and 
to use a linear combination of the d z »_ x 2 and d z2 _ y i pair. From Eqs. (16-68)—(16-70) 
these should be of the form 

d z2 _ a . 2 oc cos 2 6 — sin 2 6 cos 2 <£, d j2 _ v2 oc cos 2 6 — sin 2 9 sin 2 <f> 
and their sum is then 

d z2 _ x2 + d z 2_ y2 oc 2 cos 2 6 — (sin 2 0)(cos 2 <f> + sin 2 <f>) 
or, since cos 2 cf> + sin 2 (f> = 1 and sin 2 6 = 1 — cos 2 9, 

X 3 C0S2 A — 1 • 

Except for the numerical coefficient, this is the expression for d Z 2 given by 
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d.2-,2 dj2_ y 2 d z 2 

FIG. 16-13. Illustration of the construction of the d z > orbital. 

Eq. (16-87); because of its origin, an alternative designation sometimes seen is 

d 2z !_!cS-v2 • 

The graphical operation corresponding to the preceding is illustrated in 
Fig. 16-13; what happens is that the lobes along the z axis reinforce, and the four 
negative lobes in the xy plane combine to give a doughnut-shaped region. The 
cross section shown in Fig. 16-1 l(i) also illustrates the point that the node between 
the z lobes and the doughnut lobe is at cos 2 6 = J or at a d of about 54°. 

The functions for the set of seven / = 3 or f orbitals may be assembled from 
Eq. (16-78) and Table 16-2 in the same manner as was done for the d orbitals. 
The cross section for the m = 0 or f 2 a will, for example, resemble d 2 * in having 
large lobes on the z axis, but will now have two small lobes in the equatorial 
region. The pair for <m — 3 will have six rather than four lobes in the xy plane, 
and so on. 

It turns out that the f orbital set obtained in this way is not very convenient in its 
geometric properties. Fortunately, if one has a set of solutions to a partial 
differential equation, any new set constructed by independent linear combinations 
of the old one will also constitute a set of solutions. A more useful set of f orbitals 
may thus be obtained, designated as f z 3, £*>, f„a, f xyz , f*( z 2 _„s), f„( Z 2 _ X 2 >, and f z ( X 2 _„ 2 >. 
The corresponding trigonometric functions follow immediately from Eqs. (16-68)— 
(16-70); the qualitative appearances of f x „ 2 and f x ( Z 2 _„ 2 > are shown in Fig. 16-14. 





FIG. 16-14. Plots of f orbitals, (a) i xv , and ( b ) . 
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16-9 Graphical Appearance of the 
Electron Density around a Hydrogen-Like Atom 

A. The Angular Portion. Onsold’s Theorem 

The preceding section dealt only with A(6, <f>), and this function must be squared 
to obtain the corresponding probability or electron density functions. The elfect 
is to elongate all lobes, and, of course, to remove their sign designation. 
Figure 16-15 shows the appearance of A 2 for s, p, and d electrons as the usual 
polar plots in the plane of maximum electron density. 

There is a useful and instructive rule known as tinsold’s theorem. It states 
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that the sum of A 2 for the orbitals making up the set of a particular t value is a 
constant. Thus 



7 T 


A* + A%_ + 4. = 


sin 2 0 cos 2 <f> + sin 2 8 sin 2 <f> + cos 2 1 
An T An T An 


= sin 2 8 + -t— cos 2 6 = . 

An An An 


The demonstration of Onsold’s theorem for the set of five d orbitals is left as an 
exercise. 

The significance of the theorem is that with two electrons in each orbital of 
a set the total electron density is independent of angle, that is, is spherically 
symmetric. We often speak of such a set as a closed or filled shell. Thus Ne has 
a closed shell of six 2p and Ar a closed shell of six 3p electrons; therefore each has 
a spherically symmetric electron density. The outer electrons of Kr constitute 
closed shells of 3d and of 4p electrons, and again give a spherically symmetric 
total electron density. This point has been stressed to counteract the impression 
given by the various preceding polar plots of orbitals that an atom with a filled 
set would be “bumpy,” with orbitals sticking out in various directions. In a sense, 
a set of orbitals (of a given / value) represents one way of dividing a spherically 
symmetric electron density into a set of standing waves. Such a set of waves is 
known, incidentally, as one of spherical harmonics. Thus a sphere of electron 
density may be left as such, and called an s orbital. It may be divided into a set 
of three p orbitals or a set of five d orbitals. As we will see in the next section, yet 
other ways are possible and useful. 


B. The Complete Wave Function 

It is important to appreciate that the polar plots of the A 2 functions are not 
representations of how the electron density actually looks; distance out from the 
origin of such plots is not distance from the nucleus but only the measure of the 
value of A 2 in that direction. To obtain representations of electron density, each 
A 2 function must be multiplied by the appropriate R 2 (r). In a polar plot of the 
electron density for a given tp 2 , distance out from the origin is now distance from 
the nucleus, and no coordinates are left to give the electron density. A qualitative 
graph can be constructed, however, in which the density of shading indicates the 
electron density. This is done in Fig. 16-16 for several cases. Thus although the 
Is and 2s cases are both spherically symmetric, the radial wave function introduces 
a node in the latter. Similarly, the 2p* and 3p x differ in that the latter has a node, 
and so on. An alternative way of modeling the electron density around an atom, 
by means of domains , has been suggested by Adamson (1965). 


C. The Spin Function 

Complete wave functions will include the spin wave function—an item not so 
far mentioned. This function is essentially an algebraic mnemonic device for the 
automatic remembering that each electron has two states of angular momentum: 
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3d t 2_,2 


FIG. 16-16. Pictorial representations of electron density as a function of radius and of angle , for 
various functions. 


either |( h/2n ) or —^(h/2tr), or co and — co. The energies of these states are unaffected 
by the potential energy function for the atom or molecule although they are 
altered by an external magnetic field (see Sections 3-ST-2 and 19-CN-l). 

The spin wave function is, accordingly, a rather peculiar one. There are really 
two functions, a and /3, defined as having the values 1 or 0 according to the con¬ 
vention 

a(a>) = 1 , a( — a>) = 0; /3( — a>) = 1 , /S(a>) = 0. 

The probability associated with the spin functions is treated in the same manner 
as for ordinary wave functions, and using the preceding conventions we have 

J oc(a>) 2 da> =1, J a(o>) /S(o>) da> = 0, J /8(o>) 2 dco = 1. 

These integrals imply a summation over the two possible values of the w products. 
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In writing a complete wave equation, one then includes a(cv) or f3(co) as a factor. 
For example, <fi ls becomes <f> ls a or i/> ls /3. In the case of He there are two electrons to 
consider, and the possible combinations of the spin functions are 

«(1)«(2), j3(l)j3(2), Kl) j8(2) + a(2) £(1)] symmetric, 

(16-92) 

0(1) ,6(2) — tx(2 ) j8(l)] antisymmetric. 

These correspond to the four different ways of assigning electrons 1 and 2 between 
two atoms. Three of the combinations are unchanged in sign if the coordinates 
of the electrons are exchanged, and are therefore said to be symmetric; one function 
is antisymmetric. 

An alternative statement of the Pauli exclusion principle is that only those wave 
functions are physically significant which are antisymmetric to, that is, change sign 
on, the exchange of any pair of electrons. The ground-state wave function for He is 
just fe s (l)fe s (2), where the numbers in parentheses denote electron one and 
electron two, respectively. This is symmetric so that the spin contribution must be 
antisymmetric if the complete wave function is to obey the Pauli principle. Thus, 

fee = fe s (l)fes(2)Ml),8(2) - Ct(2)/J(l)]. 

While the foregoing serves to illustrate the use of spin function, it is approximate 
in that electron-electron interactions are neglected (see Section 16-ST-3). 


16-10 Hybrid Orbitals 

Hydrogen-like orbitals may be used as a basis for the treatment of directional 
bonding between atoms. From the wave mechanical point of view a bond develops 
as two atoms A and B approach if their wave functions reinforce each other. 
One requirement is that both have appreciable amplitude in some common 
region of space, a convenient index of this being that f fefe d T is large. The 
orbitals thus should overlap. The wave functions must also have the proper 
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FIG. 16-17. Hybrid orbitals, (a) sp 2 and ( b ) sp. 
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phase relationships to reinforce and in simple situations this will be the case if 
the overlapping orbitals have the same sign so that the integral is positive. Since 
individual orbitals are directional (except for s orbitals), so therefore are the bonds 
that an atom forms. 

Conversely, knowing the geometry of a molecule, one looks for correspondingly 
oriented orbitals. Thus in CH 4 the four C—H bonds point to the corners of a 
tetrahedron; in BF 3 the three B—F bonds lie in a plane and are 120° apart. The 
problem that now arises is that the s and p orbitals available to light elements 
do not have this angular relationship to each other. One therefore looks for linear 
combinations of orbitals that will produce a new set having the desired directional 
properties. 

In the case of BF 3 one asks what combination of 2s and 2p orbitals produces 
lobes 120° apart and lying in a plane. We can assume the plane to be the xy one, 
which restricts the choice to s, p*, and p v orbitals (the p z orbital being zero in 
this plane). The following set has the desired properties: 




(16-93) 


A plot of these functions is shown in Fig. 16-17. Not only do they have the desired 
directional properties; but also the coefficients of Eq. (16-93) are such that each 
is normalized; the set is mutually orthogonal. Further, the sum A? + A,/ + A./ 
is identical to the sum A a 2 4- A ^ -j and equal to a constant. That is, A a 2 is 
circularly symmetric and so is A* x + A\^ so that the sum of electron densities 
in the xy plane is independent of direction. The new set, A lf A 2 , A 3 , represents 
an alternative way of dividing the circle. Strictly speaking, one should use the 
full wave functions </r in constructing such new sets of orbitals, but the coefficients 
remain the same if the R(r) functions are the same or can be adjusted to nearly 
compensate if they are not. 

The combinations of s and p orbitals of Eq. (16-93) are known as hybrid orbitals, 
after L. Pauling, or as sp 2 hybrids. 

A set of tetrahedrally oriented orbitals can similarly be constructed from s, 
p* , p„ , and p 2 . These are 


A 1 = |(4 S + A Px + A p v + A Pt ), A 2 — + A Px — A Py — ApJ, 

(16-94) 

A 3 = l(A B — Ap x + Ap t — A Pt ), A 4 = ^(4 S — A Px — A Py + Ap t ). 

The new set is normalized and orthogonal. Again, one usually makes the 
assumption that R(r) is the same for each wave function, and so Eq. (16-94) can 
be written in terms of the complete ip functions rather than just the angular parts. 
Orbitals such as A 1 ,..., A 4 are known as sp 3 hybrid orbitals. 

The third and very simple case of hybrid bond formatiop is the sp hybrid, 
formed by a linear combination of an s orbital and a p orbital. For example, the 
set 

A i = + A p J, A 2 = — 

gives lobes lying on the x axis, as shown in Fig. 16-17(b). 


(16-95) 
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A number of other hybrid bond combinations are known; these will be discussed 
in more detail in Chapter 17 using the more powerful group-theoretical approach. 


16-11 The Variation Method. 
Polarizability of the Hydrogen Atom 


A very useful means of obtaining an approximate solution to the wave equation 
is that known as the variation method. Recalling Eq. (16-30), Up = Ep, multiplica¬ 
tion of both sides by p (or by p* if p is complex) gives, on rearrangement (and 
recognition that E is a constant), 


J p*Hp dr 
$P*pdr ’ 


(16-96) 


which is a formal way of expressing the energy solution to a wave equation. The 
integrals are over dr, or over all space, and so if the p’s are normalized, the de¬ 
nominator is unity. The basic theorem of the variation method is that if some 
approximate wave function <j> is used in Eq. (16-96), the resulting E, 


f p*Hp dr 
J p*p dr 


(16-97) 


may be greater than the correct E but never less than it. The proof is not difficult 
and may be found in several of the general references. 

A common application is that in which the variation function <f> is expressed as a 
series, 

P == Clfl + Cifi + "• + Cn/n » (16-98) 


where each function/satisfies the general conditions for a wave function. Assuming 
for simplicity that all functions are real, substitution into Eq. (16-97) gives 


p __ 17= l Ik -1 c j c kddjic 
17=1 2k=l C l C kSjk 


(16-99) 


where 


H ik = j/yH4 dr, S, k = jf,f k dr. (16-100) 

Equation (16-99) rearranges to 

E 2 c ) c kSjk = 2 c > c kHik ■ (16-101) 


One now wishes to find the coefficients c that make E a minimum. This is done by 
differentiating Eq. (16-101) and setting dE/dCi — 0. Differentiation gives 


8 E 


2 2 c i c kSj k + £ 2 2c k Sik — 2 c k{H*k + H ki ). ( 16 - 102 ) 

j — \ k= \ fc = l 


fc=l 


It may be shown that H lk = H ki and S lk — S kl , and the condition that SEjdCi be 
zero becomes 


n 


2 


c )c(Hik — Si k E) — 0. 


(16-103) 



16-11 THE VARIATION METHOD. POLARIZABILITY OF THE HYDROGEN ATOM 697 


This is a set of n simultaneous, homogeneous linear equations. If they are to have a 
solution (other than the trivial one of all c’s equal to zero), the determinant of 
the coefficients of the c’s must vanish. Thus 


#11 

-S X1 E 

#12 


• #ln 

#21 

>^21^ 

#22 

*$22^ 

' #2n 


S ln E 



(16-104) 


#nl Snl E 


H n a — S„aE 


H„„ S nn E 


This determinantal equation, commonly called the secular equation, is then solved 
for E (taken to be the lowest of the roots). 

A relatively simple but important application of the variation method is to the 
determination of E when a hydrogen atom is subjected to an electric field, F, applied 
in the z direction (of Fig. 16-7). We try 


<l> = cj j + Ca/ 2 , (16-105) 

where 

fi = *Pia = (mJo 3 )~ 1,2 e~ r,a °, 


A = = (W)" 1 '** r/a °(^) cos 9 

(a 0 is the radius of the first Bohr orbit). The function / 2 has been selected as the 
simplest function that will shift the electron density in the z direction relative to/j . 
We assume that the field is small enough that the Hamiltonian can be written 

H = H 0 + eFz = H 0 + eFr cos 0, (16-106) 

where H 0 is the Hamiltonian for the hydrogen atom with no field. The necessary 
integrals are easily found to be 


#n — e 2 /2o 0 , = 1, 

#12 = cFflo , — 0 , 

H22 — 0 , S 22 = 1 > 

so that the secular equation is 

— =- E eFa 0 

2 a 0 0 = 0 . 

eFa 0 —E 

This yields a quadratic equation in E, whence 


(16-107) 


On using the binomial theory to expand the square root, and keeping only the term 
in F 2 , we obtain 

E = -S- -2cr 0 3 F 2 . (16-108) 

2cIq 

The first term is the energy of the unperturbed atom and the second term gives the 
reduction in energy due to the field. Recalling Eq. (8-57), which gives the energy of 
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an atom in a field, F, as —|aF 2 , we thus obtain the polarizability, a, as 

« = 4a 0 3 = 0.59 X 10 - 24 cm 3 . (16-109) 

More sophisticated calculations (including more wave functions than just the *u> 
give as the exact value a = 0.670 X 10 " 24 cm 3 . 


COMMENTARY AND NOTES 


16-CN-l Albert Einstein 

Albert Einstein is the third great man of science that we attempt to describe. 
Benjamin Thompson (see Section 4-2) had a multifaceted brilliance and, as an 
individual, was effectively self-serving in a scoundrelly way. Willard Gibbs (see 
Section 6-CN-2) had a tremendous depth and rigor of thought; as an individual 
he was austere and retiring but kindly. Einstein resembled Thomson in the 
variety of his brilliance and Gibbs in its depth; as a person he resembled neither. 

The general sequence of Einstein’s life is as follows. 

1879 Born on March 14 in the small Swabian Jewish community of Ulm, on 
the Danube. His father was the manager of a small electrochemical 
works and his mother an able hausfrau and fine pianist. The family left 
for Munich shortly after his birth. 

1894 Completed studies at the Luitpold Humanistische Gymnasium in Munich, 
mainly on the basis of mathematical achievement. He then joined his 
family, which at this time was residing in Milan. 

1895 Flunked the entrance examination of the Polytechnic Academy in Zurich 
but the examiners were so impressed by his mathematics that they 
enrolled him in a small liberal arts school in Aarau, and a year later he 
gained admission to the Academy. 

1900 Graduated in physics but failed to receive a staff appointment. He did 
odd jobs, was a relief mathematics teacher in a technical school in 
Winterthur (and wrote an essay on capillarity), and then worked in the 
Swiss Patent Office in Berne until 1905. By then he was a Swiss citizen. 

1902 Married Mileva, a small dark-haired girl from the Serbian town of Novi. 
A son, Hans Albert, was born in 1904, and then a second son, Edward. 
Some intensely personal troubles, unknown in detail to this day, seem 
to have clouded the marriage. In 1902 he published a paper on the second 
law of thermodynamics and thermal equilibrium—apparently unaware 
of Gibbs’ work, he essentially rediscovered statistical thermodynamics. 

1905 In an amazing volume of Annalen der Physik Einstein published his 
paper on Brownian motion [note Eqs. (2-67) and (10-41)]; the Nobel- 
prize-winning paper on the quantum theory of light, based on photo¬ 
electric and photochemical behavior (see Section 16-1); and the first 
paper on the special theory of relativity (while still working in the patent 
office). 
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1907 Was offered an unpaid lecturership (privatdozent) at the University of 
Zurich. He rejected the offer but did take such a position at the University 
of Berne. By 1909 his accomplishments were being recognized worldwide, 
and, over some political infighting, the University of Zurich offered him 
a professorship (an extraordinary or nonadministrative chair), which he 
accepted. 

1910 Was offered and accepted the chair in theoretical physics at the University 
of Prague—the oldest university in central Europe. At Zurich and then 
at Prague he continued working on relativity theory. One of his important 
papers on general relativity was published in 1911. That year he attended 
the first of several Solvay Conferences (all-expense-paid gatherings of 
topflight physicists and chemists, supported by a wealthy scientific 
hobbyist). This was Einstein’s first opportunity to meet such people as 
Rutherford, Poincar6, Langevin, Planck, Nernst, Lorentz, and Marie 
Curie. 

1912 Returned to Zurich as professor of theoretical physics at the Polytechnic 
Academy. 

1913 Went to Berlin as director of a specially created research institute for 
physics and as a member of the Royal Prussian Academy of Science. 
He remained there until the rise of Hitler. In 1919 he divorced Mileva 
and married a second cousin, Elsa Rudolph, who had two daughters 
from a previous marriage. 

1933 Joined the Institute for Advanced Studies at Princeton. (By this time 
the position of most Jews in Germany was untenable.) 

1939 Wrote a letter supporting the position of Leo Szilard (and of R. Sachs, an 
advisor to President Roosevelt) who urged the President to begin work 
on an atomic bomb, pointing out that the Germans had already started. 

1955 Died in Princeton Hospital on April 18 from a massive failure of the 
aorta. 

The above factual summary cries for amplification. Einstein was perhaps the 
first scientist to catch the public imagination. In the 1920’s he gave popular 
lectures to packed houses in England and on the Continent; relativity became 
a household word. He was a scientist’s genius as well, until perhaps the Solvay 
Conference of 1928. Much of Einstein’s contributions were in the area of statistics 
—statistical thermodynamics, Brownian motion, blackbody radiation—and even 
though he was responsible for establishing the corpuscular and hence dual nature 
of electromagnetic radiation, he never accepted Heisenberg’s uncertainty principle. 
He felt this to be a reflection of an inadequacy of wave mechanics rather than a 
fundamental limitation of nature. The whole matter came to a head at the 1928 
Solvay Conference. Einstein proposed a violation of the uncertainty principle. 
Briefly, it should be possible to have a mechanism that would allow one photon 
to escape from a box at a precisely determined time. The change in mass determined 
by weighing the box before and after should give the exact energy of the photon 
that was lost. The story is that Bohr came away from that session deeply worried, 
but toward the end of a sleepless night perceived an answer (which had to do 
with the fact that the impulse given to the box by the photon would change the 
rate of running of the clock and hence make the precise determination of time 
impossible). He presented this solution the next day—and essentially defeated 
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Einstein. This event, it appears, began the decline of Einstein as the head of the 
scientific world. Einstein worked until his death on an attempt to formulate a 
general (unified-field) theory that would contain within it both the corpuscular 
and wave aspects of photons and of matter. He never fully succeeded, but con¬ 
tinued strongly to believe that wave mechanics was an incomplete model and that 
the search for a more complete one should continue. While the support is unneeded, 
this writer agrees. 

As a person, Einstein seems to have had an inner reserve that prevented him 
from making any close personal ties. As a teacher he could be enthusiastic and 
inspiring, but on specific occasions and subjects. It appears that, overall, it was 
difficult for students to learn from him. This conclusion is supported by the fact 
that there was and is no “Einstein” school of physicists—he was a loner. 

He could be passionate in causes, as with regard to the League of Nations. As 
a pacifist, he refused any war-related work during World War I. In New York 
in 1930, he rousingly called upon true pacifists to refuse to take up arms under 
any circumstances, asserting that if only 2 % of the populace would do this any 
country’s war effort would be doomed. Communists (at that time in alliance with 
Hitler) applauded. He was not a Communist, however. While he was “open” to 
the left, seeing less danger from communist than from capitalist societies, Einstein 
was also quite capable of walking out of an association if he perceived it to be 
primarily a Communist political front. His abhorrence of fascism (that is, Hitlerism) 
was special; it led him to promote the United States atomic bomb program. 
Later, in 1945, he urged the country to outlaw voluntarily use of atomic bombs 
and campaigned strenuously for the Emergency Committee of Atomic Scientists 
(along with Bethe, Pauling, and Urey). 

Einstein was a Jew by descent and by culture, but not in a synagogue-attending 
way. His God made the universe orderly but did not inquire into the activities of 
individuals. He was an ardent Zionist. He toured the United States with Chaim 
Weizmann in 1921 to help raise money for the Palestine Foundation Fund. Israel 
owes much to him. [Interesting accounts of Einstein’s life include the books by 
Schilpp (1963) and Frank (1947).] 

Surely the trio Thompson, Gibbs, and Einstein illustrate the point that genius 
in science imposes no bounds on diversity in all other respects. 


16-CN-2 An Alternative 
Interpretation of the Uncertainty Principle 

The currently conventional description of the uncertainty principle is given in the 
Introduction. It will be recalled that Eq. (16-8) was interpreted to mean that one 
cannot measure both position and momentum simultaneously without errors whose 
product is at least as large as h/An. This is the interpretation taken by Heisenberg 
and by Bohr; Einstein and others have taken strong exception to it. In his review on 
this subject, Ballentine (1970) describes the alternative, statistical interpretation. It 
is as follows. Consider an experiment in which an electron is scattered and its 
subsequent position (and/or momentum) is measured. Now suppose a large (in the 
limit, infinite) set of such experiments. Even though the experiments are identical, 
the results will vary, giving a distribution curve in value of position and momentum. 
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with standard deviations 8p and 8x. The statistical interpretation affirms that 
8p 8x > 

The statistical interpretation is all that is required by wave mechanics. That is, 
solutions to the wave equation, for example, do not predict the position or momen¬ 
tum of a particular particle, only the probable values. Thus in Fig. 16-6, tfnft* gives 
the probability of there being a given value of x; if x could be measured, the result 
of some one experiment could give any value. However, the collected results of a 
large number of identical experiments is predicted to give the distribution 

An intriguing aspect of the statistical interpretation is in the possibility that the 
supposedly identical set of experiments which give distributions in p and in x may 
not really be identical. Might there be some as yet unknown variable which is not 
being controlled and whose variation leads to 8p and 8x1 If so, wave mechanics is 
not a complete description of nature. As may be imagined, the hidden variable 
question has given rise to lively and as yet unresolved debate. 


16-CN-3 Steps beyond Hydrogen-Like Wave Functions 


Very extensive advances have been made in the direction of obtaining more 
accurate solutions to the wave equation for multielectron atoms. The detailed 
methodology of advanced treatments must be left to subsequent elective or 
graduate courses. We can, however, outline the directions taken and summarize 
qualitatively the degree of progress made. 

The difficulty of dealing with multielectron atoms becomes apparent even with 
the helium atom. The wave equation is now 

h 2 i7e 2 7e 2 e 2 \ 

- Hcrfim ^ W - (tT + 7T - 7^) ^ ( 16 - n °) 

where the subscripts refer to electrons 1 and 2; that is, the Hamiltonian is [see 
Eq. (16-30)] 

U2 7„2 7p2 p 2 

H = - «4r( v i 1 '+ *.*>- *r~T- + T-- (16 ' U1) 

o ir 2 m r l r 2 r 12 

One now has a second-order partial differential equation in six variables—three 
coordinates for each electron. The real difficulty is in the e 2 /r 12 term, which gives 
the interelectronic repulsion. Were it not for this, the wave equation could be 
separated into two, one for each electron. Put another way, the helium atom 
is the wave mechanical three-body problem. It has not been solved explicitly, but 
successive approximation methods aided by high-speed computers have led to 
solutions which appear to be exact theoretically and which agree well with 
experiment (with respect to, say, the spectrum of helium). 

One approach is to start with the hydrogen-like wave functions and introduce 
the e 2 /r 12 term as a correction; one does this by expanding the term by means of 
associated Legendre polynomials and evaluating the resulting integral term by 
term. The first approximation for the ground-state energy is E He = (2Z 2 - fZ) E H . 
The ionization energy of the first electron of He is then f£ H = 20.40 eV, as 
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compared to the experimental value of 24.49 eV. Further approximations can be 
made, but with a cascading increase of effort. 

Another approach is to consider that the electron of He which is to ionize is 
in a nuclear field corresponding to charge Z e «, where Z e tf lies between 1 and 2, 
and to write the corresponding hydrogen-like wave function for this electron. 
The value of Z e tt which makes the energy of this electron a minimum gives 
E = 23.05 eV, or much closer to the experimental value than the other method 
does in its first approximation. The hydrogen-like wave function with Z e tf can 
next be modified by trial and error until a yet lower or more stable energy for the 
electrons is found. In this manner a calculated ionization energy agreeing with 
experiment to within 0.002 eV has been obtained. 

Neither of these methods is sufficiently efficient to be very useful for atoms 
beyond helium, and two further developments are as follows. J. Slater pursued 
the approach of using a Z e tf plus an n e tt to make hydrogen-like wave functions 
give a better approximation to observed ionization energies and other behavior. 
The results of a great deal of effort in this direction have led to rules such as the 
following: 

1. Values of n e u are given by 

n 1 2 3 4 5 6 

«eff 1 2 3 3.7 4.0 4.2 

2. To determine the screening constant s (see Section 16-3), electrons are 
divided into the groups (Is), (2s, 2p), (3s, 3p), (3d), (4s, 4p), (4d, 4f) and so on. 
Then (a) electrons outside the group containing the one in question contribute 
nothing to s; (b) each electron in the group being considered contributes 0.35 
to s, except that if a Is electron is involved, the other one contributes 0.30 to s; 
and (c) if the shell considered is an s or p shell, an amount 0.85 is contributed 
from each electron with principal quantum number less by 1, and an amount 1.00 
from each electron still further in; but if the shell is a d or an f shell, an amount 
1.00 is contributed from each electron of that shell. 

For example, carbon has the configuration ls 2 2s 2 2p 2 . The Is electrons are 
described by the hydrogen-like wave function with Z e ff = 5.70. The 2s and 2p 
electrons are approximated by the hydrogen-like wave function for n = 2, but 
with Zetf = 6 — 2(0.85) — 3(0.35) = 3.25. Insertion of n = 2 and Z = 3.25 into 
Eq. (16-19) gives 0.41 a.u. for the first ionization energy, as compared to the 
observed value of 0.42 (from Table 16-1). 

The alternative of the more advanced approaches has been to say that as a first 
approximation, one can estimate the interaction of a particular electron with all 
other electrons by taking the latter to obey hydrogen-like wave functions (perhaps 
with Slater corrections). The wave function for the particular electron is then 
solved and this is done for each electron in turn. The process is repeated with the 
new set of wave functions. That is, one estimates the interaction of a particular 
electron by using the new wave functions for all the others. Eventually, a conver¬ 
gence is reached in which no further change in the functions occurs. The potential 
energy function for the electrons is now said to be self-consistent. This method, 
due to D. Hartree (and further improved by V. Fock) is the basis for many modern 
calculations of the energies of low-atomic-number atoms. 

The struggle in all of these approximation procedures is to find wave functions 
that reproduce the experimental ionization and total energies for atoms. If wave 



SPECIAL TOPICS, SECTION 1 703 

functions that do this can be found, then one has some confidence in their applica¬ 
tion to other calculations. 


SPECIAL TOPICS 


16-ST-l Atomic Energy States 

The treatment of atomic energy states was by-passed in the main part of the 
text not because it is unimportant but because of the level of detail required. 
The energy states of the hydrogen atom are, of course, given by the Bohr theory 
and wave mechanics. Energies of states of hydrogen-like atoms may be estimated 
by rules such as given in Sections 16-3 and 16-CN-3. Those for atoms having two 
or more outer electrons involve rather high-level wave mechanics for their treat¬ 
ment but it is very useful at least to see how the various excited states are named. 
It is this nomenclature and the various combining rules on which it is based that 
we outline here. 

In general the state of a multielectron atom is given by three angular momentum 
designations, S, L, and J. The number S gives the net spin quantum number, L is 
the net orbital angular momentum, and J is the vector sum of the spin and orbital 
angular momenta. Both S and L are zero for closed shells and only the outer elec¬ 
trons have to be considered. Each individual outer electron has some particular 
£ value and its spin is there are various ways in which the orbital angular 
momenta can combine to give a net L, and the spin angular momenta to give a 
net S. A particular set of individual electron ( values thus gives rise to a number of 
L and S states for the atom as a whole. For each L and S state the possible J 
values are L — S, L — S + 1, ..., L + Sd 

The detailed procedure for obtaining the possible L and S states may be out¬ 
lined as follows. Each outer electron has 2/ + 1 possible values of the magnetic 
quantum number,^ = 0, ±1,..., (corresponding to the various allowed pro¬ 
jections of the / vector); the sum of a possible combination of the m c for the outer 
electrons then gives a particular M L value. Likewise, a spin of may be assigned 
to each electron, bearing in mind the Pauli exclusion principle, to yield various 
M s ■ One thus obtains an array of all the M L and M s generated by vectorial com¬ 
binations of the individual electron ( and <? values. One now looks for a set of 
L and S states that will produce this same array. Each L state implies M L values 
of 0, ±1,..., L and each S state implies M s values of —S, —S + 1,..., S. 

An example should be helpful at this point. We consider first the case of an 
atom with two outer electrons of the same principal quantum number n and of 
the same t value, namely t = 1. The configuration is thus (np) 2 . Table 16-4 lists 
the various assignments of m and of o and the corresponding M L and M s values, 

♦The scheme whereby the individual electron orbital angular momenta combine to give L 
and the spins to give 5, which then determine the possible J values, is known as Russell-Saunders 
coupling. An alternative combining rule, more valid for heavy atoms, is that of first obtaining the 
possible net angular momenta j for each electron, where/ = t — a, t— o + 1, t + a, and then 
combining these j values vectorially to obtain J values. 
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TABLE 16-4. Orbital Configurations for a p 2 Case 


1 

0 

-1 

M l = L *>t{ 

i 
w 

ii 

§ 

X X 

— 

— 

2 

0“ 

— 

X X 

— 

0 

0“ 

— 

— 

X X 

-2 

0“ 

X 

X 

— 

1 

-1,0,0, 1* 

X 

— 

X 

0 

-1,0,0, l 2 

— 

X 

X 

-1 

-1,0,0, l 2 


• Only Ms = 0 is possible; since both electrons have the same three 
quantum numbers n, ( % and , their spins must be opposed. 

2 The restriction in footnote a now does not apply; each electron can 
have a = ^ or * — — % independently. Zero is entered twice since the first 
electron may have its spin up or down and the case for the second electron 
is reversed; since the m values are different, these are not identical con¬ 
figurations. 


TABLE 16-5. Orbital Configurations for a p 2 Case 


2 

1 

1 

1 2 1 

0 

1 3 1 

-1 

1 2 1 

-2 

1 


-1 0 1 


Ms 

(a) 


M l 




2 

1 

1 

1 

0 

1 

-1 

1 

-2 

1 


0 


Ms 


(b) 


1 

1 

1 

1 

0 

1 

2 

1 

-1 

1 

1 

1 


-1 

0 

1 


Ms 

(c) 


or 


*D + 


sp 


1 

1 

1 

1 

0 

1 

1 

1 

-1 

1 

1 

1 


-1 

0 

1 


(d) 


Ms 


>S 


0 

1 


0 


(e) 


Ms 


or 


p 2 ~ »D + 3 P + 'S 
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and Table 16-5 summarizes the number of times each M L and M s combination 
occurs. We observe that the maximum M L value is 2, which means that the state 
with L = 2 is present; since M L = 2 occurs only with M s = 0, the state is one 
of S = 0. The next step is to draw up the array for this state, given in Table 16-5(b), 
and to subtract it from the initial array, to give array (c). 

The largest M L value in array (c) is 1 and the largest M s value is 1, corresponding 
to the state L = 1, S = 1. The array for this state is (d), which is then subtracted 
from (c) to give array (e). This last corresponds to the L = 0, S = 0 state. 

The naming system for L states is the same as that for £ ones, that is, 
S, P, D, F, G, ... for L = 0, 1, 2, 3, 4, ... . It is customary to designate the S state 
by writing its number of possible M s values, 2S + 1, as an upper left superscript. 
Thus array (b) corresponds to a J D state, array (c) to a 3 P state, and array (e) to 
a X S state. The possible configurations for (np) 2 are thus *D + 3 P + 1 S. 

As one further example, we consider the case of (nd) 3 . The display of possible 
m { , M l , and M s assignments is given in Table 16-6 and the tabulated array in 


TABLE 16-6. 

Orbital Configurations for a 

d a Case 






M l = E 

$ 

II 

M 

2 

1 

0 

-1 

-2 

X X 

X 

— 

— 

— 

5 s 


X X 

— 

X 

— 

— 

4 


X X 

— 

— 

X 

— 

3 


X X 

— 

— 

— 

X 

2 


X 

X X 

— 

— 

— 

4 


— 

X X 

X 

— 

— 

2 


— 

X X 

— 

X 

— 

1 


— 

X X 

— 

— 

X 

0 


X 

— 

X X 

— 

— 

2 


— 

X 

X X 

— 

— 

1 

1 1 

— 

— 

X X 

X 

— 

-1 

2’ 2 

— 

— 

X X 

— 

X 

-2 


X 

— 

— 

X X 

— 

0 


— 

X 

— 

X X 

— 

-1 


— 

— 

X 

X X 

— 

-2 


— 

— 

— 

X X 

X 

-4 


X 

— 

— 

_ 

X X 

-2 


— 

X 

— 

— 

X X 

-3 


— 

— 

X 

— 

X X 

-4 


— 

— 

— 

X 

X X 

-5 

> 









X 

X 

X 

— 

— 

3 


X 

X 

— 

X 

— 

2 


X 

X 

— 

— 

X 

1 


X 

— 

X 

X 

— 

1 


X 

— 

X 

— 

X 

0 

31 1 3 ° 

X 

— 

— 

X 

X 

-1 

( 2’ 2’ 2’ 2 

— 

X 

X 

X 

— 

0 


— 

X 

X 

— 

X 

-1 


— 

X 

— 

X 

X 

-2 




X 

X 

X 

-3 



“ Note that for this group of configurations there are three ways of assigning 
spins to give an Ms of and similarly for Ms = 
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TABLE 16-7. Orbital Configurations for a d s Case 0 


5 


1 

1 


4 


2 

2 


3 

1 

4 

4 

1 

2 

1 

6 

6 

1 

1 

2 

8 

8 

2 

0 

2 

8 

8 

2 


_3 

2 

1 

2 

1 

2 

3 

2 


Ms 


“ The array is symmetric to negative M L , so 
only the positive ones need be listed. 


Table 16-7. The reader can verify that this array is the sum of those for the states 
2 H, 2 G, 4 F, 2 F, 2 D twice, 4 P, and 2 P. The general procedure can be extended to states 
involving more than one partially filled subshell, such as (ns) 1 (np) 1 . 

It takes energy to pair electrons, and a rule, known as Hund’s rule, applies here in 
the form of the statement that the state of lowest energy will be that of largest S 
value and, within this restriction, of largest L value. Thus for (np) 2 the ground state 
is 3 P, while for (nd) 3 it is 4 F. A further rule is that for shells less than half filled, 
states with lower J values are lower in energy, and the reverse is true for shells more 
than half filled. 


16-ST-2 The Rigid Rotator 


The case of a diatomic molecule which can rotate, but whose bond length is 
fixed, is treated as follows. The wave equation is Eq. (16-71) but with V = 0 
since the rotation is free. If r is distance from the center of mass, then it is a con¬ 
stant, so the terms involving differentiation with respect to r drop out; also, in 
this coordinate system, mr 2 becomes /, the moment of inertia of the molecule. 
Equation (16-71) then reduces to 


1 8 i . dip \ 1 d 2 ip 

sin e ee l sln 89) + sin 2 e 8<t> 2 


%TT 2 IE 

h 2 


4, = 0. 


This separates into </> = 0(9) <P(4>) as before, and the solution to <P(4>) is given 
by Eq. (16-77). The solutions to 0(9) are analogous to those for Eq. (16-76), and 
on inserting them back into the 0(9) equation, one obtains for the energy 


E = 


h 2 

8t r 2 / 


J(J + 1), 


(16-112) 


where J plays the same role in the solutions to 0(9) as does £ in the case of the 
hydrogen-like atom. 

The actual wave functions </> for the rigid rotator are thus very similar to the 
angular wave functions for the hydrogen atom. Their form is not ordinarily of 
much interest; so far as this text is concerned, Eq. (16-112) is the important one. 
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16-ST-3 First-Order Perturbation Theory 

A very important method is that which treats a small perturbation to a system. 
The wave equation for the actual system is 

Hip — Eip = 0, (16-113) 

and we suppose that the Hamiltonian H is only slightly different from some other 
one, H°, for which the equation 

H°ip° — E°ip° = 0 (16-114) 

has known solutions, the set of solutions and corresponding energy states being 

<Po°, >Px°, h°, -I <A*°; E 0 °, Ex, E °,..., E k °. 

Since the perturbation is small, we write 

H = H° + £xH\ 

where a is the measure of the perturbation. 

For example, in the case of the harmonic oscillator H° would be 

h 2 d* , w , 

— “5—2- ~T ~2 "t - i** 2 - 

8 Titn ax 2 

If the oscillator is not quite harmonic, so that V(x) is \&x 2 + bx 4 , then H' 
is simply — bx 4 . In the case of Eq. (16-110), the (rather large) perturbation 
to V(r) is e 2 /r u . A very common situation, then, is that in which H' equals some 
additional or perturbing terms in the potential energy function. 

The next step is to assume that since the perturbation is to be small, the solutions 
to Eq. (16-113) involve only a small correction to those for the unperturbed case, 
Eq. (16-114), so that for the fcth state 

*Pk = <P* + lx 'Pk, E k = E k + a E k . 

If these expressions for H, ip k , and E k are substituted into Eq. (16-113), one 
obtains 

(H° - E k °) W = (E k ' - H') 4° (16-115) 

[Eq. (16-114) has been used to cancel some terms, and also those in a 2 have been 
dropped]. It is further true that the correction wave function </>*' can itself be 
expressed as some linear combination of the solutions </> 0 °, ip x °, and so on, 

4>k = E (16-116) 

i 

or 

W* k ' = = Y,a i E°<P°. 

i i 

Substitution of this last equation into Eq. (16-115) gives 

£ atE? - E k °) + ° = (E k - H') ip k °. 


(16-117) 
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Finally, Eq. (16-117) is multiplied by i/j k * and integrated: 

I aj,E t ° - E k °) I dr = J y k *(E k ' - H') 4> k ° dr, (16-118) 

where dr represents the element of volume (and would be just dx in the case of 
the harmonic oscillator). The left-hand term of Eq. (16-118) is zero; the <p° func¬ 
tions are all orthogonal so that J"0 ° k *</i° dr = 0 if k ^ i, and E° = E k if k — i. 
The right-hand side can be separated into two integrals and solved for E k 
(remembering that J >Pl*<Pk° dr = 1), to give 

E k = J dr. (16-119) 

Equation (16-119) gives E k ' and hence aE k ', the first-order perturbation theory 
correction to the energy E°. The constant a is usually incorporated into E k and 
H' or, in effect, treated as equal to unity. For the kth energy state E' is obtained 
by averaging the perturbation function H' over the unperturbed state of the 
system. Thus for the n = 1 state of a harmonic oscillator and with H' = bx 4 , the 
correction would be 

E Ll = b f dx, (16-120) 

J _oo 

where 0 n-1 is given by Eq. (16-59). In the case of the helium atom, for which 
H' = e 2 /r l2 , the correction to the ground-state energy is 

E' = J | 4>ts I 2 (e 2 /r 12 ) ! 0 lg | 2 dr, dr 2 . (16-121) 

If i/j k ° is degenerate, a complication arises in that we do not know which (if any) 
of the degenerate set approximates to the solution of the perturbed wave equation. 
The general procedure involves using a linear combination of the degenerate wave 
functions. 


16-ST-4 Quantum Theory of Blackbody Radiation 

The period around 1890-1900 was one of fairly intensive study of the radiation 
emitted by hot objects. An important, essentially thermodynamic argument is 
that if an object is placed in a box or other isolated system and comes to equilibrium 
with the ambient temperature, then it must be emitting and absorbing radiant 
energy at the same rate. This equivalence must apply at each wavelength, on the 
basis that it would otherwise be possible for the object to have a different equi¬ 
librium temperature than its surroundings. It is commonplace that different 
surfaces have greater or lesser ability to reflect light—some are bright, some are 
dull, and others are colored. They must then also have correspondingly different 
abilities to absorb light. Further, the most perfectly absorbing material should 
also be the most perfectly emitting one. 

The concept of the blackbody emerges from such considerations. A box lined 
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in deep black material with only a small hole for light to enter should absorb 
virtually all light incident on the hole. That which is not absorbed immediately 
should be absorbed after a few reflections around the inside of the box. Such a 
box should then also be an essentially perfect emitter of radiation, hence the term 
blackbody radiation. The achievement by 1900 was to measure accurately the 
spectral distribution of blackbody radiation as a function of temperature, with 
results as illustrated by Fig. 16-18. Several laws developed as regularities were 
discovered. Wien (1894) found that the short-wavelength portion of the spectral 
distribution could be represented by a function of the form 

E v dv = au 3 e- h ^ r dv, (16-122) 

where E„ is the emissive power (radiant energy of frequency v per unit frequency 
interval emitted per unit time by unit area of a blackbody) and a and b are con¬ 
stants. The law implies that the frequency v max at the maximum of the distribution 
is proportional to T, or 

A max - y • 06-123) 

The constant A has the observed value of 0.290 cm K. 

Further, the total emissive power is £tot = E v dv, or, alternatively, 
Et ot = J® (—c/A 2 ) E x dX , since Av = c. That is, the emissive power per unit wave¬ 
length interval is proportional to 1/A 2 times that per unit frequency interval. If 
this conclusion plus Eq. (16-123) is substituted into Eq. (16-122), the result is 

= BT *> 06-124) 

or the maximum in E„ should be proportional to the fifth power of the temperature. 
Earlier, Boltzmann had shown by a thermodynamic argument that the total 
emitted energy obeyed the equation 

Etot = oT\ (16-125) 



FIG. 16-18. Energy distribution for a blackbody radiator according to Planck’s equation. 
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where a is now generally known as the Stefan-Boltzmann constant; its value is 
5.670 X 10" 5 erg cm -2 sec -1 K -4 . 

Finally, Lord Rayleigh and J. Jeans were able to obtain an alternative expression 
to Eq. (16-122) by supposing that the equilibrium radiation in a black box must 
consist of standing waves. Suppose the box to be of side a, so that nX = 2a for 
standing waves, or nc/v — 2a. If v 0 is some observed frequency of wavelength 
small compared to a, then the number of possible other frequencies is of order 
N = 2a/A 0 . Extension of the analysis of the three-dimensional box gives 

4V _ 4ttV v 0 * 

N ~ 3A 0 3 3 c 3 ’ 

where V = a 3 and is the volume of the box. The distribution function for N is then 


N v dv = 



(16-126) 


or, assuming equipartition so that each frequency has associated energy kT, 


p v dv 


8 7rv 2 kT 


dv. 


(16-127) 


where p v is the energy density of the radiant energy (ergs per cubic centimeter); 
also a factor of two has entered to allow for the magnetic as well as electric oscilla¬ 
tions present in electromagnetic radiation. The total emissive power £tot can be 
shown to be 

£tot = lc P , (16-128) 


where E tot is given in ergs per square centimeter per second. Equation (16-127) 
then becomes 


E„ dv 


2irv 0 2 kT dv 
c 2 


(16-129) 


This equation works well for the long wavelength side of the distribution function 
but leads to infinite emission as A —*■ 0 (called the ultraviolet catastrophe). By 
about 1900 it was becoming necessary to question the equipartition principle 
itself. M. Planck suggested that the difficulty with the Rayleigh-Jeans law could 
be eliminated if it were supposed that an oscillating system (such as atoms in a 
solid) could only acquire energy in steps, rather than by infinitesimal degrees. 
In this way the equipartition principle would gradually come into being as kT 
became large compared to such steps or quanta. If v 0 were the fundamental 
frequency of the oscillators responsible for the radiation, then they could only 
emit radiation proportional to v 0 or to some integral multiple of it. This propor¬ 
tionality factor is, of course, now called Planck’s constant h. 

Planck was then able to derive the distribution law for blackbody radiation. 
He assumed that the Boltzmann principle applied so that the number of oscillators 
of energy e, was given by N, = N°e~ ti/kT . The total number becomes 

TV = A'' 0 N°e~ hv ° lkT + N°e- 2h '‘o /kT -f- ••• = tv° £ 

i-0 
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where jV 0 is the number of oscillators in the lowest energy state (e = 0). The 
total energy for oscillators in their various quantum states is therefore 

Et ot = N°(0) + N°(hv 0 ) e- h ^ ,kT + N°(2hv 0 ) e~ 2hv " /kr + - 

= N°(hv 0 ) £ ie ix , 

i=0 


where x = hvJkT , and the average energy is 

IZo ie ix 


e = hv 0 


•£- 1=0 


The sums are standard ones which, on evaluation, give 

- _ hv 0 = hv 0 
e x ■— 1 e hv «l kT — 1 


(16-130) 


Note that if kT^> hv „, Eq. (16-130) gives i — kT, or the classical equipartition 
law. 

On substituting the expression for e into Eq. (16-129) in place of kT, Planck 
obtained the distribution law 

E,dv = 2 ^ - k7 ±-—d v (16-131) 

or 

(16-132) 


(the subscript zero usually being dropped). 

Equations (16-131) and (16-132) reduce to the Rayleigh-Jeans equation (16-129) 
at large wavelengths and to Wien’s law, Eq. (16-122), at short wavelengths. The 
amazing success of Planck’s treatment went far to guarantee acceptance of the 
then revolutionary idea of energy quanta. 


Example. We wish to calculate for a blackbody at 1646 K and A ma »- Differentiating 
Eq. (16-132) with respect to A and setting dE„ldX = 0 leads to the equation 5 — x = 5e~*, 
where x = chl\ max kT. The solution is x — 4.97, whence 


_ (3.00 x 10»°)(6.63 x 10-») 
maI_ (4.97X1.38 x 10" 18 )(1646) 


cm = 1.78 


I*- 


[The same answer is obtained using Eq. (16-123) with A = 0.290.] 
Substitution of this result into Eq. (16-132) gives 




2w(6.63 x 10- 2, )(3.00 x 10 10 ) 2 
(1.78 x 10-‘) 6 


1 


144 - 1 


1.46 x 10 12 erg cm -2 sec' 


Our standard of luminous intensity, the candela, is defined in terms of blackbody radiation. 
Specifically, it is the luminous intensity, in the perpendicular direction, of a surface of 
1/600,000 m 2 of a blackbody at the temperature of freezing platinum (2045 K). A source of 
unknown luminous intensity is rated in candelas by comparing it to the standard, using a 
photoelectric cell whose wavelength sensitivity is that of the human eye (a standard sensitivity- 
wavelength plot is used, which peaks at 550 nm). 
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EXERCISES 


Take as exact numbers given to one significant figure. 

16-1 Calculate (a) the radius of the Bohr orbit with n = 2, (b) the potential energy in atomic 
units of the electron in this orbit, (c) the energy difference in electron volts between the 
n — 2 and n = 3 Bohr orbits, and (d) the frequency in wavenumbers of the light emitted 
when a hydrogen atom in the n — 3 state returns to the ground state. 

Ans. (a) 4a„ or 2.12 A, (b) -0.25 a.u., (c) 1.89eV, (d) 97,500cm- 1 . 

16-2 The atomic unit of energy is given by e*/a Q with e in esu units and a 0 in cm. Write the 
corresponding definition in the SI system (e in coulombs and a 0 in meters), and calculate 
the number of a.u. (SI) per joule. 

16-3 Estimate the uncertainty in the energy (in electron-volts) of (a) a 1-eV electron confined 
to a 2-A-radius sphere and (b) a 1-eV hydrogen atom so confined. Estimate (c) the un¬ 
certainty in the energy (in wavenumbers) of an excited state of 1 x 10" 8 sec lifetime and 
(d) the lifetime of a rotational state whose energy is uncertain by 3 x 10" 18 cm -1 . 

Ans. (a) 0.98, (b) 0.023, (c) 2.7 x 10"*, (d) 8.8 x 10 8 sec (not 
realizable in the laboratory, as collisions and other effects intervene). 

16-4 Derive Eq. (16-19). 

Calculate the wavelength of (a) a 1-keV electron and (b) a 1-keV proton. 

Ans. (a) 0.39 A, (b) 9.1 x 10 -11 cm. 


16-5 
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16-6 Calculate Z e ft for the outer electron of (a) K and (b) Be + . Calculate the ionization energy 
for the outer electron of (c) Cs and (d) La 2+ if the respective screening constants are 
51.8 and 49.9. 

Ans. (a) 2.26, (b) 2.32, (c) 0.14 a.u., (d) 0.70 a.u. 

16-7 Verify that Eq. (16-20) is a solution to Eq. (16-23), and that Eq. (16-39) is a solution to 
Eq. (16-38). 

16-8 Benzene may be regarded as a two-dimensional box of side about 3.5 A and containing 
six it electrons. What wavelength of light should be required to promote an electron 
from the ground to the first excited state? 

Ans. 135 nm. 

16-9 Plot if>„ for n = 1 as a function of x. Take jS = 1 x 10 17 cm. 

16-10 Calculate the force constant for HBr (use Table 6-1) and, assuming it not to change, the 
fundamental frequency for DBr. 

Ans. 3.84 x lO'dyncm -1 , 1822 cm -1 . 

16-11 The vibrational energy levels of HC1 can be accurately reproduced by the equation 
E( cm -1 ) = 2988.95(t. + j) — 51.65(t> + |) 2 . Calculate the dissociation energy of HC1 
in kcal mole -1 . What is the value of « for the last vibrational state before dissociation 
occurs ? 

Ans. 123.6 kcal mole -1 (the actual value 
is 103 kcal mole -1 ), v = 28 or 29. 

16-12 Verify that Eq. (16-77) is a solution to Eq. (16-73). 

16-13 Verify that © li0 is a solution to Eq. (16-76). 

16-14 Verify that R 2AI is a solution to Eq. (16-75) (take = m and Z — 1). 

16-15 Demonstrate Onsold’s theorem for the set of five d orbitals. 

16-16 Derive the velocity of an electron in the first Bohr orbit as a fraction of the velocity 
of light. 

Ans. 0.00686. 

16-17 Calculate the normalization constant A for the wave function describing a particle in a 
two-dimensional square box. 

16-18 The ground-state energy for an electron in a 3-A one-dimensional box is about 100 kcal 
mole -1 . For what size three-dimensional box would the ground-state energy be equal 
to the average kinetic energy of the electron from thermal motion at 25°C? 

Ans. 54.1 A. 


PROBLEMS 


16-1 Naphthalene may be considered to be roughly a rectangle of side 4 A and length 7 A. 
Derive the appropriate particle-in-a-box equation and calculate the expected frequency 
(in wavenumbers) for absorption to give the first excited state of naphthalene. 

16-2 Calculate Z e rr and the screening constant for Cs. 
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16-3 The gravitational force between two masses and m 2 is given by /= /cm,m 2 /r 2 , where r 
is the separation and in the cgs system k has the value of 6.67 x 10 -8 . Assume that the 
hydrogen atom is held together by gravity, that is, assume the proton and the electron 
to be neutral and apply the Bohr treatment to calculate the radius of the first “gravita¬ 
tional” orbit and the energy of an orbit in terms of its quantum number. Determine also 
if an integral number of .de Broglie wavelengths of the electron would make up the cir¬ 
cumference of the first gravitation orbit. 

16-4 Show that ip — Ae'“ + Bey = (2n'h)(2mE) ,l2 (x), is also a solution to Eq. (16-38). 
Expand this into a cos y and a sin y term and explain why the cos y portion is not used 
in the treatment of the particle in a box. (Consider the graphical nature of the solution 
involving the cosy term.) 

16-5 Show that the solutions for the harmonic oscillator are orthogonal for the case of = 1 
and v 2 = 2; that is, show that dx = 0, Similarly, show that ip v ^ 1 is normal¬ 

ized, that is, <P 2 v.idx = 1. 

16-6* Plot Eq. (16-65) for the case of H 88 C1 given the information in Exercise 16-11, including 
the first ten vibrational levels. 

16-7 Show that the <P m functions of Eq. (16-77) are normalized and orthogonal. 

16-8 Show that the / = 1 8 functions are normalized and orthogonal. 

16-9 Derive the functional form of the f,3 orbital and make a polar plot of this function in the 
xz plane. 

16-10 Calculate the values of the three A functions of the sp 2 set and plot them on polar coor¬ 
dinate paper. Show that the lobes are indeed 120° apart. 

16-11 Calculate values for the A x function of the sp 3 set to show its cross section in the plane 
containing the bond direction , which is 6 = 54°44 ‘,tj> — 45°. 

16-12 The bonding strength of an orbital is essentially the value of &d> in the direction of its 
maximum extension in the polar plot. Thus for an sorbital the strength is ( V2/2)(\/V2n ); 
usually, however, the values for other orbitals are written as relative to that for the s 
orbital. On this basis, the bonding strength of a p orbital is v/3 or 1.73. Calculate the 
bonding strength of a sp 2 hybrid orbital. 

16-13 Make a plot of the electron density for a 2s electron of Li as a function of radial distance 
r measured in units of a„. What is wanted is that quantity which gives the chance of 
finding the electron in a spherical shell of radius between r and r + dr. 

16-14 Calculate the per cent change in wavenumber for the transition from the ground to the 
first vibrational state for the stretching of the C = 0 bond for free CO as compared to CO 
chemisorbed on a metal surface such as Ni. Assume that (a) no change in force constant 
occurs and (b) the C=0 force constant is reduced by 20% as a result of the adsorption 
bonding. Do each calculation assuming, first, that the adsorption bond is metal-carbon 
and second, that it is metal-oxygen. The effective mass of that atom which is bonded to 
Ni is to be regarded as infinite. 

16-15 In what plane does the 4f orbital, n = 4, t = 3, m = 3, lie, that is, have its maximum 
extension? Make a polar plot of the angular dependence of this orbital in this plane. 

16-16 Show that the set of 2p hydrogen-like orbitals are mutually orthogonal. 
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16-17 The difference in energy AE between the ground and first excited state of amidinium 
polymethylene dyes, 

+ 

(CH 3 ) 2 N=CH(-CH = CH-)„N(CH 3 ) 2 , 

has been treated according to the one-dimensional particle-in-a-box model. Let a be the 
C—C bond length and d the end space or distance due to each nitrogen. Derive a general 
formula for AE in electron volts. Calculate AE expressed in angstroms for the case of 
n = 3; assume a — 1.24 A and d/a — 1.5. The observed wavelength of the first absorp¬ 
tion band is 3290 A in this case. 

16-18 Verify Eq. (16-16) for the case of n = 2, t = 1. 

16-19 The Bohr quantization principle may be applied to systems other than that of the nuclear 
atom; in its more general form, the principle is that <f p dq = nh, where p is momentum, 
q a distance, and the integral is over one cycle of whatever the repetitive action is. Show 
that application of this principle to the harmonic oscillator leads to the quantized energy 
state e = nhv. [Note: the classical equation for the harmonic oscillator is obtained from 
Newton’s law, / = ma, where / = —ix, or mid^xjdt 2 ) + ix = 0. Integration gives an 
equation of the form of Eq. (16-20), with x replacing taking x — 0 at t — 0, the solu¬ 
tion reduces to x — A sin(2m’f), with 2nv = (//m) 1/2 . Substitute into the momentum 
integral; remember that at t = 0 the energy is all kinetic and hence equal to p 2 /2m.] 

16-20 Confirm by calculation the values for the integrals H lx , 5 n , H 12 , .S 12 , and S 4s , used 
in Eq. (16-107). 
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16-1 Calculate from Planck’s law the relative intensities of the radiation from a blackbody at 
2500 K at wavelength 4500 ± 10 A and 8500 ± 10 A. 

16-2 Calculate the emissive power E at A m>x for a blackbody at 4000 K. 

16-3 If 2 x 10* cal min" 1 is lost by radiation from the door of an electrically heated furnace 
at 950 K, how much additional electrical power must be supplied to offset the increased 
loss due to radiation if the furnace is heated to 1150 K? 

16-4 Calculate the distribution curve for T = 5000 K (Fig. 16-18). 

16-5 Evaluate £» = I of Eq. (16-120). 

16-6 Evaluate E' n m 3 for the perturbed harmonic oscillator with H' = bx % . Can you generalize 
your result to E n ' where n is any integer? 

16-7 Find the set of free ion terms for the d a system. Explain which term should be that for the 
ground state. 




CHAPTER SEVENTEEN 


MOLECULAR 

SYMMETRY AND BONDING 


17-1 Introduction 

The chemical bond presents quite a problem to the writer of a physical chemistry 
text. The numerous rather empirical rules that exist and are useful do not have 
enough solid theoretical content to be transferred out of their organic or inorganic 
chemical context and treated as true theory. Yet the exact wave mechanical 
approach becomes hopelessly bogged in mathematical complexities if one departs 
from diatomic molecules of the lightest elements. What, then, should be done ? 

It turns out that if we know the geometry of a molecule, it is much easier 
to set up the wave mechanical treatment; also, a number of qualitative results 
can be demonstrated without calculation. The emphasis of this chapter is therefore 
on that discipline of mathematics which allows a concise and penetrating descrip¬ 
tion of the essential elements of molecular geometry, that is, group theory. As 
a branch of mathematics, group theory requires serious and extensive study. There 
are numerous theorems and lemmas to be proved and many special cases to be 
examined in detail. We will take a very pragmatic approach here, however. 
Theorems will be stated rather than rigorously proved; their validity will lie in 
the success of their practical as opposed to their abstract demonstration. By 
allowing ourselves this latitude, it will be possible to present the group-theoretical 
approach to the symmetry properties of molecules in a rather efficient, and, this 
writer hopes, a stimulating way. 

We proceed therefore to describe symmetry operations and to develop the 
concept of a set of such operations as defining a symmetry group. Some of the 
basic attributes of groups necessarily are introduced. The result will be a compact 
description of those aspects of molecular geometry that determine the qualitative 
application of wave mechanics to a set of chemical bonds. The group-theoretical 
approach also provides a means for simplifying quantitative wave mechanical 
calculations. This is illustrated in the Commentary and Notes section with a dis¬ 
cussion on the crystal field treatment of transition metal complexes. 

The wave mechanics of chemical bonding, treated qualitatively and from the 
symmetry point of view in this chapter, is taken up more quantitatively in 
Chapter 18. 
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17-2 Symmetry and Symmetry Operations 


A. Symmetry Elements and Stereographic Projection Diagrams 

The objects that we shall be dealing with, namely simple molecules, will generally 
have a considerable degree of symmetry. The ammonia molecule, for example, 
can be viewed as a triangular pyramid whose base is formed by the hydrogen atoms 
and whose apex is a nitrogen atom, as illustrated in Fig. 17-1 (a). There is an axis 
of symmetry, labeled C 3 , in recognition of the fact that if the molecule were 
rotated 120° about this axis, the result would be an equivalent configuration. That 
is, if the rotation were performed while the observer’s eyes were closed, on looking 
again he could not tell that anything had occurred. The rotation is a symmetry 
operation—it gives an equivalent configuration. Were each hydrogen atom labeled, 
however, one could then tell that the rotation had been made. Only a rotation 
of 0°, 360°, and so on, would lead to a totally unobservable change; such an 
operation is called the identity operation E, since it results in a configuration 
identical to the starting one. 

The ammonia molecule has other symmetry elements. A plane passing through 
the nitrogen and H 3 atoms and midway between and H 2 is a plane of symmetry. 
As illustrated in Fig. 17-1(b), if some molecular feature, such as , occurs at 
a perpendicular distance x in front of the plane, then an equivalent feature is 
found by extending the perpendicular to a distance — x to the other side of the 
plane, which in this case locates H 2 . A plane of symmetry is designated by the 
symbol o, and if it contains the principal axis of symmetry, C 3 in this case, it is 
called a vertical plane and written o v . There are evidently three equivalent such 
planes in the case of NH 3 . 

Three-dimensional perspective drawings are difficult to work with, and it has 
become conventional to use a projection down the principal axis of symmetry 



FIG. 17-1. (a-c) Symmetry elements for the molecule NH S . id) Other objects having the same 
symmetry. 





17-2 SYMMETRY AND SYMMETRY OPERATIONS 719 


of the object. The ammonia molecule then looks as in Fig. 17-l(c), where the 
triangle imposed on the nitrogen atom stands for a C 3 rotation axis and the lines 
labeled a v locate the vertical planes of symmetry. Even Fig. 17-l(c) is too specific; 
quite a variety of objects would have C 3 and three <7 V ’s as the only symmetry 
elements, as illustrated in Fig. 17-l(d), and therefore belong to the same sym¬ 
metry class as NH 3 . A yet more abstract representation is desirable. 

The next step is then to devise a geometric representation or pattern from which 
all superfluous features have been removed. It is customary to show the projection 
of this abstract figure as viewed down the principal axis—this is called a stereo¬ 
graphic projection diagram. Figure 17-2(a) shows such a diagram for the symmetry 
elements C 3 and 3a v . The triangle represents the C 3 axis and the three full lines 
represent the three o v planes. The symmetry pattern produced by these symmetry 
elements is generated by supposing the circle to lie in the plane of the paper and 
that there is initially a mathematical point lying above the plane, denoted by the 
plus sign. The full pattern of points is then generated by carrying out the symmetry 
operations. As shown in Fig. 17-2(b), the operation o v generates point 2 from 
point 1; application of C 3 * (meaning one unit of rotation on the C 3 axis) generates 
point 3 from point 1 and point 4 from point 2 and application of C 3 2 similarly 
produces points 5 and 6. We now have obtained Fig. 17-2(a). Disregarding the 
labeling, no new points are produced by a v ' or a" . 

A second example of a symmetric molecule is H 2 0, or H—O—H. There is 
a twofold axis of symmetry passing through the oxygen atom, and a 180° rotation 
about this axis gives an equivalent configuration. In addition to the C 2 axis, 
there are two a v planes. Both contain the C 2 axis, and one is just the H—O—H 
plane, while the other is perpendicular to it, as illustrated in Fig. 17-3(a). The 
stereographic projection diagram for an object having just these symmetry ele¬ 
ments is shown in Fig. 17-3(b), the lens denoting a twofold rotation axis. The 
four plus points are generated from a single initial point by application of cr v and 
then C 2 (or vice versa). 

A square planar molecule, such as PtCl* - , possesses a number of symmetry 
features. There is a fourfold rotation axis C 4 passing through the platinum atom 
and perpendicular to the molecular plane—successive rotations of 90° give equiva¬ 
lent configurations. As illustrated in Fig. 17-4(a), there are also two pairs of C 2 



FIG. 17-2. 


Stereographic projection showing the symmetry features of NH, . 
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FIG. 17-3. Stereographic projection showing the symmetry features of H z O. 



FIG. 17-4. (a) Symmetry elements of PtCl|~ and ( b ) corresponding stereographic projection. 
(c) Stereographic projection if no <x h and no ofs are present. 
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axes, labeled C 2 and C 2 '. The fourfold axis, being the highest-order one, is called 
the principal axis. The two pairs of a v planes contain the C 4 axis and either the 
C 2 or the C 2 ' ones; in addition, the molecular plane itself is a plane of symmetry. 
This last is a plane perpendicular to the principal axis, and is denoted a h . 

The stereographic projection diagram generated by the symmetry features C 4 , 
C 2 , C 2 ', 2ov, 2ov' (or 2<Jd), and ah is shown in Fig. 17-4(b). The set of plus 
points is generated by carrying out a v on the initial one, followed by the successive 
C 4 operations. The circles denote mathematical points lying below the plane of 
the paper and are produced by the ah operation. The set of points implies all 
of the symmetry features—none of the other operations generate any further 
points. Figure 17-4(b) also illustrates some additional conventions. The presence 
of ah is signified by drawing the projection as a full rather than a dashed circle. 
The secondary axes C 2 and C 2 ' are indicated by the lenses located radially around 
the circle; the fact that the lines to the lenses are full means that corresponding 
a v ’s are also present; were they not, the lines would be dashed. Thus Fig. 17-4(c) 
shows the presence of the symmetry elements C 4 , C 2 , and C 2 ' only (no a h and 
no a v ’s). A few remaining conventions will be illustrated later as they come up. 


B. Symmetry Operations 

A given symmetry element may generate more than one symmetry operation, 
and these will now be spelled out. 

E: The identity operation has already been described; it is that which leaves 
the figure in an identical configuration to the initial one. 

C„ : A rotation axis is one about which the molecule may be rotated to give 
equivalent positions, n denoting the number of positions. Thus C 4 denotes a 
fourfold rotation axis; it generates the individual symmetry operations Q 1 , C 4 2 , 
C 4 3 , and C 4 4 , the superscript denoting the number of rotational increments of 
2n/n degrees each. Since C 4 2 is the same as C 2 and C 4 = E, this sequence would 
usually be written C 4 \ C 2 , C 4 3 , E. 

If a molecule has more than one rotation axis, then the one of largest n is called 
the principal axis and the others the secondary axes. 

a; The symbol a denotes a plane of symmetry, that is, a plane passing through 
the molecule such that matching features lie on opposite sides of, or are “reflected” 
by, the plane. A plane perpendicular to the principal axis is denoted ah (for 
horizontal) and one which contains the principal axis is called a v (for vertical). 
Finally, if a molecule has secondary rotation axes, a vertical-type plane of sym¬ 
metry which bisects the angle between two such axes is called ad (for dihedral). 

i: An inversion center is denoted by i. If present, matching features lie equi¬ 
distant from a point or inversion center. Alternatively, if a feature has the coordi¬ 
nates (x,y,z), then an equivalent feature is present at (—x,—y,—z). Thus 
PtCl 4 ~ has an inversion center but H 2 0 and NH 3 do not. 

S n : This symbol stands for an improper rotation axis. An improper rotation 
may be thought of as taking place in two steps. First, a proper rotation and then, 
a reflection through a plane perpendicular to the rotation axis, usually a ah plane. 
The subscript n again denotes the order of the axis. By way of illustration, consider 
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the triangular antiprism shown in Fig. 17-5(a). We are looking along the prism 
axis and see the staggered triangular ends. Rotation by 60° gives Fig. 17-5(b) 
and reflection in a plane perpendicular to the axis gives Fig. 17-5(c). The result 
is equivalent to the starting figure if the labeling is ignored, and hence is a sym¬ 
metry operation. The figure therefore has the symmetry element S 6 , the operation 
being Sg 1 . The complete set of operations would be Sg 1 , C 3 1 , i, C 3 2 , S 6 5 , E (note 
that S 6 2 = C 3 1 , that is, gives the identical change, and similarly, S 6 4 = C 3 2 ; also 
S 6 3 = i). As an exercise, the reader should examine the series S i 1 , S 5 2 ,... for similar 
alternative statements—it is now necessary to go to S™ before the series repeats. 


C. Naming of Symmetry Groups 

Any object or molecule has some certain set of symmetry features and this set 
accordingly characterizes its symmetry. Each distinctive such set is called a point 
group. As is seen in the next section, the set of symmetry operations has the 
property of a mathematical group'and the term “point” refers to the fact that no 
translational motions are being considered. In the case of a crystal lattice, the 
addition of translations generates what are then called space groups. 

Some easily recognizable, either very simple or highly symmetric, cases are 
summarized later, but the following is the general procedure for classifying a 
point group. The names or point group symbols used are those introduced by 
Schoenflies. 

One first looks for rotation axes. If there is only one, then the naming is as 
follows: 

C n No other symmetry features are present. 

Cnh There is also a ah plane. 

C nV There is no ah plane but there is a a v plane. (There must then be n such 
planes.) 

If the molecule or object possesses more than one rotation axis, the one of 
higher order becomes the principal axis, of order n. We will only consider cases 
where the secondary axes are perpendicular to the principal one. The naming is 
now as follows: 

D n No other symmetry features are present. 

D nh A ah is present. 

D ni There is no ah but there is a aa (necessarily n aa’s). 
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If there is an S 2n axis collinear with the principal C„ axis and no other symmetry 
features, the group is then S 2n . If there is only a plane of symmetry, the group 
is C s , and if there is only an inversion center, it is C ( . If no symmetry elements 
at all are present, the group is named C 2 . 


D. Special Groups 

There are some further groups whose symmetry properties can usually be 
recognized on sight. An A—B type of molecule has a ct v and can be thought of 
as having a rotation axis of infinite order; this combination of symmetry elements 
is called C „ cV ; an A—A type of molecule has a &h and a twofold secondary axis, 
and the corresponding group name is Z), x h . 

Easily recognizable but more complicated to describe in terms of symmetry 
are tetrahedral and octahedral molecules, for which the corresponding point 
group names are 7a and Oh ■ The tetrahedral case is best constructed by using 
a cubic framework, as illustrt ed in Fig. 17-6. The symmetry elements and opera¬ 
tions are as follows. 

1. The identity operation E. 

2. Three C 2 axes coinciding with the x, y, and z axes of the figure. The operations 
characteristic of equivalent symmetry elements are often just totaled, and 
could be reported as 3C 2 in this case. 

3. Three S 4 axes collinear with the preceding C 2 ones. These generate the 
operations 3-V and 3 S 4 3 . There is a total of 6 .S ' 4 operations, excluding the S 4 2 
ones already accounted for (being identical to C 2 ). 

4. Four C 3 axes, each coinciding with a body diagonal of the cube. Counting 
C 3 1 and C 3 2 for each, the total is 8 C 3 . 

5. There is a plane of symmetry containing each pair of apexes of the tetrahedron 


c 2 c, 



FIG. 17-6. Some symmetry elements of a tetrahedron. 
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z 



FIG. 17-7. Symmetry elements of an 
octahedron. 


and bisecting the opposite edge, and examination of the figure shows six 
equivalent such planes. The symmetry operations are then 6 a, usually 
reported as 6aa . 

The Ta group then has a total of 24 distinct symmetry operations. 

Examination of the regular octahedron shown in Fig. 17-7 yields the following 
symmetry aspects. 

1. The identity operation E. 

2. Three C 2 axes collinear with the x, y, and z coordinates of the figure, or 3C 2 
operations. 

3. Three C 4 axes collinear with the preceding C 2 axes, each generating C 4 X and 
C 4 3 new operations, for a total of 6 C 4 . 

4. Three S 4 axes collinear with the preceding and generating S 4 X and S 4 3 new 
operations, or a total of 6 S 4 . 

5. Six C 2 ' axes each bisecting opposite edges. The total is then 6 C 2 '. 

6 . Four C 3 axes each passing through the center of opposite triangular faces, 
and giving 8 C 3 operations in all. 

7. Four S 6 axes collinear with the C 3 ones (note Fig. 17-5!). Each generates 
the operations Sj, 1 , S 6 2 (= C 3 X ), S 6 3 (= i), S 6 4 (= C 3 2 ), S 6 6 , or two new ones, 
for a total of 8 S e . 

8 . An inversion center i. 

9. Three planes of symmetry each of which passes through four of the six 
apexes, or 3oh . 

10. Six planes of symmetry each of which passes through two apexes and bisects 
two opposite edges, or 6 < 7 d . 

The total number of symmetry operations for the octahedron is 48. 


E. Some Illustrations of Point Groups 

The stereographic projection diagrams for a number of point groups are shown 
in Fig. 17-8. The only additional convention to be noted is that an open geometric 
figure in the center of the diagram indicates a corresponding improper axis of 
rotation. 
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FIG. 17-8. Stereographic projection diagrams for various point groups. (From H. Eyring, J. 
Walter, and G. E. Kimball, “Quantum Chemistry,” Copyright 1960, Wiley, New York. Used 
with permission of John Wiley & Sons, Inc.) 


Some molecular examples are collected in Table 17-1 [for additional ones see 
Adamson (1969)]. The Schoenflies designation for each can be obtained by 
following the procedure described in Section 17-2C. A useful point to remember 
is that it is not necessary to identify all the symmetry elements present in order to 
determine the point group designation. Thus in the case of NH 3 it is sufficient to 
determine that there is a C 3 axis and no secondary axes and that there is a ct v but 
no <Th, to establish the group as C 3V . The D 2h designation for H 2 C=CH 2 follows 
on observing that there are two mutually perpendicular C 2 axes and a <7h plane 
—the presence of o v planes is automatically assured. Dibenzene chromium is Z> 6h 
since the principal axis is C 6 , there is at least one secondary axis, and a ah plane. 
The remaining symmetry features are implicit. 

The entries for H 2 0 2 illustrate another point. The molecule has C 2v symmetry 
if it is in the cis configuration with all atoms coplanar. Keeping this plane as a 
reference, one may then twist the molecule about the 0—0 axis, thus rotating 
one O—H bond forward above the plane and the other backward below the plane. 
A 90° rotation makes the molecule planar and trans\ it now has C 2h symmetry. 
The actual configuration in the crystal is in between these positions, and for any 
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TABLE 17-1. Molecular Examples of Various Point Groups 
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such intermediate angle the symmetry is reduced to C 2 . Thus the symmetry group 
of a molecule varies with molecular motions; one ordinarily takes the most 
probable positions of the atoms in the lowest vibrational energy state. In the case 
of Co(NH 3 )e + the hydrogens are ignored in giving the symmetry as Oh ; were they 
included, then, depending on their assumed configuration, some much lower 
symmetry would be reported. 

The symmetry properties of a molecule are thus not absolutely invariant or 
unique. We will be using symmetry to draw conclusions about chemical bonding 
and it is well to realize that assumptions as to what is important are inherent in 
most statements of molecular symmetry. 


17-3 A Set of Symmetry 
Operations as Constituting a Group 


A. The Multiplication Table for a Set of Symmetry Operations 

The term “multiplication” has the meaning in group theory of sequential 
performance of designated operations. Thus AB means first operation B, then 
operation A. With this definition in mind one can construct a “multiplication 
table” for the set of symmetry elements possessed by any particular object, each 
symmetry operation being entered separately. 

Table 17-2 shows the multiplication table for the point group C 3V . The procedure 
for developing this table is as follows. It is simplest to make use of the stereographic 
projection diagram (Fig. 17-2 or Fig. 17-8), but with each plus identified by a 
number. As illustrated in Fig. 17-9, the effect of each separate symmetry opera¬ 
tion is first diagrammed. Each possible symmetry operation is then performed 
again. Thus C3 1 followed by C3 1 gives the identical result as C 3 2 ; C3 1 followed by 
<t v gives the identical result as o y ', and so on. In this way a table of all possible 
products is worked out. The convention we will follow is that in a multiplication 
table such as Table 17-2 the operation in the left-hand column is that performed 
first, followed by the one indicated by the top row. 

There are several important features to notice in the table. First, each product 


TABLE 17-2. Multiplication Table for the C >v Group 

E C3 1 C 3 2 Oy cr T ' o y " 


E 

C3 1 

C7 

°v' 


E C, 1 C 3 2 

C, 1 C 3 2 E 

C 3 2 E C3 1 

tr — f 

Oy 0*v Oy 

Oy 0*v 

Oy" Oy Oy 


f H 

Oy Oy Oy 

t V 

Oy Oy Oy 

Oy Oy Oy 

E C3 2 C3 1 

C3 1 E C 8 2 

C s 2 C3 1 E 
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FIG. 17-9. Demonstration that o^C^ 1 = o v ' in the C 8V group. 


gives a result identical to the result of some single symmetry operation of the set. 
Second, each symmetry operation occurs just once in each row and in each column. 
Each operation has a reciprocal, that is, for each A there exists a B such that 
AB = E (and we then say that A = 2? -1 ). The associative law of multiplication 
holds, that is, A(BC) = ( AB)(C ). For example, 

CV(C,*av) = C 3 'o v " = ov and (C 3 1 C 3 2 ) o v = £o v = o v . (17-1) 

These features characterize a mathematical group, by definition; they hold for 
the multiplication tables of all of the point groups discussed here. 

The multiplication of symmetry operations differs from ordinary multiplication 
in not being commutative, that is, the order of operation makes a difference. 
Thus AB is not in general the same as BA. For example, C 3 l o v = o v ', while 
ovC^ = o v ". Finally, notice that the identity operation E occurs either along the 
diagonal of the multiplication table or is symmetrically disposed to it. This behavior 
will be a general one of symmetry point groups. 


6. Some Properties of Groups 

Some general definitions and theorems for groups are now useful; we omit 
proofs for the latter, although in many cases the exercise is not difficult [see 
Cotton (1963)]. The order h of a symmetry group is the number of distinct sym¬ 
metry operations, or captions to the rows and columns of the multiplication table; 
the order of the C 3v group is six, for example. A group may have subgroups; thus 
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the set E, Cf, C 3 2 obeys the rules for a group. It can be shown that the order g 
of any subgroup must be an integral divisor of the group order h. 

An important item is that the symmetry operations of a group will generally 
subdivide into classes. Before defining the term class we must first consider an 
operation known as a similarity transformation. 

If A and X are two elements of a group and is the reciprocal of X, that is, 
X~*X = E, then the product X~ X AX will in general give some other element B of 
the group. For example, in the C 3V group if X is C 3 \ then A" -1 is C 3 2 ; then 
Cfo v Cf = Cfof = of. Thus if A is o v , its similarity transformation by 
Cf IS Ox . 

We next take as X each element of the group in turn and apply the operation 
X~*AX; if this is done for the C 3V group, with A = o v , the result is always ct v , 
o v ', or of . The same result obtains if A is o v ’ or o v ". The last three elements are 
then said to be conjugate with each other and constitute a class of the group. If 
the procedure is repeated with A = Cf or C 3 2 , the result of the similarity trans¬ 
formation (with X equal to any element of the group) is always Cf or C 3 2 , and 
these two symmetry operations constitute a second class. The identity operation 
always is a class by itself. 

An important theorem is that the order of any class of a group must be an 
integral divisor of the order h of the group. We will henceforth group symmetry 
operations by classes—those for C 3V are E, 2C 3 , and 3cr v ■ Note that this has been 
done in Table 17-1. 


17-4 Representations of Groups 


Just as the set of symmetry elements is an abstraction of the symmetry properties 
of an object, there is a very useful abstraction of a group multiplication table 
known as a representation. A representation of a group is a set of numbers (or, 
as seen in the next section, of matrices) which if assigned to the various symmetry 
operations, will obey or be consistent with the group multiplication table. It turns 
out that all of the symmetry operations of a given class must be given the same 
number if the set of assignments is to work as a representation. 


Two 

representations for the C 3V 

group are 

( 1 ) 

E= 1, 

C 1 — C 2 — 1 

'-'3 — '“'3 — 1 5 

t n 1 . 

CFy - (7y - (7y - 1 , 

( 2 ) 

E= 1, 

£ 

II 

cP 

to 

II 

t tt 

<7y - CTy - CTy - - 


If these simple designations are substituted into Table 17-2, then a self-consistent 
multiplication table is obtained. Considering representation 2, ct v C 3 2 = of and 
(—1)(1) = (—1). It will be customary to show a representation in the more 
compact form given in Table 17-3, where T is the general symbol for a representa¬ 
tion. 

As a second example, the multiplication table for the group C 2V is given by 
Table 17-4. In this case each symmetry operation constitutes a separate class 
(as may be verified as an exercise). A set of simple representations for this group 
turns out to be as shown in Table 17-5. The designations A x , A 2 , and so on will 
be discussed later. 
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TABLE 17-3. Two Representations of C sv 



E 

2 C, 

3cr v 

A 

1 

1 

i 

A 

1 

1 

-l 


TABLE 17-4. Multiplication Table for the C 2T Group 



E 

c 2 

Oy 

Oy 

E 

E 

C a 

Oy 

Oy 

c 2 

c 2 

E 

Oy 

Oy 

Oy 

Oy 

Oy 

E 

c 2 

Oy 

Oy 

Oy 

c 2 

E 


TABLE 17-5. Representations for C av 



E 

c 2 

Oy 

Oy' 

A — 

1 

1 

1 

1 

r 2 — A 2 

1 

1 

-1 

-1 

A = A 

1 

-1 

1 

-1 

A = A 

1 

-1 

-1 

1 


The concept of a representation as developed so far seems rather trivial. It 
provides, however, the key to using the symmetry properties of a molecule in 
wave mechanical treatments. To develop this application, we proceed to examine 
how representations may be generated. 


A. Geometric Transformations; Matrix Notation 


An important method of generating a representation will be to carry out the 
symmetry operations of a group on some elementary object such as a point or a 
vector. Suppose a point is located at (xj, y 1 , z x ) and we apply the symmetry 
operations of the C 2V group to it. These consist of E, a C 2 axis collinear with the 
z axis, a o v in the xz plane, and a of in the yz plane. As illustrated in Fig. 17-10(a), 
application of this last changes the point to (—x 1 ,y 1 , z x ), or 


* 2 = — *i + 0y x + Ozj, y 2 = Ox-j + y\ + Ozj, 
z 2 = OXi + Oyj + Zi • 

As shown in Fig. 17-10(b), the operation C 2 gives 


(17-2) 


*2 = — *1 + + Ozj, y 2 = Oxj — y 1 + Ozj, 

z 2 = 0x x + 0^! + Zi. 


(17-3) 


In these cases the new coordinates are just 1, 0, or —1 times the old ones, with 
no mixing—that is, x 2 does not depend on y 1 or z 1 , and so on. This will not in 
general be true. For example, were the C 3V group involved, the operation Cf 
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FIG. 17-10. The C 2v point group, (a) The a v {yz) operation on a general point and {b) the C a 
operation, (c) The C, 1 operation of the C sv group as applied to a general point. 


would be as shown in Fig. 17-10(c), leading to 

x 2 = x x cos(§ v) — y 1 sin(f tt) + 0 z x , 

y 2 = x 1 sin(§7r) + y x cos(§tt-) + 0z 1 , (17-4) 

z 2 = Oxj + + z 1 . 


Here the x and y coordinates mix with each other but not with the z coordinate. 

A set of transformation equations such as Eqs. (17-2), (17-3), or (17-4) may be 
expressed in matrix notation. Equation (17-2) becomes 


'-1 

0 

O' 

X' 


X' 

0 

1 

0 

Ti 

= 

y-z 

0 

0 

1 

. z l. 


Jz. 


That is, multiplication of the matrix 


xi 


-1 

0 

0" 

Ji 

by 

0 

1 

0 

*1. 


0 

0 

1 


yields the new set 

- Z 2. 

Similarly, Eqs. (17-3) and (17-4) become 


'-1 

0 

O' 

X 


X' 

0 

-1 

0 

Jl 

= 

J 2 

0 

0 

1 

Z\_ 


. z 2_ 


(17-5) 


(17-6) 
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and 

cos(§7r) — sin(§7r) 0] [x,] \x 2 

sin(§7r) +cos(|t7) 0 j'i = y 2 • (17-7) 

0 0 1 Zj L z 2_ 

The preceding statements follow from the rules for matrix multiplication. If we 
have the product $28$ = <8 when a capital script letter denotes a matrix, or, for 
example, 



then the rule is 

C il = X kl ■ (17-8) 

k 

That is, the entry in row i and column / of the product matrix is the sum of the 
products of row i of matrix $2 with column / of matrix 8$, with the restriction 
that the column number of a must match the row number of b. The idea of rows 
“into” columns may by illustrated more explicitly: 

C 11 = X a lk^kl = a \\b\i + ^12^21 > 

k 

C 21 = X a 2kbkl = a 2lbll + a 22^21 > 

k 

c 34 = X a 3kbki = ci 3 ib u + a 32 b 2i , 

k 

and so on. A requirement implicit in Eq. (17-8) is that in order to multiply two 
matrices, the number of columns of the left-hand one must equal the number of 
rows of the right-hand one. 

Application of the multiplication rule to Eq. (17-7) yields 

*2 = c n = [cos(§ tt)] x x + [—sin(§7 t)] + 0 z 1 , 

y 2 = c 2 i = [sin(fTr)] xj + [cos(f tt)] yi + Ozj, 
z 2 = c 3i = 0x x + 0j! + 1 z 1 , 


or Eq. (17-4) again. 
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To return to the C 2V case, the matrices which transform the point (x x , y x , zj 
into a point ( x 2 , j 2 > z 2 ) are, for the various symmetry operations, 


E C 2 


1 

0 

0" 


■-1 

0 

O' 

0 

1 

0 


0 

-1 

0 

0 

0 

1_ 


0 

0 

1 


a v (xz ) ct v (jz) (or ct v ') 


'1 

0 

O ' 


■-1 

0 

O ' 

0 

-1 

0 


0 

1 

0 

0 

0 

1 _ 


0 

0 

1 


(17-9) 


These matrices will turn out to be representations of the C 2v group. Referring to 
Table 17-4, C 2 o v = a v ' and multiplication of the matrix for the <x v transformation 
by that for the C 2 one will yield the matrix for the a y ' transformation. 

A further point is that the matrices of Eq. (17-9) can all be blocked into smaller 
matrices, outside of which the only entries are zeros. A check on the application 
of Eq. (17-8) will confirm that the products of such matrices are just the separate 
products of the blocked-out areas. In this case these are just matrices of dimension 
one. Where such blocking reduces a set of matrices to ones of lower dimension, 
then, necessarily, each of these last must be a representation of the group if the 
original matrices were. As a confirmation, representations , B ,, and B 2 of 
Table 17-5 correspond to the three blocked-out sets of Eq. (17-9). 

The set of matrices for the transformations of a point in the C 3V group are 


E C3 1 C 3 2 


'1 

0 

O' 


'cos(| 77 -) — sin(§ 7 r) 

O' 


cos(f 77 ) 

-sin(| 7 r) 

0 

0 

1 

0 


sin(§ 7 r) cos(§ 7 r) 

0 


sin(| 7 r) 

cos(|tt) 

0 

0 

0 

1 _ 


O 

O 

_ 1 

1 


0 

0 

1 


(17-10) 


(Ty(xZ) (Xy CJy 


1 

0 

O' 


" —sin(|7r) —cos(^7t) 

O' 


sin(^7r) 

O 

O 

CO 

oip 

0 

0 

-1 

0 


—cos(|tt) -fsin^Tr) 

0 


cos(^tt-) 

sin(iTT-) 

0 

0 

0 

1_ 


0 0 

1 


0 

0 

1 


Remember that in , a y is a plane rotated 120° from a v (xz) and a v " is one 
rotated 240° from o v (xz). This set of matrices is a representation of the C 3V group, 
that is, the matrices obey the group multiplication table. They may be blocked 
olf into a 2 x 2, or two-dimensional, set and a 1 x 1, or one-dimensional, set of 
matrices; each set is then also a representation of the group. The 1 x 1 matrices 
constitute the representation given in Table 17-3. 
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B. The Trace of a Matrix 


We have shown that while a set of simple numbers may constitute a representa¬ 
tion of a group, one may also have a set of matrices. This last is the more general 
situation. In fact, an infinite number of matrix representations may be generated 
for a given symmetry group merely by taking more and more complicated func¬ 
tions through the symmetry transformations. In the C 2V group, for example, the 
molecule H 2 0 (or any A 2 B molecule) could be taken through the transformations 
by locating the oxygen atom at the origin and assigning x, y, and z coordinates 
to each hydrogen. The original six coordinates would then transform into six 
others upon application of a symmetry operation, thus producing a 6 X 6 matrix. 
The set of these would again be a representation of the C 2V group. Such transforma¬ 
tion matrices are always square ones, that is, they have the same number of rows 
as of columns. 

It is unnecessarily cumbersome to write down complete matrices for a repre¬ 
sentation since it turns out that the sum of the diagonal elements sufficiently 
characterizes a matrix for our purposes. This sum is called the trace \ of a matrix. 
In the case of a 1 X 1 matrix x is just the matrix itself, of course. For the set of 
2x2 matrices of Eqs. (17-10) the traces are 

£: 2, C, 1 : (-0.5) + (-0.5) = -1, C 3 2 : (-0.5) + (-0.5) = -1, 

a v (xz): (l) + (-l) = 0, <V: (-0.5) + (0.5) = 0, (17-11) 

ct v ": (-0.5) + (0.5) = 0. 


An important point is that while the matrices for the symmetry operations within 
a given class may differ in detail, their traces are the same. Also, the matrix corre¬ 
sponding to the identity operation must consist of just ones along the diagonal, 
so its trace must be equal to the dimension of the matrix. 

It is customary to describe a representation of a group by giving just the traces 
of the matrices involved. Thus for C 3V , the result is as shown in Table 17-6. The 
symbols A 1 , A 2 , and so on used to label the representations will be described 
later. In the case of a representation which is higher than one-dimensional, such 
as that for £, it is important to remember that matrices are involved. While the 
traces serve to characterize them, it is the actual matrices that must be multiplied 
in verifying that they obey the group multiplication table. 


TABLE 17-6. Representations for C 3V 



E 

2C 3 

3 <Jy 

A 1 

1 

1 

1 


1 

1 

-1 

E 

2 

-1 

0 
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C. Reducible and Irreducible Representations 

The concept of a similarity transformation discussed in Section 17-3B may also 
be applied to square matrices. The reciprocal of a matrix 2, denoted by 2~ x , 
is defined by 2~ x 2 = S, where S is the identity matrix, that is, a matrix having 
ones on its diagonal and zeros elsewhere. The similarity transformation on a 
matrix sd is then written 

38 = 2~ x s32. (17-12) 

A theorem which we will not prove is that the resultant matrix 38 must have the 
same trace as does (but may otherwise be different). A related consequence is 
that if the set of matrices ,... constitute a representation of a group, so 

also will the set 38 ^, 38 2 ,... . 

The importance of the similarity transformation is that it is usually possible 
to find one which reduces some set s4 x , s/ 2 ,... to a new set which has blocked-out 
sections and therefore decomposes into simpler matrices which are also representa¬ 
tions. A representation which can be so simplified is termed reducible. There will 
remain, however, certain sets of matrices which cannot be simplified further by 
any possible similarity transformations. Such a set is then an irreducible representa¬ 
tion, hereafter abbreviated IR, of the group. It is the irreducible representations 
of a group which are of fundamental importance. The set of traces which a 
representation has for the various symmetry operations is called the character of 
the representation. Also, the tabular listing of the characters of the IR’s of a group 
is called a character table. 

There are several important theorems concerning the irreducible representations 
of a group which we will state without derivation. 

1. The sum of the squares of the dimensions / of the irreducible representations 
of a group is equal to the order h of the group. Thus 

= (17-13) 

For example, the representations A 1 , A 2 , and E given by Table 17-6 for the C 3V 
group constitute the complete set of irreducible representations (and the display 
is just the character table for that group). The group is of order 6 (the total number 
of symmetry operations) and the dimension of each representation is given by the 
trace for the E symmetry operation. We see that l 2 + l 2 + 2 2 = 6, as required 
by Eq. (17-13). A corollary is evidently that the sum of the squares of the traces 
of the irreducible representations for the E operation also be equal to h, or 

I XAE) = h. (17-14) 

2. The number of irreducible representations of a group is equal to the number 
of classes in the group. The C 3V group has three classes and just three irreducible 
representations. 

3. The sum of the squares of the traces of any IR is equal to h. In applying 
this rule, we sum the squares of the traces over all the symmetry operations R: 

Zx\R) = h. (17-15) 

R 
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Again referring to the C 3V group, we have 

A x : l 2 + (2)(1 2 ) + 3(1 2 ) = 6, 

A 2 : l 2 + (2)(1 2 ) + 3(—l) 2 = 6, 

E: 2 2 + (2)(—l) 2 + (3)(0) = 6. 

4. It will be recalled that if a representation is reducible, there will be some 
similarity transformation that will convert it into a set of matrices having blocked- 
out areas. The ultimate case is one in which each set of blocked-out areas consti¬ 
tutes an irreducible representation. In general, not all of the possible irreducible 
representations will appear, or a given one may show up in two or more sets of 
blocked-out areas. There is a very useful rule which determines the number of 
times, cii, the ith IR occurs in a given reducible representation: 

«i = lZxWx<(X)- (17-16) 

n R 

The statement is that one sums over all symmetry operations the product of the 
trace of the IR and that of the reducible one in question. Using the group as 
an example, Eqs. (17-10) provide an obviously reducible representation (the 
matrices being already blocked out). The traces for the whole matrices are 

E 2C 3 3<t v 
3 0 1 

Application of Eq. (17-16) gives 

= |[(3)(1) + 2(0)(1) + 3(1XD] = 1, 

= M(3)(D + 2(0)(1) + 3(1)(—1)] = 0, 

a E = e [(3)(2) + 2(0)(—1) + 3(1X0)] = 1, 

which confirms that the set of matrices (17-10) consists of the irreducible represen¬ 
tations A x + E. 


17-5 Atomic Orbitals as Bases for Representations 

It was demonstrated in the preceding section that a general point (xj, , Zj) 

generates a representation of a symmetry group when carried through the various 
symmetry operations. The same is true of wave functions of an atom when all 
symmetry operations are about the nucleus. Since symmetry properties involve 
the angular rather than the radial aspect of an object, it is only necessary to consider 
the former portion of a wave function; we will further restrict ourselves to the 
hydrogen-like set of functions derived in Chapter 16. 

An s function is angularly symmetric, and hence is unchanged by any symmetry 
operation. From Eq. (16-84), the A p * function is proportional to cos 6, which is 
just the projection of a vector on the z axis; A p is proportional to sin 9 cos <f> 
[Eq. (16-85)] or to the x projection of a vector, and A p is proportional to the 
y projection [Eq. (16-86)]. If, for example, these vectors are put through the 
operations of the C 2v group, we obtain 


U'2 • Px Px ) Pv Py ? Pz Pz > 
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or the transformation matrix 

'-1 0 O' 

0-1 0 . 

0 0 1 

The operation a v (xz) leads to the matrix 

T 0 O' 

0-1 0 . 

0 0 1 

The identity operation E leads, of course, to 

'1 0 O' 

0 10. 

0 0 1 

The set of matrices for the transformations 

P* 

Pv 

.Pz. 

is thus blocked out into three one-dimensional matrices,and a check with Table 17-5 
identifies the matrix for p x to be the same as B x , that for p„ as B 2 , and that for 
p z as A x . We therefore say that p* transforms as does the B x irreducible represen¬ 
tation, or forms a basis for it, p„ transforms as does B 2 , and so on. 

Similarly, each d wave function will transform as one or another irreducible 
representation of a group, or is said to form a basis for it. Thus d xz has the angular 
nature of the product of the x and z projections of a vector. Since the z projection 
is unchanged by any of the operations of the C 2V group, d xz transforms as does p x , 
and thus is a basis for the B x irreducible representation. 


17-6 Character Tables 

It is customary to assemble the basic information concerning each symmetry 
point group in what is called a character table. Several such tables are given in 
Table 17-7. Their organization is as follows. The first column designates each 
irreducible representation, the naming scheme being outlined shortly. The next 
group of columns lists the traces of each representation for each class of symmetry 
operation. The next to last column lists the types of vectors which form a basis 
for each representation. Thus for the C 2V group, the row designated A x shows 
that the z projection of a vector is appropriate, which means that the p z wave 
function will form a basis for this representation. The last column lists products 
of vectors which are appropriate. The designation yz after the B 2 representation 
then means that d yz orbitals will form a basis for the B 2 representation, and so on. 
There are occasional entries R x , R y , or R z in the next to last column. These 
refer to a circular vector whose plane is perpendicular to the named axis. Although 
such vectors will not be of direct interest to us, they also form a basis for a represen¬ 
tation. 



TABLE 17-7. Character Tables 


738 CHAPTER 17: MOLECULAR SYMMETRY AND BONDING 



2 cos 72° 2 cos 144° 0 (x, y)(R x , JR,) (xy, yz) 

2 cos 144° 2 cos 72° 0 — (x 2 — y 2 , xy) 








TABLE 17-7 ( cont .). 



(«„, K„) (xz, >-z) 






(R x , « v ) (xz, yz) 
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(x,y) 



TABLE 17-7 ( cont .). 
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It should be mentioned that several complexities have been side-stepped in the 
presentation of symmetry groups and their character tables. As a consequence 
a number of types have been omitted from Table 17-7 as involving entries which 
there is insufficient space to explain. The omissions are not of vital importance 
here, however; the omitted aspects have more the nature of complications than 
of new principles. 

Returning to the first column, the naming scheme is one developed by 
R. Mulliken. Irreducible representations of a group may be one-, two- or three- 
dimensional (we will not encounter any of higher dimension), and may also 
possess various symmetry properties themselves. 

One-dimensional representations are named A if they are symmetric to rotation 
by 2ir/n about the principal or C n axis, and B if antisymmetric to such rotation. 
They have subscripts 1 or 2 to designate whether they are symmetric or anti¬ 
symmetric to rotation about a secondary C 2 axis, or if this is missing, to a vertical 
plane of symmetry. 

For example, the representation in C 2V [Table 17-5] is generated by a vector on the z axis, 
and such a vector is unchanged by C 2 and o v . The A 2 representation is generated by a circular 
vector in the xy plane, centered at the origin; it is unchanged by rotation but inverted on 
reflection by a v . The B, representation is like a vector on the x axis; it is inverted by C 2 but 
unchanged by a v (taken to be the xz plane), and B 2 is like a vector on the y axis and is inverted 
by both C 2 and a v . 

In more complicated symmetry groups primes and double primes are attached 
to all letters to indicate symmetry or antisymmetry with respect to oh . Also the 
subscripts g and u (from the German gerade and mgerade) may be present to 
show whether the representation is symmetric or antisymmetric with respect to 
inversion. 


17-7 Bonds as Bases for Reducible Representations 

We have pointed out that the hydrogen-like wave functions have trigonometric 
factors which correspond to various projections of a vector and that such projec¬ 
tions if carried through the symmetry operations of a group, generate a represen¬ 
tation. We may also take a set of vectors through the symmetry operations of a 
group, thus generating matrices which will again be representations, usually 
reducible ones. The detailing of such matrices is lengthy and, fortunately, it turns 
out that a simple rule allows the determination of the trace of the matrix for each 
symmetry operation. 

The rule is that any vector of the set which remains unchanged by the symmetry 
operation contributes unity to the trace. A vector which is unchanged in position 
but reversed in sign contributes —1. These rules will always work for the cases 
considered here, but it should be mentioned that they have been simplified. If, 
for example, a set of vectors is rotated, each into the other’s position, by a sym¬ 
metry operation, then it may be necessary to assign appropriate fractional numbers 
in adding up the trace of the matrix. 


A. Sigma Bonds 

The term sigma bond is conventionally used to describe a type of bond between 
two atoms which results from the overlap of an atomic orbital of each atom. The 
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FIG. 17-11. Arrangements of orbitals showing sigma (a) bonding, ( b ) nonbonding, and ( c) 
antibonding for the case of an A—B molecule. 


further requirement is that the orbitals and hence their region of overlap be a figure 
of revolution about the line between the two nuclei. As illustrated in Fig. 17-11, 
two s orbitals can form a sigma bond, and if the atoms A and B lie on the x axis, 
then the sigma-bonding combination s A p* >B is possible, as well as Pz,aP*,b > 
^ A dx 2 —i/ 2 .b > and p x , A d a: 2_ ! ,2 iB . 

The orbital pictures shown in the figure are just the polar plots of the angular 
portions—these must be multiplied by the radial function R(r) to give the corre¬ 
sponding electron density. As two atoms are brought together, the product of the 
electron amplitudes determines what is called the overlap; the mathematical 
operation is the evaluation of the integral dr for the atoms at some given 
distance of separation, where dr is the element of volume (note Section 16-10). 
This integral normally provides a guide to the degree of bonding that is expected. 
For two atoms to bond, it is first necessary that their respective orbitals overlap, 
that is, have appreciable values in some common region of space. There must 
also be a reinforcement of the two orbital wave functions; their phase relation 
must be suitable. First, it is conventional to indicate the phase relationships 
between the lobes of the angular portion of a given orbital by plus and minus 
signs. These signs are usually chosen so that if the orbitals of two atoms overlap 
in regions for which their sign is the same, then a bonding interaction is indicated 
—the potential energy of the atoms close together should be less than when sepa¬ 
rated. Conversely, if the overlapping orbitals are of opposite sign, the potential 
energy of the system is higher than for the separated atoms. The two situations 
are referred to as bonding and antibonding, respectively. 

It may happen alternatively that the overlap integral is small or zero either 
because the overlap is small or because positive and negative domains of the 
integral cancel. The usual consequence is that neither bonding nor repulsion is 
expected and the situation is called one of nonbonding. The three cases are illus¬ 
trated in Fig. 17-11. 
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FIG. 17-12. Sigma bond vectors. 


It should be emphasized that the overlap integral does not in itself give the 
degree of bonding; as discussed in Section 18-2, the actual integrals involve 
the Hamiltonian of the system. However, the preceding qualitative use of the 
overlap idea will usually work—it is a convenient quantum mechanical rule of 
thumb. 

By using group theory, it is possible to determine which pairs of wave functions 
can give a nonzero overlap integral. The approach is the following. The symmetry 
properties of the set of sigma bonds form a representation of the symmetry group 
of the molecule and one which will contain various irreducible representations 
of the group, as determined by the use of Eq. (17-16). The wave functions which 
are bases for these irreducible representations will have the necessary symmetry 
properties for the overlap integral to be nonzero and either positive or negative, 
depending on the signs given to the orbital lobes. 

As illustrated in Fig. 17-12, we draw a set of vectors corresponding to the 
sigma bonds of the molecule. The trace of the matrix generated by each symmetry 
operation is then determined by applying the rule described at the beginning of 
this section. Equation (17-16) gives the irreducible representations contained by, 
or “spanned” by, the reducible one, and consultation of the character table for 
the group determines which hydrogen-like orbitals have the right symmetry for 
bonding. 

The following examples should help to clarify matters. The planar BF 3 molecule 
has D ah symmetry. Consultation of Table 17-7 gives the symmetry classes as 
E, 2C 3 , 3C 2 , ah , 2 S 3 , and 3a v . The operation E leaves all three bond vectors 
unchanged, C 3 changes all of them, C 2 leaves one unchanged, ah leaves all 
unchanged, S 3 changes all, and a v leaves one unchanged. The character for the 
reducible representation r 3o generated by the set of bonds is therefore 

E 2 C 3 3 C 2 ah 2S 3 3av 


r 3a 3 0 1 3 0 1 
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Application of Eq. (17-16) gives 

= Tf[(3)(l) + 2(0X1) + 3(1X0 + (3X1) + 2(0)(1) + 3(1X1)] = 1. 

The irreducible representation is thus contained once. On repeating the calcula¬ 
tion for each irreducible representation of the D 3h group in turn, it is found that 
the coefficient is zero for all except E', for which it is again unity. Thus spans 
the Ai + E' irreducible representations. Consultation of the last two columns 
of the character table shows that the algebraic functions of the correct symmetry 
are (x 2 + y 2 ) or z 2 for A{ and (x, y) or (x 2 — y 2 , xy) for E'. The E' irreducible 
representation is a two-dimensional one and the functions must be taken together. 
The function (x 2 + y 2 ) corresponds to a circle, and since the molecule is planar, 
this is the projection of an s orbital. Thus a combination s, p*, p„ would do for 
bonding—this is just the hybrid bond combination discussed in Section 16-10. 
Another possibility is s, d X 2 _ y *, d xv . The choice between these two combinations 
is made on the basis of whether it is the p or d orbitals that are the more stable. 
This is easy in the case of BF 3 since the outer electrons of boron occupy 2p orbitals, 
and the lowest d ones, 3d, would be very high in energy. In a less extreme case 
it may be appropriate to use a linear combination of the two sets of orbitals. 

Notice that in this approach the fluorine atoms are really irrelevant. We are 
determining what orbital combinations for the central atom will have the proper 
symmetry to form sigma bonds in the observed bonding directions. 

A second example is CH 4 (or any tetrahedral molecule), for which the point 
group is 7d . Turning to the character table for this group, we find 

E 8C 3 3C 2 6S 4 6crd 


r ia 4 1 0 0 2 

Application of Eq. (17-16) gives r 4 „ = A x + T t . The IR A x corresponds to 
x 2 + y 2 + z 2 , or to a sphere, and hence to an s orbital. The IR T 2 is generated 
by (x, y, z) or (xy, xz, yz). The bonding can thus be sp x p v p z or sd xy d xz d vz ; it can 
be some combination of both types if the p and d orbitals are similar in energy. 
The first choice is obvious in the case of CH 4 and is the set given in Section 16-10 
in the discussion of hybrid orbitals. The tetrahedral molecule CoCl|" might, 
however, use the sd^d^d^ combination, in view of the availability of cobalt 
d orbitals. Decisions of this type rest on quantitative calculations. 

For a molecule having On symmetry, such as Co(NH 3 ) 3+ (considering only 
the Co and N atoms) the result is 

E 8C 3 6C 2 6 C 4 3C 2 i 6 S 4 85 6 3<7h 6aa 


r 6o 60 0 2 20004 2 

We now find r 6o = A lg + T lu + E g , which corresponds to the orbital set 
sd 2 sd a: 2 _ y 2 p a: p v p 2 (often reported as just d 2 sp 3 ). A linear combination of these 
orbitals will indeed generate a set of new orbitals having lobes pointing to the 
corners of an octahedron. 

As a final example, consider the molecule H 2 0. This belongs to the C 2V group, 
and the procedure yields 

E C 2 c7 v (xz) a v '(yz) 


r 2 „ 2 o 


2 


0 
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with the conclusion that r 2a = A x + B l . From the character table the bonding 
might involve some combination of s, p*, and p*. This answer does not seem 
very helpful, that is, it does not suggest why the experimental bond angle in water 
is 104°27'. It should be recognized at this point that the oxygen atom has two 
additional pairs of electrons; these are not used in bonding in H s O but are used, 
for example, in the hydrogen-bonded structures present in liquid water and 
in ice (see Section 8-CN-2). Since the treatment centers on the oxygen atom 
it is more realistic to view it as having four more or less tetrahedrally disposed 
pairs of electrons, of which two happen to be shared in a bond. The point is that 
the treatment described here works best for coordinatively saturated atoms; a useful 
alternative approach for an AB 2 type of molecule is given in Section 18-6. 


B. Pi Bonds 

The term pi bond applies to a bonding overlap where there is a node along the 
bonding axis, that is, the electron density is zero along the line of the sigma bond. 
Figure 17-13 illustrates some typical pi bonding orbital combinations, assuming 
the bond to lie on the x axis. The figures suggest, and calculation confirms, that 
the value of a pi bonding overlap integral is in general smaller than that of a 
sigma bonding one (see Section 18-2). As a consequence, pi bonding is considered 
not so much as providing the primary bonding holding a molecule together as 
supplementing an already present sigma bond. 

The symmetry approach may again be used. As shown in Fig. 17-14, pi bonds 
must be represented by vectors since there is a plus-to-minus direction. Usually, 
two such vectors at right angles to each other must be considered. Various sym¬ 
metry operations of the molecular point group may now leave pi bond vectors 
unchanged in position but reversed in sign; as noted at the beginning of this 



P,x Py 




FIG. 17-13. Arrangements of orbitals showing pi bonding for the case of an A—B molecule. 



17-7 BONDS AS BASES FOR REDUCIBLE REPRESENTATIONS 


749 




B 


*1 



FIG. 17-14. Pi bonding vectors. 




section, the rule is then that — 1 is contributed to the trace of the representation 
generated by the pi bonding set. Also, one may consider each set of mutually 
perpendicular vectors separately, provided that the two sets are not mixed by any 
symmetry operation. 

For example, a D 3h molecule such as BF 3 or N0 3 ~ generates the traces shown 
in Table 17-8, where r a „ , and P 3n± denote the sets of pi bonding vectors parallel 
to and perpendicular to the molecular plane, respectively. Application of 
Eq. (17-16) leads to the result 

^"Wj. = ^2 E > II = ^2 "l - E > 

which gives p^p,, as suitable bonding orbitals. We exclude d xz , d„ 2 , listed for E", 
as energetically unavailable, and the other irreducible representations do not 
correspond to any hydrogen-like orbitals. However, p x p v is also suitable for sigma 
bonding, and we assume that this type of overlap will take precedence over the 
pi bonding type. It appears that molecules such as BF 3 have mainly sigma bonding 
in the molecular plane. However, p s belongs to A 2 " so n ± bonding is possible. 


TABLE 17-8. 



E 

2 C, 

3C a 

Oh 

25, 

3or v 

^37T± 

3 

0 

-1 

-3 

0 

i 


3 

0 

-1 

3 

0 

-l 
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TABLE 17-9. 



E 

2C 4 

c 2 

2cy 

2 C,' 

i 

2S t 

Oh 

2 (Ty 

2(7(1 


4 


0 

2 

0 

0 

0 

4 

2 

0 

P 

X 477 || 

4 


0 

-2 

0 

0 

0 

4 

-2 

0 

■^477_L 

4 



-2 

0 

0 

0 

-4 

2 

0 


Turning next to the D ib molecule PtCl 4 , we find the situation shown in Table 17-9. 


Application of Eq. (17-16) yields 



7~4a = A lg + B lg -f- E u 

or 

d z 2 ’ d aj 2 —y 2 ’ (P&Py)’ 

l| — ^2g "F 7? 2 g + E\i 

or 

d sev > (Pa*Pv)> 

r,„ ± = a 2vl + -S 2u + Eg 

or 

Pz > ( d a*z d yz)’ 


The sigma bonds are thus dsp 2 in type, leaving the d w set and p z available for 
some pi bonding. We assume in the latter case that the ligands are suitably disposed, 
that is, have available electrons in pi bonding orbitals to enter empty metal orbitals, 
or vice versa. Since Pt(II) has eight d electrons of its own and chloride ion has 
a full octet of electrons, neither the ligands nor the central metal ion has empty 
pi-type orbitals to accommodate the other’s electrons. The conclusion, in the 
case of PtCl 4 ~, is that pi bonding is unimportant. Cyanide ion, however, does 
have some empty pi bonding type orbitals, and the Pt(CN) 4 '~ complex is considered 
to have both sigma and pi bonding. 

Finally, and in abbreviated fashion, the situation for the combined sets of pi 
bonds of an O b complex is 

E C 3 6C 2 ' 6C 4 3C 2 i 6S 4 85 s 3a b 6tr d 


Ai, 12 0 0 0 -4 0 0 0 0 0 

This corresponds to T lg + T 2g + T lu + T 2u or (d^d^d^), (p*p„p z ). There are 
only six appropriate orbitals, of which the set (PzPyPz) is preempted by sigma 
bonding. We conclude that only the set d if is available for pi bonding in an O b 
complex. The actual degree of such bonding will depend on the particular 
central metal ion and the ligands. The ion Cr(III) has only three d electrons and 
could accept or donate pi bonding electron density from or to ligand pi-type 
orbitals. If the ligand is NH 3 , as in Cr(NH 3 )| + , the nitrogen is surrounded by 
hydrogen atoms, so no pi bonding at all is possible. Ligands such as Cl - might 
donate some pi bonding electrons to Cr(III) and ligands such as CN - might 
accept some. 

These examples illustrate how symmetry plus ancillary considerations allow 
the physical chemist to draw qualitative conclusions as to the bonding in coordina¬ 
tion compounds. The treatment of pi bonding in organic molecules generally 
involves multicenter situations, as in CH 2 =CH 2 or benzene, and these are usually 
treated by a molecular orbital approach (see Chapter 18). 









COMMENTARY AND NOTES, SECTION I 751 


COMMENTARY AND NOTES 


17-CN-l Crystal Field Theory 

An important application of group theory is to the case of a transition metal 
ion which is in an environment of octahedral symmetry. The ion may be held in 
a crystal lattice, as is the case for Cr 3+ in aluminium oxide (ruby is an example), 
or it may be a complex ion having six ligands in octahedral coordination. 

We can now use a set of metal orbitals as the basis for a representation in the 
Oh point group. A metal s orbital is unchanged by all of the symmetry operations, 
and hence belongs to the A lg IR (see Table 17-7). The set of three p orbitals 
(4p x , 4p„, 4p 2 for a first-row transition metal) generates the traces shown in 
Table 17-10. (As in Section 17-7B, 1 is entered if the orbital is unchanged, —1 if 
it is inverted, and 0 otherwise.) The set of traces for r p3 is just that for the 7\ u IR. 
Finally, if the process is repeated for the set of five d orbitals (3d xy , 3d„ z , 3d X2 , 
3d x s_ y s, 3d 2 2 for a first-row transition metal), one obtains for Fas: 
(5, 1, 1, —1, 1, 5, —1, —1, 1, 1). On applying Eq. (17-16), we find that this corre¬ 
sponds to Fg + T 2 g . 

We found in Section 17-7 that a set of six sigma bonds corresponds to the 
A + T la + Eg irreducible representations, which are compatible with the s, 
p x p„p 2 . and d X 2 _ 1/2 d 22 hydrogen-like orbital functions. The bonding was thus 
d 2 sp 3 in type. The remaining d„ orbitals belong to the IR; they are not suitable 
for sigma bonding. 

From a geometric point of view, the p- and d-bonding orbitals have lobes 
directed toward the apexes of the octahedron. The d„- set have lobes directed 
toward the midpoint of edges, or away from the apexes. 

One of the first treatments of this situation was in terms of a transition metal ion 
in an ionic crystal lattice such that the ion is octahedrally surrounded by negative 
ions. The effect is to create an electrostatic crystal field of Oh symmetry, and the 
model used is one in which point charges are brought up to the apexes of an 
octahedron centered on the metal ion. As illustrated in Fig. 17-15, several work 
terms are involved. The point charges are attracted (a) by the nuclear charge of 
the metal ion and repelled (b) by its electrons. Further, the repulsion is less for 
electrons in the ^2g set (or in t 2g orbitals—the d w ones) than for those in the ^2g set. 
This last effect is the one of interest. It may be calculated quantitatively by means 
of first-order perturbation theory (Section 16-ST-3), with the mathematics much 
simplified by the use of symmetry considerations. One finds that the metal d 


TABLE 17-10. 



E 

8 C 3 

6C 2 ' 

6C, 

3C 2 

I 

6S, 

8 5e 

3crh 

6<7d 

Px 

1 

0 

0 

0 

-1 

-1 

0 

0 

1 

0 

Pv 

1 

0 

0 

0 

-1 

-1 

0 

0 

1 

0 

p. 

1 

0 

-1 

1 

1 

-1 

-1 

0 

-1 

1 

Tp3 

3 

0 

-1 

1 

-1 

-3 

-1 

0 

1 

1 
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Cr 3+ 


T 

A 

i 


FIG. 17-15. Schematic illustration of energy contributions as six point charges are brought up 
to a transition metal ion. (a) Stabilization by attraction between the charges and the metal ion, 
(b) destabilization due to mutual repulsion between the charges, and (c) splitting of the d-orbital 
energy levels in the O h field of the charges. 


orbitals are separated into a threefold degenerate set of t 2g types and a twofold 
degenerate set of e g types [step (c)]. The energy difference, A (sometimes referred 
to as lOZty), is proportional to the crystal field strength. Furthermore, since the 
set of five d orbitals is spherically symmetric (Onsold’s theorem, Section 16-9A), 
the stabilization of the t 2g set must just be balanced by the destabilization of the e g 
set. Allowing for the difference in degeneracy, the former is f A, or 4 Dq, and the 
latter is fd, or 6 Dq. 

In the case of Cr 3 + , the three 3d electrons would be placed in the lower-energy 
t 2g orbitals, giving a crystal field stabilization of (3)f A or 12 Dq. An observation, 
known as Hund’s rule, is that it takes energy to pair electron spins, so that the 
electrons remain unpaired, as indicated by the arrows. 

The ion Co 3+ has six electrons and these all pair up in the t 2g set of orbitals—it 
evidently takes more energy to promote an electron to the e g orbitals than to pair 
its spin. The resulting state is therefore diamagnetic. The crystal field stabilization 
energy is now (6)fd or 24 Dq. 

While the original crystal field treatment due to H. Bethe was applied to ions 
in a crystal lattice, it became evident that octahedral complexes showed much 
the same electronic behavior. The six ligands now furnish the octahedral crystal 
field. The energy A to promote an electron from a r 2g to an e g orbital (see Fig. 17-22) 
can be determined from the absorption spectrum of the complex so that it is possible 
to obtain numerical values for the crystal field stabilization energy. 

As one further example, the empirical observation is that Co 2+ complexes 
exhibit a smaller crystal field strength than do Co 3+ complexes. One consequence 
is that the separation A is now less than the spin pairing energy, so that the seven 
d electrons of Co 2+ remain unpaired insofar as possible. The result is to leave 
three unpaired, so that the complex is paramagnetic. The contrasting situations 
for Co 3+ and Co 2+ with respect to spin pairing are known as the strong-field 
(large-/!) and weak-field (small-/!) cases. 

The purely electrostatic crystal field picture has now given way largely to what 
is called ligand field theory. Perhaps the main change is that bonding is now 
recognized as occurring between the ligands and the central metal ion. The resulting 
molecular orbital treatment is discussed in Section 18-ST-l. 
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SPECIAL TOPICS 


17-ST-l The Direct Product 

Wave mechanics abounds in the evaluation of integrals, usually a complicated 
calculation. It is possible, however, to determine on symmetry grounds whether an 
integral of the type 

|7a/c/b dr 

should be nonzero. 

We first consider the simpler integral 

|7a/b dr, 

where f A and / B might be two wave functions for a molecule. It turns out that 
such an integral must be zero unless the integrand is invariant under all operations 
of the symmetry group to which the molecule belongs. What this means speci¬ 
fically is that the product / A / B must form the basis for the totally symmetric irre¬ 
ducible representation (IR) of the group—the one for which all the traces for the 
various symmetry operations are unity. 

The procedure for determining whether or not this requirement is met is as 
follows. First, the traces of the representation of a product / A x / B , called a 
direct product, are, for each symmetry operation R, 

X(R) = Xa(R)xM)- (17-17) 

Consider, for example, a molecule in the CVv point group. Table 17-11 gives the 
character table and the traces for the direct products of various IR’s. Thus the 
direct product A 1 x A 2 is just A 2 , and likewise 13 1 x B 2 . The direct product 
E 2 or E x E does not correspond to any of the IR’s, but on application of 
Eq. (17-16), one finds it to contain the IR’s A 1 + A 2 -f B x + B 2 . We conclude 
that an integral involving functions which are bases for the first three direct prod- 


TABLE 17-11. Direct Products in C t , Symmetry 


Civ • 

E 

C, 

2C 4 

2 c f v 

2 ( 7(1 

A 1 

1 

l 

1 

1 

f 

a 2 

1 

l 

1 

-1 

-1 

B 1 

1 

l 

-1 

1 

-1 

B , 

1 

l 

-1 

-1 

1 

E 

2 

-2 

0 

0 

0 

Ai x A 2 

1 

1 

1 

-1 

-1 

X B 2 

1 

1 

1 

-1 

-1 

Bi x E 

2 

-2 

0 

0 

0 

Ex E 

4 

4 

0 

0 

0 

Ai x E x B 2 

2 

-2 

0 

0 

0 
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ucts in the table must be zero since the direct products do not contain the totally 
symmetric IR, in this case A x . An integral based on the direct product E 2 would 
be nonzero, however, since it contains the A 1 IR. 

The principle may be extended to three functions. One simply takes the direct 
product of the representations for which f c and / B are bases, and then the direct 
product of the result with the representation for which / A is a basis. Again, unless 
the final result is or contains the totally symmetric IR of the point group, the 
integral must be zero. Alternatively stated, for the integral to be nonzero, the direct 
product of any two of the functions must have at least one IR in common with those 
spanned by the third function. 
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EXERCISES 


17-1 Write out the series of symmetry operations associated with an S 6 axis, that is, show with 
explanation alternative designations wherever possible. 

Ans. S 5 \ S 6 2 = C 6 2 , V, S b l = C 6 ‘, S 6 5 = a b , 
V = C 5 S , S 6 \ V = C 6 ‘, V, = E. 

17-2 Explain the symmetry elements present and the point group designation for the follow¬ 
ing: (a) A book with blank pages; (b) a normally printed book; (c) a tennis ball, including 
the seam; (d) Siamese twins; (e) an ash tray in the shape of a round bowl and with four 
equally spaced grooves in the rim for holding cigarettes. 

Ans. (a) C 2V ; (b) C 2 ; (c) Aa ; (d) C 2V ; (e) C 4v . 

17-3 Explain what symmetry elements are present and the point group designation for the 
following molecules: (a) Pyridine; (b) acetylene; (c) H 2 C = C=CH 2 ; (d) C 2 H e in the 
staggered configuration; (e) PCI 5 (a trigonal bipyramid); (f) AuCI 4 “ (a square planar 
ion); (g) ruthenocene (a pentagonal prism); (h) /rans-Co(NH 3 ) 4 Br 2 * (ignore the H’s); 
(i) /ra«s-Co(NH 3 ) 4 CIBr + (ignore the H’s); (j) chloroform. 


Ans. (a) C 2V ; (b) D xb ; (c) Ad ; (d) Aa ; (e) Ah; 

(f) Ah; (g) Ah; (h) Ah; (■) c 4v ; (j) c 2y . 
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17-4 Work out the multiplication table for the Qv group, showing each multiplication in the 
manner of Fig. 17-9. 


Ans. See Table 17-4. 

17-5 Referring to Exercise 17-4, show that o(xz) and a'(yz) belong to separate classes by 
carrying out the similarity transformations X~ 1 o(xz)X and X~ 1 o'(yz)X, where X is each 
symmetry operation. 

Ans. X- 1 o(xz)X is a(xz) for X = E (X- 1 = E), X = C 2 (X- 1 = C 2 ), 
X = o(xz ) [ X- 1 = o(xz)], and X = o(yz ) [X- 1 = o'(yz)]; 

similarly X~ 1 o'(yz)X is a'(yz) for each case. 
Thus o(xz) and a'(yz) do not mix and therefore belong to separate classes. 


17-6 Complete the example in connection with Table 17-2, which showed that o v , o v ', and o v " 
belong to the same class. 


17-7 Carry out the matrix multiplication 


t; 




17-8 Carry out the matrix multiplication 


1 2 

O' 

0 2 

0 

o 

o 
_1 

3 


"5 

Ans. 

2 


-0 


'3 

2 

0 

1 

1 

0 

0 

0 

2 


(Notice that the product matrix is 
blocked out in the same way as 
are those multiplied.) 


17-9 Show what irreducible representations in C$ v are spanned by the reducible representation 

E 2 C 3 3 o v 


r 5-1-1 

Ans. r = 2E + A 2 . 

17-10 Find the traces of the reducible representation r 6a generated by the set of five sigma bonds 
in PC1 6 (a triangular bipyramid), the irreducible representations spanned by r ba , and the 
types of hydrogen-like orbitals that might be used for bonding. 

Ans. r 6a ^ 2Ai + E' + A 2 ", corresponding 
to s(p J ,p t )p z d ,2 or s(d I 2 _ v 2 d xv )p,d, 2 . 


17-11 Referring to Exercise 17-10 and PC1 5 , find the traces for the reducible representation 
■^37rx of the set of pi bonds for the three chlorines in the trigonal plane, whose lobes lie 
above and below the plane. Find also the irreducible representations spanned by r 3 „ ± 
and the types of hydrogenlike orbitals that might be used for pi bonding. 

Ans. r s „ ± — A./ + E", corresponding 
to p z (already used in sigma bonding) and (d xz d„). 
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17-12 Calculate, in terms of Dq, the crystal field stabilization energy for (a) low-spin Fe(II), 
(b) high-spin Mn(II), and (c) Mo(IV), assuming octahedral geometry in each case. 

Arts, (a) 24, (b) 0, (c) 8. 


PROBLEMS 

17-1 Show what the point group designations are for (a) ferrocene (iron sandwiched between 
two cyclopentadienyl rings, which are staggered; see the accompanying diagram), (b) 
ethane in the eclipsed configuration, (c) Cr(NH 3 ) 3 Cl 2+ , (d) ci>Co(NH a ) 4 Cl 2 + , (e) 
CH 2 C1CH 2 C1 in the staggered configuration, (f) naphthalene, (g) cyclohexane in the chair 
form. (List all symmetry elements; ignore H’s in the ammine complexes.) 



17-2 Show what the point group designations are for (a) Fe(CN)J~, (b) HOC1 (a bent molecule), 
(c) (HNBH) 3 (a planar six-membered ring with alternating N and B), (d) C 5 H 8 , spiro- 
pentane (two mutually perpendicular triangles joined apically), (e) CO, (f) U0 2 F 3 ~ (a 
pentagonal bipyramid with apical oxygens), (g) diborane, B 3 H„ (two hydrogens are 
bridging and lie in a plane perpendicular to that of the other four hydrogens), (h)CH 3 ClBr. 
(List all symmetry elements.) 

17-3 Show what the point group designations are for (a) a triangular antiprism, (b) trans- 
Pt(NH 3 ) 2 Cl 2 (ignore the H’s), (c) IF 6 (four F’s in a square plane and one apical -F), (d) 
Dewar benzene. (List all the symmetry elements.) 

17-4 Work out the multiplication table for the D 3b group. Show which are the various classes, 
that is, carry out the necessary similarity transformations. 

17-5 Equation (17-10) gives a set of matrices which simplify to a set of two-dimensional ones 
and a set of one-dimensional ones. Show that the first set does in fact obey the Csv multi¬ 
plication table. 

17-6 Carry out the matrix multiplication 

i 3 2i ro 2 r 

1 2 1 3 0 2. 

4 0 1J [2 0 1 

17-7 Determine what sets of orbitals should be appropriate for sigma bonding in a hypothetical 
Cr(NH 3 ) 2+ (a pentagonal bipyramid). 

17-8 A reducible representation in the 7a point group has the traces: E = ?, C s = 1, C» = —1, 
S t = —3, and aa = 1. The trace under the symmetry operation E is missing. Explain 
what is the simplest choice for this missing number and what irreducible representations 
are spanned. 
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17-9 If an object has a C t axis and a <j v plane but no other types of symmetry, show that a 
second <j v plane must also be present. 

17-10 Verify Eq. (17-10) by carrying out the transformations of a point according to the sym¬ 
metry operations of C 8V . 

17-11 Find the traces of the reducible representations in D ih which are generated by carrying 
the set of (a) p orbitals and (b) d orbitals through the various symmetry operations. What 
irreducible representations are spanned in the two cases? 

17-12 Show what combinations of s, p, and d orbitals are suitable for sigma bonding of n atoms 
to a central one if (a) n = 2 and the molecule is angular, (b) n = 3 and the sym¬ 
metry is D zb , (c) n = 4 and the n atoms lie at the comers of a square, n = 5 and the 
molecules have C iv symmetry, (d) n = 6 and the n atoms lie at the comers of a triangular 
prism. 

17-13 The following are the angular portions of 4f hydrogen-like orbitals. Determine the irre¬ 
ducible representations to which these orbitals belong in point groups T &, Oh , D, h . 


! m [ 

Function 

1 "• 1 

Function 

3 

(sin 3 6) e ±3i * 

1 

(sin 6 )(5 cos 2 6 — l)e ±f 4 

2 

(sin 2 0)(cos 6) e± 2i 4 

0 

f cos 3 0 — cos 0 


17-14 Determine the hydrogen-like orbitals which are of the proper symmetry for pi bonding 
in a tetrahedral molecule. 

17-15 List the symmetry operations in the group D 6 and construct the group multiplication 
table. 

17-16 Calculate, in terms of Dq, the crystal field stabilization energy for transition metal 
complexes with one through nine d electrons, assuming octahedral geometry and (a) 
low spin; (b) high spin. 

17-17 Show how the set of five d orbitals should split in a crystal field of Ta symmetry and 
explain qualitatively what the energy ordering should be. 

17-18 A transition metal complex, MA,, has D , d symmetry, with the ligands at the corners of 
a triangular antiprism. The six M—A bonds are equivalent. Find the IR’s spanned by 
the set of six sigma bonds and infer the various hybrid orbital combinations that would 
be possible. 


SPECIAL TOPICS PROBLEMS 

17-1 Find what irreducible representations are spanned in C 3T by the direct product E x E. 

17-2 Find what irreducible representations are spanned in D sh by the direct products A 2 ' x E' 
and E' x E'. 

17-3 Evaluate the direct product of Eg with T 2g in O b . 

17-4 Show that in , Eg x (A 2 g x T 2 g) — (Eg x .4^ y ) x T Z g . 









CHAPTER EIGHTEEN 


WAVE 

MECHANICS AND BONDING 

18-1 Introduction 

G. N. Lewis, perhaps the dean of American physical chemists, suggested in 
1916 that the chemical bond between two atoms consists of a jointly held or 
shared pair of electrons. To this day, the concept of the shared electron pair bond 
has much qualitative utility for the chemist. We write, for example 

H H H 

H:H, H:C1, H:C:H, - .'C::C'. , H:C:::C:H 

H H ' H 

to show single, double, and triple bonds. By including nonparticipating electrons, 
the satisfying octet rule emerged for light-element molecules. Thus 

:C1:C1:, :p::0'.\ H:C1:0:, .'b::C::0; 

In each case every atom “sees” an octet of electrons if the shared ones are included. 
In addition, the formal charge on each atom is obtained by again counting elec¬ 
trons, but now allowing only half of the shared ones, and noting the excess or 
deficiency over the net charge of the nucleus plus inner electrons. The formal 
charges are zero in the preceding examples, except for HCIO, in which Cl has the 
formal charge +1 and 0,-1. Thus an indication of bond polarity emerges as well. 

The electron pair bond and the octet rule give chemically useful pictures of 
molecular bonding; they are the basis for our writing a bond as a line between 
atoms. The difficulty in explaining why ordinary O z is paramagnetic or why NO 
should have so little tendency to dimerize has been explained quite nicely by 
Linnett (1964) in a modern extension of the octet rule. 

Contemporary wave mechanical treatments support much of these qualitative 
ideas but, of course, go far beyond them in giving detailed electron density maps, in 
accounting for bonding with an odd number of electrons, in explaining delocalized 
pi bonding as in benzene, and in giving molecular energies and other properties. 
In this chapter we give a brief account of some of the mathematical methods used 
and typical results for simple molecules. As may be imagined, the subject is a 
formidable one both in complexity and in the welter of detailed calculational 
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algorithms that have been developed. Of necessity, therefore, we present here no 
more than an introduction to a large field of chemical physics. 

The mathematical problem of dealing with the simplest common molecule, H 2 , 
or more generally, with an AB-type molecule where the atoms are hydrogen-like, 
can be appreciated by looking at the complete Hamiltonian: 


8 TT 2 m 


( Vl 2 + V 2 2 ) - 


h 2 


87 r 2 m. 


V A 2 - 


87T 2 /Mb 


+Ib + Za + Zb _ZaZb_ J_\ (iS-i) 

W ,1 >B.i r A ,2 r B . 2 r AB r 12 ! 


where 1 and 2 denote the two electrons, and A and B the two nuclei. Also, x AB is the 
internuclear distance; r Ail , that between electron 1 and nucleus A, etc.; and r l2 is 
the interelectronic distance. In practice a major simplification is made at once by 
dropping the V 2 terms for the two nuclei. 


H = — 


§5= [ V2 (D + V2 (2)3 - + r L + ^ + ~) 

877 m '^a,i r B>1 r A>2 r B>2 / 



z A z B 

^AB 



(18-2) 


This approximation, known as the Born-0ppenheimer approximation, can be 
justified mathematically. A qualitative explanation is that the nuclear masses are 
so large compared to the electron mass that the electrons adjust instantaneously 
to the nuclear motions. As a consequence we treat the energy of nuclear motions 
separately as vibrational energy (as in Section 16-6) and assume that the amount of 
vibrational energy present simply adds to that of the electronic state. The wave 
equation, = E<jt, is then to be solved for various r AB values, the equilibrium one 
being that giving the lowest energy (most negative potential energy). Explicit 
solutions are not possible—only more or less accurate approximations. The big 
difficulty is in the r 12 term which prevents the wave equation from being separated 
into two one-electron equations. 

Two types of mathematical attack have emerged. Both make use of the variation 
method (Section 16-11), but differ in the manner of choosing the approximation 
wave function <j>. To review the variation method in the present context, if two 
wave functions, <p 1 and <p 2 > are alternative extreme possibilities, the approximation 
of writing ^ + b>fi 2 is used. Equation (16-97) becomes 


E = J (a<Ai + fe«A 2 )*H(q»A 1 + b<f> 2 ) dr 
J" (Wh + b<p 2 )*(a>p 1 + bip 2 ) dr 

or, on using the definitions of Eq. (16-100), that is, 


(18-3) 


= f >fi 1 *H>fi 1 dr, 

Sn = J dr. 


= J <Ai*H^t 2 dr, 

$12 =/ ’P^’Pidr, 


(18-4) 


we obtain 


a 2 #!! + 2abH 12 + b 2 H 22 
a 2 5 u + 2 abS 12 + b 2 S 22 ’ 


(18-5) 


(The distinction between H 12 and H 21 is not necessary here.) The next step is to 
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obtain the minimum possible E for the given choice of <fi 1 and tfi 2 as basis functions; 
this is done by setting (8EI8a) b = 0 and ( 8EI8b) a = 0. On carrying out the first 
differentiation, we obtain 

/ 8E \ 2t7 II ii -)- 2b Hi - p 2 oSn -f- 2/?»S ' 12 

\~da) b ~ a 2 S tl + 2abS 12 + b 2 S 22 ~ h + 2 abS 12 + b 2 S 22 

2a(Hn - ESn) + 2b(H 12 - ES 12 ) 
a 2 Sn -)- 2abSi2 -j- b 2 S 22 


or, on setting the derivative equal to zero, 


a(#n - ESn) + b(H 12 - ES 12 ) = 0. 
Similarly, on setting the derivative (8Ej8b) a = 0, we obtain 
fl (#2i ES 21 ) -)- b(H 22 — ES 22 ) = 0. 


(18-6) 


(18-7) 


As simultaneous equations in a and b, the solution is given by the determinant 

0 . (18-8) 


(tfn 

(#12 


•E^n) (#12 ES i 2 ) 
ES 12 ) (#22 ES 22 ) 


An equation such as Eq. (18-8) is called a secular equation. Its solution and the 
evaluation of the various integrals is central to the variation method. 

In the valence bond method, approximate wave functions are constructed from 
those of the separated atoms, complete with electrons. This approach is, in a sense, 
the quantum mechanical outgrowth of the electron pair bond concept, hence the 
name. In the second approach, the molecular orbital method, the approximate wave 
function is constructed from the orbital functions of the atoms (which may be more 
than just two), to obtain molecular orbital functions. The requisite number of 
electrons are then assigned into these molecular orbitals. 

We take up the valence bond approach in the next section, with emphasis on the 
H 2 molecule. The succeeding sections deal with the molecular orbital method, first 
in terms of H 2 + , for which exact solutions are possible, and then for H 2 and other 
diatomic molecules. Sections 18-6 and 18-7 carry aspects of the molecular orbital 
method to triatomic and then polyatomic molecules. 


18-2 The Valence Bond Method for the 
Hydrogen Molecule 

The Hamiltonian for the hydrogen molecule is given by Eq. (18-2), after making 
the usual Bom-Oppenheimer approximation. As noted, the equation is not separ¬ 
able because of the e 2 /r 12 term, so no exact solution is possible. The valence bond 
method was developed by W. Heitler and F. London around 1927 as an approach 
to the hydrogen molecule problem. 


A. Application of the Variation Method 

The approximate wave function for the variation method is set up as follows. If 
atoms A and B are separated, two possible wave functions are 

= 0a(1)0b(2), 02 = 0a(2)0 b (1)- 
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That is, electron 1 may stay with atom A and electron 2 with atom B, or vice versa. 
The approximate wave function is taken to be a linear combination of the two 
possibilities, that is, 

<f> = ai/j i b<{i 2 . (18-9) 

The approximate wave function in the valence bond method is thus assembled as 
a linear combination of the products of the wave functions for the separated atoms. 

In the case of H 2 , atoms A and B are the same, and H 12 = H 21 and 5 12 = S 21 . 
The integral S n may be written = J J 1 )0 B *(2)0 A ( 1 )'/<b(2) dr 1 dr 2 = 

/ ^a*(1)^a(1) d T i$ ^b*(2)0b(2) dr 2 = 1. Each integral is just the normalization 
integral S, which is unity. Similarly, S 22 = 1. Expansion of the secular equation, 
Eq. (18-8), therefore gives 


„ (tfu ± h 12 ) T (#11 ± h 12 )S 12 

E - 1 -Si. 

(18-10) 

7- #11 “b #12 

1 + Si, 

(18-11) 

77 #11 #12 

E ‘~ l -s„ ■ 

(18-12) 


If these solutions are substituted back into Eqs. (18-6) and (18-7), to find the co¬ 
efficients a and b, one obtains 

+ <1*2 (18-13) 

and 

<f>2 = ~ (18-14) 

(except for a normalization factor). This result (that a = ±b) is to be expected for 
two like atoms ; for an A—B molecule, the coefficients a and b would not be equal. 



FIG. 18-1. Plots of the total energy. Coulomb energy, and exchange energy for H 2 as a function 
of internuclear distance. The energy scale is actually £/(l + S 2 ). (From C. A. Coulson , “ Valence 
2nd ed. Oxford Univ. Press, London and New York, 1961.) 
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Integrals of the type H u are known as Coulomb integrals (two-center in this 
case since H involves both atoms); those of the type H 12 are called exchange or 
resonance integrals ; and those of type 5 12 are called overlap integrals. 

These three types of integrals have been evaluated rather accurately for pairs 
of hydrogen-like atoms using modern computer methods. Calculations for the 
case of two hydrogen atoms give the results shown in Fig. 18-1, for example. 
The integrals H n and H 12 are negative for most interatomic distances, the latter 
more so; the sum goes through a minimum around 1.7a 0 , where a 0 is the radius 
of the first Bohr orbit. The integral S 12 may be written S 2 , where S is the one- 
electron overlap integral, 

s = J <M0 *>(1) dr = J 0 a (2) 0b(2) dr. (18-15) 

In the actual evaluation of S (and of the H’s ), one uses the elliptical coordinate 
system shown in Fig. 18-2. The angle <f> is that between the xz plane and the 
plane defined by A, B, and the electron. The calculation of S is relatively straight¬ 
forward and has been made for hydrogen-like wave functions for a variety of n 
and £ values [see Mulliken et al. (1949)]. Some representative results are shown 
in Fig. 18-3 for the case of two carbon atoms (using the appropriate Z e tt)■ There 
is not a great deal of difference in 5 for the various types of orbitals beyond about 
1.5 A (the C—C bond length is 1.54 A), although that for the two pi-bonding type 
orbitals is distinctly lower than the rest. The 2s-2p<r and 2p<r-2pcr integrals go 
through a maximum, and the latter can actually be negative because at small 
distances oppositely signed lobes of the p orbitals begin to overlap (these are p z 
orbitals if z denotes the bond axis, that is, they are p orbitals of sigma bonding 
symmetry). 

We can now see that in terms of Eq. (18-11) it is the Coulomb and exchange 
integrals that make E x negative (corresponding to bonding in our sign convention) 
and that while the overlap integral acts to diminish the denominator (S 12 always 
being less than unity), it does not determine the sign of E 1 . However, as discussed 
in Section 17-7, one often uses the rule of thumb that a proper overlap of bonding 
orbitals is needed for a strong bond to form. The rule is a good one in spite of the 
preceding comment, since the Coulomb and exchange integrals are often roughly 
proportional to the overlap integral. 

This qualitative use of the overlap idea was extended by L. Pauling to the 
case of hybrid orbitals. The maximum value of the trigonometric portion gives 
a measure of the “reach” of an orbital in the direction of its greatest amplitude. 


e~ 



FIG. 18-2. The elliptical coordinate system . 
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FIG. 18-3. Overlap integrals S for various pairs of orbitals. [See R. S. Mulliken, C. A. Rieke, 
D. Orloff, and H. Orloff, J. Chem. Rhys. 17, 1248 (1949).] 


The more precise observation is that for a given bond distance, S for sp 3 , sp 2 , 
and sp hybrid orbitals increases in that order. 

The second solution, E 2 , is given by Eq. (18-12) and involves the difference 
(H lt — H 12 ). This difference is positive at all intemuclear distances, so <f> 2 corre¬ 
sponds to a repulsion between the atoms. We speak of as a bonding wave function 
and <f > 2 as an antibonding wave function. The result is characteristic: For every com¬ 
bination of atomic wave functions that leads to bonding there is always a related 
antibonding combination. 

The numerical results for the bonding case are that the minimum energy occurs 
at 0.80 A and — 74 kcal mole -1 , as compared with the experimental values 
(dashed curve in Fig. 18-1) of 0.74 A and —108.9 kcal mole -1 . Note that it is the 
exchange integral H 12 that supplies over 90% of the bond energy. The physical 
explanation of this integral is that the electrons, being indistinguishable, are not 
localized about the nuclei with which they were associated in the separated atoms, 
but expand over the system of both atoms. Without this exchange effect only a 
rather weak bond (given by the H X1 contribution) would be expected. 


B. The Spin Function 

The preceding wave functions are incomplete; they should include the spin func¬ 
tion (Section 16-9C). Recalling the combinations of Eq. (16-92), we have for the 
possible complete wave functions 

[<£a(1) </'b(2) + <£a(2) i Ab(1)][»(1) 0 ( 2 ) — a( 2 ) 0 ( 1 )] singlet, (18-16) 

(a(l) a( 2 ) 

[<Aa(1 ) </>b(2) — </>a(2) -AbO)] 0(1) 0(2) triplet. (18-17) 

( a (l) 0 ( 2 ) + a( 2 ) 0 ( 1 ) 
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The restriction of choice to these combinations follows from an alternative state¬ 
ment of the Pauli exclusion principle: Every allowable wave function for a system 
of two or more electrons must be antisymmetric for the simultaneous interchange 
of the position and spin coordinates of any pair of electrons. This statement 
implies the usual one that no two electrons can have the same four quantum 
numbers. The first function of Eqs. (18-17) is symmetric in the spatial wave func¬ 
tions, and so must be antisymmetric in the spin function; as only one possible 
spin function of this type is available, there is only one complete wave function, 
and the state is called a singlet state. The triplet state is so called because it is 
triply degenerate in the spin function; since the wave function is antisymmetric, 
any one of the three possible symmetric spin functions may be used. 

It is customary to designate the spin multiplicity or degeneracy by a left super¬ 
script to the symbol describing the state. Thus the singlet and triplet states of H 2 
are designated 1 S i and 3 S U , respectively. The symbol £ is used to mean that the 
angular momentum of the state is zero about the internuclear axis, and g and u 
inform us that the wave functions are symmetric and antisymmetric with respect 
to inversion, respectively. The triplet state is a high-energy, repulsive one (Section 
19-2A), while the singlet state is the bonding and lowest-energy or ground state of 
H 2 . There are, of course, many yet more energetic states than the 3 27 u one; these 
can be regarded as involving the mixing of 2s, 2p, ... orbitals (see Section 19-2). 


C. Inclusion of Other Configurations 

Somewhat improved results can be obtained for H 2 if <f> is taken to be 

* = *Aa(1) M2) + <Aa(2) <Ab(D + «[<A a (1) M2) + -Ab(I) <Ab(2)]. (18-18) 

The last two terms correspond to H~H + and H+H~, respectively. The variation 
method is used to find the optimum value for a, and the best calculated value for 
Ex is now —94 kcal mole -1 . 

The inclusion of such ionic configurations is often needed in the valence bond 
method. A molecule is sometimes said to resonate among various structures, 
the so-called resonance structures. It must be remembered, however, that a single 
wave function describes the state of the molecule. The so-called resonance struc¬ 
tures are merely the components of a linear combination of wave functions that 
has been assembled in an effort to approximate the correct one. It is particularly 
important not to be misled into supposing that the molecule is somehow flickering 
between different electronic configurations. 


18-3 Molecular Orbitals. 

The Hydrogen Molecule Ion, H 2 + 

The hydrogen molecule ion, H 2 + , is a weakly bound species, and is not one of 
great chemical importance. It is of interest to us here, however, for two reasons. 
First, it is the one molecule for which exact solutions have been obtained. Second, 
and very important, these solutions give us a set of molecular, one-electron orbitals 
which are widely used in the approximate description of diatomic molecules 
generally. 
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A. Solutions to the Wave Equation 

The wave equation for the hydrogen molecule ion is 

+ = (18-19) 

' 'A r B 'AB' 

where energy is in rydberg units (1 rydberg = \ a.u.—Section 16-2), and r A , r B , 
and r AB are as defined in Fig. 18-2. Notice that, of course, the difficult r 12 term of 
Eq. (18-2) is absent (and that the usual Born-Oppenheimer approximation is made). 
This problem has been solved exactly (not explicitly, but by series expansions) for 
any value of r AB , which for simplicity we will now denote just as R. It turns out that 
if the elliptical coordinate system of Fig. 18-2 is used, then the wave equation can be 
separated into three, or one for each coordinate—much as was done for the 
hydrogen atom when polar coordinates were used (Section 16-7A). 

In the elliptical system, the three coordinates are A = (r A + r B )/R, fj-=(r A — r B )IR, 
and </>, the angle between the xz plane and the plane defined by the nuclei A and B, 
and the electron. The z coordinate is taken to be along the line between the nuclei 
with the origin at the midpoint. On writing out the Laplacian, V 2 , for this co¬ 
ordinate system (see Problem 18-8), and expressing >fi as 

4> = (18-20) 

the wave equation separates into one in A only, one in //. only, and another in <f> 
only. The solution for the <f> equation is just 

<S = e‘ m *, (18-21) 

where, for physically acceptable solutions, m is restricted to the values 0, ±1, ±2, 
etc. For m > 0, one takes linear combinations so as to obtain cos|m|</> and sin|m|</> 
functions. The procedure is like that for the # solutions for the hydrogen atom 
(Section 16-7B). 

In the case of H 2 + , the m quantum number plays somewhat the same geometric 
role as does the / quantum number for the hydrogen atom. Consistent with this 
analogy, the custom is to refer to states of m = 0 as a states, to those with m = ± 1 
as n states, and to those with m = ±2 as 8 states. Further, ^ can be either symmetric 
(sign unchanged) or antisymmetric (sign changed) on inversion of a general point 
through the center of symmetry. We indicate these two situations by the symbols g 
( gerade in German) and u ( ungerade ), respectively. We thus have solutions designa¬ 
ted as a g , a a , n g , , etc. The quantum number associated with the L and M 

functions is not generally of interest. 

The functions <p(l<y e ) and */((lcr u ) are plotted in Fig. 18-4 as the profile along the 
H-H axis, the number 1 merely denoting the lowest energy solution. Figurel8-4(a) 
is for R — 8a 0 (a 0 is the Bohr radius—Section 16-2), at which separation the elec¬ 
tron density is nearly that for two separate atoms. Each section of each curve is 
approximately that of the R(r) function for n = 1, / = 0 of Fig. 16-8. In the case of 
>jii\ag), the sign of the i?(r)-like function is the same for both atoms, while in that 
of >fi( 1 ct u ), it is positive for one and negative for the other. Figure 18-4(b) is for R = 
2a 0 , or for about the equilibrium separation (see below). The i/i( lcr K ) function now 
shows considerable electron density at the midpoint between the two nuclei, 
corresponding to the Lewis-type formulation H-H. Finally, in Fig. 18-4(c), the two 
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FIG. 18-4. Normalized wave functions for {left) and lcr a {right) o/H 2 + along the H-H axis. 
{After J. C. Slater, “ Quantum Theory of Molecules and Solids," Vol. 1. McGraw-Hill, New York, 
1963.) 


nuclei are merged (R = 0), and the <fi functions are just those for He + . ^(la g ) has 
become ^(ls) for He + , and >p( 1 CT u) has become <jj{2p). 

The potential energy for several of these molecular orbitals is shown as a function 
of R in Fig. 18-5. Internuclear repulsion (the e 2 jR term) is not included, and the 
lines terminate at the energy levels for He + and for separated H atoms at the left and 
right extremes, respectively. Again, the numbers 1 or 2 preceding the symmetry 
designations are just ordering numbers. The actual energy variation with R, that is, 
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0 1 2 3 4 5 6 7 

R (atomic units) 

FIG. 18-5. Energy levels of H a + as a function of internuclear separation, omitting the inter- 
nuclear repulsion term. (After J. C. Slater, “Quantum Theory of Molecules and Solids,” Vol. 1. 
McGraw-Hill, New York, 1963.) 


including the e 2 lR term, is shown in Fig. 18-6. We now see that >/>(lo g ) has an energy 
minimum at about R = 2a 0 or, more exactly, at 1.06 A. This is the equilibrium 
bond distance for H 2 + . The energy at the minimum is —1.2 rydbergs or at —0.2 
rydbergs or —(0.2)(13.61) = —2.72 eV relative to the separated H + + H. This is 
the H 2 + bond energy. 


B. Molecular Orbitals 

It was noted at the beginning of this section that the solutions for H 2 + provide a 
set of molecular orbitals useful in the description of diatomic molecules, and, in¬ 
deed, of any A—B bond. It is therefore worthwhile to take a further look at these 
functions. Because of the minimum in its energy (Fig. 18-6), </>(lcr e ) is called a 
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FIG. 18-6. Energy levels of H 2 + as a function of internuclear separation. (After J. C. Slater, 
“ Quantum Theory of Molecules and Solids,” Vol. 1. McGraw-Hill, New York, 1963.) 


bonding molecular orbital. In the case of ^(lcrj, however, there is repulsion at all R; 
this is therefore called an antibonding orbital. Usually, such orbitals are marked 
with an asterisk: 1 ct u *. On the same basis, we have l7r u (weakly bonding) and hr g * 
(antibonding). 

The various molecular orbitals can be described in other terms. It was noted 
earlier that lcr g goes over to ^(ls) for H at large R and to tfi( Is) for He + at zero R, 
while 1 ct u goes from ^(ls) for H to <P(2p) for He + . Figure 18-7 summarizes these 
behaviors for a number of molecular orbitals for the general case of an A—A 
hydrogen-like molecule, the “united atom ” being that resulting from the fusion of 
two A nuclei (He + in the case of H 2 + ). Diagrams of this type are known as 
correlation diagrams. 

A rule that we will not prove here is that states of the same orbital symmetry 
cannot cross. Thus a o g cannot cross another o g . A qualitative physical explanation 
is that at such a crossing one would have two states of the same symmetry and same 




770 CHAPTER 18: WAVE MECHANICS AND BONDING 


United Separated 



FIG. 18-7. Correlation diagram showing how molecular orbital energies change with internuclear 
distance in an A— K-type molecule. (From C. A. Coulson, “Valence," 2nded. Oxford Univ. Press, 
London and New York, 1961.) 

energy, and some linear combination of the states must exist such that one state is 
raised and the other lowered in energy. The effect is that such lines avoid each other 
in a correlation diagram. 

Notice that in Fig. 18-7 the molecular orbitals are designated not as we have been 
doing up to now, but rather in terms of the atomic orbital to which they go in the 
united atom. Thus our 1 o g and lcr a have become ls<r K and 2p<r u *. 
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(a) (b) 

FIG. 18-8. Contour diagrams for normalized molecular orbitals of H a + with R = 2a 0 . (a) 1 o e 
(or lSCTg); (b) 1 n u (or 2p x n a ). The small arrows mark the nuclear positions; the contours span about 
a tenfold range of <ji value. [Adopted from D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. 
Trans. Roy. Soc. ( London ) A246, 215 (1953).] 
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FIG. 18-9. Sigma and pi bonding and antibonding orbitals. [From B. N. Figgis, “Introduction 
to Ligand Fields.” Copyright 1966, Wiley ( Interscience), New York. Used with permission of 
John Wiley & Sons, Inc.] 


This designation in terms of the united atom state is useful to spectroscopists and 
theoreticians. The physical chemist is more interested in the orbital designations for 
the separated atoms, since he visualizes the two as coming together to form the 
A—A bond. The third way of describing molecular orbitals is on such a basis. The 
lor* orbital goes over to Is orbitals of the separated atoms; it may be thought of 
qualitatively as the result of overlap between two Is atomic orbitals. Correspond¬ 
ingly, as shown in Fig. 18-8(a), the lor* molecular orbital has cylindrical symmetry 
around the internuclear axis (as, indeed, the designation or indicates), and would be 
called Isa*. 

The 1 t7 u orbital is degenerate, with one obeying a cos <j> and the other a sin <j> 
function. For one, the electron density is a maximum at 0° and 180°, and for the 
other, at 90° and 270°. Figure 18-8(b) shows the electron density contours for one of 
these (in the xz plane); the orbital would look like a pair of sausages lying above and 
below the internuclear line. From the correlation diagram, we find that the' 1 tt u 
orbital goes over to 2p* orbitals on the separated atoms. Conversely, it can be 
viewed as resulting from the overlap of two 2p* atomic orbitals. Accordingly, we 
now designate it as 2p*77 a or just as 2p7r„ . The other of the pair would be 2p 1/ 7r u . 

The above way of seeing how molecular orbitals are generated is summarized in 
Fig. 18-9 for several combinations. Note that the signs (or phases) of the atomic 
orbitals used are important. Bonding overlap occurs when the overlapping regions 
are of the same sign, and antibonding overlap when they are of opposite sign. It 
can happen that the like sign and opposite sign regions balance to give zero net 
overlap. Such a case is called nonbonding. An example is the sp sideways bonding 
in Fig. 18-9. 
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18-4 Variation Method for 
Obtaining Molecular Orbitals 

The variation method may be used to obtain approximate molecular orbital 
functions and energies. We construct an approximate wave function for the mole¬ 
cule as a whole and write for a diatomic molecule 

<= aip A + bifi B — n(>p A + \<Pb), (18-22) 

where n is a normalization factor and A is an adjustable constant. The tfi A and tp B 
are suitable combinations of atomic orbitals on atoms A and B. This means of 
constructing <j> is known as the LCAO approximation —linear combination of 
atomic orbitals. If the molecule is H 2 + or H 2 , the Is orbitals of each hydrogen 
atom are the appropriate ones to use in obtaining the lowest-energy molecular 
orbitals (and in this case A = ±1 since the atoms are the same). 

In general, ip A and <p B are not the same functions and the variation method is 
used to find an optimum value for the mixing coefficient A. On doing this (and 
eliminating A), we find 

(E - E a )(E - £„) = (H ab - ES ab )\ (18-23) 

where E A and E B are the energies associated with the atomic orbitals (and are 
equal to the integrals J ip A *ihp A dr and J ip B *ih/j B dr, also called Coulomb 
integrals, although not the same ones as used in the valence bond method (the e 2 /r 12 
term is absent); E is the energy of the best molecular orbital function <f>. The quantity 
H ab is the integral J i/j a *Hi/j b dr (also called a resonance integral, although again 
not the same one described in Section 18-2), and S AB is the overlap integral 
J 0 a*0b dr, which is the same as the S integral of Section 18-2. Equation (18-23) has 
two roots, so that two combinations of >p A and tfi B in Eq. (18-22) are indicated, a 
bonding and an antibonding one. In the case of H 2 + , these were the ls<r K and 1sct u * 
molecular orbitals. 

As noted in the preceding section, not any combination of atomic orbitals will 
lead to bonding. The 4> A and *ft B must have the same symmetry relative to the bond¬ 
ing axis. Thus if z is the bonding axis and we attempt to use an s and a p x orbital for 
>p A and tpB , the molecular orbital energy turns out to be just E A or £ B ; that is, no 
interaction results. This is a consequence of the fact that H AB and S AB are separable 
into integrals of equal magnitude and opposite sign and are therefore zero (note 
Fig. 18-9). As noted earlier, the situation is known as nonbonding. Pairs of orbitals 
which behave this way are also called orthogonal. 


18-5 Molecular Orbital Energy 
Levels for Diatomic Molecules 

Molecular orbitals for A—A-type molecules, where A is other than hydrogen, are 
qualitatively the same as for H 2 + . The energies are affected, however, by the screen¬ 
ing of the nuclear charge by the inner electrons and a Z eft must be used. At a more 
elaborate level, self-consistent field (Section 16-CN-3) wave functions are used as 
the basis, and some very extensive calculations have been made. Qualitatively, 
however, we order the molecular orbitals in sequence of increasing energy and pro- 
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FIG. 18-10. Molecular orbital energy level diagram for 0 2 . 

ceed to populate them with the requisite number of electrons. Each orbital can hold 
a pair of electrons, with spins opposed, and the set of molecular orbitals is filled 
with pairs of electrons. 

Figure 18-10 shows a qualitative molecular orbital energy level diagram appro¬ 
priate for light elements. Following the building-up procedure, the H 2 molecule has 
the configuration (lsa g ) 2 and He 2 would have (lscr g ) 2 (lscr a *) 2 . In this last case there 
are two electrons in a bonding and two in a nonbonding orbital; the net situation is 
equivalent to one of essentially no bonding, as observed—He 2 is not a stable 
molecule. However, an electronically excited He 2 molecule of configuration 
(lsCT g ) 2 (lsCT u *)(2sCT g ) should have a net bonding, as is actually found to be the case. 

Moving to second-row elements of the periodic table, Li 2 has the configuration 
(2s<7g) 2 (the inner electrons make no net contribution and therefore are ignored); 
the molecule should exist, and does—its dissociation energy is about 1 eV. The 
Be 2 molecule should be like He 2 —it is, in fact, not known. The next elements 
now involve 2p orbitals, which may be either 2po- or 2p-n- in type. 

The cases of N 2 and 0 2 are especially interesting. The first has the configuration 
(2sa g ) 2 ( 2 sct u *) 2 (2pa) 2 (2p7T U ) 4 . There are two 2p77 U orbitals of equal energy (or 
degenerate) so that four electrons may be accommodated; they are bonding, so 
N 2 has a net of six bonding electrons, corresponding to the triple bond in the 
usual formula. The 0 2 molecule is (2sa g ) 2 ( 2 sct u *) 2 (2pt7 g ) 2 (2p77 U ) 4 (2p77 g ) 2 and 
therefore has a net of four bonding electrons, corresponding to a double bond 
(2p-7r g being antibonding). Since the 2p7r g set is only half filled, the pair of electrons 
in it are not required to pair their spin and, by Hund’s rule (see Section 16-ST-l), 
do not. As a consequence, the ground state of oxygen is a paramagnetic one, 
called 3 U, corresponding to two unpaired electrons. The situation is illustrated in 
Fig. 18-10. 

These examples illustrate one important application of the molecular orbital 
approach. If one neglects interelectronic repulsions, a set of molecular orbital 
states is obtained into which the proper number of electrons are fed. One thus 
obtains a good qualitative understanding of the geometry of the filled orbitals 
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and, as in the case of 0 2 , can predict cases of paramagnetism. In addition, it is 
easy to describe excited states as configurations in which one or more electrons 
are promoted to higher-energy molecular orbitals. This aspect will be discussed 
further in Chapter 19. 

In the case of A—B molecules, there is no longer a center of symmetry and the 
g and u designations do not apply to the molecular orbitals. Also, since t/> A (ls) does 
not have the same energy as ^ B (ls), etc., the atomic orbital positions in a diagram 
such as Fig. 8-10 will lie on different energy scales. This can result in some shifting 
in the relative positions of the various molecular orbitals, to be determined by 
calculation. Given the molecular orbital energy level sequence, however, the pro¬ 
cedure is as before—one adds the requisite number of electrons, in pairs, and 
beginning with the lowest-energy orbital. 


18-6 Triatomic Molecules. Walsh Diagrams 

The bonding in triatomic and in MX„-type molecules may be treated in terms 
of atomic orbitals suitably hybridized so as to give a maximum overlap in the 
bonding directions. The use of group theory for determining what combinations 
of orbitals should be hybridized for the central atom is discussed in a previous 
chapter (Section 17-7) and the bonding can then be treated in terms of molecular 
orbitals formed between the hybrid orbital and an orbital on each of the X atoms. 

While absolute bonding energies are very difficult to calculate, it is possible 
to reach qualitative conclusions about how the energies of the various molecular 
orbitals vary with geometry. The simplest case is that of the MH 2 molecule. 
If it is linear, the molecular orbitals may be of the sigma type, formed between the 
Is hydrogen atomic orbitals and the sp„ hybrid orbital of the M atom (y being 
the H—M—H axis). One then obtains a pair of orbitals a g and <r u , the first 
being lower in energy. The remaining p* and p 2 orbitals of M are pi in type and 
nonbonding; the molecular orbital is designated n u and is twofold degenerate. 

Consider next the situation if the H—M—H angle is 90°. The molecule is now 
C 2V in symmetry, with irreducible representations A 1 , A 2 , B x , and B 2 . A sigma 
M—H bond can be formed by the overlap of a pure p orbital on M with the 
Is orbital on H, and the two M —H bonds would then involve the p z and p„ M 
orbitals. These are equivalent, however, and the corresponding molecular orbitals 
are formed by taking the in-phase and the out-of-phase combinations of the two 
localized orbitals. The symmetry properties of these two molecular orbitals 
identify them as belonging to the a x and b 2 irreducible representations. (It is 
customary to use lower case letters in giving the IR to which a molecular orbital 
belongs.) The remaining p* orbital is nonbonding and belongs to the b x irreducible 
representation. Finally, the s orbital on M is also nonbonding and has the symmetry 
designation a x . 

One may now assemble the correlation diagram shown in Fig. 18-11 [see Walsh 
(1953)]. As the H—M—H angle is increased from 90° the a x and b 2 bonding 
orbitals must eventually become the a g and a u orbitals, respectively, of the linear 
molecule. At the same time the binding energy of the orbitals must increase—one 
way of seeing this is that increasing s character develops in the bonds and sp 
hybrid orbitals give rise to a stronger bond than do those for pure p. Figure 18-11 
is obtained from such considerations plus the no-crossing rule mentioned in 
connection with Fig. 18-7. 
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FIG. 18-11. Qualitative variation of molecular orbital energies with bond angle for an MH 2 -type 
molecule. [From A. D. Walsh, J. Chem. Soc. 1953, 2260 (7953).] 


While the energy scale is qualitative, the figure does allow some conclusions 
as to molecular geometry. A given MH 2 molecule will have a certain number of 
outer electrons, to be placed in the lowest possible molecular orbitals; each orbital 
has a capacity of two electrons (with spins opposed). A molecule such as BeH 2 
or HgH 2 has four outer electrons, so that the o g and o u orbitals are just filled. 
The linear configuration is the lowest-energy one, so these molecules are predicted 
to be linear. On the other hand, MH 2 molecules having five, six, seven, or eight 
valence electrons should be bent. This is the case with H 2 0, for example. The 
actual angle cannot be obtained from Fig. 18-11; it would be determined as the 
optimum compromise between the opposite trends of the a x (s) orbital and the a x 
and b x orbitals. Similarly, the molecule CH 2 should be bent, but less so in that 
excited state which has an electron promoted to the b x orbital (why?). Walsh 
diagrams thus also allow predictions of how molecular geometry should change 
in excited states (see also Section 19-CN-2); more complex diagrams are available 
for MA 2 (A # H) molecules, and so on. 


18-7 Polyatomic Molecules. The Hiickel Method 

A number of rather approximate, semiempirical methods have been developed 
in an effort to calculate or at least to organize in a reasonable way the experimental 
properties of molecules in which pi bonding seems to be present. A rather useful 
and widely used approach is the following. 

A set of pi-bonding molecular orbitals is developed by using the variation method 
and taking 0 to be a linear combination of wave functions which are of symmetry 
suitable for such bonding: 


<j> = affix + bifii + c<l> 3 — . 


( 18 - 24 ) 
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The condition for the optimum set of coefficients a, b, c, etc., is given by the secular 
equation, Eq. (16-104). The problem, of course, is to evaluate the integrals! 


A. The Huckel Approximations 


We will now solve Eq. (16-104) by making some rather drastic-appearing approxi¬ 
mations. In the case of molecules which are held together by a framework of 
sigma bonds but which also have available pi bonding orbitals, a set of pi-bonding 
molecular orbitals can be developed by taking fa , >p 2 , and so on to be the wave 
functions on each atom which are of symmetry suitable for pi bonding. The usual 
situation is one of a chain or ring of carbon atoms, and each i/j is then a carbon 
p orbital perpendicular to the sigma bond. In ethylene, for example, the 


H 


H 


C—C 


H 


H 


sigma bonding framework might be regarded as provided by sp 2 hybrid bonds of 
each carbon atom. The remaining carbon p orbitals then overlap to give some 
pi bonding, 


\© 


H /0 0X H 


In this case, which is typical, one then takes fa , fa , and so on to be the same, 
that is, one p orbital per carbon. The specific further approximation made in the 
treatment by E. Huckel is then to assume that all integrals of the type H i{ are 
the same and equal to a constant a; as mentioned earlier (Section 18-4), these 
are called Coulomb integrals. Integrals of the type H if , called resonance integrals, 
are taken to be the same and equal to a constant p if i and j refer to adjacent atoms 
and to be zero otherwise. The atomic p orbitals are assumed to be normalized so 
that all S u = 1; there is complete neglect of overlap integrals, that is, all S {J are 
taken to be zero. 

Equation (18-8), which applies to ethylene, then becomes 


fa~E) p 
P (a — E) 


= 0. 


For butadiene, H 2 C=CH—CH=CH 2 , the secular equation is 


(18-25) 
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(18-26) 
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FIG. 18-12. Pi electron molecular orbital levels according to the Hiickel model. 

since, for example, H u = 0 and Su ~~ and so on. The solution to the ethylene 
secular equation is simply E = a -f j8 and E = a — [note Eqs. (18-11) and (18-12)]. 
Since a corresponds to the energy for the isolated atom, it is customary to take 
this as a point of reference, and the solutions for ethylene are as shown in Fig. 18-12. 
The fj integrals are negative in value, so that at + jS is the lower lying of the two. 
There are two pi electrons to place and since they may occupy the same level if 
their spins are opposed, this is the assumed configuration for ethylene. 

The solutions for butadiene are f 

ct + £(V5 + l)j3, « + KV3-l)j3, « — KV5 — 1)/S, ot —KV5 + l)jS. 

There are now four electrons to place and these fill the first two levels in pairs. 
In the case of cyclobutadiene, integrals such as H u are equal to j3 since these 
atoms are now adjacent; solution of the resulting equation gives a + 2jS, a, a, and 
a — 2j3. That is, there are two solutions with E = a; such a case is called one of 
degeneracy. There are again four electrons to place and therefore two must go 

+ Divide every row by /3 and let m = (a — E)lp, to give the determinant 

m 1 0 0 

1 m 1 0 

0 1ml’ 

0 0 1m 

which expands to m 4 — 3 m 2 +1 = 0. If now y = m t , the equation becomes y 2 — 3y + 1 =0, 
which is easily solved. 
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into the degenerate pair of E = a levels. As noted in Section 18-5, an empirical 
rule of spectroscopy is that it takes energy to pair electrons, that is, to oppose 
their spins. The rule, known as Hund’s rule, then calls for the two electrons to 
have their spins parallel. Cyclobutadiene should thus be a paramagnetic molecule 
with magnetic susceptibility corresponding to two unpaired electrons (Sec¬ 
tion 3-ST-2). 

In terms of the assumptions made, the energy of the pi orbitals would be just 
noc, where n is the number of pi electrons, if no mixing or linear combination is 
used. The difference between this and the calculated energy is then the stabilization 
(or destabilization) due to molecular orbital formation; it is called the delocalization 
energy. This energy is —2/3 for ethylene and —4.47/3 for butadiene. The fact that 
this last is more than twice the value for ethylene suggests that in butadiene the 
molecular orbitals extend over the whole molecule, or that one does not simply 
have two connected ethylene units, as the usual formula H 2 C=CH—CH=CH 2 
might suggest. The delocalization energy for cyclobutadiene is 4/3, however, or 
just that of two ethylenes, which indicates that the ring structure provides no 
added stability. Cyclobutadiene has in fact been very difficult to synthesize, its 
existence seems at best to be transient, and the Hiickel treatment does indicate 
that the molecule should be unstable since no extra delocalization energy is 
present to offset the strain energy of coercing the sigma bond framework to a 
four-membered ring. 


B. Evaluation of the Resonance Integral p 

The integrals //,, can be estimated theoretically, but it is relatively easy to 
evaluate /9 experimentally, and this is what is usually done. For example, the 
heat of hydrogenation of ethylene is 32.8 kcal mole -1 and were butadiene just 
two noninteracting ethylene units, the value should be 65.6 kcal mole -1 . The 
observed value is 57.1, so butadiene appears to be more stable than expected by 
8.5 kcal mole -1 . The extra delocalization energy from the Hiickel treatment is 
0.47/S, which makes /S = 18 kcal mole -1 . 

The case of benzene is an important one, and solution of the appropriate 
secular equation gives the molecular orbital levels shown in Fig. 18-12; the pi 
bonding energy is 8/S, as compared to 6/3 were benzene simply three ethylenes 
linked together. The extra stabilization is then 2/3. Either from bond energies 
(Section 5-ST-l) or comparison of heats of hydrogenation of ethylene and of 
benzene, the experimental delocalization energy is 35-40 kcal mole -1 , again giving 
a /3 value of 18-20 kcal mole -1 . 

If /3 is taken to be generally about 18-20 kcal mole -1 for carbon-carbon bonded 
systems, then application of the Hiickel approach allows at least approximate 
delocalization energies to be calculated for a variety of linear and cyclic molecules. 
Included are rings of the type C 5 H 5 and C 5 H 5 - , C 7 H 7 , and other unstable species. 
The method has been extended to heterocyclic rings, to peroxo rings (where each 
carbon atom of the ring is also bonded to an oxygen), and so forth. 

One may also estimate the energy to put a molecule in an excited state. That is, 
the lowest-lying electronic excited state is very likely that corresponding to 
promoting an electron to the first unoccupied pi molecular orbital. This energy 
should then be 2/3 for ethylene, 1.24/3 for butadiene, and so on. As shown in 
Fig. 18-13, a plot of the frequency of the first absorption band against the cal- 
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FIG. 18-13. Spectroscopic evaluation of f3 (frequency of the first it —*■ it* transition of various 
polyenes against energy in units of jS). (From A. Streitweiser, Jr., “Molecular Orbital Theory for 
Organic Chemists .” Copyright 1961, Wiley, New York. Used with permission of John Wiley & 
Sons, Inc.) 

culated energy in units of /3 is reasonably linear. The slope yields /S = 60 kcal 
mole -1 . 

This last value for /3 is, of course, quite different from that of about 20 kcal 
mole -1 from the thermochemical data. The probable reason is that in the thermo¬ 
chemical approach one is comparing actual heats of hydrogenation with those 
for a hypothetical structure of alternate single and double bonds, each of its 
natural bond length. The reference structure for, say, benzene is thus 



It is first necessary to stretch the double bonds to the structure 



before considering delocalization energy. The energy for this bond length changing 
has been estimated to be about 37 kcal mole -1 . The experimental delocalization 
energy of about 40 kcal mole -1 thus represents an excess over the 37 kcal mole -1 
for bond distortion, so that the corrected experimental value becomes about 
77 kcal mole -1 , making ft about 38 kcal mole -1 , or considerably closer to the 
spectroscopic value. 

The discussion illustrates the fact that thermochemical values include various 
contributions, such as bond length changes, not present in the spectroscopic 
values. The consequence is that /? values are best used only in the context of the 
manner in which they were obtained. 
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C. HUckel Wave Functions 

The coefficients of a Hiickel molecular orbital 

4>i = + c n'l s 2 + c 3i tfj 3 + •••, (18-27) 

where >pi , >p 2 ,... are the atomic orbitals, may be obtained as follows. If we take 
the molecular orbital <f>'s to be normalized, then 

J 4>*4>j dr = 1 = c\j J dr 4- c\j J <p 2 *>p 2 dr + 

all the cross terms J 1 /^* 1 />,- dr vanishing if the i/> functions are orthogonal. If the 
functions are also normalized, then the remaining integrals are unity, so we have 

Cjy + c\j c\j -(- ••• = 1. (18-28) 

We find additional relationships between the c tJ - as follows. The precursor 
equation to Eq. (18-3), Eq. (16-30), is H<£ y = Ecf>j , or (H — E)<f>) = 0. Suppose 
we are considering ^ ; then substitution of + c 21 i/j 2 + ••• , multi¬ 

plication by and integration gives 

c n J <Ai*(H - E)i/j 1 dr + c 21 J 0j*(H — E)i/j 2 dr + ... = 0, 

or, on insertion of the Huckel assumptions regarding H n and H 12 , 


c n (a — e) -f- c 21 fi = 0 (18-29) 

(assuming only atoms 1 and 2 are adjacent). Similar equations follow for the other 

coefficients on repeating the operation with <ft 2 * . 

Thus in the case of butadiene, Eq. (18-29) applies, and since for the lowest 
energy state E — a + b(V5 + 1)/S, the result is c 21 = %(V5 4 - l)cn . Pursuing 
the procedure, we find that c 31 = 2 ( a/5 4 - 1) c tl and c u = c 41 . All the c,- ; may 






FIG. 18-14. Huckel molecular orbitals for butadiene. 
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then be expressed in terms of c u , and insertion of these relationships into 
Eq. (18-8) gives c n = 0.37; it then follows that c 41 = 0.37, c 21 = c 31 = 0.60. 
Thus for the lowest molecular orbital <f> x = 0.37(i/< 1 + </> 4 ) + 0.60(«/> 2 + </> 3 ). The 
whole process can then be repeated for the other three molecular orbital states. 
The results are summarized in Fig. 18-14, which shows schematically how <[>i , <f >2 > 
4 < 3 , and ipi contribute to each molecular orbital. 


D. Application of Group Theory to Carbon Rings 

Somewhat of a shortcut may be taken in evaluating the <£’s if the carbon chain 
forms a ring. In the case of a six-membered ring (benzene) the molecular point 
group is Z> 6h . We can then find the traces for the reducible representation generated 
by a set of six p7r orbitals and then the irreducible representations to which the set 
corresponds. Each irreducible representation will have the symmetry of one of 
the molecular orbital energy states. 

If we only want to know signs of the p7r orbitals for each solution, then it is 
only necessary to look at the symmetry of each irreducible representation with 
respect to the C e n operations. It is therefore easier to fall back to the C 8V group, 
for which the irreducible representations are half in number, but otherwise the 
same as far as the traces for the C n operations. In C 6V , the traces for the set of 
six p7r bonds are 

E 2 C 6 2C 3 C 2 3ct v 3ff d 


pn 6 0 0 0 2 0 

Application of Eq. (17-16) gives P 6 „ p = A t + + E 1 + E 2 . The A 1 IR is totally 

symmetric, and so must correspond to the P 77 orbitals having all plus lobes on one 
side (and all minus lobes on the other). Thus 

< f>i = (1/V6)(</i 1 4- ^2 + 4 , 3 + */ , 4 4- </>5 + <Ae); 


the factor 1/V6 is a normalization coefficient. The B x IR is antisymmetric to the 
operation C 6 (and C 6 5 ) and this as well as its other properties means that the signs of 
the i/j’s must alternate. Then <f> 2 = (l/V6)(</>i — </> 2 + <Ps — </<4 + 0 5 — <A 6 )- The E x 
and E 2 IR are two-dimensional, and a somewhat more lengthy procedure is 
needed to find the coefficients of the <£’s; only the results are given here: 


El ' = vTl + ~ ~ 2< ^ 4 — + '/'«)’ 

^4 = \ (02 +03 — 05 — W. 

Ei ■ (201 ~ 02 + 20 4 — 05 — 0 8 )> 


^6 = 2 ~ ^3 + >Pi- 4>b)- 


The various <f> functions correspond to sets of standing molecular orbital waves 
as illustrated in Fig. 18-15. 
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<t> 3 > 04 





05. 06 



FIG. 18-15. Huckel molecu¬ 
lar orbitals for benzene. 


E. The 4x + 2 Rule. Bonding, Nonbonding, and Antibonding Molecular Orbitals 

The Huckel treatment leads to a simple rule which states that a ring (CH)„ 
will have aromatic character if n = 4x + 2, x being an integer. The qualitative 
reasoning behind this rule is the following. Referring to Fig. 18-12, molecular 
orbitals lower in energy than a are said to be bonding since electrons placed in 
them are lower in potential energy than in the absence of the molecular orbital 
formation. Orbitals equal in energy to a are said to be nonbonding, or neutral in 
this respect, and those lying above a are then antibonding. On placing n electrons 
in the set of molecular orbitals, the molecule is stabilized as a result of molecular - 
orbital formation, that is, of delocalizing the atomic orbitals, to the extent that 
the total energy is less than not. 

It is clearly undesirable to have to place electrons in nonbonding or antibonding 
orbitals. If (CH)„ is to be aromatic or extra stable, it is first of all necessary that n 
be even; since there are n pi electrons, the molecule would otherwise be a free 
radical. Second, the molecular orbital energy level scheme must be such that all n 
electrons can be accommodated, in pairs, in bonding orbitals. As may be inferred 
from Fig. 18-12 the pattern of molecular orbitals given by the Huckel treatment 
for n even is one of a single lowest-lying orbital and a single highest-lying one, 
and then one or more sets of doubly degenerate orbitals. That is, there will be 
n — 2 degenerate orbitals occurring in (n — 2)/2 pairs. If (n — 2)/2 is an odd 
number, then one of the sets of degenerate orbitals will be nonbonding, as in the 
case of (CH) 4 . Since the n/2 pairs of electrons must just half fill the set of orbitals, 
this means that two must be nonbonding. To avoid this situation, (n — 2)/2 
must be an even number, or 2x, where x is an integer. It then follows that 
n = Ax + 2 if all electrons are to be paired and all to be in bonding orbitals. 

According to this rule, C 4 H 4 is not aromatic, C 6 H 6 is, C 8 C 8 is not, C 10 H 10 is, 
and so on. This is the experimental observation. 
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COMMENTARY AND NOTES 


18-CN-l Comparison of the Valence Bond 
and Molecular Orbital Methods 

The valence bond (VB) and molecular orbital (MO) methods are the two principal 
ones of wave mechanics for dealing with molecules. Both use the variation method, 
but with different procedures for obtaining the approximate wave function, <f>. 

In the VB method, one starts with two atoms, each with its bonding electron, but 
recognizes that electron 1 may be on atom A and electron 2 on atom B, or vice 
versa. The approximate wave function whose coefficients are to be optimized is thus 

^vb = *<£a0¥b(2) + bU2)Ml). (18-30) 

In the MO method, one starts with two atoms, sans electrons, and writes as the 
approximate wave function 

<f>i = *i0a(1) + MbO). (18-31) 

That is, electron 1, the first electron, is taken to move in the field of the two nuclei. 
If we are to add a second electron to the same molecular orbital, we have 

<f>* = a,M2) + Mb(2). (18-32) 

The wave function for both electrons is just the product (neglecting inter- 
electronic repulsion), so that 

^MO = aia 2 ^ A (l)<l> A (2) + Wb(Wb(2) 

+ Wa(Wb(2) + « 2 ^i'Aa(2)'Ab(1). (18-33) 

The first two terms on the right correspond to both electrons being on atom A or 
both on atom B, or to the configurations A~B + and A + B", while the last two terms 
are essentially the same as <f> VB . The MO formulation thus tends to give emphasis 
to ionic configurations and, in fact, to overemphasize them. The VB method 
underestimates ionic contributions, on the other hand, and these are usually added 
so as to improve the results, as in Eq. (18-18). 

For the chemist, however, the MO description generally gives a better picture of 
molecular bonding. It also provides an easy basis for the qualitative discussion of 
molecular excited states and, as in the Huckel treatment, of delocalized bonding. 

The MO method has been applied extensively to small molecules, with the help 
of a greatly simplifying and important approximation. The differential overlap 
between two atomic functions ifi k and </>, is defined as the probability of finding an 
electron i in a volume element common to >p k and </i t and is represented by 

Ski — W0W0- 

The approximation is that S kl is zero unless k is equal to /. The abbreviated name 
for the procedure is CNDO (complete weglect of differential overlap). 

The CNDO approximation allows whole categories of integrals in the secular 
equation to be made zero or unity. The situation is reminiscent of that of the Huckel 
method, except that sigma as well as pi bonding is calculated. The remaining 
integrals are still formidable, and to help matters, the hydrogen-like atomic wave 
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functions are approximated by Gaussian-type functions which are similar graphi¬ 
cally but much more tractable mathematically. 

The CNDO approach, proposed by Pople, Santry, and Segal (1965), has led to a 
whole spectrum of related calculational procedures. As a result we now have fairly 
good calculated bond lengths, bond energies, and dipole moments for a variety of 
small molecules. The method is sufficiently reliable to be used in the prediction of 
properties of otherwise unaccessible species such as chemical reaction intermediates. 


SPECIAL TOPICS 


18-ST-l Ligand Field Molecular Orbital Diagrams 

The electronic structure of an octahedral transition metal coordination compound 
was approached in Section 17-CN-l in terms of the perturbing effect of the octa¬ 
hedral field on a set of five d electrons. As shown in Fig. 17-15, the fivefold degener¬ 
acy is partially removed, to give a set of t 2g orbitals and one of e g orbitals, the 
former being lower in energy. One could then calculate crystal field stabilization 
energies by placing the requisite number of metal d electrons in these orbital sets. 

The purely electrostatic crystal field picture has now given way largely to what 
is called ligand field theory. Perhaps the main change is that bonding is now 
recognized as occurring between the ligands and the central metal ion. On making 
up a linear combination of six ligand sigma bonding orbitals and the s, p, d x *_ v2 , 
and d s 8 metal orbitals, one, as usual, obtains a bonding and an antibonding set. 





FIG. 18-16. Sigma bonding molecular orbital diagram for an octahedral transition metal 
complex. 
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This is illustrated in Fig. 18-16; the asterisks denote antibonding orbitals. The t 2g 
orbitals are not suited for sigma bonding and therefore do not participate, that is, 
are nonbonding. Since a set of bonds for the whole molecule is involved, Fig. 18-16 
is usually called a molecular orbital diagram. The small letters a, t 2g , and so on 
are used as a reminder that the energy levels are those which a single electron 
could have. The bonding levels are, of course, actually occupied by 12 electrons, 
two from each ligand, and, in the case chosen here, Cr(III), the t 2g set is occupied 
by three electrons, thought of as belonging to the central metal ion. 

A point that should be mentioned is that the set of nonbonding metal electrons 
also has a symmetry designation, in this case 4 A 2g . The superscript gives the spin 
multiplicity or number of energetically equivalent ways in which the spin S = § 
may combine with the orbital angular momentum (see Section 16-ST-l). In the 
case of Co(III) complexes, the symmetry designation of the set of six t 2g non¬ 
bonding metal electrons is 1 A lg . 

Returning to the figure, the quantity A, now called the ligand field strength, is 
the separation between the t 2g and the e g * sets—it functions in much the same way 
as in crystal field theory. Its value, however, is now treated as primarily dependent 
on the strength of the bonding rather than as arising from the octahedrally disposed 
charges of crystal field theory. We find, for example, that various ligands produce 
an effective ligand field strength in the order NH 3 > H 2 0 > OH - > Cl~ > Br _ . 

Recalling Section 17-CN-l, the d y or t ie set of metal orbitals is suited for pi 
bonding, the set of 12 pi bonding ligand orbitals also generating the t lg , t lu , and 
r 2u representations in Oh symmetry. One may next obtain bonding and corre¬ 
sponding antibonding combinations of pi symmetry orbitals to give the yet more 
complete molecular orbital diagram shown in Fig. 18-17. The pi bonding orbitals 



FIG. 18-17. Same as Fig. 18-16, but also showing pi bonding. 
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can hold up to six electrons and the nonbonding ones up to 18. It is not easy to 
determine the actual degree of pi bonding in a complex ion, and diagrams such 
as this one are necessarily rather schematic in nature. It is clear, however, that 
the energy separation A between the highest occupied level and the lowest unoccu¬ 
pied level must in reality be a rather complicated quantity. 
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EXERCISES 


18-1 Verify Eq. (18-10). 

18-2 Explain why the wave function reaches a maximum value of 0.4 in Fig. 18-4(a), and 
four times this, or 1.6, in Fig. 18-4(c). (The reference cited will be helpful.) 

18-3 Explain why, in Fig. 18-5, the lc r t molecular orbital approaches the limits —4 and — 1, 
and why the 1 <t u molecular orbital approaches the limits —1 and —1. 

18-4 Sketch, in the manner of Fig. 18-9, bonding, antibonding, and nonbonding overlap 
situations involving an s and a d orbital. 

18-5 Consider the molecule C a . (a) Should it be stable? (b) What should the bond order be? 
(c) Should it be diamagnetic or paramagnetic? 


Ans. (a) Yes. (b) 2. (c) Paramagnetic. 



PROBLEMS 787 


18-6 Answer the same questions as in Exercise 18-5, but for Cf - . 

Ans. (a) Yes. (b) 3. (c) Diamagnetic. 

18-7 Explain whether the molecule PH a should be bent or linear. 

Ans. Bent. 

18-8 Verify the solutions for the Huckel method as applied to butadiene. Calculate the de- 
localization energy for butadiene in kcal mole -1 using spectroscopic data. 

Ans. 58 kcal mole - *. 


PROBLEMS 


18-1 Except for a normalization factor, the la, MO for H a + approximates (e~’A + e -r B) 
at large R, and the l<r„ MO approximates (e~ r A — e -r B), with r in a 0 units. Calculate the 
plots of Fig. 18-4(a) using these functions. Can you explain what the normalization 
factor is? 

18-2 Draw Fig. 18-10 with electrons assigned for the case of F a . What should the bond order 
be? Do the same for Ne a . 

18-3 Explain whether the molecules H a S and MgH a should be bent or linear. 

18-4 The MO energy level diagram for a light element AB molecule will be similar to Fig. 
18-10 but with, say, the atomic orbital energies for atom B slightly lower than the corres¬ 
ponding ones for atom A. Sketch the diagram and assign electrons for the cases of NO, 
CO, and CN - . In each case describe the bonding and bond order. 

18-5 Write the secular determinant in the Huckel treatment of cyclopropenyl, C 3 H 3 , and solve 
for its roots. Construct the molecular orbital scheme in the manner of Fig. 18-12 and place 
the pi electrons of the molecule. 

18-6 Carry out the same procedure as in the preceding problem but now for allyl radical, C 3 H 5 . 

18-7 Consider the overlap integral 5 for two <l>ia functions located on hydrogen atoms a distance 
R apart. Demonstrate that 5 is e~ aR (1 + aR + j j a. 2 R r ); plot 5 as a function of R. [Notes: 
We find </ii„ from Chapter 16, and substitution into Eq. (18-15) gives 

a 3 r a 3 

5 = — e -ar A e - “ r B dr = — /, 

IT J TT 

where a = l/a„ . We now go over to elliptical coordinates, defining A = (r A + r B )IR and 
/i = (r A — r B )/R ; dr = (R 3 / 8)(A 2 — (j 2 ) djj. dX d<t>. The <p ls function is symmetric with 
respect to <f> and the integral I reduces to 

I = \i,R 3 j' dp J”° e~ aR \\ i ~ dX. 

The integral J* t n e - “‘ dt is known as an incomplete gamma function and is equal to 

e - ® 3 / 1 1 \ 1 

-5T5- l 1 + « + 2! (ax)2 + (“ X > n )-J 
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18-8 The Laplacian in the elliptical coordinate system is 


V 2 : 




R\ A 2 

s\ A 1 — ft* an 

^L(a j - m-n*w\y 


+ 


(18-34) 


Using this and substituting 4 from Eq. (18-20), show that Eq. (18-19) separates into three 
equations, one in A only, one in n only, and one in <f> only. Verify that Eq. (18-21) is the 
solution to the equation in <j>. [Note: Essentially the same sequence of steps is followed as 
in separating the wave equation for the hydrogen atom (Section 16-7A).] 


SPECIAL TOPICS PROBLEMS 


18-1 Only the metal d electrons are shown in Fig. 18-16. In addition, each ligand supplies a 
sigma bonding pair. Add these to the diagram. 

18-2 The set of d orbitals split into a f 2 and e set in tetrahedral geometry. In a transition metal 
complex it is the latter that are lower in energy so that the crystal field splitting is the 
opposite of that in octahedral geometry. Sketch the MO diagram for sigma bonding 
in a tetrahedral complex. Place the bonding and metal d electrons for the case of CoCl 4 ". 
Note Problem 17-17. 


CHAPTER NINETEEN 


MOLECULAR SPECTROSCOPY 
AND PHOTOCHEMISTRY 


19-1 Introduction 

The field of molecular spectroscopy is a very large and a very popular one. 
Much of the present effort of chemical physicists is devoted to the study of the 
electronic, vibrational, rotational, and nuclear excited states of atoms and mole¬ 
cules. The great scope of the material is suggested by the rather lengthy list of 
references at the end of the chapter. The presentation here necessarily is severely 
limited; primary emphasis is given to electronic states of molecules—as physical 
chemists, we are very interested in the major changes in energy and in chemical 
nature that occur with electronic excitation. More than just a gain in energy is 
involved; an excited molecule may have a new geometry and it can undergo a 
variety of processes, such as emission, radiationless changes, and chemical reaction. 
We are beginning to see, in fact, the emergence of a distinct chemistry of excited 
states. We attempt therefore to present aspects of the chemical as well as of the 
wave mechanical approach to the subject. 

The rest of molecular spectroscopy is largely concerned with phenomena whose 
primary interest to the physical chemist is that they provide information about the 
size and shape of a molecule or about the nature of the bonding in the electronic 
ground state. Thus analysis of vibrational and rotational spectra allows estimations 
of the force constants of bonds and of bond lengths. Nuclear magnetic resonance 
gives a special kind of information about the electronic environment of an atom, 
as does electron paramagnetic resonance. Such spectroscopy has become a major 
tool for the structural and analytical chemist. The detailed theories are of less 
interest, however, in a text such as this; we will present only the simplest model 
for each phenomenon. 

The number of types of spectroscopic phenomena has grown enormously in 
recent years. It is impractical to discuss each of them here, but Section 19-ST-4 
provides a glossary of the names in current use. 
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19-2 Excited States of Diatomic Molecules 

A. The Hydrogen Molecule and Molecular Ion 

The excited states of diatomic molecules are usually treated wave mechanically 
in terms of linear combinations of f/r functions for the separate atoms, as discussed 
in Sections 18-2 to 18-5. The molecular orbital method is commonly used and, as 
the simplest example, the ground and first excited states of H 2 + are described in 
terms of the linear combinations 

<f>g = ’Pis ,a ’Pis.b and <f>u = *Pis,a ’Pis.b > 

where A and B denote the two hydrogen atoms whose Is orbitals are used; the 
subscripts g and u designate whether the <f> function is symmetric or antisymmetric 
with respect to inversion through the center of symmetry. The energy can be 
calculated as a function of internuclear distance by means of the variation method 
(see Section 18-3) and the result is shown in Fig. 19-1. Notice that the lower 
curve, for o g , has a minimum, indicating that the H 2 + molecule is stable, the 
depth of the minimum giving the dissociation energy. The first excited state, 
whose molecular orbital is <r u , has no minimum; as a consequence, absorption 
of light by H 2 + to put it in this excited state leads to prompt dissociation into H 
and H + . There are further excited states, representable in first approximation by 
linear combinations of 2s, 2p, 3s, and so on atomic wave functions; these give 
a progression of states (called a Rydberg progression ) leading eventually to ioniza¬ 
tion of the electron. 

The next case, H 2 , already presents a fairly difficult calculational problem. 
The approach is much the same as before, however, in that linear combinations 
of atomic orbitals are used, along with the variation method. The resulting states 
may be described in terms of the molecular orbitals occupied. Thus the ground 
state of H 2 is (ls<r g ) 2 ; the designation lsa g refers to the molecular orbital formed 
from Is atomic orbitals, or the <f> g orbital just given. The superscript 2 means that 
both electrons occupy this orbital. 

The next bound state is lscr g 2pa u *; one electron is in the ls<r K molecular orbital 
and the other in the 2pcr u * one. This last is formed from two 2p orbitals, which 



FIG. 19-1. Energy of the H s + molecular ion as a function of the internuclear distance; solid 
lines are calculated by the variation method and dashed lines calculated by an exact method. (From 
W. Kauzmann , “ Quantum Chemistry .” Academic Press, New York, 1957.) 
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FIG. 19-2. Potential energy curves for various electronic states of H a and H 2 + . The transitions 
1 P a * 4- and 1 n a 4 - correspond to important absorption bands, while the transition 
a 27 g + —> *2 a + is responsible for the continuous emission of a hydrogen arc lamp. [From E. J. 
Bowen, “Chemical Aspects of Light,"’ 2nd ed. Oxford Univ. Press ( Clarendon ), London and New 
York, 1946.) 

must be p* (z being the bonding axis) since the molecular orbital is of the sigma 
type; the asterisk means that it is an antibonding orbital. Further excited states 
are listed in Table 19-1 and the calculated variation of energy with internuclear 
distance for several of them is shown in Fig. 19-2. 

These designations give the molecular orbitals into which each of the two 
electrons is placed. One may alternatively describe each state by a new set of 
symbols. A quantity A is used to indicate the component of the total electronic 
orbital angular momentum A along the internuclear axis of a diatomic molecule. 

States of A number 0, 1, 2, 3,... are called E,n, A, <P .respectively, in capital 

Greek letters analogous to s, p, d, f,... . Right superscripts plus and minus denote 
whether or not the wave function for a E state changes sign on reflection in 


TABLE 19-1. Energy States of Hj° 


Electronic 

configuration 

Energy of the 
minimum (cm -1 ) 6 

Internuclear distance 
at the minimum (A) 

Singlet 

Triplet 

Singlet 

Triplet 

(Is**) 2 *2?,+ 

124,429 

— 

0.742 

— 

(lsa g 2pa u *) 

32,739 

~68,OOO c 

1.29 

unstable 

(lsa g 2p7T u ) I ’ 5 /7 U 

24,386 

28,685 

1.033 

1.038 

(lSC7 g 2SC7 g ) 1 ’*Z g + 

24,366 

28,491 

1.012 

0.989 

lsa g (H 2 + ) 

0 

— 

1.06 

— 


“Adapted from J. G. Calvert and J. N. Pitts, Jr., "Photochemistry.” Wiley, New York, 1966. 
b Energies relative to the minimum of H 2 + . 

c Energy at internuclear distance of 1.29 A (note from Fig. 19-2 that this state has no energy 
minimum). 
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Term symbol of Energy Atomic orbitals of 

electronic state above minimum in separated H atoms 

the ground formed by dissociation 
state of H 2 of excited H 2 molecule 


Submolecular orbitals 
of electrons in H 2 
(electron B is excited in 
an electronic transition) 







-162+ 56,400+ 


1st 



ls<T g t 



2p^r*t 


IE+ 


262 91,690 



lsa g t 



2pyo*( 


FIG. 19-3. The molecular orbitals for three photochemically important excited states of H 2 
and the dissociation products of these excited molecules. (From J. G. Calvert and J. N. Pitts, Jr., 
“ Photochemistry.” Copyright 1966, Wiley, New York. Used with permission of John Wiley & Sons, 
Inc.) 


a plane through the two nuclei. If the molecule is homonuclear so that there is 
an inversion center, then subscripts g and u appear, to indicate whether the wave 
function for the state is symmetric or antisymmetric with respect to inversion 
(as noted in Section 18-3, the symbols stand for the German words gerade and 
ungerade). Finally, the left superscript gives the spin multiplicity, that is, whether 
the spin function is antisymmetric (spins paired and multiplicity 1) or symmetric 
(spins parallel and multiplicity 3) (see Section 18-2A). 

The particular series of excited states of H 2 given in Table 19-1 is such that for 
each, one electron remains in the lsa g molecular orbital. The schematic electron 
configurations of the separated atoms and of each molecular orbital are shown 
in Fig. 19-3. The plus and minus signs give the sign of the wave function in the 
indicated region of space, and the arrows show the directions of the electron 
spins. 

There are certain rules, called selection rules, which state whether a given transi¬ 
tion may occur or not, in first-order approximation. The physical basis is that the 
transition must involve a nonzero displacement of electronic charge if it is to be 
stimulated by the oscillating electric field of a light wave. The wave mechanical 
formulation discussed in Section 19-ST-l leads to the statement 

probability oc (J dr) , (19-1) 

where ex is a vector representing the charge displacement in the x direction (in 
this case); it behaves like a vector in the operations of the symmetry group of the 
molecule. One concludes that in order for the integral to be nonzero, fa and i/> 2 
must have certain relative symmetry properties. The requirement reduces to the 
statement or selection rule that possible transitions are ones for which 
A A = 0, ±1, and AS = 0, and for which the parity change must be g<-> u (if the 
molecule has a center of symmetry); also + <-> + and — <-* — but + <7+* —. 
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FIG. 19-4. Potential energy curves for various electronic states of S a . [From E. J. Bowen, 
“ Chemical Aspects of Light,” 2nd ed. Oxford Univ. Press ( Clarendon ), London and New York, 
1946.} 

Referring to Fig. 19-2, the consequence is that the ground state should only 
undergo the processes ■*— 1 27 g + and 1 /7 U 1 27 g + . t These two transitions are 

responsible for the impontant absorptions of hydrogen at 110.0 nm and 100.2 nm. 

Selection rules are never absolute, however, and other states may be obtained 
either through low-intensity absorptions or by indirect means. Once formed, the 
3 £ g + state can emit light to drop to the 3 2’ u + state, for example. This last state 
has no potential energy minimum and therefore dissociates on the next vibration 
to produce two ground-state hydrogen atoms (the energy appearing as kinetic 
energy). As indicated in Fig. 19-2, dissociation from higher excited states may 
produce electronically excited hydrogen atoms. The photochemistry of hydrogen 
(and of diatomic molecules generally) thus consists in the production of either 
ground-state or excited-state atoms. 

In summary, excited states of H 2 differ not just in energy but also in equilibrium 
internuclear distance, in dissociation energy to give atoms, and in the states of the 
atoms produced. 


B. Other Diatomic Molecules 

The same general theoretical approach applies to other diatomic molecules, 
now using hydrogen-like orbital functions. Oxygen excited states have been men¬ 
tioned briefly (Section 18-5), and we show instead the somewhat analogous 
energy level diagram for S 2 in Fig. 19-4. The ground state, s £ g ~, is paramagnetic 
with two unpaired spins, like that of 0 2 . The most probable transition is to the 
3 27 u ~ state. Notice the crossing point C in the figure where the potential energy 

+ Note that a reverse arrow has been used in writing a transition. It is an international conven¬ 
tion among spectroscopists that the higher or more excited state be written first regardless of the 
direction of the process. 
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Interatomic distance, A 


FIG. 19-5. Potential energy curves for low-lying electronic states of HI. (From J. G. Calvert 
and J. N. Pitts, Jr., “PhotochemistryCopyright 1966, Wiley, New York. Used with permission 
of John Wiley & Sons, Inc.) 

curve for 3 2\r is intersected by that for the 3 I7 a state. If S 2 has sufficient vibrational 
energy in the state for the atoms to reach the internuclear distance corre¬ 
sponding to this point, then it is possible for the molecule to change to the 3 /7 u 
potential energy curve. Since this has no minimum, the atoms dissociate on the 
next vibrational swing. This type of process is called predissociation; it provides 
an explanation of how excitation to a dissociatively stable excited state can in 
fact lead to a prompt breakup of the molecule. 

We next consider the case of a heteronuclear diatomic molecule, HI. The 
potential energy curves are given in Fig. 19-5. Notice that the g and u designations 
have now disappeared; there is no longer an inversion center. The first few excited 
states are all dissociative. Irradiation of HI gas with light quanta of 5 or 6 eV 
energy (corresponding to about 40,000 cm -1 or 250 nm wavelength) leads to the 
production of hydrogen and iodine atoms, both with considerable excess kinetic 
energy. Depending on the wavelength used, the iodine atoms may be in the 2 P 1/2 
excited state (see Section 16-ST-l for the significance of the notation). 

The photochemically produced hydrogen atoms may then react with HI, 

H + HI -> H 2 + I, 

and this as well as recombination reactions 

21 + M -> Ij + M, 2H + M H 2 + M 

(where molecule M carries off the recombination energy, note Section 14-CN-l) 
lead to the photochemical formation of H 2 and I 2 . The physical chemist makes 
an important distinction between primary photochemical processes, such as 

HI ^ H + I, (19-2) 

which show the immediate chemical change following excitation, and secondary 
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processes, such as the other reactions just given, which the primary products 
undergo. These last are interesting, of course, not only for their chemistry but 
also in that they determine the overall photochemical change. A primary process 
has special importance, however, in that it describes the chemistry of a particular 
excited state. 


19-3 Electronic, Vibrational, and Rotational Transitions 


A. The Franck-Condon Principle 

The discussion of the preceding section dealt only with electronic states, and 
we now consider how changes in vibrational and rotational energy may be 
included. The usual assumption is that electronic and vibrational-rotational energy 
states do not “mix,” or that the total wave function can be written as 


= (19-3) 

where the subscripts stand for the separate wave functions. That is, we assume 
vibrational and rotational energies to simply superimpose on that of the electronic 
state. The separation of i/» e from >p v _j constitutes what is known as the Born- 
Oppenheimer approximation; the essential argument is that the nuclei, being 
massive, move slowly compared to electrons and may be considered at rest 
in solving for ip e . Further, rotational energies are so small that changes in 
them are usually neglected in considering electronic transitions, and we will do 
so here. 

Figure 19-6 shows the hypothetical potential energy curves for the ground 
and first excited electronic states of a diatomic molecule. The horizontal lines 
indicate qualitatively the progression of vibrational states for each electronic 
state and, as in Fig. 16-6, the approximate appearance of the actual wave functions 
is included. An important implication of the Born-Oppenheimer approximation 
is that the transition probability expression (19-1) now has the form 

probability oc (J 4>e-exil>e" dr e J </>„'</>„' dr^j , (19-4) 

where prime and double prime denote final and initial state, respectively, and r 
is a general symbol denoting the appropriate coordinates. That is, one separates 
out an explicit dependence on the overlap integral of the initial and final vibrational 
wave functions. Now, the time for an electronic transition is about 10~ 15 sec 
(about that for a train of electromagnetic radiation to pass an atom), or very 
small compared to vibrational times, which are about 10 -13 sec. As a consequence, 
nuclei do not move appreciably during an electronic excitation. The integral 
J dr v is therefore to be evaluated at constant internuclear distance, or for 
what is shown in Fig. 19-6 as a vertical transition. The idea is known as the Franck- 
Condon principle. Consider the transition from the ground electronic state to the 
first excited state. At ordinary temperatures most of the molecules will be in the 
v" = 0 vibrational level. For the overlap integral to have a large value it is first 
of all necessary that «/>„- be large, which means that it is only those transitions 
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Intensity-* 



Internuclear distance 

FIG. 19-6. Illustration of the Franck-Condon principle: transitions between the ground state 
and excited state of a diatomic molecule. [From E. J. Bowen, “Chemical Aspects of Light” 2nd ed. 
Oxford Univ. Press ( Clarendon), London and New York, 1946.] 


occurring when r is near r 0 " that will be probable. It is next necessary that t/>„- be 
large for r around r 0 ", which means that the most favored transition is to about 
the t>' = 3 level in the figure. Transitions to various other v levels retain some 
probability, however, as indicated by the satellite diagram in the right margin 
of the figure. In fact, the transition can be along line A, which means the excited 
molecule has enough energy to dissociate on the next vibration. 

There being no barrier above D e ’, the “vibrational” energy levels are essentially 
those of a free wave and are so close together that one sees a continuum rather 
than discrete energy levels. 


c 


v' 25 30 35 40 45 



5483 A 


4995 A 


FIG. 19-7. Absorption spectrum of I 2 vapor. (From G. Herzberg, “Spectra of Diatomic Mole¬ 
cules,” 2nd ed. Van Nostrand-Reinhold, Princeton, New Jersey, 1950.) 
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The iodine molecule presents an example of this situation. As shown in Fig. 19-7, 
the first electronic transition shows as a series of lines corresponding to the spacing 
of vibrational states, and reaches a convergence limit or continuum. Clearly, 
the detailed appearance of such spectra will be sensitive to the relative shapes 
and positions of the potential curves for the ground and excited states. The reader 
might consider, for example, what the situation should be if the excited-state 
potential curve were very similar in shape and in r e value to that of the ground 
state. 

An absorption spectrum may become diffuse or blurred if a predissociation 
situation (see preceding section) exists. The vibrational energies of the excited 
state are, in effect, no longer well defined since on the first vibration the system 
may cross to a dissociative excited state. This is the case, for example, with the 
molecule S 2 (see Fig. 19-4). 

Blurring also occurs often if the species is in solution or, if gaseous, is at a high 
pressure. Thus the absorption spectrum of I 2 in, say CC1 4 , merely shows a single 
broad band. The qualitative reason is that collisions with gas or solvent molecules 
have become so frequent that a given vibrational state again has a very short 
life before being disturbed. Its energy is thereby made indefinite. In solution, 
the degree of this blurring is greater the more the molecule is solvated or highly 
interacting with solvent. 


B. E mission 

The discussion so far has been mainly in terms of excitation, but it is, of course, 
also possible for an excited state to return to some lower state, ordinarily the 
ground state, with the emission of light. Figure 19-8 illustrates the situation 
with I 2 . In the excitation to one component of the 3 1 7 state the most probable 
value of v is about 26, and in the dilute gas the return is largely from this same v 
state back to the ground state. The process is known as resonance emission. At 
higher pressures or in solution what happens instead is that gas or solvent collisions 



Internuclear distance, A 


FIG. 19-8. Potential energy diagram for various states of gaseous I 4 . 
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remove the excess vibrational excitation so quickly that when emission does occur 
it is mainly from the t»' = 0 level. This is the more usual situation and, as indicated 
in the figure, the Franck-Condon principle now implies that the emission will be 
to a high vibrational level of the ground state. The consequence is that the emission 
is at a longer wavelength than is the absorption—an observation made by Stokes 
in 1852. 


19-4 Electronic Excited States of Polyatomic Molecules 


A. Localized States 

It is very often possible to assign features of the absorption spectrum of a 
polyatomic molecule to excitations that are largely localized to some particular 
set of atoms or bonds. A carbonyl group will, for example, usually provide rather 
characteristic absorption bands only secondarily modified by the rest of the mole¬ 
cule to which it is attached. Such groups are called chromophores, and a few, with 
their characteristic absorptions, are listed in Table 19-2. Many of these chromo¬ 
phores are diatomic (R 2 C=0, RC=CR, RCH 2 X, and so on), and their theoretical 
treatment is that of a modified diatomic molecule. Figure 19-9 shows the set of 


TABLE 19-2. Spectral Characteristics of Organic Chromophores ° 


Chromophore 

Example 

Absorption maximum 

Approximate extinction 

coefficient 
e (liter mole -1 cm -1 ) 

v(kK) 

A (A) 

O 

II 

o 

h 2 c=ch 2 

55 

1825 

250 



57.3 

1744 

16,000 



58.6 

1704 

16,500 



62 

1620 

10,000 

c=c 

hc=c-ch 2 -ch 3 

58 

1720 

2500 

c=o 

h 2 co 

34 

2950 

10 



54 

1850 

strong 


s 

II 




c=s 

CH 3 C-CH 3 

22 

4600 

weak 

-no 2 

ch 3 no 2 

36 

2775 

15 



47.5 

2100 

10,000 

—N=N— 

CH 3 -N=N-CH 3 

28.8 

3470 

15 



>38.5 

<2600 

strong 

Benzene 


39 

2550 

200 



50 

2000 

6300 



55.5 

1800 

100,000 

C-Cl 

CH 3 C 1 

58 

1725 


C-Br 

CH 3 Br 

49 

2040 

1800 

C-OH 

CH 3 OH 

55 

1500 

1900 



67 

1830 

200 


“ Data from J. G. Calvert and J. N. Pitts, Jr., “Photochemistry.” Wiley, New York, 1966. 
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FIG. 19-9. Molecular orbitals for formaldehyde and their approximate relative energies. {From 
J. G. Calvert andJ. N. Pitts, Jr., “ Photochemistry .” Copyright 1966, Wiley, New York. Used with 
permission of John Wiley & Sons, Inc.) 

“molecular” orbitals for formaldehyde; these are not for the molecule as a whole, 
but really just for the C=0 moiety. The excited states of the C—H bonds are 
higher enough in energy that the approximation of ignoring their mixing in with 
those of the C=0 portion works fairly well. 

There are several ways of describing the ground and excited states of a chromo- 
phore such as the C=0 group in formaldehyde. One is in terms of the atomic 
orbitals involved. Thus the ground state of formaldehyde is o 2 n 2 p v 2 , meaning 
that there are two electrons in a sigma bond and two in a pi bond; the p„ orbitals 
of the oxygen are perpendicular to the C=0 axis and are not involved in bonding; 
their two electrons are therefore nonbonding. As indicated in the discussion of 
Section 18-5, for every bonding combination of atomic orbitals, there is an anti¬ 
bonding one, and Fig. 19-9 shows schematically the orbital appearance of the 
a* and tt* antibonding states. One then speaks of a o* and n -*■ n* transitions. 
In addition, an electron from the nonbonding p„ orbital of the oxygen may be 
promoted to the a* or a n* level of the carbonyl “molecular” orbitals; the transi¬ 
tions are then called n —*■ a* and n —► n*, respectively. 

In the case of simple molecules, a formal group-theoretic designation of the 
ground and excited-state wave functions may be useful. That is, the wave function 
for a given state will form the basis for one of the irreducible representations of 
the symmetry group to which the molecule belongs (Section 17-5). As an example, 
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the n —► -7T* transition in formaldehyde has the group-theoretical designation 
1 A 2 - 1 A 1 . 

One may, alternatively, describe the excitation in a manner which emphasizes 
the change in polarity of the molecule. The term charge transfer was introduced 
by R. S. Mulliken for transitions in which a significant shift in electron density 
occurs between atoms or groups of atoms. In simple molecules or chromophores 
such transitions often involve the promotion of an electron from a bonding to 
the corresponding antibonding orbital. The hydrogen molecule, for example, 
has an absorption at 110.9 nm to an excited state whose orbital picture is approxi¬ 
mately H+H - . Also, the gaseous alkali halide molecules show a charge transfer 
absorption, as in the continuous absorption band for Csl(g) around 200 nm—the 
result of the absorption being to yield Cs and I atoms. The aqueous or hydrated 
halide ions show an absorption in which an electron is transferred to the solvent, 

l-(aq) \(aq) + t~(aq), (19-5) 

and similarly for metal ions such as Fe 2+ (a^) and coordination compounds such 
as Fe(CN)g - (a< 7 ). The e~(aq) species is a solvated electron; it reduces water in 
about 1 msec (millisecond) and other scavengers more quickly, but its transient 
absorption spectrum is well known. (There is a maximum at 680 nm and a con¬ 
centrated solution of electrons would appear blue.) 

The assignment of a particular absorption band as charge transfer is not so 
easy with polyatomic molecules. Two criteria are as follows. First, charge transfer 
excitations are usually facile, that is, the extinction coefficient for the transition 
is large, and an intense band not otherwise identifiable will generally be so classed. 
Second, the photochemistry of a charge transfer excited state is usually one of 




FIG. 19-10. Absorption spectra for (1) acetophenone (CH s COC,H 6 ) and ( 2 ) benzophenone 
(C,H s COC«H 6 ) (in cyclohexane at 25°C). (From J. G. Calvert and J. N. Pitts, Jr., “Photochem¬ 
istry.” Copyright 1966, Wiley, New York. Used with permission of John Wiley & Sons, Inc.) 
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redox decomposition, as in Eq. (19-5). As a further example, Fig. 19-10 shows 
the absorption spectra for acetophenone, CH 3 CO<£, and benzophenone, <f>CO<f> 
(4> = C 6 H 5 ). The intense absorption around 240 nm is attributed to charge transfer 
and, in the former case in particular, one reason for doing so is that the products 
CH 3 CO and C 6 H 5 are observed, indicative of an electron density shift from the 
acetyl to the phenyl group in the excited state. Finally, the first intense absorption 
band of Co(NH 3 ) 3 + is classed as charge transfer (from ligand to metal), consistent 
with the photochemical observation that Co 2+ and oxidized ammonia are produced. 


B. Delocalized States 

Electronic transitions may be between states whose wave functions are best 
described as encompassing a number of atoms. Examples are the conjugated 
polyenes and aromatic compounds. Both cases may be treated (rather crudely) 
by the particle-in-a-box model (Section 16-5) whereby the pi electrons are assigned 
in pairs to the successive energy levels of the set of standing waves. Such wave 
functions are truly molecular ones in that no use is made of atomic wave functions, 
the wave equation being solved for the molecule as a whole. 

The Hiickel treatment (Section 18-7) makes use of combinations of atomic 
orbitals to formulate wave functions for the whole conjugated system. The result 
is again a set of standing waves distributed over the entire molecule, the corre¬ 
sponding energy states being populated by the available pi electrons. 


C. Excited-State Processes 

We have so far stressed the wave mechanical description of excited states in 
terms of their energies and electron distributions. The photochemist is also 
interested in the various processes which an excited state can undergo, and a 
generalized scheme is shown in Fig. 19-11. We suppose the molecule to be poly¬ 
atomic, with several internuclear distances, so that simple potential energy diagrams 
such as Fig. 19-6 are no longer possible. The various families of energy levels are 
instead assembled in vertical arrays, the secondary lines indicating the super¬ 
imposed vibrational and rotational fine structure. 

The figure contains a great deal of detail which needs explanation. First, organic 
molecules generally have an even number of electrons, that is, they are not free 
radicals. Further, the spins are all paired in the ground state, which is therefore 
a singlet state, labeled S 0 in the figure. The more prominent absorptions are to 
excited singlet states, shown as 5 t and S 2 . One expects a second series of states, 
similar to the singlet ones, but in which an electron has inverted its spin so that 
the molecule has a net spin of unity, and is therefore in a triplet state. Direct 
transitions such as 7j ■*- S 0 are relatively improbable because of the symmetry 
selection rule mentioned in Section 19-2. Typically, then, one sees various absorp¬ 
tion bands due to singlet-singlet transitions, usually with most or all of the 
vibrational-rotational detail washed out. 

The actual absorptions are shown in the figure as S t v *- S 0 and S 2 V •*- S 0 , 
the superscript meaning that the transition terminates at some high vibrational 
level of the excited state. The situation is similar to that shown in Fig. 19-6; we 
assume the transitions to be vertical and that the Sj and S 2 states are distorted 
relative to S 0 . 
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Radiationless 

deactivation 


FIG. 19-11. Various photophysical processes. Radiative transitions are given by solid lines, 
and radiationless ones, by wavy lines. The fine structure of lines indicates schematically vibrational 
and rotational excitations. 


A number of secondary processes may now take place. If the molecule is in 
solution, it is very likely that the S 2 V or Sf state will lose its vibrational energy 
or thermally equilibrate to the S 2 or S 1 true electronic state, the energy being 
dissipated into the solvent. Then S 2 may pass to the vibrationally excited state 
Si'; the process is known as internal conversion. It may happen because of a 
crossing of the potential energy surfaces for the two states, or some interaction 
with solvent can be involved. The consequence is that regardless of which singlet 
excited state is first populated, a molecule usually ends up in the lowest excited 
singlet state as a result of internal conversion and rapid thermal equilibration. 
Thermally equilibrated excited states have been termed thexi states. 

The S 1 state may return to the ground state S 0 by emission. We will use the term 
fluorescence for emission between states of the same spin multiplicity. Alternatively, 
the S 1 state may go to S 0 by radiationless deactivation. As the name implies, no 
radiation is emitted, the excess energy appearing either as vibrational excitation 
of S 0 or of adjacent solvent. Finally, the S 1 state may transform to a more or less 
vibrationally excited triplet state. The act is radiationless, the difference in energy 
between S 1 and 7j appearing in vibrational excitation of 7j or, possibly, in solvent 
vibrations; we call such a transition an intersystem crossing. If the produced 
state is Tf, it is assumed to thermally equilibrate rapidly to T 1 , which may then 
return to the ground state either by emission or by radiationless deactivation. 
Such emission now involves states of differing spin multiplicity and is called 
phosphorescence. 
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Processes of the preceding type have been termed photophysical, meaning that 
they leave the molecule intact. Photochemical change is, of course, that whereby 
an excited state undergoes isomerization, fragmentation, or reaction with solvent 
or a solute. A common observation with organic systems is that chemical change 
is largely associated with the T 1 state. For example, if a solution of trawi-stilbene, 
<f>— CH=CH— <f>, is irradiated, one observes some fluorescence from the S 1 state, 
but a good deal of intersystem crossing to 7\ also occurs. The 7\ state is probably 
77* in type, and the weakening of the double bond allows easy isomerization. 
The consequence is that irradiation of the /rawi-stilbene absorption band at 
about 290 nm, corresponding to SS 0 , results in a fairly efficient trans to cis 
isomerization. 

A very important type of process is that of photosensitization, whereby an excited 
molecule transfers its excitation energy to some second species. Thus the 7\ state 
of biacetyl, 

oo 

IIII 

ch 3 ccch 3 , 

is about 55 kcal mole -1 above the ground state S 0 . Irradiation of biacetyl in the 
presence of stilbene induces isomerization of the latter, and it appears that the 
process 

3 D* + 3 A — *D + 3 A* (19-6) 

has occurred, where D denotes donor (biacetyl) and A acceptor (stilbene). The 
energy transfer very likely occurs during an encounter between 3 D* and 'A species. 
Often a reaction of this type occurs on the first encounter, or with a rate constant 
of about 10 10 liter mole -1 sec -1 (see Section 15-4). 

If the 3 D* state shows an observable phosphorescence, then the competition 
of process (19-6) leads to phosphorescence quenching. That is, the intensity of 
phosphorescence, on irradiating the system, is progressively reduced by increasing 
concentrations of the acceptor. The same may happen to fluorescence emission. 
The situation may be treated by conventional stationary-state kinetic analysis. 

To summarize, we have considered the following typical processes. 

1. Absorption, usually S)*'-'— S 0 or S 2 V ■*— So. 

2. Thermal equilibration: Sf —*■ 5 X , Tf —7\ , and so on. 

3. Internal conversion: S 2 -* Sf, T 2 -*■ Tf. 

4. Radiationless deactivation: S 1 —*S 0 , 7\ -*• S 0 . 

5. Intersystem crossing: 5 X -*• 7’ 1 *\ 

6. Fluorescence: —> S Q V + hv. 

7. Phosphorescence: T 1 -*S 0 V + hv. 

8. Chemical reaction: S x or —*■ chemical change. 

9. Sensitization. 

10. Quenching of emission. 


D. Photochemical Processes 


The photochemistry of organic compounds is now a rather large subject, and that of coor¬ 
dination compounds is becoming so. Only a few examples can be given here. 
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Ketones are generally photosensitive, the primary reactions being 

R + COR' 

RCOR' —'C (19-7) 

* RCO + R' 

where R and R' are alkyl groups. The RCO or R'CO fragment may then dissociate to carbon 
monoxide; the radicals R and R' undergo, of course, various further reactions until stable products 
eventually are reached. The bond that breaks tends to be the weaker of the two, the degree of 
discrimination being greater the longer the wavelength of the light used. Thus with gaseous 
CH 3 COC 2 H 5 the ratio of ethyl to methyl radicals formed in the primary dissociation reaction is 
about 40 with light of 313 nm but only 5.5 with light of 265 nm. The overall efficiency or quantum 
yield (see next subsection) varies greatly from one ketone to another, ranging from about 0.001 
to nearly unity. 

An alternative mode of reaction is exhibited by benzophenone, <f> 2 C O. Irradiation of the first 
singlet-singlet absorption band [believed to be an ( n , **) transition] is followed by intersystem 
crossing to a lower-lying triplet state T 1 , which now efficiently abstracts a hydrogen atom from 
the solvent: 

&CO ^ <f> 2 CO* (S,) -* <f> 2 CO* (TO , 

4> 2 C O* (7\) + RH ->■ ^ 2 COH + R , (19-8) 

2<kCOH rf> 2 COHCOH’f> 2 ■ 


The resulting ketyl radicals then combine to yield benzpinacol. 

The alkyl halides RX, if irradiated in their first absorption band, usually give the radicals R 
and X with high efficiency. Irradiation of the second, higher-energy band may, however, yield 
an olefin plus HX, 


RCH 2 CH 2 X ^ RCH = CH 2 + HX. 


(19-9) 


Examples are ethyl and n-propyl iodides. One thus observes spectrospecificity, that is, wavelength- 
dependent photochemistry. 

Photoisomerization constitutes another important class of reactions. It was mentioned earlier 
in this section that the stilbenes photoisomerize, mainly from the first triplet excited state. The 
spiropyrans form an interesting class of photoreversible systems. The normal form is usually 
colorless (depending on the ring substituents) and irradiation in the ultraviolet converts form I 
to colored form II. There is a return in the dark which is accelerated photochemically on irra¬ 
diation with light in the visible range. 

Important primary photochemical processes in organic chemistry thus include homolytic bond 
breaking to yield radical species, bond weakening of a double bond to give cis to trans isomeriza¬ 
tion as well as more complex rearrangements, and excited-state reactions with solvent or solute 
molecules. 

Coordination compounds also have a photochemistry. For example, irradiation of the first 
charge transfer band of a Co(III) complex such as Co(NH 3 ) 2+ leads to Co 2+ and nitrogen, and 
that of Co(NH 3 ) 5 Br 2+ , to Co 2+ and bromine atoms (which then undergo further reaction). Irra¬ 
diation of a ligand field band generally leads to a substitution reaction. Thus visible light 
produces the reaction 


Cr(NH 3 ) 6 (NCS) 2+ + H 2 0 ^ Cr(NH 3 ) 4 (H 2 0)(NCS) 2+ + NH 3 (19-10) 


with high efficiency. The ordinary thermal reaction of this complex ion is one of replacement 
of the NCS~ group, so in this case the photochemical and thermal reactions are distinctly different. 
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£. Kinetics of Excited-State Processes 

The overall efficiency of an excited-state process is usually described by a 
quantum yield <f>. This may be defined as 

n = hfa (19-11) 

where n denotes the number of events which occur and 7 a is the number of light 
quanta absorbed by the system in the irradiation. One may speak, for example, 
of a fluorescence yield fa , where the event is the emission of a light quantum 
from the state. Similarly, fa denotes a phosphorescence quantum yield. In the 
case of chemical reaction, an alternative form of Eq. (19-11) is 

m = E<f>, (19-12) 

where m is the number of moles of photochemical reaction which occurs and E 
is the number of einsteins of light absorbed (an einstein, abbreviated E, is one 
mole of light quanta). If more than one product is formed, one may assign partial 
quantum yields fa , fa, ... to each. 

A quantum yield usually refers to one or another of a set of mutually exclusive 
primary events such as emission or chemical reaction, and the set of quantum 
yields for all possible events should then total unity. However, if a photochemical 
quantum yield is an apparent one, being based on the amount of some final 
product, then values exceeding unity may be found. Thus in the case of photo- 
chemically initiated chain reactions quantum yields of several hundred or thousand 
may be found. Finally, it is clear from the material of this section that quantum 
yields are in general wavelength-dependent; they are therefore not very meaningful 
unless reported for at least a fairly narrow range of wavelengths. 

Quantum yields refer to overall efficiencies, and one also assigns individual rate constants to 
separate, individual processes such as those shown in Fig. 19-11. Thus, referring to the Si state, 
the fluorescence process (5 X -*• 5 0 ") will have a rate constant ki ; that of radiationless deactivation, 
k, ij and that of intersystem crossing, k 0 . The total rate constant for disappearance of S x is then 
the sum k = k t + k a + k c , and the average life of 5, is, correspondingly, t — 1/k [Eq. (14-13)]. 
Under some conditions only the emission is important, and one speaks of 1/Ar f as the natural 
lifetime of the state. 

A fairly common situation is that in which an excited state is deactivated as the result of an 
encounter with some solute species. Dissolved oxygen is very effective in deactivating or quenching 
organic triplet excited states, for example. Other substances may be effective in quenching either 
singlet or triplet states; the complex ion Cr(NH,) 5 (NCS) 2+ quenches the fluorescence emission of 
acridinium ion as well as the phosphorescence emission of biacetyl. 

A simple kinetic scheme for such quenching is the following: 

So^-Si, S^So + hr, Si So, 5, + M —►So + M, 


where M is the quenching species. We apply the stationary-state hypothesis (Section 14-4C), 


d{.Si) 


= o = /. - k t (Si) - kfSi) - *„($,)(M), 


dt 
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to obtain for the rate of fluorescence 


or 


d(hv) k,U 

dt kt + + k q (M) 


<fa 


kt 

kt + k& + feq(M) 


(19-13) 


Equation (19-13) may be put in the linear form 


1 

<l>t 


kf -b k l j kq 


kt 


kt 


(M), 


(19-14) 


so that a plot of l/^ r versus (M) allows a determination of the ratios k A jk, and kjk ,. The natural 
fluorescence rate k t can be estimated from the area under the absorption band (see Section 
19-ST-l) and can sometimes be determined directly. The other processes tend to decrease in 
importance as the temperature is lowered and if S 1 ! is produced at, say, liquid nitrogen temperature 
(77 K) by a sudden pulse of light in a flash photolysis experiment, then the decay rate of the 
subsequent fluorescence emission may closely approximate k t . One can then calculate k A and k q 
from the k observed in, say, room-temperature solution, since k, should be nearly independent of 
external conditions. The k q values so calculated often correspond to the rate constant for a 
diffusion-controlled reaction (Section 15-4). Fluorescence lifetimes are usually quite small, 
10 -9 -10 -6 sec, while phosphorescence lifetimes may range from KT 1 sec to minutes. 

As an illustration, 1 x 10 -3 M Cr(NH s ) 5 (NCS) 2+ reduces the fluorescence emission of acri- 
dinium ion by 20%, the system being irradiated at 410 nm and the emission occurring around 
500 nm. Equation (19-14) can be put in the form 


~=l+^i“(M), (19-15) 

9t k, 

whence (k q /kf>fo 0 = (1.25 — 1)/(10 -3 ) = 250. The fluorescence yield in the absence of quencher, 
4>i\ is known from separate studies to be 0.77, and r, — 4 x 10 “ see. The quenching rate 
constant k q is thus about 8 x 10 9 liter mole -1 sec -1 , or about the value for a diffusion-controlled 
reaction. Incidentally, the quenching largely results in an excitation of the complex ion, which then 
undergoes photochemical aquation of an ammonia group [Eq. (19-10)]. 

Contemporary laser equipment (see Fig. 19-26 for an example) has made pulsed photolysis 
experiments possible throughout the visible and ultraviolet wavelength regions. One may use the 
laser pulse to prepare excited states on the nsec or even psec time scale, and then observe the 
decay of fluorescent or phosphorescent emission, thus obtaining the lifetime of the emitting 
state. Lifetime quenching obeys an equation similar to Eq. (19-15) if the quenching is due to 
bimolecular reaction with the quenching species. Time-resolved emission spectra may be ob¬ 
tained with the use of a vidicon detector and multichannel analyzer triggered for various delay 
times after the stimulating laser pulse. 

By using a second, monitoring beam at right angles to the laser pulse, one may observe the 
absorption spectrum (and its decay) of excited states. Such spectra have been obtained for 
various organic triplet states, and for the a E state (see Fig. 19-22) of Cr(III) coordination com¬ 
pounds. The monitoring beam may also detect the change in absorption as primary photo¬ 
products are formed, thus giving the rate of decay of the precursor excited state. One may, of 
course, also follow any subsequent reactions of the primary photoproducts. 

A laser beam can be made highly monochromatic, and in the gas phase especially the vibra¬ 
tional structure of electronic absorption bands may be sufficiently resolved to permit the laser 
excitation of just one vibrational feature. In the infrared region, the isotopic shift may be 
sufficiently resolved to permit the selective laser excitation of molecules containing a particular 
isotope. This is the basis for current, intensive work on photochemical laser isotope separations, 
of particular significance in the possible separation of a33 U from 238 U. 
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19-5 Vibrational Spectra 


A. Diatomic Molecules 

Most vibrational spectra are treated in terms of a set of harmonic oscillators, 
both for diatomic and polyatomic molecules. The case of a single harmonic 
oscillator was treated wave mechanically in Section 16-6, with the result given by 
Eq. (16-61). There is a single characteristic frequency v 0 and the quantized energy 
states are 

E - hv 0 (v + 1) [Eq. (16-61)], 

where v may be 0, 1, 2,... . By analogy with the equivalent mechanical system, 
Eq. (16-64) gives 

hv 0 = 2.57 x 10- 13 (-^) erg, 

where /' is the restoring force constant, in units of 10 5 dyn cm -1 , and fi' is the 
reduced mass of the diatomic molecule, in mass units. 

The symmetry requirement implicit in Eq. (19-1) imposes the further condition 
that the probability of light absorption to produce a change in vibrational 
energy will be zero unless Av = ±1. (A slightly more detailed group-theoretical 
explanation is given in Section 19-ST-l.) It further turns out that even if the 
symmetry requirement is met, the probability of light absorption will be zero 
unless some change in molecular dipole moment accompanies the transition. The 
consequence is that vibrational intensities are theoretically zero for homopolar 
or A-A-type molecules; harmonic oscillations of such a molecule may vary in 
amplitude but cannot produce a dipole moment. 

These rules are based on the assumption of the harmonic oscillator; an actual 
molecule will have a potential energy versus nuclear separation curve such as 
shown in Fig. 19-6, and in this case the Av = ±1 rule is voided. In practice, this 
means that while the change Av = ± 1 remains the most probable, other values 
can occur as well. The requirement that a change in dipole moment occur is a 
quite stringent one, however, and the consequence is that the vibrational absorp¬ 
tion spectrum of an A-A-type molecule is very weak indeed. Heteronuclear 
diatomic molecules, however, show fairly intense absorptions. As noted in Sec¬ 
tion 16-6, HC1 absorbs at 2886 cm -1 , corresponding to the v — 0 to v — 1 transi¬ 
tion. The corresponding frequencies for HF, HBr, and HI are at 4141, 2650, and 
2309 cm -1 , respectively. These absorptions all lie in the infrared, of course. 


B. Raman Spectroscopy 

A molecule may reveal its vibrational energy states by an inelastic scattering of 
a light photon. The experimental observation is that a small fraction of the incident 
light is scattered and that the scattered light may differ in energy from that of the 
incident light by an amount corresponding to a vibrational spacing. Usually this 
spacing is that for which Av = ±1. 
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The whole effect is a second-order one, and might be rather unimportant except 
that its probability depends on the polarizability of the molecule rather than on 
its dipole moment. As a consequence, molecules of the A-A type will show a 
Raman spectrum even though the usual infrared vibrational absorption spectrum 
is forbidden. Thus Raman spectroscopy is a valuable supplement to the usual 
infrared absorption measurements. 

From the experimental point of view, a very intense and highly monochromatic light source 
is needed, the first requirement to produce appreciable scattered light and the second so that the 
small change in frequency can be measured accurately. For example, if light of 254 nm, or about 
39,000 cm -1 , is used to irradiate oxygen, the Raman scattered light differs in frequency by only 
1600 cm ~ \ corresponding to the difference between the v = 0 and v = 1 vibrational levels. An 
important development has been the use of laser light; this provides both the high-intensity 
and, more importantly, the highly monochromatic light needed. To repeat, it is not necessary 
that the wavelength used correspond to an actual electronic transition; the physical picture given 
here is merely a way of visualizing the inelastic collision of the light quantum with a molecule. 


C. Polyatomic Molecules 

The equipartition principle (Section 4-8) informs us of the number of vibrational 
degrees of freedom for any molecule, namely 3n — 6 for a nonlinear one and 
3n — 5 for a linear one, n being the number of atoms in the molecule. We should 
therefore expect to observe this number of distinct vibrational frequencies, each 
having a value determined by the force constant and reduced mass appropriate 
for the particular motion involved. These frequencies bear no rational relationship 
to each other, and if a polyatomic molecule could be observed in some ultra¬ 
microscope, its atoms would appear to be undergoing complicated, never-repeat¬ 
ing oscillations. These complex oscillations are, however, the result of the super¬ 
position of various primitive vibrations, and an important theoretical problem is 
the prediction of what these last should be. 

The primitive vibrations are known as the normal (vibrational ) modes of the 
molecule, and it turns out that the motions of each normal mode must form the 
basis for one of the irreducible representations of the point group to which the 
molecule belongs (Section 17-2). Consider, for example, the molecular ion CC> 3 ~. 
The normal modes are depicted in Fig. 19-12. Carbonate ion, being planar, has 
the point group symmetry D 3b , for which the irreducible representations are 
Ai, A 2 , E', A {, A 2 ", and E" (Table 17-7). It is easy to see that the mode of 
Fig. 19-12 is totally symmetric with respect to the operations of the group, and 
hence belongs to the A/ representation. The v 2 mode is unchanged by the E, 
C 3 , and ov operations but is put into the negative of itself by the C 2 , S 3 , and 
o h operations, thus identifying it as belonging to the A 2 " representation. The 
v 3a and v 3b modes together form the basis for the E' representation, and so on. 
One expects a total of 4x3 — 6 = 6 normal modes, which is just the sum of the 
orders of the irreducible representations involved. 

While it is relatively easy to see that the indicated normal modes for CO, - do belong to certain 
representations, the reverse type of analysis is much more difficult. That is, considerable effort 
may be required to deduce what types of motions constitute the normal modes for some arbitrary 
molecule. We will not attempt to explore the problem here, except to mention that the procedure 
involves assigning x, y, and z vectors to each atom and carrying the set of vectors through the 
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FIG. 19-12. The normal modes of vibration of CO|“; plus and minus denote motion in and out 
of the plane of the paper, respectively. [After F. A. Cotton, “Chemical Applications of Group 
Theory.” Copyright 1963, Wiley (Interscience), New York. Used with permission of John Wiley & 
Sons, Inc.\ 


symmetry operations of the group. To give a brief example, the resulting reducible representation 
in the case of CO* - gives 

T = Af -t- Af + IE' •+• 2Af + E". 

The translation of the molecule as a whole must involve representations carrying x, y, and z 
designations (see Table 17-7), or Af + E'. Rotation corresponds to R x , R v , and R,, so that 
Af and E" are so assigned, leaving Af, 2E', and Af for vibrations. 

It would be convenient if infrared absorption spectra simply showed the 
separate frequencies for each normal mode. Several complications enter, unfor¬ 
tunately. First, only those modes that involve a change in dipole moment will be 
infrared-active; the others will usually be Raman-active. This means that certain 
fundamental frequencies, such as the v 1 mode for COg~, will be absent. Second, 
the normal modes interact, so that various combinations of changes in vibrational 
quantum numbers may be involved. Thus CO s has four normal modes, of which 
only three are infrared-active; these have fundamental frequencies of 667 cm -1 
(twofold degenerate) for v 2 and 2349 cm -1 for v 3 . The symmetric, Raman-active 
vibration is at 1384 cm -1 . The observed infrared spectrum shows absorptions 
at wavelengths corresponding to Av = 1 for v 2 and v 3 , but also for v 3 — v 2 , 
v 3 — 2v 3 , and other combinations, as well as for overtones, or larger Av values. 
The consequence is that it can be very difficult to disentangle or assign infrared 
absorption frequencies to specific quantum transitions. 
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Fortunately, combination and overtone absorptions tend to be weaker than 
the fundamental ones, especially if the various normal mode frequencies are well 
separated in value. Furthermore, the normal modes will at least approximately 
correspond to simple motions of the molecular framework, with the result that to 
a first approximation the vibrations of a molecule may be regarded as simple 
stretchings or bendings of individual bonds. The consequence is that in polyatomic 
organic molecules characteristic functional group frequencies are found. Some of 
these are listed in Table 19-3. One can thus identify the presence of C—H, C—C, 
C—O bonds and so on in a molecule from the appearance of characteristic infra¬ 
red absorption peaks. In a very real sense, the infrared spectrum of a molecule 
identifies or “fingerprints” it; the presence of a particular molecule in a mixture 
can thus be identified or even determined quantitatively. The spectra of some simple 
molecules are shown in Fig. 19-13; the reader can test the extent to which frequen¬ 
cies listed in Table 19-3 are present. 

If an atom has several equivalent bonds, as in a CH S group, then, of course, a collection of 
normal modes is involved rather than just a superposition of independent C—H vibrations. The 
resulting spectral detail is itself a characteristic of the group of atoms, and in fact, the symmetry 
of a group of atoms may sometimes be deduced from the splittings of the bond frequencies of 


TABLE 19-3. Some Characteristic Bond Force Constants and Frequencies “ 



Stretching 

Bending 


Force constant 

Frequency 


Frequency 

Bond 

(x 10 5 dyn cm -1 ) 

(cm -1 ) 

Motion 

(cm -1 ) 

III 

O 

1 

SC 

5.85 

3300 

ic^-H 

700 

^C-H 

4.79 

2960 

J-C^H 

1000 

1 

o 

III 

o 

1 

15.59 

2050 

><f 

1450 

\ c -c/ 

/ \ 

9.6 

1650 

-C^H 

rl 

1450 

1 

o 

III 

z 

17.73 

2100 



o 

II 

o 

12.1 

1700 



1 

o 

1 

sc 

7.66 

3680 



^C-CI 

3.64 

650 




“ Data from G. Herzberg, “Infrared and Raman Spectra of Polyatomic 
Molecules.” Van Nostrand-Reinhold, Princeton, New Jersey, 1945. 
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FIG. 19-13. Infrared absorption spectra, (a) Methyl ether in a 10-cm cell at 10 mm Hg. The 
various types of motions shown include stretching, v, bending, 8, and rocking, r. These may be 
symmetric or asymmetric, denoted by subscripts s and as. (From H. S. Szymanski, “Interpreted 
Infrared Spectra,” Vol. 3. Plenum Press, New York, 1967.) ( b) Methylene chloride liquid, 0.032 -mm 
path length, (c) Methyl ethyl ketone, in CC 1 4 solution. (From “Coblentz Society Spectra,” 
Coblentz Society, Inc., Norwalk, Conn.) The figures also illustrate the various common ways of 
plotting infrared spectra. 
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the group. As an example, irradiation of the carbonyl complex Cr(CO) e produces the fragment 
Cr(CO) 6 , and the splitting of the CO frequencies determines that the geometry is that of a trigonal 
bipyramid. 


COMMENTARY AND NOTES 


19-CN-l Geometric and Electronic 
Nature of Ground-State Molecules 

There are several spectroscopic phenomena which yield valuable information 
about the geometry or the bonding of molecules in their lowest electronic or ground 
state. The detailed theory is beyond the scope of this text, but the final equations 
and their applications are definitely of interest. We have already considered 
vibrational spectra (Section 19-5) and now turn to pure rotational spectra and 
magnetic resonance phenomena. Mossbauer spectroscopy is mentioned in Sec¬ 
tion 22-CN-6. 


A. Microwave Spectroscopy 

Transitions from one rotational state to another may be observed directly with 
radiation of the appropriate wavelength (the molecule must have a permanent 
dipole moment). The energy levels of a diatomic rigid rotator are given by 

h 2 

E = Wi JiJ+1) [Eq- (16-112)], 

where J may be 0, 1, 2,... . The moment of inertia / is defined by I = Y. m Si 2 > 
where r t is the distance of atom i from the center of mass, and for a diatomic 
molecule / values are around 10 -40 g cm 2 (corresponding to m about 3 x 10 -23 g 
and r about 10” 8 cm). Rotational energies are therefore about 5 X 10~ 15 erg 
molecule -1 , or about 0.1 & Tat room temperature. 

The symmetry properties of rotational wave functions (see Sections 19-ST-l 
and 19-ST-3) lead to the rule that transitions are favored only if AJ = ±1, and 
for a transition from J to J + 1, Eq. (16-112) yields 

v = 2 B(J + 1), (19-16) 

where v is frequency in wavenumbers and B, called the rotational constant, is 
h/8ir 2 Ic. Usual values of B are around 1 to 100 cm -1 , corresponding to wavelengths 
of 0.5-0.005 cm in rotational spectra. 

These numbers reveal several important qualitative aspects of rotational spectro¬ 
scopy. The wavelength of the electromagnetic radiation involved approaches that 
of shortwave radio or radar waves. It was, in fact, the development of radar and 
the availability of surplus equipment after World War II that brought rotational 
or microwave spectroscopy into prominence. A second comment is that the rota¬ 
tional energy level spacings are so close together that a molecule at room temper- 
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ature will most probably be in a fairly high rotational level; the observed spectrum 
is then one involving transitions from one excited state to another, unlike most 
other spectroscopy. It should be noted that polyatomic molecules have three 
moments of inertia and a correspondingly more complex set of energy states. 
Finally, rotational absorptions are relatively weak in intensity and the absorption 
bands must be quite sharp to be detected with precision. The consequence is that 
experiments are largely limited to rather dilute gases to minimize the line broaden¬ 
ing which results from molecular collisions. 

Figure 19-14 illustrates several of the experimental aspects. With regard to the 
block diagram, Fig. 19-14(a), klystron tubes were originally used as microwave 
generators, but new types of oscillators are used now. These may be swept auto¬ 
matically through the desired frequency range and are usually calibrated against a 
fixed reference oscillator. The microwave radiation passes through the sample cell, 
and its intensity is measured by a detector. The absorption spectrum is then re¬ 
corded or seen on an oscilloscope. Figure 19-14(b) shows contemporary instrumen¬ 
tation. Note the rectangular wave guides that carry the radiation. A single absorp¬ 
tion line may appear as in Fig. 19- 14(c); in this case the line width is only 80 kHz 
and since the frequency is about 40 GHz, the position of the line can be measured to 
within about 2 parts per million. 

The Stark effect plays an important role. Each 7 state has 27+1 orientations 
[recall Eq. (4-73)], corresponding to an azimuthal quantum number, m, where m = 
0, ±1, ±2, ..., ±7 (note the parallel to the 7 and m quantum numbers for the 
hydrogen atom. Section 16-7B,C). This degeneracy is removed in an electric field; 
since the energy in the field depends on m 2 , the splitting is into just 7 + 1 (rather 
than 27+1) levels. This Stark splitting is illustrated in Fig. 19-14(d). The magni¬ 
tude of the Stark effect depends on the molecular dipole moment, and microwave 
spectroscopy constitutes an important means of measuring dipole moments. 

The effect is routinely used to enhance sensitivity. The electric field applied to the 
sample cell is in the form of a square-wave alternating potential (typically 0-1000 V 
and around 30 kHz in frequency). One now greatly reduces noise in the detector by 
accepting only the response having the frequency of the field. 

Figure 19-14(e) shows the microwave spectrum of crotonic acid. The two series of 
bands are for the two conformational isomers, impossible to separate chemically. 
Perhaps the most important application of microwave spectroscopy has been to the 


TABLE 19-4. Geometry of Some Symmetric Tops from 
Microwave Spectroscopy ° 


Molecules 

d\2 

(A) 

d 2 $ 

(A) 

e 

ch 3 f 

1.11 

1.39 

110° 

ch 3 ci 

1.113 

1.781 

110°31' 

ch 3 i 

1.113 

2.1392 

111°14' 

cci 3 h 

1.767 

1.073 

110°24' 

SiH 3 Cl 

1.44 

2.050 

110° 



a Data from C. H. Townes and A. L. Schawlow, “Microwave 
Spectroscopy.” McGraw-Hill, New York, 1955. The molecules 
are all of the Cgy point group; the bond lengths and angles 
are as shown in the diagram. 
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Sample cell 


FIG. 19-14. Microwave spectroscopy, (a) Equipment schematic, (b) Microwave spectrometer. 
Manifolds for introduction of samples are in the left console; the microwave generator circuitry 
is at the lower right. The wave guides and associated attenuators and wave shapers are 
mounted above the console. 


determination of the rotational constant B and hence of the moment (or moments) 
of inertia of a molecule (see Section 4-CN-2). By isotopically labeling various atoms 
of the molecule, individual bond lengths can be determined rather accurately, as 
can bond angles. A polyatomic molecule is difficult to treat theoretically unless two 
of its three moments of inertia are equal, so that the molecule behaves as a sym¬ 
metric “top”; examples are ammonia, CH 3 C1, and CHC1 3 . Some typical data are 
given in Table 19-4. 
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FIG 19-14. (c) Single absorption line, (d) Same line as split by a field of 1000 Vcm'K (e) Micro- 
wave spectrum of crotonic acid. (Photograph and spectrum courtesy of Hewlett-Packard Co., 
Palo Alto, California.) 


B. Nuclear Magnetic Resonance 


A rather different type of spectroscopy is that which is based on the splitting of 
otherwise degenerate nuclear energy states which occurs in a magnetic field. The 
fundamental nuclear particles, the proton and the neutron, have intrinsic angular 
momenta of \hl2tr, usually reported as just These combine in a nucleus to give 
a net nuclear spin which is an even integral number of units of \ if there are an 
even number of fundamental nuclear particles, and an odd integral number of 
units of i otherwise. For example, the even nuclei 2 H, 12 C, and 16 0 have nuclear 
spins of 1, 0, and 0, respectively, while the odd nuclei 1 H, 7 Li, 15 N, and 19 F have 
spins of 5, f, and respectively. This net nuclear spin is given the symbol I 
(not to be confused with a molecular moment of inertia). 

Nuclei have, of course, a net electric charge, and a nonzero nuclear spin implies 
a motion of this charge or a current, hence an associated nuclear magnetic moment 
/z n • The theoretical magnetic moment for a proton, treated as a spinning spherical 
shell of charge, is given by the nuclear magneton /3 n , defined as 


fin — 


eh 

4 77 Me 


(19-17) 


The nuclear magneton is just m/M times the Bohr magneton (Section 3-ST-2), 
where m and M are the electron and proton mass, respectively, and its numerical 
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value is 5.0493 x 10 -24 erg G _1 (G is the abbreviation for the unit of magnetic 
field, gauss). Actual nuclear magnetic moments differ from this value, and it has 
become customary to express them as 

= gnpnl, (19-18) 

where g n is a number of the order of unity, called the nuclear g factor. {In a stricter 
presentation [1(1 + 1)] 1/2 would be used instead of /.} 

If a magnetic field H is present, then the energy of a nucleus having spin / 
becomes dependent on its orientation with respect to the field. The quantum 
restriction is that the component of /u. n in the direction of the field /x be 

/a = mngnfin , (19-19) 

where m n is a quantum number which may have the values I, I — 1, / — 2,..., —I, 
or 21 + 1 values in all. The energy of each orientation depends on the field 
strength, 

E= —/itH = -m n gnjS„H. (19-20) 

Since our presentation is to be a brief one, we now restrict our examples to the 
proton, with / = \ and magnetic moment 2.79270 in units of jS n (corresponding to 
a g factor of 5.5854). According to Eq. (19-19), the energies of the two states are 
then ±/aH, and, as shown in Fig. 19-15, they are separated by an energy 2/n.H. 
This is a very small energy for ordinary values of H. Thus if the field is 10,000 G 
(gauss), we obtain 

AE= = 2(2.79270)(5.0493 x 10- 24 )(10 4 ) = 2.820 x lO' 19 erg. (19-21) 

This is to be compared with a kT value of 4.12 x 10~ 14 erg at 25°C. The popula¬ 
tion of the two states will therefore be almost equal, their ratio being given by the 
Boltzmann factor exp(2/xH//c7"). The exponential can be expanded to yield the 
probabilities of a given proton being in the upper or lower state as 
|[1 (fiH/kT)], respectively, or about |(1 — 10 -5 ) and |(1 + 10 -5 ). 

The natural time for nuclei to reach the equilibrium or Boltzmann distribution 
depends on the various processes present whereby nuclei exchange energy with 
their surroundings and is called the spin-lattice relaxation time T 1 (this is the 
reciprocal of the rate constant for the approach to the equilibrium distribution). 
Values of T 1 depend on the chemical (and magnetic) nature of the molecules 
present in the medium, but usually are in the range of 10 -2 —10 2 sec for liquids. 
For water Tj is about 3.6 sec and for ethanol the value is 2.2 sec. Thus when the 
external magnetic field is turned on the protons present in a sample will adjust 
very quickly to the Boltzmann distribution of their two energy states. 





-mH 


FIG. 19-15. Splitting of the proton spin 

states in a magnetic field. 


Increasing H 
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FIG. 19-16. Schematic diagram of apparatus of an nmr experiment. {After J. A. Pople, W. G. 
Schneider, and H. J. Bernstein, “High Resolution Nuclear Magnetic Resonance.” Copyright 1959, 
McGraw-Hill, New York. Used with permission of McGraw-Hill Book Company.) 


An experimental means of measuring AE might be through the absorption 
of a light quantum. A typical frequency is found by dividing the result of 
Eq. (19-21) by h to obtain 2.820 X 10 -19 /6.6256 X 10~ 27 = 42.56 X 10 6 sec _1 
or 42.6 kHz (kilohertz). The wavelength of radiation of this frequency would be 
2.998 X 10 10 /42.56 X 10 6 = 704 cm, corresponding to the shortwave radio region. 
The problem is that while nuclei in the lower-energy state would absorb such 
radiation, those in the upper state would be stimulated to emit the same wave¬ 
length radiation and return to the ground state. The theoretical probabilities for 
absorption and stimulated emission are identical (see Section 19-ST-l), and 
since there are virtually equal numbers of nuclei in the two states, the net absorp¬ 
tion of radiation will be very small. It is possible to measure it by equipment of the 
type shown in Fig. 19-16. First, it is easier and therefore customary to use a fixed 
radiofrequency source and to put the magnetic field through a small variation— 
one only needs perhaps 100 parts per million (ppm) change in a field of 10,000 G. 
When the field is such that the frequency is just right, then a minute net energy 
dissipation occurs in the sample around which the transmitter coil is located and 
if the rf circuit is delicately tuned, a drop in its output voltage will occur and 
can be shown on an oscilloscope or, for a single sweep of the magnetic field, on a 
chart recorder. 

The nuclear magnetic resonance (nmr) effect would be no more than a somewhat 
obscure aspect of physics were it not that the resonance energy depends on the 
exact value of the local field H at the nucleus and that H is affected by the electron 
distribution in the molecule containing the nucleus. For example, the orbital 
electrons of each atom themselves precess in the applied field H 0 to give rise to 
diamagnetism (Section 3-ST-2), that is, to an induced field which opposes the 
applied one and is proportional to it. One then writes 

H = H 0 (l — a), (19-22) 

where o is often called the screening constant since its effect is to reduce the 
effective field at the nucleus; its value is around 10 -5 for protons. The effect is 
called a chemical shift. 
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Increasing H 0 

FIG. 19-17. The pmr spectrum of liquid ethanol. 


Since H, and therefore cr, is not directly determinable, the usual procedure is to 
compare the value of H 0 ' needed to produce resonance (at a given radio frequency) 
in some standard compound with the value H 0 needed for the one being studied. 
The standard may be any liquid substance giving a simple resonance behavior— 
water, CHC1 3 , and Si(CH 3 ) 4 have been used, for example, in the case of proton 
magnetic resonance (pmr). The chemical shifts involved are so small that it is 
convenient to report them as 

3 = H ° ~ H ° 10 6 , (19-23) 

Ho 

that is, S is reported as the parts per million shift in the applied field needed to 
produce resonance. 

We come now to actual pmr spectra. Each proton in some pure compound will 
have its own electron environment and hence chemical shift. Thus as shown 
schematically in Fig. 19-17, liquid ethanol shows resonances at three values of 
H 0 , corresponding to the —OH proton, the two equivalent CH 2 protons, and the 
three equivalent CH 3 protons; the areas under the absorption peaks are in the 
ratio 1:2:3. One of the major values of pmr (and of nmr in general) is that it 
allows an identification of the nuclei in a molecule in terms of their various chemical 
environments. The chemical shifts for some compounds having only one kind of 
proton are given in Fig. 19-18, relative to cyclohexane. There are extensive tables 
of chemical shifts for protons in various chemical environments, and the pmr 
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FIG. 19-18. Observed chemical shifts at room tem¬ 
perature of some liquids that give a single proton 
signal; cyclohexane is taken as an arbitrary reference 
point. 
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OH CH 2 CH 3 


FIG. 19-19. The pmr spectrum of liquid 
ethanol: (a) pure dry alcohol; ( b ) alcohol plus 
a small amount of HC1. 


jk - 



(a) 



spectrum of a molecule not only serves to “fingerprint” it but usually allows quite 
detailed conclusions as to its isomeric structure. If doubts are left, deuteration of 
known functional groups eliminates those hydrogen atoms from pmr resonance, 
so that the peaks due to them in the original spectrum can be identified. 

There are a large number of important effects and hence of nmr applications, 
two of which are illustrated in Fig. 19-19. In pure ethanol the OH, CH 2 , and CH 3 
peaks are seen to be split if measured with higher resolution than used for 
Fig. 19-17. This is due to the mutual interactions of the proton spins on neigh¬ 
boring groups; thus the hydroxyl proton resonance is split into three (an unre¬ 
solved central one and two satellites) by the various ways in which spin-spin 
interaction can occur. The second effect illustrated is that in the presence of 
hydrochloric acid the splitting of the —OH peak disappears and the shape of the 
CH 2 peak is greatly simplified. The reason is that the hydroxyl proton is now 
exchanging so rapidly with that of neighboring molecules that only its average 
local magnetic field is being observed. The time scale for such averaging to occur 
is, in simple cases, of the order of 7\ . 

The spin-spin interactions which split the CH 3 peak into four components and the CH 3 peak 
into three components (Fig. 19-19) arise as follows. The principle is that the field at a CH 2 proton 
is perturbed slightly by the net field of the CH 3 protons and, similarly, the field at a CH 3 proton 
is affected by the net field of the CH 3 protons; the number of components into which the peaks 
split is the number of possible values of these net fields. Thus the three CH 3 protons may have 
their spins in the relative arrangements (ttt), (1U, tit, itt), (tii, itl, iit), or (Hi), and a given 
CH 3 proton then “sees” one of four possible perturbing net fields in the relative probabilities 
1:3:3:1. Similarly, the two CH 3 protons may have their spins in the relative arrangements (tt), 
(ti, it), and (H); a CH 3 proton then “sees” one of three perturbing fields in the relative pro¬ 
babilities 1:2:1. 

Even a brief presentation of nmr would be inadequate without some mention of an alternative 
picture of the effect. The discussion has so far been in terms of energy levels, but a more detailed 
physical picture is as follows. If the magnetic moment of a proton is represented by a vector, 
then application of an external field causes this vector to precess at an angle to the field direction 
which is determined by I. The two energy states then correspond to the two vector orientations 
shown in Fig. 19-20. The precession, known as the Larmor precession, occurs with a frequency 
that is proportional to the field and equal to that of radiation corresponding to E in Eq. (19-20). 

The collection of protons in the sample will all be undergoing this precession, but not in unison 
as indicated schematically in Fig. 19-21 (a). If, now, an rf field of resonance frequency is applied 
along the x axis, its oscillating magnetic field applies a small acceleration or retardation to the 
precessing magnetic moment vectors until they all come into phase, as indicated in Fig. 19-21 (b). 
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x 



FIG. 19-20. Larmor precession of a mag¬ 
netic moment along the z axis. 


A precessing moment constitutes a source of electromagnetic radiation emitted along the y axis; 
since all of the nuclei are precessing together, the emission from them is in phase and so has a 
nonzero net amplitude. A detector coil placed perpendicular to the x axis then registers a signal. 
This is, in fact, an alternative method for obtaining an nmr spectrum—that is, one uses an rf 
emitting coil and a second, receiving coil at right angles to it, the two coils directed at axes perpen¬ 
dicular to that of the applied magnetic field. 

Some additional phenomena may now be observed. The dynamic equilibrium between the two 
nuclear states N and N* may be written as a balance of several rates 

(N)(* r + kf) = (N*)(*, e + k e + k t *), (19-24) 

where k B and k ee are the rate constants for absorption and stimulated emission, respectively. 
These are equal to each other and proportional to the intensity of the rf field; k e is the rate constant 
for spontaneous or ordinary emission. The rate constants k T and k T * are those for radiationless 
activation and deactivation processes. If the rf intensity is zero, then the various rate constants 
are such as to make (N*)/(N) equal to the Boltzmann ratio, as evaluated earlier. If, however, the 
rf intensity is made very large, so that k B and k Be dominate, then, since they are equal, (N*)/(N) 
becomes unity—that is, in the limit one has an equal population in the two states. There will be 
no nmr resonance signal at all. 

If now the rf intensity is returned to its normal low value, the Boltzmann population will 
reestablish itself, and the nmr signal will grow back in. The reciprocal of the first-order rate 
constant for this return is called the spin-lattice or longitudinal relaxation time T 1 . Its value is 
primarily a measure of that of k T and k r * since k e is generally negligibly small. The presence of 
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FIG. 19-21. Effect of a perpendicular rf field in bringing precessing magnetic moments into 
phase. 
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paramagnetic ions in the solution will, for example, greatly reduce 7\ ; the magnetic susceptibility 
of such ions may actually be measured by this means. 

There is a second relaxation time, called 7" 2 or the transverse relaxation time. This has to do 
with the speed with which the aligned moments of Fig. 19-21(b) would drift out of phase in the 
absence of an rf field, due to the different local magnetic fields that individual nuclei experience. 
The relaxation time T 2 can be estimated from the width of the resonance line as well as by other, 
somewhat more complicated experiments. In liquids the mechanism for the 7) and T 2 relaxations 
are often essentially the same, so the two times are about equal. In a solid, however, 7) may become 
quite large while T 2 remains small. This is because the rate constant for energy exchange with the 
medium, k T or k T * in Eq. (19-24), has become small, but the local field inhomogeneities remain 
to make the different nuclei precess at slightly different natural rates, and thus still produce the 
transverse relaxation effect. 


C. Electron Spin Resonance 

The general principle of electron spin resonance is the same as for nmr; the 
relevant equation is analogous to Eq. (19-20), 

E = —g e m e p e H, (19-25) 

where g e is called the Lande splitting factor and is about 2 for a free electron. 
The magnetic moment m e = J for a free electron and /3 e is the Bohr magneton, 
whose value is about 2000 times that of the nuclear magneton . The first conse¬ 
quence of these changes is that the splitting of the two spin orientations of a free 
electron is about a thousand times that for a nucleus. The difference in Boltzmann 
population of the upper and lower states is correspondingly larger, and so is the 
resonance signal. Thus a much lower concentration of unpaired electrons can be 
detected with electron spin resonance, esr, than of nuclei in the nmr method; smaller 
or more dilute samples therefore suffice. 

The esr measurement is, of course, generally applied to molecules having an 
unpaired electron. It has been extremely useful in detecting small concentrations 
of free radicals, for example. Further, if the nucleus of the atom has a nonzero 
nuclear spin, then interaction with the odd electron leads to a fine structure or 
additional splitting of the esr spectrum. It is thus possible to determine with which 
nucleus the unpaired electron is primarily associated. 


19-CN-2 Structure and Chemistry of Excited States 


A. Structure 

Excited states do not survive long enough for conventional structure determina¬ 
tions but there is no doubt that major changes from the ground state may occur. 
In the case of diatomic molecules, the bond length is expected to increase in an 
excited state and this is confirmed by calculations for H 2 (note Fig. 19-2). The bond 
angle in a triatomic molecule may change greatly; as examples, it has been suggested 
that the 2 A 1 state of NO a is linear and that the first excited state of NH 3 is planar. 
Conversely, the first singlet excited state of formaldehyde is known to be bent 
(deduced from an analysis of the rotational and vibrational structure of the 
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FIG. 19-22. Absorption and emission spectra for Cr(urea)| + (in a glassy matrix at 77 K). 
[From G. B. Porter and H. L. Schlafer, Z. Phys. Chem. 37, 110 (1963).] 


fluorescence spectrum). In the case of states localized on a double bond, there is 
effectively weaker bonding in a -n* state and therefore easier rotation about the 
bond. It is possible that benzene is no longer planar in some of its excited states. 

Considerable changes in geometry have been postulated for the ligand field 
excited states of coordination compounds. One of the singlet excited states of 
Ni(CN) 2- (square planar in the ground state) is thought to have Z) 2d symmetry. 
Complexes such as Cr(NH 3 ) 6 X 2+ (where X is a halogen or pseudohalogen) may 
change from essentially octahedral geometry to that of a pentagonal pyramid. 

One indication that an excited state is significantly different in geometry from 
the ground state is that the emission from the former is strongly shifted to lower 
energies relative to the absorption band. Recalling Fig. 19-11, the energy for the 
Sx v S 0 process is shown as much greater than that for the -> S 0 V fluorescent 
emission. As indicated in Fig. 19-6, this means that for a diatomic molecule, the 
bond length in the excited state is different from that in the ground state. In the 
case of polyatomic molecules, angle as well as bond length changes are likely. 

An interesting example is that of Cr(urea)g + , whose absorption and emission 
spectra are shown in Fig. 19-22. The main absorption band involves the process 
4 7’ 2g ■*— 4 A 2g , and the narrower, lower-energy band involves the process 
2 E g 4 A 2g . The phosphorescence emission from the 2 E g state is almost super¬ 
imposed on the absorption band in its wavelength distribution, which strongly 
implies that the 2 E g state has essentially the same bond lengths and the same O b 
symmetry as the ground state. However, the fluorescence emission from the 
4 T 2g state is broad, like the absorption band, but shifted to much longer wave¬ 
lengths. The peak of the fluorescence emission is in fact at a longer wavelength 
than that of the phosphorescence emission. It seems evident that major bond 
length and perhaps bond angle changes have occurred in the 4 T 2g state. 

As shown in Fig. 19-23, emission spectra from coordination compounds may be 
strongly shifted at high pressures. The effect with ruby, Fig. 19-23(a) is now widely 
used as a secondary calibrating standard for measuring high pressures. At sufficient¬ 
ly high pressure, actual inversion of energy levels may occur, and this may be one 
explanation of the phenomenon of triboluminescence. Many substances emit light 
when struck sharply or crushed—an old example is uranyl nitrate hexahydrate, and 
a newer one is Eu(acetyl acetonate) 4 . If the mechanical shock wave produces 
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FIG. 19-23. Effect of pressure on emis¬ 
sion spectra. Emission from coordination 
compounds (and from molecules gener¬ 
ally) is shifted in energy if pressure is ap¬ 
plied; under high pressure the effective 
ligand field strength changes as a result of 
bond length and bond angle changes. The 
spectra in (a) and (b) were obtained with 
a cell such as shown in Fig. 8-9. (a) Emis¬ 
sion from ruby under normal pressure (A) 
and under 22 kbar pressure (B). This is 
essentially the 2 E S —> 4 A 2g transition of 
octahedral Cl (III) (note Fig. 19-22). [From 
R. A. Forman, G. J. Piermarini, J. D. Bar¬ 
nett, and S. Block, Science 176, 284 (1972). 
Copyright 1972 by the American Associa¬ 
tion for the Advancement of Science.] 
(b) Polarized emission spectra from 
Ba[Pt(CN) 4 ] • 4 H 2 O crystals. The square 
planar Pt(CN)|" units are stacked in the 
crystal, and the increased pressure short¬ 
ens the Pt-Pt distance. [From M. Stock 
and H. Yersin, Chem. Phys. Lett. 40, 423 
(1976).] 
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inversion, then molecules may be left in an excited state after the wave has passed, 
the triboluminescent emission being from this excited state. 


B. Excited-State Chemistry 


The chemical nature of an excited state is in general different from that of the 
ground state. We refer now not to prompt molecular cleavages, but to cases where 
the excited state lasts long enough to function as a chemical substance, and one 
in thermodynamic equilibrium with its environment (except for the electronic 
excitation energy). This is the situation with many of the triplet states of organic 
molecules; these may survive one or more encounters with other solute molecules. 
As examples, the triplet state of coumarin, 



undergoes a dimerization, and that of cyclopentadiene undergoes a Diels-Alder- 
type reaction with a second molecule to give endodicyclopentadiene: 



A rather interesting case is that of singlet oxygen. Ordinary oxygen has a triplet 
ground state 3 Z g ~ and is, perhaps for this reason, an unusually reactive molecule. 
It is known to photochemists for its very efficient quenching of triplet excited 
states—a process that usually occurs on every encounter. It is possible, however, 
to generate oxygen in the singlet excited state 1 A g lying about 22 kcal mole _1 above 
the ground state. This is a less reactive species than ground-state oxygen but shows 
a selective ability to add to organic dienes. Singlet oxygen may be prepared, 
incidentally, either by the reaction of hydrogen peroxide with metal hypochlorites 
or by usinj .he triplet excited state of certain dyes such as methylene blue or eosin 
to sensitize the excitation 1 A g <- 3 U g ~. [See Foote (1968).] 

An example from coordination chemistry is that of Cr(NH 3 ) 6 (NCS) 2+ , which 
aquates in aqueous solution to give exclusively Cr(NH 3 ) 5 (H 2 0) 3+ and free NCS - 
ion. However, on irradiation of the visible absorption bands, to produce the 
“Tag excited state, the product is primarily Cr(NH 3 ) 4 (H 2 0)(NCS) 2+ (Zinato et al., 
1969). 


19-CN-3 Conversion of Light to Chemical Energy 

There is great contemporary interest in the conversion of solar energy to chemical 
energy or directly to electrical energy. One specialized process of this kind occurs 
with great efficiency in nature. The photosynthetic reaction in green plants amounts 
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to 


CO, + H,0 ^ - (CH,0)„ + O, (19-26) 

n 

where (CH 2 0)„ denotes carbohydrate. The mediator for this reaction is, of course, 
the chlorophyll molecule. Chlorophyll absorbs in the red, however, at around 
680 nm, at which wavelength a mole of light quanta has about 42 kcal of energy. 
Since the energy required for reaction (19-26) is about 150 kcal (it is just the reverse 
of the combustion of a sugar or a starch), a multistep process must be involved. 
The active unit in the plant cell, the chloroplast, contains stacked chlorophyll 
molecules and it appears that several, at least eight, funnel either activation 
energy or electrons to a central receptor which is the site of actual reaction. The full 
elucidation of the energy transfer apparatus and of the detailed reaction mechanism 
leading to Eq. (19-26) as the overall process remains one of the fascinating topics 
of current research. 

Of equal if not greater importance is how to devise a photochemical system to 
supply practical energy from solar energy (other than by burning the wood pro¬ 
duced by plants!). Charge transfer excited states of coordination compounds have 
been found to be good reducing agents. A possible model system is 

RuU + ^ *RuLf + 

*RuLl + + H s O + —*■ RuL| + + H,0 + JH, 

RuL, + + §H,0 — RuLjS + + H,0 + + JO, 

JH,0 —► JH, + JO, 

where L denotes 2,2'-bipyridine (or related ligands). The oxidation potential of 
RuL| + is about 1 Y, or ample to reduce water, and the reduction potential of 
RuLi} + is about 1.2 Y, or enough to oxidize water. As may be seen, the net reaction 
is the photoinduced decomposition of water, the resulting H 2 then being a source of 
chemical energy. While the principle is clear, there are difficult problems in getting 
model systems to work efficiently, let alone economically. 

Another approach has been to produce photoelectrons at or near an electrode 
surface and thus obtain a photogalvanic cell. Both semiconductor electrodes and 
chlorophyll-containing membranes show promise. At this writing, however, the 
silicon-type solar cell developed for the space program remains the most efficient, 
although somewhat expensive, means of generating electricity from solar energy. 

Photochromic systems have attracted interest as a means of storing solar energy. 
An uphill reaction, often an isomerization, is driven photochemically. The reverse, 
thermal reaction is slow, but may be catalyzed. Thus at some later time, the chemical 
energy stored in the irradiated material may be recovered for heating purposes. 
Systems of this type that are being studied include the photoconversion of norbor- 
nadiene to quadricyclene and the photoisomerization of trans- to ra-azobenzene. 

Figure 19-24 shows the energy spectrum of solar radiation reaching the earth’s 
surface. Note that the density of solar radiation in the visible region is rather low, 
about 200 Wm~ 2 . To supply the energy requirement of a city, even the most 
efficient collector would have to cover an area several times that of the city itself. 
Both the capital costs and the environmental impact would be considerable. 
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FIG. 19-24. Solar energy. There is much interest in the use of sun¬ 
light either to produce power through solar cells, or to store energy 
chemically. Figure 19-24(a) shows the spectral distribution of solar 
energy with the sun at 60° from the zenith. The total energy is 
about 750 Wm-' 1 , of which about 200 Wm' 2 is in the visible region. 
(The dips in the spectrum are due to absorption by various atmo¬ 
spheric and solar atmospheric species.) 
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(b) A laboratory “solar” lamp. This is an Xe arc lamp collimated to give a large irradiated 
area, and suitably filtered so as to have about the spectral distribution shown in part (a). 
(Reproduction with the permission of Oriel Corporation, Stamford, Conn.) 
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SPECIAL TOPICS 


19-ST-l Emission and 

Absorption of Radiation. Transition Probability 

A. Absolute Absorption Coefficients 

The physical picture of the absorption of a light quantum is illustrated in 
Fig. 19-25. Electromagnetic radiation consists of an oscillating electric field (and 
a magnetic field at right angles to it) and absorption occurs through an interaction 
of the field with the electrons of the molecule. In the particular example shown 
an electron in an s orbital is excited to a p orbital. Note the polarization —the 
particular p orbital is the one that is aligned with the plane of the electric field. 

In the theoretical treatment one assumes the train of radiation to be long enough 
that the atom or molecule can be regarded as immersed in an oscillating electric 
field. A time-dependent perturbation H(t) gives rise to a probability for transition 
from state m to state n which involves the integral 

H nm = J t/> m dr. 

The method is that of perturbation theory, and, from Eq. (16-119), H nm is of the 
nature of an energy, and in the case of absorption of radiation, is essentially the 
product of the oscillating electric field strength of the radiation and a dipole 
moment associated with the electron to be excited. Note from Table 8-6 that the 
product of dipole moment times field is an energy. 

The general procedure for calculating the dipole moment associated with a 
particular state or wave function involves evaluation of the integral 

(Px)nn = J 'l>n*Px'l>n dr, (19-27) 

where p x is the component of the instantaneous dipole moment given by 

Px = £ ex - 

That is, one sums over the product of electronic charge and the displacement x 



FIG. 19-25. Orbital representation of H atom undergoing the Is —* 2p transition (left to right). 
(After J. G. Calvert and J. N. Pitts, Jr., “ Photochemistry." Copyright 1966, Wiley, New York. 
Used with permission of John Wiley & Sons, Inc.) 
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of each electron. The integral of Eq. (19-27) is zero for an atom—atoms cannot 
have a net dipole moment. 

One may also calculate a dipole moment associated with the change from state 
m to state n, 

(^.m = J '/'nVx'/'m dr. (19-28) 

This is now called a transition dipole moment , and in general, it need not be zero. 
It is this dipole moment that is used in formulating H nm . The probability of 
absorption of radiation is then proportional to (/OLt 1 the actual expression is 


B nm = ~ (/xjL , (19-29) 

assuming that only the transition dipole in the x direction need be considered. 
Here, B nm is known as the Einstein absorption coefficient, defined as the probability 
of absorption in unit time with unit radiation density. The more general expression 
is 

B nm = ^ KvJL + (Evfnm + (/*,)'L], (19-30) 


which allows for transition dipole components in the x, y, and z directions. 

B nm may be related to the ordinary molar extinction coefficient e as defined by 
Eq. (3-7). Since an actual absorption is spread over a band or region of wavelength, 
it is necessary to use the integrated intensity J e dv, where v is the frequency in wave- 
numbers. The derivation requires several steps and leads to 



hbi 0 VQ B nm 
(2.303)(1000) c 2 ’ 


(19-31) 


where v 0 is the frequency at the band maximum. It is conventional to take as the 
“ideal” case the transition between the ** = 0 and v = 1 states of a harmonic 
oscillator of electronic mass and if the corresponding wave functions from 
Eq. (16-59) are substituted into Eq. (19-29), one obtains 


Substitution of this result into Eq. (19-31) gives 

< l9 - 32 > 

We take this transition probability as a reference and define the oscillator strength 
f as the actual transition probability relative to this ideal. Thus 


/= 4.33 x 10- 9 J edv. (19-33) 

The area under an experimental absorption band gives either B nm through 
Eq. (19-31) or / through Eq. (19-33). For example, the area under the intense 
absorption band of benzene, centered at 180 nm, gives an/ of about 0.7. We speak 
of such a transition as an allowed one. By contrast, the visible absorption band of 
Co(NH 3 )e + due to the ligand field transition 1 T 1 g -<— 1 A lg has a maximum extinction 
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coefficient of about 100 liter mole -1 cm -1 at 20,000 cm -1 (500 nm); the band¬ 
width is such that the area is about (100)(2000) = 2 x 10 5 , so / is about 10 -3 . 
This transition is thus forbidden, that is, it is of much less intensity than that of the 
maximum possible. 


B. Spontaneous Emission 

We next consider the situation in which a collection of absorbing atoms or 
molecules has come to equilibrium with radiation. The system is dilute enough 
that no collisional processes are involved, that is, no radiationless deactivations 
occur. Only three types of things can occur: absorption of radiation, stimulated 
emission of radiation, and spontaneous emission of radiation. Stimulated emission 
is the reverse of absorption, that is, an excited atom or molecule interacts with a 
radiation field with a resultant probability of undergoing a transition from excited 
state n to ground state m. The analysis is entirely symmetric to that for absorption, 
and the probability coefficient for the process, B mn , is equal to B nm as given by 
Eq. (19-28). Spontaneous emission does not depend on the presence of a radiation 
field, however, and has some intrinsic probability A mn . The theoretical treatment 
of spontaneous emission requires rather advanced wave mechanics. 

At equilibrium the rates of population and depopulation of the excited state 
have become equal, and we write 

rate of population = B nm N m p nm , 
rate of depopulation = B mn N n p mn + A mn N n , 

where N m and N n are the numbers of ground- and excited-state atoms, and p nm — 
Pmn = p is the radiation density of frequency v nm corresponding to the difference 
in energy between states n and m. Since B nm = B mn , we obtain 


A 

Brim 



') 


Since the two states are in equilibrium, the Boltzmann expression applies, 

N n _ p -hv nm lkT 

N m 

Also, from Eqs. (16-128) and (16-131) the energy density of radiation, our p, is 

%Trhv 3 nm 1 

» C 3 ghvnm/kT — 1 


On combining these relationships, we obtain 


A 

Bnm 


87 rhv 
c 3 


3 

nm 


(19-34) 


The coefficient A mn is mathematically equivalent to a first-order rate constant 
and could be written as k e , the rate constant for spontaneous emission. The recip- 
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rocal 1 /k e is the (mean) lifetime for spontaneous emission; these are experimen¬ 
tally measurable quantities, given by the rate of decay of fluorescent or phosphor¬ 
escent emission under conditions such that radiationless deactivation processes 
are not important. 

Alternatively, since B nm can be determined from the area under the absorption 
band, Eq. (19-34) can be used to calculate A mn or k e . If the observed lifetime of 
the excited-state emission is shorter than so calculated, one then writes k e ( 0bs ) = 
(natural) + k q > where k q is the sum of rates of radiationless processes. Values 
of k q are often determined indirectly in this manner. 

One danger that should be mentioned is the following. The preceding derivation is based on a 
detailed balancing of forward and reverse rates. If the actual situation is that shown in Fig. 19-11, 
an irreversible process, namely thermal equilibration, intervenes between the absorption act 
and that of either spontaneous or natural emission. The absorption and stimulated emission steps 
do not retrace each other, and the derivation is not strictly valid. In fact, if the thermally equilib¬ 
rated excited state such as S t in the figure is quite different in geometry from ,S 1 «', a calculation of 
ke from B nm can be very seriously in error. 


C. Selection Rules 

The exact evaluation of the integral of Eq. (19-28) requires the use of the detailed 
wave functions for the ground and excited states. It is possible, however, to deter¬ 
mine on symmetry grounds whether such an integral should be nonzero. 

In the present case,/ A and/ B are wave functions which, if they are correct for the 
molecule, must form bases for one or more irreducible representations (IR’s) of the 
point group of the molecule. Further, /.i x in Eq. (19-28) is essentially a constant, e, 
times the x coordinate. As a consequence, the IR for which p. x is a basis will be that 
listed opposite the function “x” in the character table for the point group. It was 
explained in Section 17-ST-l that an integral of the type 


J /a/c/b dr 

will be nonzero if, and only if, the direct product of the IR’s associated with/ A ,/ B , 
and/ c contains the totally symmetric IR. 

As an example, for the D 2h group, p. x corresponds to the B 3U IR (see Table 17-7). 
In order for the integral to be nonzero, the functions </>„ and ift m must have sym¬ 
metry properties such that contains the A g IR of the group. For example, 

if </r„ belongs to or transforms like A g , then must belong to B 3U ; that is, 
B 3 u X Ag ~ B 3u and B 3U x B 3U ~ A g . The transition is then allowed for radiation 
along the x axis. For the same ground state the transitions to states belonging to 
B 2u and B lu are allowed along the y and z axes, respectively. 

Notice that in this example the IR’s all have a g or u designation and that the 
allowed combinations are of the type g x u x u. A corollary of the general 
symmetry requirement is that the direct product f A x / B x / c must be g in nature 
(provided the molecule does have a center of symmetry so that g and u are mean¬ 
ingful). Since p x is always u (the sign of a dipole inverts on reflection through the 
center of symmetry), it follows that </>„ and tf> m must be of opposite parity. Other¬ 
wise the transition is said to be parity-forbidden; this is the case for the 
-*— 1 A lg transition of Co(NH 3 )g + mentioned earlier. Similar considerations 
generate the rule that in vibrational absorption At- must be odd; this follows directly 
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from observing that if one state is odd, that is, has an odd number of nodes in the 
vibrational wave function, then the other state must be even. Ordinarily, one 
only observes transitions for which Av = ±1. 

Most of the simple selection rules that have been mentioned stem from such 
symmetry arguments. The rules are not absolute, but where they are violated one 
finds that the oscillator strength of the transition is greatly reduced from the 
allowed value of Eq. (19-32). 

Returning to Fig. 19-22, we can now see an advantage to measuring the absorption spectrum 
of a crystal using plane-polarized radiation. The molecules will be fixed in definite orientations 
with respect to the crystal axes and if the crystal structure is known, then the incident radiation 
can be aligned with one or another symmetry axis of the molecule. Certain absorptions will then 
be strong in one direction but not in another, and such information is very helpful in assigning 
the various excited states to specific symmetry classes. 


D. Lasers 


Consider the two-state system described in Section 19-ST-1B. We can write the 
rate of population of excited state n as k a N m , where k a = B nm p nm , and the rate 
of its depopulation as k a = k Ba N n + k mn N n where k Ba = B mn p mn . If the radiation 
density is sufficiently high, k d approaches k Sa N n and since B nm = B mn , the conse¬ 
quence is that N n — N m . Under this condition the rates of absorption and of 
stimulated emission are equal. 

Suppose now that there exists some higher excited state n' which can undergo 
a conversion or crossing to excited state n. We can now populate state n indirectly 
by using radiation of frequency v n , m . If A mn is small enough, it will be possible to 
make N n exceed N m —after all, there is no radiation of frequency v nm to depopulate 
state n by stimulated emission. A system having such an inverted population is 
capable of laser (light amplification by stimulated emission of radiation) action. 

Suppose further that this system is established in a cavity having reflecting walls, 
as, for example, a cylindrical space having mirrors at each end. If some radiation 
of frequency v nm is introduced along the cylinder axis (there will always be some 
from spontaneous emission), then it will stimulate further emission of the same 
frequency, in phase and in the same direction. Light of this frequency then reflects 
back and forth, gathering intensity as more and more stimulated emission occurs. 
The process is on the speed-of-light time scale, and the effect is that a short, 
intense pulse of radiation is produced. Various arrangements, such as use of a 
partially silvered mirror at one end, allow the escape of this pulse. Because it is in 
phase or coherent and accurately collimated, the beam diverges very little; laser 
beams can be reflected back from the moon and still be detected, for example. 
They may be focused down to an area comparable in dimensions to that of their 
wavelength to give enormous energy densities, and a focused laser beam can be 
used for microsurgery. Laser beams are highly monochromatic, and this has made 
them very useful in spectroscopy, as, for example, in Raman spectroscopy; also, 
their high intensity and short (nanosecond) pulse duration allows experiments in 
flash photolysis where a short-lived excited state is produced in sufficient amount 
for its absorption spectrum and other properties to be measured. 

Lasing systems are now commercially available which operate in the microwave, 
the infrared, and the visible wavelength regions. They may be pulsed or continuous; 
in some cases they can be tuned or varied in wavelength continuously over a 
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F s/2 FIG. 19-26. The Nd laser, (a) The ex¬ 
cited-state scheme for Nd 3+ . The ion is 
1,2 present as a minor constituent of yttrium 

aluminum garnet, Y 3 Al 5 Oi 2 , “YAG,” or 
in a glass. Flash lamp light irradiates a 
rod of the material, exciting various high- 
energy states which decay rapidly to the 
4 F i/2 state. This last has a natural lifetime 
of 5 X 10' 4 sec to drop to the 4 f t /2 state, 
13/2 with emission of 1060-nm light. During the 

flash lamp excitation, a large population 
ll/2 of 4 F i/2 states accumulates; there is nearly 

complete population inversion since the 
12 , /i, /2 state is too far above the ground 

state to have much thermal population. 
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Net stimulated emission may thus occur. 
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(b) A schematic of an oscillator or unit for producing stimulated emission. The flash lamp is 
on for about l msec, pumping the system to 4 F 3/2 states. Light of 1060-nm wavelength (either 
from the flash lamp or from natural emission) is reflected back and forth between the mirrors, 
and stimulates further emission. An emission avalanche thus occurs, which escapes through 
the partially transmitting mirror as a coherent laser beam. The laser pulse may be shortened 
in duration and intensified if a Pockels cell is placed in the oscillator cavity. The cell is 
nontransmitting until polarized by a high-voltage pulse. This pulse is not applied until after 
the flash lamp has been on long enough for extensive population of 4 F- i/2 states. On then 
making the Pockels cell transmitting, the stimulated emission avalanche occurs over about a 
20-nsec period. Such an oscillator is said to be “Q switched(From A. Yariv, "Quantum Elec¬ 
tronics," Wiley, New York, 1975.) 
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when an intense, coherent, and polarized beam of light passes through an aniso¬ 
tropic crystal having just the right angular orientation of its crystal axes to the 
light beam. 
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region of values. A clever use of their property of coherence allows a doubling 
of their frequency so that lasers producing in the near ultraviolet are possible. 
In brief, lasers are becoming a common and indispensable tool for the chemist, 
the physicist, and the engineer. 

The population inversion that is crucial to laser action may be achieved in various 
ways. One may excite optically by means of a flash lamp, as is done with the popular 
ruby and Nd lasers. Some detail on the latter is given in Fig. 19-26. The widely 
used nitrogen, argon, and CO a lasers are “pumped” by an electrical discharge 
produced in the gas itself. Of great current interest is the use of chemical reactions 
that produce excited-state products. The potential high energy efficiency and port¬ 
ability of chemical lasers make them very attractive. 


19-ST-2 Optical Activity 

This topic is taken up here rather than in Chapter 3 because modern applica¬ 
tions lead to useful information about excited states. The traditional aspect, 
however, is that of the rotation of the plane of polarization of light by an optically 
active substance. The optical activity may result from a crystalline arrangement 
of atoms or molecules in a right- or left-handed spiral, as in quartz, in which 
case the optical activity disappears on melting. Alternatively, the individual 
molecules may be asymmetric, in which case the activity is retained in all physical 
states and in solution. 


A. Rotation of Plane-Polarized Light 


The usual experimental arrangement makes use of a polarimeter. Incident mono¬ 
chromatic light is plane-polarized by means of a special prism (as discussed later), 
passes through the material to be studied, and then through a second prism. The 
relative angular position of the two prisms for maximum (or minimum) transmis¬ 
sion of light of a given wavelength is observed with and without the active sub¬ 
stance, the difference in angle being the optical rotation oc. It is customary to 
reduce a to specific rotation [a] by the definition 


[«V = f 

‘p 


100 a 
Ic ’ 


(19-35) 


where l is the path length in decimeters, p is the density of the substance, if neat, 
c is the number of grams of substance per 100 cm 3 of solution. The superscript 
and subscript give the temperature (in degrees Celsius) and wavelength; if the 
sodium D line is used, the subscript may be written as D. Molar rotation is defined 
as 


[MV 


WVM_ 
100 ’ 


(19-36) 


where M is the molecular weight. Recently more rational units have been pro¬ 
posed: 1 biot = 10~ 3 rad cm 2 g- 1 instead of [a] and 1 cotton = 0.1 rad cm 2 mole -1 
instead of [M]. 

If a substance rotates the plane of polarized light clockwise as viewed looking 
toward the light source, it is said to be dextrorotatory and a. is reported as posi- 
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tive; if the rotation is to the left or counterclockwise, the substance is levorotatory 
and a is reported as negative. 

Specific rotations for small organic molecules range up to about 50°; [a]^ 5 is 
— 39° for L-histidine, [a]^ is —12° for (—)-tartaric acid and +66° for sucrose 
(all in aqueous solution). Rather larger values may be found for optically active 
coordination compounds; the value of Hgoonm is 600° for Cr(C 2 0 4 ) 3 _ , for example. 
Optical rotation is an additive property in dilute solutions, and polarimetry is 
therefore quite useful as an analytical tool. Molar rotations are to some extent 
constitutive (and thus resemble molar refractions, see Section 3-3) and structural 
conclusions may sometimes be reached on the assumption that the observed rota¬ 
tion is a sum of contributions from independent asymmetric centers. 


B. Theory of Optical Activity 

A beam of plane or linearly polarized light may be represented by a wave 
equation such as Eq. (16-39), corresponding to a sine wave of varying electric 
field. The accompanying magnetic field oscillates in phase and with the same 
amplitude, but in the plane at right angles to that of the electric field. Considering 
only the electric field, if two beams are polarized at right angles to each other and 
both are in phase and of the same amplitude, then as illustrated in Fig. 19-27(a), 
the resultant will be equivalent to a plane-polarized beam at an inclination of 45° 
to the other two. If one beam is a quarter of a wavelength out of phase with the 
other, then the maximum net amplitude rotates with distance, either clockwise or 
counterclockwise, as shown in Fig. 19-27(b). Such a beam is said to be circularly 
polarized. 

The theory of optical activity is based on the behavior of circularly polarized 
light. A ray of plane-polarized light may be regarded as equivalent to two circularly 
polarized beams which are in phase and of equal amplitude but have opposite 
senses of rotation [Fig. 19-27(c)]. The right- and left-handed spirals cancel except 
for their x components, so the resultant is plane-polarized light vibrating along 
the x direction. The velocities of the two circularly polarized components are the 
same in an inactive substance, so the angle of the equivalent plane-polarized beam 
does not change with distance. In an optically active material, however, the two 
circularly polarized components have different velocities, with the consequence that 
the equivalent plane-polarized beam rotates as it passes through the substance 
[Fig. 19-27(d)]. 

The velocity of light is inversely proportional to the index of refraction of the 
medium, and an equation due to A. Fresnel (1825) gives 


a = y(/7,-« r ), (19-37) 

where a is now the rotation in radians per centimeter and n t and n T are the indices 
of refraction for left and right circularly polarized light, respectively. Since the 
wavelength A is a small number in the case of visible light, an appreciable value of 
a results even with very small differences in the refractive indices. Thus optical 
rotation is a second-order effect, dependent on the small difference between rela¬ 
tively large numbers. 

The theoretical treatment involves integrals resembling those of Eq. (19-28). 
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FIG. 19-27. (a) Resultant of two beams of polarized light of the same amplitude in phase and 
with planes of polarization perpendicular to each other. ( b ) Resultant if the beams are a quarter of 
a wavelength out of phase, (c) Plane-polarized light as the resultant of two oppositely circularly 
polarized components, (d) Rotation of plane of polarized ion as a consequence of two circularly 
polarized components having different velocities in a medium, (e) Elliptically polarized light as a 
consequence of two circularly polarized beams having different extinction coefficients. 


No effect results, however, if only the oscillating electric field of the light is con¬ 
sidered; it is necessary to include the oscillating magnetic field as well. The sym¬ 
metry properties of the integrals are such that the effect is still zero if the molecule 
possesses either a plane or a center of symmetry. It may be shown that the sufficient 
requirement for optical activity is that the molecule and its mirror image not be 
superimposable. A molecule may be transformed into its mirror image by reflec¬ 
tion of its coordinates in any given plane; this reflection is equivalent to changing 
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from a right-handed to a left-handed coordinate system. An optically active 
molecule must behave differently toward right and left circularly polarized 
light. 


C. Rotatory Dispersion and Circular Dichroism 

An important experimental observation is that a as well as the index of refrac¬ 
tion n = (rii + « r )/2 and the separate indices n t and n T vary with the wavelength 
of the light used. The effect may be quite dramatic as the wavelength is varied 
through the region of an adsorption band. This behavior is illustrated in Fig. 19-28, 
where the curve labeled n x — n T is proportional to a, by Eq. (19-37). The variation 
of a with wavelength is known as optical rotatory dispersion, ORD. Note that a 
changes sign in the vicinity of the absorption maximum, the ordinary absorption 
curve being given by (e ; + e r )/2, where e denotes extinction coefficient (Section 3-2). 

An approximate expression for this behavior was given by Drude in 1900: 

M-TA^VT (19 - 38) 

where k is a constant characteristic of the substance and A 0 is the wavelength of 



FIG. 19-28. Schematic illustration of dispersion of index of refraction for right and left circu¬ 
larly polarized light and of the corresponding extinction coefficients. [After F. Woldbye, in 
"Technique of Inorganic Chemistry” (H. B. Jonassen and A. Weissberger, eds.), Vol. 4. Copy¬ 
right 1965, Wiley <Jnter science ), New York. Used with permission of John Wiley & Sons, lnc.[ 
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the absorption maximum. Sometimes a sum of terms with different k and A 0 values 
is needed to fit a rotatory dispersion curve; the implication is that two or more 
overlapping absorption bands are actually present. An important point is that 
the sign of a is not in itself a characteristic of an optically active substance; the 
sign depends on which side of an absorption band the measurement is made. It 
was perhaps fortunate for early investigators that their polarimetry was done 
mostly on compounds which absorb mainly in the ultraviolet, so that use of the 
sodium D line gives a values corresponding to the long-wavelength side of the 
first electronic absorption band. As a consequence, a related series of compounds, 
as of sugars, tend to have the same sign for a if the absolute configuration, or 
chirality is the same. It is thus relatively safe to draw conclusions from how the 
sign of a behaves as to whether the “handedness” or chirality of an asymmetric 
center is retained in a chemical reaction; this rather simple approach can lead to 
serious errors, however. 

The phenomenon of rotatory dispersion is connected with the fact that the 
absorption coefficients are different for right and left circularly polarized light in 
the case of an optically active substance. The effect is known as circular dichroism, 
CD. Both absorption coefficients are appreciable, of course, in the region of an 
absorption band, as illustrated in Fig. 19-28, and if they are different, the conse¬ 
quence is that elliptically polarized light results. As shown in Fig. 19-27(e), the y 
components of the amplitudes of two circularly polarized beams no longer cancel. 

It is possible to measure these separate absorption coefficients to obtain the 
coefficient of dichroic absorption Ae: 

Ae = e l -e r , (19-39) 

or the anisotropy or dissymmetry factor g = Ae/e. The quantity Ae varies with 
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FIG. 19-29. Circular dichroism spectrum of aqueous (+)-[Ru(phen) 3 ](C10 t ) 2 . [From B, 
Bosnich, Accounts Chem. Res. 2, 266 {1969).] 
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wavelength in the region of an absorption band, as shown in Fig. 19-26, or is said 
to exhibit dispersion. The dispersion of ORD and of CD constitute the Cotton 
effect (the name is French and should be pronounced accordingly). 

Both ORD and CD spectra are fast becoming routine adjuncts to regular 
absorption spectra when dealing with optically active compounds. Rather undis¬ 
tinguished absorption spectra may reveal themselves as consisting of more than 
one absorption band by showing complicated ORD and CD behavior. Also, 
absorption bands not showing Cotton effects probably involve chromophores 
which are not themselves centers of optical activity or near such a center. Finally, 
if the symmetry designations of the ground and excited states are known, the 
CD spectrum may allow the assignment of the absolute configuration, that is, the 
chirality of the molecule. An example is given in Fig. 19-29; the tris-orthophenan- 
throline complex of Ru(II), Ru(phen)| + , is basically octahedral in geometry, but 
the three bidentate phen ligands make the molecule resemble a three-bladed 
propeller. There are two ways for the blades to be pitched, corresponding to the 
two optical isomers, and the deduced absolute configuration is shown in the 
figure (Bosnich, 1969). 


D. Instrumentation 

Plane-polarized light may be produced by passing light through a suitable prism 
of calcite (CaCO a ) or quartz. Such prisms have been cut in a plane tilted to the 
direction of the incident light beam and then cemented together. Ordinary light 
can be treated as consisting of two mutually perpendicular plane-polarized beams, 
and the two beams will transmit differently through a properly prepared split 
prism and are therefore separated. Various prism constructions, such as the Nicol, 
Gian, and Rochan prisms, have been designed. A Polaroid sheet has a layer of 
oriented crystals which polarize the transmitted light. 

Circularly polarized light may be obtained by passing suitably oriented plane- 
polarized light through a quartz prism known as a Fresnel rhomb. The Fresnel 
rhomb is cut in such a way that the beam undergoes internal reflections before 
emerging, so as to cause just the right time lag between vibrations parallel and 
perpendicular to the plane of incidence. 

Modern recording spectropolarimeters make the obtaining of ORD and CD 
spectra relatively easy. Just as the appearance of the recording spectrophotometer 
gave great stimulus to spectrophotometry, so has the appearance of ORD and CD 
automatic instruments led to great expansion of the study of optical activity. 


19-ST-3 Vibrational-Rotational Spectra 

The detailed spectrum of a molecule consists in principle of transitions between 
states whose complete description includes the electronic, vibrational, and rota¬ 
tional components of the wave functions. As discussed in Section 19-3, we assume 
that these types of functions do not interact appreciably. Thus as in Fig. 19-11, 
close-lying rotational states are superimposed on vibrational states which in turn 
are superimposed on electronic states. 

The actual degree of detail that is seen in a spectrum depends on several factors. 
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First, of course, is the resolution of the equipment used. Second, however, vibra¬ 
tional and rotational states have sufficiently long natural lifetimes for their energy 
to be made uncertain by collision processes. Thus in solution vibrational detail 
tends to be washed out and rotational detail disappears completely. This happens 
even with gases at high pressures. 

If, however, one examines the infrared spectrum of a dilute gas, then rotational 
as well as vibrational detail is seen. It is such spectra that we consider briefly at 
this point. On combining Eqs. (16-61) and (16-112), the general expression for the 
vibrational-rotational energy of a diatomic molecule becomes 

e„/ = hv (i {v + i) + BhcJ(J + 1), (19-40) 

where B = h/^tt 2 Ic and is called the rotational constant (units are cm -1 ). 

The selection rules for a transition are that first, Av = ±_ 1 [and the molecule 
must have a dipole moment or else n x in Eq. (19-28) vanishes, so the intensity 
becomes zero], and second, AJ = ±1. We then write 


e uJ = („' _ v ") hu 0 + B'hcjy + 1) - B"hcJ"(J" + 1) (19-41) 


for a transition between two vibrational-rotational states. In general the rotational 
constant changes on going to a different vibrational state since the vibrational 
amplitude is different and hence so is the moment of inertia of the molecule. If 
this point is ignored, Eq. (19-41) simplifies to 


e vJ = hv 0 + IBhcJ', J'-J"=\, 

(19-42) 

e v j = hv 0 + 2 Bhc(J' + 1), J' — J" — —1, 

where v — v" is taken to be unity, and AJ may be ±1, primes and double primes 
denoting the final and initial states, respectively. 

It is important to remember that at ordinary temperatures most molecules will 
be in the v = 0 vibrational state, but that the separation of rotational levels is so 
small that by the Boltzmann principle, an average molecule is apt to be in a 
J — 10 to 20 level. Thus the usual transition is from v = 0 to v = 1 in a diatomic 
molecule, but the rotational quantum number, being large, has scope to decrease 
as well as to increase. The consequence is that a vibrational-rotational spectrum 
has two branches. The R branch contains the transitions whereby the distribution 
of rotational states present in the collection of molecules changes by AJ = 1 and 



Wavelength, pm 

FIG. 19-30. Fine structure of the v„ fundamental of HCN. (See G. Herzberg, “Infrared and 
Raman Spectra of Polyatomic MoleculesVan Nostrand-Reinhold, Princeton, New Jersey, 1945.) 
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the P branch contains the transitions for which AJ = — 1. These two branches are 
illustrated in the spectrum for the fine structure of the v = 2 fundamental of HCN 
shown in Fig. 19-30; the short-wavelength branch is, of course, that for R. In 
polyatomic molecules, transitions with AJ = 0 may also be observed, giving a 
third set of lines known as the Q branch. 

Analyses of spectra of this type yield more information than analyses of pure 
rotational spectra since the intensities and spacings reflect the degree of interaction 
between the two forms of excitation. As mentioned earlier, the moment of inertia 
changes with the vibrational quantum number. Also, vibrational levels are affected 
by the rotational energy—essentially because the vibrating atoms are now in a 
centrifugal field. 


19-ST-4 Glossary of Abbreviations 

There has been a veritable explosion of new techniques and phenomenology in 
molecular spectroscopy, and one consequence is that a large number of abbrevia¬ 
tions have come into use. This glossary has been assembled as a help to the student. 

AES Auger electron spectroscopy 

APS Appearance potential spectroscopy 

BDE Bond dissociation energy 

CARS Coherent anti-Stokes-Raman spectroscopy 

CD Circular dichroism 

CELS Characteristic energy loss spectroscopy 

CIDNP Chemically induced dynamic nuclear polarization 

CIMS Chemical ionization mass spectroscopy 

CSRS Coherent Stokes-Raman scattering 

DSC Differential scanning calorimetry 

EIS Electron impact spectroscopy 

ENDOR Electron-Nuclear double resonance 

EPR Electron Paramagnetic Resonance 

ESCA Electron spectroscopy for chemical analysis 

ESD Electron-stimulated desorption 

ESR Electron spin resonance 

EXAFS Extended x-ray absorption fine structure 

FEM Field emission microscopy 

FID Flame ionization detector; free induction decay 

FIM Field ion microscopy 

FIR Far infrared (spectrum, spectroscopy) 

FT Fourier transform 

FTIR Fourier transform infrared 

GCMS Gas chromatography mass spectrometry 

GLC Gas-liquid chromatography 

GPC Gel permeation chromatography 
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HEED High-energy electron diffraction 

HPLC High-pressure liquid chromatography 

ICPES Inductively coupled plasma-atomic emission spectroscopy 

ICR Ion cyclotron resonance 

INS Ion neutralization spectroscopy 

IR Infrared 

LASER Light amplification by stimulated emission of radiation 
LEED Low-energy electron diffraction 

LIF Laser-induced fluorescence 

MASER Microwave amplification by stimulated emission of radiation 

MCD Magnetic circular dichroism 

MODOR 

(MODR) Microwave optical double resonance 
MS Mass spectrometry 

NAA Neutron activation analysis 

NMDR Nuclear magnetic double resonance 

NMR Nuclear magnetic resonance 

NQR Nuclear quadrupole resonance 

ODMCD Optically detected magnetic circular dichroism 

ODMR Optically detected magnetic resonance 

OODR Optical-optical double resonance 

ORD Optical rotatory dispersion 

PA Proton affinity 

PES Photoelectron spectroscopy 

PMDR Phosphorescence microwave double resonance 

PMR Proton magnetic resonance (old usage) 

RIKES Raman-induced Kerr-effect scattering 

SAXS Small-angle x-ray scattering 

SIMS Secondary ion mass spectrometry 

SXAS Soft x-ray absorption spectroscopy 

SXES Soft x-ray emission spectroscopy 

SXS Soft x-ray spectroscopy 

UPS Ultraviolet photoelectron spectroscopy 

VCD Vibrational circular dichroism 

VPC Vapor phase chromatography 

VLPP Very low-pressure pyrolysis 

XPS X-ray photoelectron spectroscopy 

ZAA Zeeman-effect atomic spectroscopy 
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EXERCISES 


Take as exact numbers given to one significant figure. 

19-1 Estimate, with explanation, the energy difference between the *D and *P states of atomic 
sulfur. 


Ans. About 25 kcal mole -1 , as read off Fig. 19-4 
(rest of explanation to be supplied by the student). 

19-2 (a) Estimate the minimum frequency in cm -1 of light needed to dissociate H 2 into a 
ground-state and an excited-state atom, (b) Estimate the energy to produce H 2 + from H 2 . 

Ans. (a) About 11.5 x 10* cm -1 , as read off 
Fig. 19-2. (b) About 13 x 10* cm -1 . (The student should 
supply more detail as to the states involved in both cases.) 

19-3 Estimate the wavelength of the absorption maximum of the first absorption band of I 2 
and the wavelength of maximum intensity of the fluorescent emission. 

Ans. From Fig. 19-8 the absorption maximum should be at about 
20,000 cm -1 or 500 nm; the most probable fluorescent 
emission should be at about 11,000 cm -1 or 900 nm. 

19-4 Make a guess as to the probable absorption spectrum of ethyl formate. 

Ans. The only significant chromophoric group is the 
carbonyl group; from Table 19-2 there should be an intense 
band at around 1900 A (it is actually around 2100 A). 
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19-5 In a photochemical experiment an intensity of 5 x 10 -, E sec' 1 is incident on a cell con¬ 
taining 20 cm 8 of 0.01 M solution of Cr(NH,) 6 (NCS) 2+ . It is estimated that 90% of the 
incident light is absorbed and after 10 min of irradiation analysis shows that 0.6% of the 
complex has photoaquated to give Cr(NH 2 )4(H 2 0)(NCS) 8+ . Calculate the quantum yield. 

Arts. 0.44. 

19-6 Benzene vapor absorbs at 254 nm to give the first excited singlet state , whose radia¬ 
tive lifetime is 6.2 x 10" 7 sec. Si disappears by intersystem crossing to the first triplet 
excited state 7\ with a rate constant of k t = 4.7 x 10' sec -1 , and Si is quenched by 
collisions with ground-state benzene with a rate constant of 1.00 x 10* liter mole -1 sec -1 , 
both rate constants being for 25°C. Calculate (a) the fluorescence quantum yield at low 
pressures and (b) the yield at a 0.1 atm pressure (25°C). 

Ans. (a) <j>;° = 0.26; (b) & =0.16. 

19-7 Sketch, with explanation, an approximate visible-uv absorption spectrum for phenyl 
acetaldehyde, C,H«—CH 2 —CHO. 

Ans. Absorptions expected at 295, 255, 200, 185, and 180 nm 
(rest of answer to be supplied by the student). 

19-8 Ru(bipyridine)l + (A) exhibits a strong room-temperature emission. The lifetime in 
water solution is 1.6 ^sec; the emission yield may be taken to be 1.00. The emission is 
quenched by various species. In particular, if the solution is made 0.01 M in PtClf - (B), 
the emission yield is reduced to half of that in water alone. Calculate the bimolecular 
quenching rate constant, that is, k, for the reaction *A + B ->■ A + *B. 

Ans. k = 6.25 X 10’ Af -1 sec -1 . 

19-9 A commonly used chemical actinometer is the ferrioxalate one, for which the photo¬ 
chemical reaction is 

Fe(C 2 0 4 )i - Fe(II) + oxalate + oxidized oxalate; 

after the irradiation the Fe(II) is complexed with 1, 10-phenanthroline (neglect dilution 
at this point) and its concentration determined from the optical density at 510 nm, at 
which wavelength the extinction coefficient of the complex is 1.10 X 10*. In a particular 
experiment 20 cm 8 of ferrioxalate solution was irradiated with light at 480 nm for 10 min 
and an optical density of 0.35 was subsequently found at 510 nm. The quantum yield at 
the irradiating wavelength is known to be 0.93. Calculate the light intensity in einsteins 
absorbed per second. A 1 cm cell is used. 


Ans. 1.14 x 10 -8 Esec -1 . 


19-10 The normal vibrational modes for C 2 H 2 are as shown in the accompanying diagram. 
Explain which are infrared-active and -inactive and which are Raman-active and-inactive. 

H C C H 

V, -O-.--O- 

v 4 £-1-^^ 

v 2 -~c-»c-c*-c— 


V 5 i 


T 


T 


X 


V 3 


o- 


Ans. Only v 3 and » s are infrared-active; 
Vi, v 2 , and >> 4 are Raman-active. (The student should 
explain these answers in reasonable detail.) 
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19-11 One of the normal modes for fra«.s-C 2 H 2 Cl 2 is shown. To which IR in C 2h does this 
mode belong? Explain. 



Ans. A n . 

19-12 Identify some of the characteristic bond or group frequencies in the infrared spectrum 
for methyl ethyl ketone [Fig. 19-13(c)]. 


PROBLEMS 


19-1 Suppose that the equilibrium intemuclear distance is essentially the same for the ground 
state and a certain excited state of a diatomic molecule (as for the ’d g s .£ g - transition 
of 0 2 ). Explain what the qualitative appearance of the absorption spectrum of the dilute 
gas should be like. Pay particular attention to the relative intensities of transitions in¬ 
volving different vibrational states, that is, the general intensity contour of the absorp¬ 
tion band, as well as how it is centered with respect to the energy for the pure electronic 
transition. 

19-2 The strong Schumman-Runge absorption band of 0 2 starts at about 200 nm and gradually 
increases in intensity to a continuum which begins at about 176 nm. Sketch the probable 
appearance of the ground- and excited-state potential energy curves (that is, produce a 
pair of plots similar to those of Fig. 19-6 but consistent with the data for 0 2 ). Explain 
what happens when absorption is in the region of the continuum—is the excited state 
produced stable against dissociation, and if not, what might the products be? [Note: 
the energy to dissociate 0 2 into two ground-state atoms is about 40,000 cm -1 .] 

19-3 H 2 excited to the l 77 u state may under some conditions cross to the ‘2 g + state. Light 
emission then occurs. Explain what happens in terms of Fig. 19-2 and estimate the range 
of wavelengths of the emitted light. 

19-4 Sketch a guessed appearance of the absorption spectrum of (a) methyl ethyl ketone, (b) 
azobenzene, <j>— N=N—<£, and 

S 

!! 

(c) C,H s -CH 2 C-CH, . 

Explain the basis for your spectra. 

19-5 The following data were obtained for the benzophenone-sensitized decomposition of 
Co(NH,)5 + . Assume that absorption of light by the benzophenone leads to its first triplet 
excited state in quantum yield <j>° and that each encounter with a complex ion which 
transfers energy produces photochemical decomposition of the complex and deexcitation 
of the benzophenone with 100 % efficiency. Derive the kinetics for this situation and plot 
the data so as to obtain a straight line graph. If the lifetime of the benzophenone triplet 
state is 1.0 x 10 -8 sec, calculate , the bimolecular quenching rate constant; compare 
the result with an estimate of the encounter rate constant. 

Complex (M) 0.01 0.005 0.002 0.001 

<f> for sensitized 0.46 0.25 0.10 0.064 

decomposition 
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19-6 An alternative actinometer to the ferrioxalate one is that which makes use of the reaction 

Cr(NH,) 2 (NCS) 4 - ^ Cr(NH 2 ) 2 (H,0)(NCS), + NCS - . 

The photoproduced NCS - is determined spectrophotometrically by forming a complex 
with Fe(III) of extinction coefficient 4.3 x 10* liter mole -1 cm -1 at 450 nm. The quantum 
yield for the photochemical reaction is 0.29 at 520 nm. What is the absorbed light intensity 
in einsteins per second if irradiation of 25 cm* of a 0.02 M solution of the complex for 
15 min produces a solution which when treated with the Fe(III) reagent has an optical 
density of 0.25 at 450 nm in a 1-cm cell? (Neglect any dilution due to the reagent.) A 
companion dark (nonirradiated) aliquot gives an optical density of 0.05 when treated 
with the Fe(III) reagent. 

19-7 The quantum yield for the photoisomerization of trans-4, 4'-dinitrostilbene is 0.27 at 
366 nm, at which wavelength the extinction coefficient is 3.0 x 10 4 liter mole -1 cm -1 . 
What absorbed light intensity in einsteins per liter per second is required to cause a 10 - * M 
solution to isomerize at the rate of 1 % min -1 ? With continued irradiation the cis form 
builds up; this photoisomerizes back to the trans with a quantum yield of 0.34 at 366 nm. 
Assuming the extinction coefficient to be half that of the trans form, what stationary 
state ratio of trans/cis should result (what is the limiting value of this ratio on sufficiently 
prolonged irradiation)? 

19-8 Biacetyl exhibits a phosphorescence in room-temperature aqueous 0.1 N H 2 S0 4 solution, 
the quantum yield in this medium being 2.7 X 10“* and the phosphorescence lifetime 
6.2 x 10 -5 sec. Addition of the complex ion Cr(NH 2 ) 5 (NCS) 2+ progressively quenches 
this phosphorescence; thus 5 x 10 -4 M complex reduces the phosphorescence yield tenfold 
and 1 x 10 - ’ M complex reduces it 18-fold. Set up the kinetic scheme for this situation. 
Calculate k p , the rate constant for phosphorescent decay to the ground state, and k q , 
the bimolecular quenching rate constant; compare the value of the latter to that estimated 
for diffusional encounters (at 25°C).The biacetyl emitting state is produced in 10% yield. 

19-9 In the experiments described in Problem 19-8 the quenching of the biacetyl phosphores¬ 
cence was accompanied by a sensitized aquation of the complex to yield Cr(NH 2 ) 4 (H 2 0)- 
(NCS)* + . Assuming that each quenching act by a complex ion led to aquation, show that 
the aquation quantum yield obeys an equation of the form 1/^ NH , = a + (/8/C), where 
C is the complex concentration. Remember that in this situation the incident light is 
absorbed by the sensitizer biacetyl, and <£ NH , is the number of moles of aquated ammonia 
divided by the number of einsteins of light absorbed by the sensitizer. 

19-10 Absorption of light by an organic molecule A leads to phosphorescence with a quantum 
yield <j> p of 0.30 in a particular solvent. Show that the relation ^ p /r p = k p holds, where r p 
is the experimentally observed lifetime of the phosphorescence and k p is the rate constant 
for phosphorescent emission. The value of <f> p is for a deaerated solution; a solution in 
equilibrium with air has 3.0 x 10 -4 mole liter -1 dissolved oxygen. Encounters between 
dissolved oxygen and A occur with a rate constant of 5 x 10* liter mole -1 sec -1 . Calculate 
4>p in this aerated solution; k p = 1.0 x 10 s sec -1 . 

19-11 Explain what wavelength of light should be effective in the photoproduction of atoms on 
irradiation of (a) S 2 , (b) HI, (c) the molecule of Fig. 19-6 assuming that Dl is 55 kcal 
mole -1 , and (d) I 2 . 

19-12 The normal modes for the H s O molecule are as shown in the accompanying diagram. 
Explain which should be infrared-active and -inactive and Raman-active and -inactive. 
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Carry the set of motion vectors through the symmetry operations of the H a O point group 
and determine to what irreducible representation each mode belongs. (The answer may be 
arrived at by considering what vectors are left unchanged or are put into their opposites 
and comparing with the traces of the various irreducible representations.) 


19-13 The normal modes for formaldehyde are as follows: (a) v 2 = 2766 cm -1 , CH 2 (sym) 
stretch; (b) v 2 = 1746 cm -1 , C=0 stretch; (c) v, = 1501 cm -1 , CH 2 deformation; (d) 
v, — 2843 cm -1 , CH 2 (asym) stretch; (e) v 5 = 1247 cm -1 , CH 2 rock, (f) v 8 = 1164 cm -1 , 
CH 2 wag. One corresponds to the 5 2 irreducible representation, two to the B l , and three 
to the A x . Explain which is which. In the actual infrared spectrum of formaldehyde, 
absorptions are observed at 3930 cm -1 , 2910 cm -1 , 2665 cm -1 , and 4013 cm -1 (among 
others). Explain how these frequencies arise. 



v 4 = 2843 

CH 2 (asym) stretch 



v 5 = 1247 
CH 2 rock 



v 6 = 1164 
CH 2 wag 


19-14 Assign, with explanation, the origin of the various major absorptions in the infrared 
spectrum of CH 2 CI 2 [Fig. 19-13(b)], 

19-15 Explain what difference you might expect to see in the intensities of the C=C stretching 
vibration in an infrared absorption spectrum as compared to a Raman spectrum of (a) 
HC=CH and (b) HC=CCI. 

19-16 One of the fundamental vibration modes of CO gives rise to an infrared absorption at 
2144 cm -1 . Calculate the vibration frequency (in hertz), the force constant, and the zero- 
point energy of CO in kilocalories per mole (for this vibrational mode). 

19-17 The infrared absorption spectrum of CO shows an intense band at 2144 cm -1 , assigned 
to the v = 0 to v = 1 transition. Calculate (a) the force constant for CO, and (b) its 
zero-point energy in calories per mole. 


SPECIAL TOPICS PROBLEMS 


19-1 Estimate by a calculation the oscillator strength of the absorption bands of benzophenone 
in cyclohexane at (a) about 250 nm and (b) 350 nm (Fig. 19-10). Also calculate the 
emission rate constant A mn for these excited states. 
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19-2 Assuming that the ordinate scale of Fig. 19-13 is for 0.1 mm path length, estimate the 
oscillator strength of the absorption feature for acetone at 900 cm -1 . 

19-3 Estimate the oscillator strength of the absorption band of Crfurea)J + centered at (a) about 
16,250 cm -1 and (b) 14,400 cm -1 . Also calculate the emission rate constant A mn for these 
excited states and the corresponding lifetimes for emission. 

19-4 Referring to Fig. 17-15, for an octahedral complex having just one d electron the first 
ligand field transition is from a state of symmetry T* to a state of symmetry E g (in O h ). 
Explain whether or not this transition is allowed by (a) parity and (b) orbital symmetry, 
that is, by whether the appropriate direct product contains the totally symmetric irre¬ 
ducible representation. 

19-5 The specific rotation [«] D of a compound in aqueous solution is 33° at 25°C. Calculate 
the concentration of this compound in grams per liter in a solution which has a rotation 
of 3.05° when measured in a polarimeter in which the tube of solution of 20 cm long. 

19-6 The specific rotation of saccharose in water at 20°C is 66.42°. Calculate the observed 
rotation using a polarimeter tube of 20 cm length filled with a 23.5 % by weight solution 
of this sugar. The density of the solution is 1.108 g cm -8 . 

19-7 A solution of 30 g of a substance of molecular weight 350 in 1 liter of water rotates the 
plane of polarized light by 10.5° (sodium D line, 25°C) with a 30 cm polarimeter tube. 
Calculate the specific and the molar rotation of the substance. 

19-8 Calculate n, — n T for the solution of Special Topics Problem 19-5. The sodium D line 
is at 589 nm. 

19-9 Read data off Fig. 19-29 to make a semiquantitative plot of g versus wavenumber for 
Ru(phen) 8+ . 

19-10 Estimate the moment of inertia of HCN from the spectrum shown in Fig. 19-30. 



CHAPTER TWENTY 


THE SOLID STATE 


We consider four more or less distinct aspects of the physical chemistry of the 
solid state. The emphasis is on crystalline as opposed to glassy phases, and the 
first topic is that of the perfect crystal as a regular, infinitely repeating structure. 
A special field of geometry informs us that only certain symmetry properties are 
possible if space is to be filled by a repeating structure or lattice. We then introduce 
some very simple examples of such lattices, involving the ways in which spherical 
atoms or ions can pack. This leads us to the structure of alkali metal halide and 
other ionic crystals and, in the Special Topics section, to calculations of the total 
cohesive energy of a crystal, called the lattice energy. 

We consider next the use of x-ray diffraction as a means of determining the 
symmetry class of a crystal, and then its actual structure. Modern x-ray crystallog¬ 
raphy is a rather specialized subject and only the introductory aspects of it will 
be presented. Most crystal structures of interest v today are rather complex ones, 
and a few examples of this type are described in the Commentary and Notes sec¬ 
tion. The main part of the chapter concludes with some material on imperfect 
crystals. Actual crystals have defects and dislocations, the presence of which can 
be quite important to their physical properties. 


20-1 Space-Filling Lattices 

There is an interesting history to the development of the awareness that the 
external regularity of crystals implies an inner regularity of structure. A beauti¬ 
fully perceptive intuition on this subject was that of Johannes Kepler. In a presen¬ 
tation to his benefactor, Counsellor Wackher, Kepler (1611) ponders the ques¬ 
tions: Why should a snowflake have just six sides? Is it because this is a two- 
dimensional space-filling geometry? Is it significant that spheres on a flat surface 
pack to give a hexagonal pattern? 

Topologists have since greatly developed the subject of mosaics , or infinitely 
repeating two-dimensional patterns; as illustrated in Fig. 20-1, the hexagonal unit 
is but one of many possibilities. The possibilities have restrictions, however. They 
can be shown to be limited by asking what symmetry operations can be applied 
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(a) (b) 

FIG. 20-1. Mosaics of (a) modified triangles and ( b ) modified squares. (From M. Kraitchik, 
“Mathematical Recreations.” Dover, New York, 1942.) 


at a point that will generate a lattice. It turns out that the only types possible are 
(a) mirror reflections across a line and (b) one-, two-, three-, four-, or sixfold 
axes. A square lattice has a fourfold axis and mirror plane along each axis. An 
oblique lattice, such as shown in Fig. 20-2(a), has only a twofold rotation axis. 
There are in fact only five possible area-filling lattices: oblique, rectangular, 
centered rectangular, square, and hexagonal. These are known as Bravais lattices, 
after A. Bravais (1848), or just as plane lattices or plane nets. 

A Bravais lattice is not in itself a crystal or, in two dimensions, a mosaic. It is a 
geometric construct—a repeating frame of reference. It can be described by the 
various symmetry operations which put the lattice into an equivalent configuration. 
These will be point symmetry operations since one given lattice point remains 
unchanged. The unit cell of a lattice is the smallest portion of it exhibiting the 
symmetry features of the whole. 



(c) (d) 

FIG. 20-2. (a) Two-dimensional oblique lattice having C, symmetry. ( b ) The same, but with 
C 2 symmetry as indicated by the symbols for a twofold axis (lens), (c) Lattice plus basis belonging 
to Ci point group, (d) Lattice plus basis belonging to C 2 point group. 
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Not all of the point groups mentioned in Chapter 17 are possible for lattices. 
In the case of a two-dimensional lattice, we are restricted to just principal axes 
and vertical symmetry planes; further, as mentioned before, the order of the prin¬ 
cipal axes can only be 1,2,3,4, or 6. This leaves the 10 point groups 
, C 2 , C 3 , C 4 , C 6 , Cg, C 2V , C 3 V , C 4 V , and Cgv • (The corresponding designa¬ 
tions in the international crystallographic notation are 1, 2, 3, 4, 6 , m, 2mm, 3m, 
4mm, and 6 mm —see Section 20-ST-l.) 

The unit cell of a Bravais lattice may have certain but not all of these point 
group symmetries. The unit cell of a two-dimensional oblique lattice may have 
C x or C 2 symmetry but not others, for example. The former is illustrated in 
Fig. 20-2(a) and the latter in Fig. 20-2(b), where a lens denotes a twofold rotation 
axis. 

As an exercise the reader might convince himself that the presence of one twofold axis at a 
lattice comer implies the presence of all of the others shown. For example, place an asymmetric 
object near one comer and carry out the twofold rotation—this places a second object in the 
adjacent cell. The existence of the lattice implies, however, that the object can be moved about 
by unit translations along the lattice directions; the object produced in the adjacent cell must also 
appear in the original cell. 

The various possible combinations of the ten point group symmetries with 
the five Bravais lattices generate 12 lattice types, two of which are shown in 
Fig. 20-2(a,b). However, because one is dealing with a lattice rather than with a 
single object such as a molecule, some additional symmetry operations are pos¬ 
sible which combine rotation or reflection with translation (see Section 20-ST-l). 
On inclusion of possible combinations of these new operations, a final total of 
17 two-dimensional lattice types are possible. These are called plane groups. The 
space group designations for the lattices of Fig. 20-2(a,b) are oblique, PC l and 
PC 2 or, in crystallographic symmetry notation, PI and P2, where P denotes a 
primitive as opposed to a face-centered lattice. 

In any actual crystal (or mosaic) some pattern of atoms is superimposed on a 
particular Bravais lattice. This pattern is called the basis and repeats with the unit 
cell of the lattice. Another way of seeing how the various space groups come about 
is as follows. The basis will have its own symmetry properties; if it is asymmetric, 
then the only symmetry of the repeating pattern is that of the lattice framework 
itself, as illustrated in Fig. 20-2(c). If, however, the basis has a higher symmetry, 
then it may conform to a more symmetric space group. Thus in Fig. 20-2(d) the 
basis consists of paired triangles, the pair having a C 2 axis. The presence of this 
axis then generates the pattern shown in the figure. The same higher lattice sym¬ 
metry would be present if the basis were still more symmetric, as, for example, if 
it consisted of just an atom at each lattice point. Thus the space group designa¬ 
tion implies a certain minimum symmetry for the basis or, conversely, one can 
determine the space group if the lattice and the basis are known. 

The analysis of the situation in three dimensions is similar to that for two dimen¬ 
sions. There are 14 Bravais lattices, however, as summarized in Table 20-1. The 
possible point groups now include those with secondary axes and oh planes, but 
are still restricted to C x , C 2 , C 3 , C 4 , and C 8 principal axes. The various combina¬ 
tions of symmetry elements consistent with each Bravais lattice give rise to 32 
lattice types or lattice point groups. If combined rotation-translation and reflec¬ 
tion-translation operations are included, then a total of 230 space groups are 
obtained. A three-dimensional crystal must belong to one of these space groups. 
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TABLE 20-1. The Bravais Lattices 



Number of 

Lattice 


Unit cell axes 

Symmetry 

System 

lattices 

symbol 0 


and angles 

designation 11 

Cubic 

3 

P j 

1 a 

= b = c 

m3m 



l \ 

) oc 

= p = Y = 90° 




F ) 

1 



Tetragonal 

2 

P 


= b # c 

4 Immm 



I 

1 “ 

= p = Y = 90° 


Orthorhombic 

4 

P ' 



mmm 



c 1 

' a 

# b # c 




l 1 

{ a 

ii 

II 

QQ. 

11 




F 




Monoclinic 

2 

P 1 

| a 

# b c 

2/m 



c 1 

1 a 

= y = 90° # j3 


Rhombohedral 

1 

P 

a 

= b — c 

3m 

(or trigonal) 



a 

= P = y # 90° 


Hexagonal 

1 

P 

a 

= b # c 

6/mmm 




a 

= p = 90°; y = 120° 


Triclinic 

1 

P 

a 

¥= b c 

m3m 




a 

# p # y * 90° 



° The symbols stand for: P, primitive, with lattice points only at the comers of the unit cell; 
C, base centered; I, interior or body centered; F, centered on all faces, or face-centered. 

6 See Section 20-ST-l. 


Clearly, the detailed treatment of all of these symmetry combinations is too long to 
be practical here, and we will confine ourselves almost entirely to some important 
examples in the cubic system. 

We will, in fact, deal mainly with rather simple crystals—ones having atoms or 
ions at lattice corners or in lattice faces. Figure 20-3 shows the unit cell for a 
simple cubic lattice whose basis consists of an atom at each lattice point. A distinc¬ 
tion to emphasize is that the unit cell is not necessarily the repeating unit. In 
Fig. 20-3 each corner atom is shared with eight adjacent unit cells and an attempt 
to generate the complete crystal by translations of this unit would superimpose 
atoms on each other. The repeating unit is in this case just the atom at the origin, 



FIG. 20-3. Simple cubic lattice having one atom at each lattice point. 
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Orthorhombic 



Rhombohedra! Hexagonal 


FIG. 20-4. The 14 Bravais lattices. 

that is, at position (0, 0, 0). If this atom is translated by all possible combinations 
of the unit lattice distance a, then the crystal is generated. 

The number of atoms or ions in a unit cell is, of course, just the number present 
in the repeating unit. The same answer can be obtained from a diagram of the unit 
cell provided that corner atoms are counted as one-eighth of an atom each, face 
atoms as one-half, and so on. That is, each atom or ion is weighted according to 
the number of adjacent unit cells which share it. 

Figure 20-4 shows the unit cells for the 14 Bravais lattices. These can be described 
by specifying the unit lengths a, b, and c and the angles a, /3, and y as indicated 
in Fig. 20-5. The positions of the lattice points are then given in terms of this 
coordinate system. Thus the simple cubic unit cell has points (or atoms in the 


FIG. 20-5. 














854 CHAPTER 20: THE SOLID STATE 



corresponding simplest possible crystal) at (0, 0, 0), (1, 0, 0), (0, 1,0), (1,1, 0), 
(0, 0, 1), (1, 0, 1), (0, 1,1), and (1,1,1), the numbers giving positions in terms of 
{a, b, c); similar coordinates would likewise locate the atoms in the primitive 
tetragonal, orthorhombic, hexagonal, and triclinic lattices, measured in units 
of (a, b, c ) and along the required axis directions. The body-centered cubic lattice 
has the same positions as does the simple cubic lattice plus one at (§, |); the 

face-centered cubic lattice has the additional points (|, 0), (0, §, |), (1, §), 

(|, 1, |), (|, 0, §), and (\, |, 1). In these last two cases the repeating units consist 
of the points (0, 0, 0) and (|, J), and (0, 0, 0), (|, 0), (0, |), and Q, 0, £), 

respectively. Thus the body-centered cubic repeating unit has two points and the 
face-centered unit has four points. The same numbers would result if the unit cell 
points shown in Fig. 20-4 were counted as one-eighth if at a corner, one-half if on 
a face, and full weight if in the interior. 

It is to be remembered that there will be actual crystals such that each point in 
Fig. 20-4 is occupied by a single atom, as just assumed, but many other crystals 
where each point is occupied by some molecule or grouping of atoms—a grouping 
whose symmetry is reduced from that of a sphere. Thus the lattice of crystalline 
carbon dioxide is face-centered cubic, but the basis consists of variously oriented 
C0 2 molecules, as illustrated in Fig. 20-6. 


20-2 Crystal Planes; Miller Indices 

Any actual crystal is finite in extent and its surfaces are made up of planes that 
pass through lattice points. Thus ideal physical crystals are bounded by planes 
which are lattice or rational planes; the inverse reasoning was made by Haiiy in 
1784, namely that the regular shapes of crystals imply an inner regularity. How¬ 
ever, the appearance of a crystal is very dependent on which planes bound it, as 
illustrated in Fig. 20-7 for a crystal whose lattice is cubic. As we truncate the corners 
of a simple cube progressively, surfaces corresponding to planes of the type indi¬ 
cated in Fig. 20-8(a) increase in extent until the crystal is bounded only by such 
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FIG. 20-7. Some crystal habits for a cubic crystal. 


planes. These different appearances are called crystal habits. It was gradually 
appreciated that it is not the crystal habit that is in itself fundamental, but rather 
its symmetry, especially the angles between crystal faces, and hence between 
crystal planes. One may often determine the point group to which a crystal belongs 
just from its external symmetry. 

A system for characterizing rational planes was developed by W. H. Miller in 
1839, using what are now called Miller indices. If we locate an origin at some 
lattice point, then any crystal plane must intercept the crystal axes originating 
from this point, as illustrated in Fig. 20-9. A theorem which we will not prove is 
that the three intercepts of any rational plane must be in the ratio of integers. This 
is known as the law of rational intercepts, due to Haiiy. Parallel to any such plane 
there is a whole set of planes which may be generated from it by application of 
unit translations along the axes of the lattice. If we now consider that plane of the 
set which is closest to the origin (without actually containing it), then the Miller 
indices (hkl) are the reciprocals of the intercepts, expressed in units of the lattice 
distances. In practice the indices (hkl) may refer either to this particular plane or 
to the whole set of equivalent ones. 




FIG. 20-8. (a) The (111) plane of a cubic lattice. ( b ) The (111) plane of a cubic lattice. 
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c 



To illustrate, the plane shown in Fig. 20-8(a) is the closest of its set to the origin 
and has the intercepts (1, 1, 1), expressed in units of a. The Miller indices are 
therefore the reciprocals, or (111). Other orientations are possible. Thus the plane 
shown in Fig. 20-8(b) has the intercepts (1, 1, —1), and corresponding indices 
(1 IT). Similarly, the planes (Ill), (lTl), and so on exist. We will class all of these 
as just (111) planes in dealing with crystals in the cubic system. 

Figure 20-10(a) shows a nearest-origin plane whose intercepts are (1, 1, oo) and 
corresponding Miller indices, (110). Planes parallel to one of the axes are more 
easily shown by means of a projection down that axis, as illustrated in Fig. 20-10(b), 
where the (110) planes now appear as set I. The intercepts for the nearest-origin 
plane of set II are (1, oo), giving the indices (120). Those for the planes of set III 
are left for the reader to determine. Note, incidentally, that the equation hx + 
ky + h — 1 is that of the plane nearest to the origin. 




( 110 ) ( 120 ) 

(b) 

FIG. 20-10. Various planes of a cubic lattice, (a) (110) plane, (b) Various ( hkO ) planes viewed 
down the z axis. 
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20-3 Some Simple Crystal Structures 


A. Close Packing of Spheres 

Many of the elements assume a crystal structure which corresponds to the closest 
possible packing of spheres. As illustrated in Fig. 20-11(a), a single layer of spheres 
forms a pattern having triangular pockets. There are two equivalent ways of 
locating the second layer, namely by placing the spheres either in the set of first 
layer pockets labeled A or in the set labeled B. If the A set is used, as in 
Fig. 20-11(b), then the B set is excluded. The second layer again has two kinds of 
triangular pockets, those labeled B, which lie above the B pockets of the first layer, 
and those labeled C, which lie above the centers of the first-layer spheres. 

There are now two distinguishable ways of placing a third layer. If the spheres 
are put in the set of C-type pockets, they will lie directly above the first-layer 
spheres. The structure then repeats, the types of pockets in which successive layers 
rest being in the sequence ACACAC..., as shown in Fig. 20-12. The resulting 
symmetry is easier to visualize if the spheres are replaced by points at their centers, 
as in Fig. 20-13(a); the structure can now be seen to have hexagonal symmetry. 
This arrangement is, accordingly, called hexagonal close packing , or hep. 

Returning to Fig. 20-11(b), if the third-layer spheres are placed in the B-type 
pockets, this third layer will now have pockets of the A and C types. The next 
simplest repeating unit is then obtained by placing the fourth layer in the C pockets, 




FIG. 20-11. Close packing of spheres. ( a) First layer. ( b ) Second layer located with centers above 
A-type pockets of the first layer. 
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(a) 



(b) 


FIG. 20-12. Perspective view of (a) hexagonal 
and (b) cubic close packing of spheres. 


so as to be directly above the first layer (Fig. 20-12). The symmetry of the 
ABC ABC arrangement is somewhat difficult to see. As shown in Fig. 20-13(b), 
we can trace the pattern of a face-centered cube by connecting points between the 
successive layers. Figure 20-14 shows the cube in a normal orientation; we now 
see more clearly that the successive layers of Figs. 20-12 and 20-13 correspond to 
(111) planes of a face-centered cubic lattice. The ABCABC arrangement is for this 
reason called cubic close packing, or ccp. Alternatively, of course, the structure is 
face-centered cubic, or fee. 

It must be remembered that it is the symmetry and not the density of packing 
that differs between the hep and ccp structures. In both cases (but most easily seen 
in the hep symmetry), each sphere in a close-packed plane has six neighbors which 
are touching. There is a triangle of three nearest neighbors above and one below, 
to give 12 neighbors in all. In the hep structure the above and below triangles are 




FIG. 20-13. Perspective view of the positions of sphere centers in (a) hexagonal close packing, 
ACACAC sequence, and ( b ) cubic close packing, ABCABC sequences. Note in ( b) the pattern that 
forms a face-centered cube with axes x', y', and z'. 
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FIG. 20-14. Cubic close packing drawn so as to show the face-centered cubic lattice. 


oriented in the same way, while in the ccp structure they are rotated 120° relative 
to each other. It may be shown, incidentally, that the close packing of spheres 
leaves 26 % void space. 

Many metals crystallize in either the hep or the ccp structure, the choice appa¬ 
rently being determined by relatively weak directional preferences in the metal- 
metal bonding. Metals having the hep structure include y-Ca, Cd, a-Co, jS-Cr, 
Mg, and Zn, while those having the ccp structure are Cu, Ag, Au, Al, Pb, j3-Ni, 
and y-Fe. The rare gases Ar, Ne, and Xe also crystallize in the ccp structure. 

A definite tendency toward directed bonding appears with Zn and Cd; although 
the structure is approximately hep, the axial ratio c/a is 1.856 for Zn and 1.885 for 
Cd, as compared to 1.633 for closest packing. In other metals, this tendency leads 
to some other crystal structure, often body-centered cubic, or bcc. Metals showing 
bcc structures include Ba, a-Cr, Cs, a-Fe, 8-Fe, K, Li, Mo, Na, and j8-W. Notice 
that a given element may show more than one crystal modification, as in the case 
of Cr and Fe. 

While hep and ccp structures both represent the closest packing of spheres, the physical proper¬ 
ties of metals can be sharply dependent on which structure is present. Thus ccp metals tend to 
be much more ductile than hep ones. The reason is as follows. For crystals in general it is those 
planes that are the most closely packed which slip past each other most easily [note Eq. (20-5)]. 
There is only one such set of planes in the hep structure—namely the basal or hexagonal planes 
shown in Fig. 20-13(a). In the ccp structure, however, the close-packed planes are the (111) 
planes, and there are four of these, that is, there is a set of (111) planes, one normal to each of the 
four cube diagonals. In practice, one deals with metals which are polycrystalline, or have 
randomly oriented and mutually reinforcing crystal domains. As a consequence, the hep metals 
tend to resist distortion in any given direction since most of the crystallites will not be properly 
oriented for slip to occur. A much smaller fraction will be able to oppose slip in the case of a 
ccp metal. 


B. Alkali Metal Halide and Other MX Structures 

One of the early triumphs of x-ray diffraction was the determination of the 
crystal structure of sodium chloride. It consists of two interpenetrating fee lattices, 
as shown in Fig. 20-15, where, for clarity, the spherical ions are located by points 
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FIG. 20-15. The NaCl structure of two inter¬ 
penetrating face centered cubic lattices. 


marking their centers. It must be remembered, however, that in any lattice whose 
positions are occupied by spheres, nearest neighbors are in contact (see Special 
Topics section). Thus Na+ and Cl - ions are touching along the a axes, and the 
sum of the two ionic radii r Na+ + r c \~ is a/2. 

The NaCl type of structure is a fairly common one for MX-type salts. It is the 
structure of most of the other alkali halides (M = Na+, K + , and Rb+, and 
X = F - , Cl - , Br - , and I - , and CsF), as well as for compounds such as BaO, BaS, 
CaO, CaS, CdO, FeO, and other divalent metal oxides and sulfides. Ammonium 
ion acts like a spherical ion and NH 4 I also has the NaCl structure. 

The figure gives the unit cell for NaCl; this is not, however, the repeating unit, 
which consists of four Na + ions, at (0,0,0), (£, 0, |), (|, £, 0), and (0, f, |), and 
four Cl - ions, at (|, 0, 0), (0, £, 0), (0,0, £), and (£, |, |). If this set is translated 
by all possible combinations of multiples of a in the x,y, and z directions, the 
entire crystal is generated. The same count of ions can be obtained from Fig. 20-15. 

Na+ ions: (8 corner)^ = 1 
(6 face)-| = 3 

4 

Cl - ions: (12 edge)£ = 3 
(1 interior)l = 1 

4 

As a check in the counting of atoms, the proportion of each kind must always 



FIG. 20-16. The CsCl structure of two interpene¬ 
trating simple cubic lattices. 
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FIG. 20-17. Typical MX lattices. 


correspond to the stoichiometry of the formula of the compound. Notice also, 
as one characteristic of the NaCl structure, that each ion has six nearest neighbors, 
in an octahedral arrangement. 

A second, and quite common, structure for MX salts is that of two inter¬ 
penetrating simple cubic lattices, as illustrated in Fig. 20-16 for the best-known 
case, CsCl. The CsCl structure is also found for CsBr and Csl, as well as for other 
MX compounds, such as NH 4 C1 and NH 4 Br, and various intermetallic compounds, 
such as AgCd, AuZn, and CuZn. Each ion or atom has eight nearest neighbors, 
in square symmetry. 

The NaCl and CsCl structures are only two of a number that MX compounds 
have been found to exhibit. Most such compounds, however, crystallize in one 
or the other of the structures shown in Fig. 20-17, each labeled according to its 
most prominent example. Notice that not all of the structures are cubic and that 
the number of nearest neighbors to a given kind of atom, or its coordination 
number, diminishes in the sequence: 

lattice type CsCl NaCl ZnO ZnS BN 

coordination number 8 6 4 4 3 

It should be apparent at this point that crystal structure does not correlate with 
the chemistry of a compound, nor with the atomic weights of the constituents 
per se. V. Goldschmidt, who determined many of the simple crystal structures 
around 1925, concluded that the structure of such crystals is determined by the 
stoichiometry of the compound, the ratio of atomic radii, and the polarizability 
of the units. 


C. MX, Structures 

Two of the important structures for MX, compounds are shown in Fig. 20-18. 
For example, the form of TiO a known as rutile crystallizes in the tetragonal 
system, with c = 4.58 A and a = b = 2.98 A. The unit cell contains two Ti atoms 
and four O atoms and is thus consistent with the formula of the compound. Each 
Ti has six O nearest neighbors and each O has three Ti nearest neighbors. If C 
denotes the coordination number in an M 0 X 6 compound, a useful rule of stoichi¬ 
ometry is that 


CmP — C x b. 


( 20 - 1 ) 
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FIG. 20-18. Common MX 2 structures. 


D. Covalent Crystals. Diamond and Graphite 

We next consider briefly two examples of covalent crystals, diamond and graph¬ 
ite. In the case of diamond, the C—C bonds are of the covalent, sigma-bonded 
type, and show the tetrahedral bond angle of 109°28'. In a sense a diamond crystal 
is a single large molecule; the crystal structure, however, has a cubic unit cell, 
displayed in Fig. 20-19. As one way of visualizing the structure, notice that there 
is an atom at each corner, in the center of each face, and in the centers of alternate 
small cubes; one set of bonds is shown (the bond distance is 1.542 A). Germanium, 
silicon, and gray tin have the same structure. 

The diamond structure may also occur with covalent AB-type compounds, such 
as ZnS (zincblende) (see Fig. 20-17), Agl, CuBr, and BN. The atoms alternate in 
type, so each A and B atom has four tetrahedrally disposed nearest neighbors. 
Again, it is not the chemistry of the compound but primarily the relative size of 
the atoms and the geometry of their bonding that determine crystal structures in 
these cases. 

Graphite serves as an example of a layer crystal. The structure is shown in 
Fig. 20-20 and is seen to consist of layers having a hexagonal tile pattern. The 
layers are aromatic in character; the C—C distance is 1.42 A, or not much greater 
than the value of 1.397 A for benzene. The distance between layers is relatively 
large, 3.40 A, and the layer-layer bonds are consequently rather weak. 

The high electrical conductivity of graphite can be regarded as due to the conjugation or 
aromaticity of the planes, which permits electrons to move through the crystal easily. The lubri¬ 
cating property has been thought to stem from the ease of slippage of one layer over the next, 
but the actual situation has been found to be somewhat more complex. If graphite is thoroughly 



I 


FIG. 20-19. The diamond structure. 
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FIG. 20-20. The graphite structure. 


degassed, its coefficient of friction rises about sixfold, and it appears that gases adsorbed between 
layers are responsible for the very low friction ordinarily observed. The same may be true for a 
useful modern lubricant, MoS a , whose structure is analogous to that of graphite, as well as for 
other layer crystals, such as talc. 


£. Molecular Crystals 

The substances considered so far—metals, alkali metal halides and other ionic 
crystals, and covalent crystals—all have high melting points. This is a reflection of 
the strong bonds—metallic, ionic, or covalent—between the atoms of the lattice. 



FIG. 20-21. The benzene structure. [From E. G. Cox, D. W. J. Cruickshank, andJ. A. S. Smith, 
Proc. Roy. Soc. 247, 1 (.1958).] 
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A rather different situation exists in the case of crystals whose basis consists of 
stable molecules and which are therefore held together by secondary or van der 
Waals forces (note Table 8-8). Figure 20-21 shows the structure of crystalline 
benzene. This is a low-melting (6°C) white solid; it is soft and is not electrically 
conducting and clearly is made up of only weakly interacting benzene molecules. 

The crystals of most simple molecules, such as 0 2 , N 2 , CO, C0 2 , CH 4 , are 
of this type. Most nonionic organic substances also crystallize by virtue of van der 
Waals forces only, except where hydrogen bonding is involved. 


F. Hydrogen-Bonded Crystals. Ice 

We conclude this section with a brief discussion of a remaining type of crystal 
structure, namely that in which hydrogen bonding is present. The most important 
example is undoubtedly that of ice, whose ordinary structure is shown in 
Fig. 20-22. It will be recalled from Fig. 8-8(b) that ice exhibits a number of crystal 
modifications, but only two, tetrahedral and hexagonal ice, are stable under atmo¬ 
spheric pressure. It is the latter modification that is shown in Fig. 20-22. The 
basic structure is determined by the positions of the oxygen atoms; each is sur¬ 
rounded tetrahedrally by four nearest neighbors at a distance of 2.67 A. Only 
recently have advanced techniques using neutron diffraction (see Section 20-CN-l) 
established that the hydrogen atoms are located on the lines between oxygen atoms 
but asymmetrically placed; each oxygen is coordinated to two close hydrogen atoms 
and to two that are further away. The assignment of close versus far hydrogens is 
random, however, and in this respect the structure is disordered. 

Hydrogen bonding is important in molecular crystals in which electronegative 
atoms, such as fluorine, oxygen, and nitrogen, can interact with an acidic proton 
of a neighboring molecule. This type of interaction becomes extremely important 
in crystals of biologically important substances, such as proteins and nucleic acids. 
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20-4 Some Geometric Calculations 

The following types of calculations can be performed on any crystal but the 
geometric expressions rapidly become complicated as one departs from the cubic 
system. The general expression for the density of a crystal is, for example, 


P = 


I n t M t 
N 0 V C ’ 


( 20 - 2 ) 


where n { is the number of the zth kind of atom (or molecule) of molecular weight 
Mi in the unit cell, and V c is the cell volume. In the case of a cubic crystal V c is 
just a 3 , while for a tetragonal unit cell V c is a 2 c, and so on. 

Two illustrations of the use of Eq. (20-2) follow. Iron (a-Fe) crystallizes in the 
bcc system with a = 2.861 A; the eight corner and one interior atom in the unit 
cell give a net of two atoms, so 


D =__= 7 92 2 cm- 3 

9 6.02 x 10 23 (2.861 x 10~ 8 ) 3 g ' 

Reference to Fig. 20-4 shows that each atom in a body-centered cubic lattice has 
eight nearest neighbors; the center atom, for example, must therefore be in contact 
with the eight corner ones and the body diagonal of the cube must equal two 
atomic diameters. The radius of each Fe atom is therefore 


r Fe = (2.861 x 10~ 8 ) = 1.24 A. 

Iron also crystallizes in the fee structure, and a reasonable assumption is that 
the radius of the atom does not change. In the cubic close-packed arrangement each 
atom has twelve nearest neighbors, and examination of either Fig. 20-4 or 
Fig. 20-14 shows that for a face-centered atom four of these neighbors consist of 
the atoms at the corners of the face. The face diagonal now contains two atomic 
diameters, or r Fe = £V2 a. On setting r Fe = 1.24 A, we obtain a = 3.50 A for 
the fee structure. The unit cell has eight corner and six face atoms, or a net of four 
atoms, so the density of fee iron should be 

4(55.85) „ ,, n 

9 6.02 x I0 23 (3.50 x 10- 8 ) 3 g cm . 

As a second illustration, the density of NaCl is 2.165 g cm- 3 . There are four 
Na + and four Cl - ions per unit cell, so we have 

_ 4(22.99) + 4(35.45) 

6.02 x l0 23 a 3 ’ 

whence a = 5.64 A. Reference to Fig. 20-15 shows that the closest distance 
between ions is that along a cube edge, so that a = 2r Na + + 2r c i- • The sum of 
the two ionic radii is then all = 2.82 A. As discussed in the Special Topics section, 
only sums of ionic radii may be determined from a crystal structure, but there are 
various schemes whereby individual ionic radii can be assigned. 

Another important type of calculation is that of the interplanar distances in a 
crystal. In the case of a two-dimensional, square lattice, illustrated in Fig. 20-23, 
it is obvious that (10) and (01) planes are spaced just a units apart, or that 
d 10 = d 01 = a, and likewise that d n = | V2 a = 0.707 a. The direction perpendi- 
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FIG. 20-23. lnterplanar distances for a square lattice. 


cular to (12) planes is evidently that of the diagonal of a rectangle of sides 1 and 2 
in the x and y directions, respectively. The particular diagonal shown is of length 
V5 a and spans five interplanar distances, so d l2 = (1/ V5 )a. The general formula 
is d hk = a/(h 2 + k 2 ) 1 / 2 . Extension to a three-dimensional cubic lattice gives 

^hkl = QP £2 _|_ /2)l/2 > (20-3) 

or, for a lattice with a = = y = 90° but with a # 6 # c 


1 h 2 k 2 l 2 
dlu - a 2+ b 2+ c 2 ' 


(20-4) 


Equation (20-3) gives the interplanar distance for planes of specified Miller 
indices, but it is sometimes convenient to class as belonging to a given type all 
planes which are parallel to each other, regardless of actual Miller index. Thus 
(100) and (200) planes may be called (100)-type planes, (111) and (222) planes may 



FIG. 20-24. Interplanar distances in a bcc 
lattice. 
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be called (lll)-type planes, and so on. The distinction is illustrated further as 
follows. The largest interplanar distances for a simple cubic crystal are, in order, 
^100 > ^no > and d llx , and their ratios are given by Eq. (20-3) as 

simple cubic: d 100 : d no : d lu = 1 : ~^= : ~^= . 

V2 v3 

The largest interplanar distances for a bcc lattice are, again in order, d no , d 200 , 
and d 2M (see Fig. 20-24): 

bcc: d 110 : d 200 : d 222 = . 

These latter two planes may be referred to as (100)- and (111 )-type planes, however, 
and the ratios reported as 

bcc (type planes): d 100 : d 110 :d in = l -:~: —= 1 : : -\= . 

2 V2 2V3 V2 V3 

Similarly, 

1 2 

fee (type planes): d wa : d no : d m = 1 : — : — 

V2 v3 

(the demonstration is left to the reader). As will be seen in the next section, x-ray 
diffraction studies may in some cases yield an interplanar spacing where the type 
but not the actual Miller index of the planes is known. 

A final point of geometry is the following. In the case of simple structures it will often be true 
that a set of planes contains all of the atoms or ions of the crystal. Thus if a metal crystallizes 
in the bcc structure, the (200) planes as a set pass through or contain all of the atoms of the 
crystal. The same is true for the sets of (110) and (222) planes. The crystal can thus be viewed as 
consisting of layers of (200) planes having a surface concentration o 200 atoms cm~ 2 and separated 
by oo cm. The quotient a 2m jd 2M must therefore equal the volume concentration of atoms in the 
crystal, C atoms cm -3 . The crystal can alternatively be regarded as consisting of layers of (110) 
planes separated by d uo , so that o ll0 /d ll0 = C. Thus for any set of planes which contains all the 
atoms of the crystal, it follows that 


ox Jtl 
dhkl 


C. 


(20-5) 


Equation (20-5) is often quite useful. It tells us that the highest surface density of atoms will 
occur on that set of planes of largest interplanar spacing. These are the (110) planes in the bcc 
structure and the (111) planes in the fee case, for example. Such planes tend to have the lowest 
surface free energy and therefore tend to be prominent faces in actual crystals. They also tend 
to slip or to cleave the most easily, as is noted in Section 20-3A. 


20-5 Diffraction by Crystals 

X rays were first observed in experiments around 1890 with cathode ray tubes 
(see Section 22-1); by 1895 J. J. Thomson was describing the effect of this pene¬ 
trating radiation on the electrical properties of gases. Later, in 1898, G. G. Stokes 
and G. J. Stoney suggested that x rays were electromagnetic in nature and the 
classic first experiment establishing x-ray diffraction was done in Munich in 1912 
at the suggestion of M. von Laue. 
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X rays are produced by atoms which have lost a K or L electron as a result of a 
collision with some high-energy particle. Referring to Eq. (16-19), if a K, or 
n = 1, electron is lost from, say, a copper atom (Z = 29) and an L, or n = 2, 
electron falls into the vacancy, the energy of the emitted radiation is 
0.5(29) 2 [(1/1 2 ) — (1/2 2 )] = 315 a.u. or 8584 eV of energy. The wavenumber of 
radiation of this energy per quantum is 

(8584)(8.066) = 6.92 X 10 4 kK = 6.92 x 10 7 cm- 1 , 
corresponding to 1.44 A. X-ray wavelengths are thus comparable to atomic radii. 
Modern equipment still consists essentially of a Crookes tube, in which a beam of 
perhaps 20-kV electrons impinges on a target, usually copper, iron, or tungsten. 
The emitted x radiation is generally filtered (see Section 22-4 on the critical absorp¬ 
tion of x rays) and then collimated by means of slits so as to produce a narrow, 
monochromatic beam. 

Before discussing three-dimensional diffraction effects it should be explained 
why it is that x rays act as though they are reflected specularly from each plane 
of a crystal. The interaction of an x-ray quantum with an atom may be regarded 
as an absorption followed by resonance emission (Section 19-3), that is, by emission 
at the same wavelength. This process is a virtual one; it constitutes a hypothetical 
mechanism yielding the same result as does the wave mechanical treatment of 
scattering. The effect is that each atom becomes a secondary, isotropic emitter of 
the x radiation, as illustrated in Fig. 20-25 for a single line of atoms. 

A more detailed analysis is as follows. We suppose there to be incident radiation 
at angle 0 to the line of atoms ABC. The radiation first hits atom A, which then 
emits isotropically, and by the time the wavefront reaches atom B the secondary 
radiation from atom A has a wavefront given by circle l A. When the radiation 
reaches atom C the wavefronts of secondary radiation for atoms A and B are now 
given by circles 2 A and 2 B. Still later the reemitted radiation has reached circles 
3 A, 3 B, and 3C. Where similarly numbered circles cross, the emitted radiation is 
in phase, as for example, at point a, the crossing between circles 2 A and 2 B, and 



FIG. 20-25. Scattering of x rays from a single line of atoms. 
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point b, the crossing between circles 3 A and 3 B. As the circles move outward with 
time, the line along which the radiation is in phase is that given by the line ab. 
Alternatively, points b and c represent concurrent in-phase conditions and define 
the wavefront of the secondary radiation. Either reasoning leads to the conclusion 
that the direction of the secondary radiation is at the same angle 8 to ABC as is 
the incident radiation, independent of the spacing between atoms, provided it 
is uniform. 

This analysis is geometric and qualitative but serves to explain the rigorous 
result that the secondary radiation is mutually interfering except in the direction 
of specular reflection. We may now proceed to the three-dimensional situation. 


A. The Bragg Equation 

The first diffraction experiment was made with the use of “white” x radiation, 
that is, radiation having a range of wavelengths, and a single crystal (of copper 
sulfate). Later, around 1912, W. Bragg and his son developed an approach which 
was, at that time, much easier to apply and to interpret. This consisted in using 
monochromatic x radiation and varying the orientation of the crystal. 

The situation is illustrated in Fig. 20-26. We take each ray of incident radiation 
to be specularly “reflected” by a given layer of atoms, shown end-on in the figure. 
Reflections then occur from the successive layers, and we now ask what condition 
must be met for the reflected radiation to be in phase. Considering just the first 
two layers, the difference in path length for the respective rays is the distance abc. 
From the construction, this distance is 2 ab or 2d sin 8. Thus 2d sin 8 must be an 
integral number of wavelengths if the reflected radiation is to be in phase. The 
Bragg condition is thus 

«A = 2rfsin0, (20-6) 

where n is an integer. If n = 1, the reflection is called first order, if n = 2, second 
order, and so on. Note, however, that a second-order reflection for a given spacing 
d is at the same angle as a first-order reflection from planes of spacing d/2. Thus 
second-order reflections from (100) planes of a simple cubic crystal should be 
indistinguishable from first-order reflections from a hypothetical set of (200) planes. 
It is more convenient to treat the order of a reflection in this alternative way and 



FIG. 20-26. The Bragg scattering condition. 
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to write Eq. (20-6) as simply 

A = 2 d hkl sin 6. 

For cubic crystals combination with Eq. (20-3) gives 

sin 2 6 = (h 2 + k 2 + / 2 ). 


(20-7) 

( 20 - 8 ) 


B. Bragg Diffraction Patterns 

Figure 20-27 shows schematic plots of reflected intensity / versus 0 for KC1 and 
NaCl. A single crystal is oriented so that (100)-, (110)-, or (lll)-type planes (or 
crystal faces) are perpendicular to the x-ray beam and the crystal is then rotated so 
that the angle of incidence 0 is varied. As the angles for successive Bragg condi¬ 
tions are met, an increase in intensity of scattered radiation is observed by means 
of a detector whose angular position is also rotated so that it always “sees” 
radiation at the specular angle. The schematic arrangement is shown in Fig. 20-28. 

In the case of NaCl the first-order peaks are found in a particular experiment to 
occur at 5°18', 7°31', and 4°36' for reflections from (100)-, (110)-, and (lll)-type 
planes, respectively. The interplanar distances are then in the ratio of the recip¬ 
rocals of the sin lvalues, or d 100 : d uo : d lu = 1/0.0924: 1/0.1307 : 1/0.0801 = 
1:0.707 :1.154 = 1:1/ V2 ■ 2/V3. This is just the ratio predicted in the preceding 
section for a fee structure. The early experimentalists knew from the symmetry of 



FIG. 20-27. Intensity versus 9 for Bragg scattering from (100)-, (110)-, and (111 )-type planes of 
(a) NaCl and (b) KC1. 
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FIG. 20-28. A Bragg x-ray spectrometer. 


NaCl crystals that they were in the cubic system and from the ratio test could 
determine which type. By reversing the density calculation of the preceding section, 
a could be calculated, and from this the wavelength of the x rays used. 

Most other alkali halide crystals show an analogous set of intensity patterns 
but, as illustrated in Fig. 20-27(b), that for KC1 gives sin 9 values of 0.0811, 
0.1145, and 0.1405 for reflections from (100)-, (110)-, and (lll)-type planes, 
respectively, using the same x rays. This yields a set of ratios d 100 : d 110 : d m = 
1:0.707 :0.577 = 1:1/V2:l/V3, or that corresponding toasimple cubic structure. 
Referring to Fig. 20-15, the explanation lies in the nature of the (lll)-type planes. 
In the case of NaCl the Na+ ions are contained by one set of (111) actual planes 
and the Cl~ ions, by a second set lying midway between. The reflections from the 
(111) actual planes are partially but not completely canceled by the out-of-phase 
reflections from the planes containing the other kind of ion. Thus in Fig. 20-27 
the first peak for (lll)-type planes for NaCl is weaker than usual. In the case of 
KC1 the two ions are isoelectronic and scatter x rays about equally; the effect is 
that K+ and Cl - ions appear to be identical in the diffraction experiment. Reflec¬ 
tions from the Cl - (lll)-type planes therefore cancel those from the K+ (111)- 
type planes. The result is that the largest interplanar distance showing a net 
diffraction intensity is that for (222) actual planes. Alternatively expressed, x rays 
do not distinguish K+ from Cl - and KC1 appears as a simple cubic lattice of side 
a/2, where a is the side of the actual fee unit cell. 

The example is introduced to illustrate the point that the intensity of Bragg 
reflections from a given (hkl) set of planes depends on the densities and nature of 
atoms on these and on intervening planes as well. A more formal approach is 
given in Section 20-ST-2. 


C. Powder Patterns 

The Bragg method is not only historic but is also of current usefulness. The 
application is mainly to a crystalline powder. The individual particles are assumed 
to be in random orientation, so that the monochromatic x rays will always find 
some particle with the correct orientation for reflection from each {hkl) set of 
planes. The experiment consists in irradiating a thin tube filled with the powdered 
sample, using a collimated beam of monochromatic x rays. Those crystals whose 
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FIG. 20-29. Schematic drawing of a powder 
method apparatus. 


particular (hkl) planes are at the Bragg angle 9 to the beam then give a reflection 
at an angle 9 to the crystal planes, or 29 to the incident beam. As illustrated in 
Fig. 20-29, one may use a circular strip of photographic film to intercept the 
diffracted radiation, which then shows as curved lines on the film. Alternatively, 
a traveling radiation counter may be used. The sin 9 value for each line is calculated 
from the apparatus geometry. 

The next task is to assign (hkl) values to the lines. This can be done if the crystal 
is known to be in the cubic, tetragonal, or orthorhombic class but is otherwise 
rather difficult. Often the “powder pattern” is used much as are infrared absorption 
spectra, namely as a kind of fingerprinting of the particular substance. A mixture 
of materials may then be analyzed semiquantitatively by calculating in what 
proportion pure substance powder patterns are present. 

The procedure for assigning actual (hkl) values to individual lines can be illu- 


TABLE 20-2. Indices of Cubic Crystals “ 


Indices 

(hkl) 

h 2 + k 2 + l 2 

Allowed reflection 

Simple 

cubic bcc fee 

100 

1 

X 

_ 

_ 

110 

2 

X 

X 

— 

111 

3 

X 

— 

X 

200 

4 

X 

X 

X 

210 

5 

X 

— 

— 

211 

6 

X 

X 

— 

220 

8 

X 

X 

X 

300, 221 

9 

X 

— 

— 

310 

10 

X 

X 

— 

311 

11 

X 

— 

X 

222 

12 

X 

X 

X 

320 

13 

X 

— 

— 

321 

14 

X 

X 

— 

400 

16 

X 

X 

X 


“ The sum of the squares of three integers cannot have the 
values (7 + 8m)4", where m and n are arbitrary integers. 



COMMENTARY AND NOTES, SECTION 1 


873 


TABLE 20-3. Sample Treatment of Powder Diffraction 
Data for Lead 


Observed 
sin 2 8 

Result of 
dividing by 
0.073 

Integers 
having these 
ratios 

(hkl) 

0.0729 

1 

3 

(111) 


1.33 

4 


0.194 

2.65 

8 

(220) 

0.267 

3.65 

11 

(311) 

0.291 

4.01 

12 

(222) 

0.389 

5.33 

16 

(400) 


strated fairly easily if the crystal is in the cubic system. From Eq. (20-8) the sin 2 6 
values are proportional to h 2 -f- k 2 + l 2 - The first step is to tabulate the film data 
in order of increasing sin 2 9. Since h 2 + k 2 + l 2 must be an integer, we then look 
for the smallest set of integers that are in the ratios of the sin 2 9 values. Only 
certain integral values for h 2 + k 2 + / 2 are possible for each type of cubic crystal. 
In the case of a simple cubic crystal, the sum cannot have the values 7, 15, or 23, 
for example, since there are no three integers the sum of the squares of which 
equals one of these numbers. The sum can only have the values 2, 4, 6, 8,... for 
a bcc crystal and only the values 3, 4, 8, 11, 12,... for a fee one, as summarized in 
Table 20-2. We can then determine which set the observed series of sin 2 9 values 
matches. 

An example should be helpful at this point. We suppose that a particular sample 
of finely divided lead shows the following sin 2 9 values with x rays of 1.54 A : 
0.0729, 0.0972, 0.194, 0.267, 0.292, and 0.389. The procedure is shown in 
Table 20-3. We first divide each number by 0.0729 and observe that the result is 
not a set of integers. Examination indicates that multiplying each number by three 
will yield integers, as shown in the third column. These integers are just those 
allowed by Table 20-2 for a fee structure, and we then index each entry accordingly. 
In an actual experiment each sin 2 9 value would now be divided by the assigned 
h 2 + k 2 + / 2 value to obtain a series of values of A 2 /4a 2 , which would be averaged. 
In the present example we take this average to be 0.0729/3 = 0.0243, and from the 
known A of 1.54 A calculate a to be 4.94 A. We could proceed to check the result 
by calculating the density of lead. 


COMMENTARY AND NOTES 


20-CN-l Modern Crystal Structure Determination 

The presentation in Section 20-5 emphasized the Bragg method and powder 
patterns as a straightforward yet actively useful approach to x-ray diffraction. It 
is not, however, the method used for crystal structure determination where any 
degree of complexity exists. The difficulty with the Bragg method is that of indexing 
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the diffraction lines (such as shown in Fig. 20-29). If the crystal unit cell contains 
many atoms and especially if it is not cubic, it can be virtually impossible to find 
a unique set of assignments. Alternative methods are available which avoid the 
loss of information in the powder method which occurs through not knowing the 
orientation of the crystals that give a particular reflection. These methods are 
described briefly below. 

Once a set of reflections has been indexed and their intensities measured, the 
next problem is that of deducing the crystal structure. The lattice type or symmetry 
can often be determined from an examination of a crystal under a polarizing 
microscope. The symmetry of the crystal habit helps to establish the Bravais lattice 
involved; the behavior under polarizing light may suffice to limit the space group 
to at least a few possibilities. The presence or absence of certain reflections is 
usually sufficient to complete the assignment. 


A. Rotation-Oscillation Methods 

One gains enormously in ability to index diffractions by using monochromatic 
x radiation and a single crystal which can be mounted so that one of its crystal 
axes is perpendicular to the x-ray beam. In the rotating crystal method, as the 
crystal turns various planes come into the Bragg angle with respect to the incident 
beam. The diffraction consists of spots generated in a series of horizontal layers 
on the film, as illustrated in Fig. 20-30. Those reflections at the same level as the 
crystal arise from planes parallel to the rotation axis, and those reflections above 
and below arise from planes whose inclination to the axis can be calculated. Thus 
each spot can immediately be assigned one index. The remaining indexing can 
still be very difficult if the crystal has many atoms in the unit cell, and a yet better 
procedure is available. 

The next step is to displace the film synchronously with what is usually an 
oscillation rather than a continuous rotation of the crystal. In this way the orien¬ 
tation of the crystal is known for each diffraction spot. The Weissenberg method, 
as it is called, thus allows each spot to be fully indexed. The method produces 
series of diffraction spots which lie on curved lines, however, and in the precession 


Crystal rotated about c axis 
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hkl 

hkl 
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FIG. 20-30. Rotating crystal method. 
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method, the motions of the crystal and the film are so regulated that the spots lie 
on straight lines. 


B. Electron Density Projections 

A crystal appears to x rays as a collection of scattering centers, each of intensity 
approximately proportional to the number of electrons possessed by a particular 
atom in the unit cell. The information provided by x-ray diffraction is therefore 
that of the distribution of electron density p(x, y, z) in the crystal. Since this 
distribution is a periodic one, it is very convenient to represent it as a set of cosine 
and sine terms—that is, as a Fourier series. 

The formal expansion of p(x, y, zj is 

p(x, y, z) = y £ £ £ F hkl exp [-2 t n{^~ + ~ (20-9) 

where V is the volume of the unit cell and F hkl is called the structure factor (see 
Section 20-ST-3). This form recognizes that the electron density is periodic with 
repeat distances of a, b, and c. If one could evaluate each term from the diffraction 
data, the resulting p(x, y, z) would be the crystal structure. The problem is that 
the intensity measurements yield I Fhkl I 2 but not the sign of F hkl itself. 

A number of rather sophisticated procedures have been developed to help get 
around the problem. It is possible, for example, to determine the distribution of 
interatomic distances from the indexed intensity data alone. With this information 
and some educated guesses the crystallographer may be able to arrive at a trial 
structure. Even if approximate, such a structure will allow a calculation of the 
sign of each F hkh and now the experimental intensity data can be used to calculate 
an actual p(x, y, z). The result usually appears as electron density contour maps 
calculated for one or another projection. Such a result for anthracene is shown 
in Fig. 20-31. 

Another “trick” is to incorporate very heavy atoms (such as iodine) in the 
molecule. The intense scattering by such atoms dominates the diffraction pattern 
and it may be possible to determine the positions of the heavy atoms and thus 
the sign of their F factor. Sometimes a natural grouping, such as a benzene ring, 
can be recognized in the diffraction pattern and subtracted from it. 


C. Use of Radiation Other than X Rays 

The fundamental equations of this chapter are not restricted to any particular 
kind of radiation. The main restriction is that inherent in the Bragg equation, 
namely that since sin 9 cannot exceed unity, A must be less than d hk J2. Thus the 
wavelength of the radiation used must be less than half of the interplanar spacings 
to be determined. This means that radiation of no more than about 1 A can be used. 

In view of the de Broglie relationship (16-7), particles have a wave nature and 
should also exhibit diffraction effects. Thus 40,000-eV electrons would have 
(4 x 10 4 )(1.602 X 10 -12 ) = 6.408 X 10 -8 erg kinetic energy, corresponding to a 
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Scale 

FIG. 20-31. Electron density contours for anthracene. [From V. L. Sinclair , /. M. Robertson , 
and A. McL. Mathieson, Acta Crystallogr. 3, 254 {1950).] 


momentum of 1.075 X 10 -17 g cm sec -1 . The wavelength is then 6.625 X 
10“ 27 /l .075 X 10 -17 = 0.0616 A. Electrons of this energy do indeed show 
diffraction effects and may be used for structure determinations. Electrons, being 
charged, interact more strongly with matter and are more rapidly absorbed than is 
x radiation. As a consequence, very thin samples must be used. Standard electron 
microscopes may, for example, be put in a diffraction mode of operation so as to 
show the diffraction pattern for very thinly sliced samples. Because electrons can be 
focused by means of magnetic lenses, it is also possible to obtain a direct picture. 
Figure 20-32 shows a modern high-resolution electron microscope photograph of 
a thin flake of Nb 22 0 54 . In this photograph, the view is down the b axis of the 
crystal; the white areas are channels containing octahedra of Nb0 3 and the dark 
circles correspond to tetrahedrally coordinated clusters of Nb atoms. 

Returning to diffraction studies, we find that it is possible to obtain molecular 
structures from the diffraction of a monoenergetic beam of electrons by a molecular 
gas. The situation here is similar to that of the powder method since each individual 
molecule is in random orientation, and the analysis is similar except that one now 
deals with distances between atoms in a molecule rather than with interplanar 
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distances. One finds for the intensity of the scattered beam at angle 9 


i 1 *U 

where Fis the atomic scattering factor, and x ti is given by 


Xu 


4 nr,, 


, . e 
sm 2 ' 


( 20 - 10 ) 


( 20 - 11 ) 


The distances r tj are those between atoms i and j in the molecule. Equation (20-10) 
is known as the Wierl equation. It is possible to transform the 1(9) results into a 
radial distribution function (much as in the case of Fig. 8-1) and from this one can 
usually infer the molecular bond lengths and angles. 

Alternatively, neutron scattering may be employed. The same calculation as 
the preceding applies but now with m equal to the neutron mass, about 2000 times 
larger than that of the electron. Neutrons of momentum 1.08 x 10 -17 g cm sec -1 , 
and hence wavelength 0.0616 A, have 1/2000 the energy or about 3 x 10 -11 erg 
molecule -1 , corresponding to a “temperature” of about 1000 K. Neutrons of 
thermal or room-temperature energy have wavelengths, then, of around 1 A and 
such neutrons may be provided by nuclear reactors (see Section 22-CN-2). A 
velocity selector (such as illustrated in Section 2-CN-2) may then be used to provide 
a monoenergetic beam. The technique is a relatively difficult one, and the chief 
advantage in using it is that, unlike the case with x rays, the scattering of neutrons 
is large for light atoms. Neutron diffraction has, for example, been used to locate 
protons in ice and in metal hydrides, a very difficult task with x rays. 
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20-CN-2 Some Structures of Biological Importance 

It is, of course, beyond the scope of this text to delve into the determination of 
complex crystal structures, but it seems worthwhile to illustrate the extent to 
which modern crystallography has been developed. A number of high-molecular- 
weight biological materials can be obtained in crystalline form, and some extremely 
difficult structure analyses have been made on such crystals. 

One of the great triumphs of x-ray crystallography is the determination of 
the structure of vitamin B 12 by Dorothy Hodgkin and her co-workers. The 
formula of this very complex molecule is shown in Fig. 20-33; it consists of two 
principal parts, a nucleotide and a coordination complex of Co(III). The cobalt 
ion is chelated to four nitrogen atoms in a square planar ring and to cyanide ion 
and another nitrogen atom along the axis perpendicular to the ring. The entire 
structure, except for the cyanide, is called cobalamin. The analysis of the many 
thousands of individual diffraction spots to finally obtain the three-dimensional 
structure of vitamin B 12 required the joint effort of a large international team of 
investigators. 

A second crystallographic triumph was the determination of the structure of 
hemoglobin, illustrated in Fig. 20-34. This is, of course, a large protein molecule, 
a principal function of which is to coordinate an iron atom (shown in the figure). 
The iron reversibly takes up a molecule of oxygen, thus giving hemoglobin its 
oxygen-carrying property. More recently, a great deal of crystallographic work 
has been done on the structure of nucleic acids, RNA (ribonucleic acid) and DNA 
(deoxyribonucleic acid). We are now dealing with molecular weights up to 
several million, and while x-ray diffraction has confirmed the double helical 
structure, complete structural analyses have not so far been possible (see 
Section 21-6). 


ch 2 ch 2 conh 



FIG. 20-33. Structure of vitamin B 12 . The cyanide attached to the Co atom is introduced during 
the isolation and crystallization procedure. 



COMMENTARY AND NOTES, SECTION 3 879 



FIG. 20-34. Structure of hemoglobin. (Courtesy of J. C. Kendrew.) 


20-CN-3 The Band Model for Solids. Semiconductors 

We have so far considered a crystal to be made up of discrete atoms in a repeat¬ 
ing structure. The wave mechanical picture, while basically not much different, 
does introduce an aspect of great importance with respect to the energy levels of 
electrons in a crystal. The point is that while completely isolated atoms would 
have energy levels as described in Chapter 16, when these are brought into proximity 
in a crystal, electron exchange begins to be possible. Suppose, for example, we 
had a crystal consisting of hydrogen atoms, or, more realistically, of hydrogen¬ 
like atoms, such as lithium. Considering first just one pair of atoms, then, as 
given by Eqs. (18-13) and (18-14), the single equal energy states of each atom 
combine to give a bonding and antibonding pair. In terms of the present dis¬ 
cussion the point is that the mixing of wave functions between two atoms generates 
a pair of new states, one above and one below the original isolated atom state. 
In a crystal some number N of atoms mix their electrons wave mechanically, 




880 


CHAPTER 20: THE SOLID STATE 



Lattice spacing 

FIG. 20-35. Splitting of energy levels as two atoms approach. 


and the result is N states distributed in a band roughly centered at the original 
isolated atom state. The degree of this mixing increases as the atoms approach, 
and the situation is shown schematically in Fig. 20-35. In the case of a crystal of 
lithium the band due to the Is states does not span enough range of energy to 
overlap with that from the 2s ones. The Is band will have N states and just 
2 N electrons, that is, two Is electrons from each atom, to exactly fill it. 

The 2s band is only half-filled, however, since only N outer electrons are present. 
There are thus many close-lying excited states accessible to these electrons, with 
the consequence that they have a Boltzmann-type distribution of kinetic energies 
and can move easily from one point to another. Hence the electrical conductivity 
of lithium. 

A metal such as beryllium would exactly fill its 2s band, but it turns out that the 
2p overlaps with it, so that again the outer electrons are able to move freely. The 
wave mechanical picture of metallic conduction is thus one of bands only partially 
filled with electrons. The mobility of the electrons is adversely affected by the 
thermal vibrations of the lattice, which disrupt its regularity. As a consequence, 
metallic conductivity tends to decrease with increasing temperature. 

The profile of a band, that is, the plot of N(E), the number of energy states, 
versus energy E, might look as in Fig. 20-36. Metals correspond to the situation 
shown in Fig. 20-36(a,b), that is, to an incompletely filled band or to overlapping 
bands. If, however, the highest energy band is completely filled and well separated 
from the next one, then electrons cannot move since there are no easily accessible 
excited states; the substance is then an insulator. An example is diamond, which 
has a completely filled band well separated from the next higher one, as in 
Fig. 20-36(c). Finally, it may happen that while a band is filled, the next higher 
one is so close that little additional energy is needed to promote electrons to it, 
as illustrated in Fig. 20-36(d). Such a substance will show an electrical conduc¬ 
tivity which strongly increases with temperature, as the electron population of the 
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FIG. 20-36. Distribution of energy states (shading indicates occupied states); (a, b) metals; 
(c) insulator; (d) semiconductor. 


upper band increases and leaves vacancies in the lower one. Such materials are 
called intrinsic semiconductors. Germanium has an energy gap of 0.72 eV, and 
gray tin one of only 0.1 eV; both behave in this manner. 

It is also possible to produce electron mobility by incorporating suitable impur¬ 
ities in the lattice of an insulator or intrinsic semiconductor. The impurity should 
be able to substitute for one of the regular lattice atoms so as not to distort the 
lattice appreciably. Suppose, for example, a boron atom is substituted for carbon 
in the diamond lattice or for silicon or germanium in their crystals. The boron 
atoms act as C+, Si + , or Ge+ ions, being one electron short, and the effect is to 
produce holes or vacancies in the highest energy band. The energy match is not 
exact, and while the boron atoms act as acceptors of electrons, some promotion 
energy is needed. Similarly, if P atoms are introduced, these act like C~, Si - , or 
Ge _ atoms, and with a little additional energy the extra electron can be promoted 
into the next higher unfilled band of the crystal. The effect of either impurity is to 
greatly increase the semiconductor property of the crystal. Such crystals also tend 
to exhibit photoconductivity since light energy can also promote electrons to allow 
conduction. 

It might be mentioned that the bands in an insulator (which do not overlap) 
are not uniform through the crystal but are bounded geometrically by zones 
called Brillouin zones the shapes of which are determined by the crystal symmetry. 
The situation can be viewed as a confinement of electrons due to their reflection 
by crystal planes. In conductors, the Brillouin zones overlap, so that free motion 
through the crystal is possible. 


20-CN-4 Crystal Defects 

Actual crystals do not consist of the perfect lattice array implicit in the discus¬ 
sion so far. First, many apparently crystalline materials are actually microcrystal- 
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FIG. 20-37. Point defects: ( a) Schottky defects; {b) Frenkel defects. 


line, that is, they consist of small crystalline domains or grains welded together 
at their boundaries. This is often true of metals and especially of alloys, which may 
really be eutectic mixtures. The presence of such domains affects the mechanical 
and electrical properties of the crystal. The x-ray diffraction pattern becomes 
essentially that for a powder, and if the domains are very small, the diffraction 
lines will also be diffuse. 

This is a macroscopic, adventitious imperfection. There are two other types 
which are always present in an otherwise perfect crystal. First, atoms or ions 
may be missing from various individual lattice sites, as illustrated in Fig. 20-37(a) 
for the case of an ionic crystal. The crystal as a whole remains electrically neutral 
so that positive and negative ion vacancies must occur in pairs. (An excess of even 
10 -10 mole of one over the other would give a crystal an electrostatic charge of 
perhaps one million volts!) This type of imperfection is known as a Schottky 
defect. The second situation is that in which an extra atom or ion has found an 
abnormal or interstitial position, as in Fig. 20-37(b); the particular situation shown 
is that in which a positive ion has left its lattice site, leaving a vacancy. Such 
defects are called Frenkel defects. 

These two types of imperfection are known as point defects. Individual atom 
or ion displacements are involved and there is a definite energy requirement 
to be met. The population of point defects in a crystal is therefore governed by the 
Boltzmann principle, and any crystal is expected to have some equilibrium con¬ 
centration of them. The fraction of such lattice vacancies will be about 10 -5 at 
1000 K, corresponding to a typical energy of 20 kcal mole -1 . More detailed 
treatments estimate the entropy as well as the energy requirement. 

A second major type of imperfection is that known as a dislocation. This is an 
organized concentration of point defects and is also termed a lattice defect. The 
presence of such defects does not represent a thermodynamic equilibrium but 
rather is a consequence of the history of formation of the crystal and of its sub¬ 
sequent mechanical experience. 

One important type of lattice defect is that known as an edge dislocation, illus¬ 
trated in Fig. 20-38. Here an extra lattice half-plane is present; the crystal below 
the slip plane AB is in tension and above it the crystal is in compression. The 
dislocation line is the slip plane at C (perpendicular to the plane of the figure). 
The dislocation emerges at the surface as a step or, conversely, pressure applied 
at the surface above AB has caused a slip of one lattice unit; the surface layers 
are in register, but the compression has localized around the dislocation line C. 
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FIG. 20-38. An edge dislocation. [From A. W. 
Adamson, “Physical Chemistry of Surfaces” 2nd ed. 
Copyright 1967, Wiley (Interscience), New York. Used 
with permission of John Wiley & Sons, Inc.] 



Continued motion of C to the left would result eventually in its emergence and the 
whole upper half of the solid would then have flowed one lattice unit. The process 
is much like moving a rug by pushing a crease down it. 

This dislocation may be characterized by tracing a counterclockwise circuit 
around C, counting the same number of lattice points in the plus and minus 
directions along each axis or row. Such a circuit closes if the crystal is perfect but 
if a dislocation is present, it does not, as illustrated in the figure. This circuit is 
known as a Burgers circuit; its failure to close distinguishes a dislocation from a 
point defect. The ends of the circuit define a vector, the Burgers vector b, and the 
magnitude and angle of the Burgers vector are used to define the magnitude and 
type of dislocation. 

The second major type of dislocation is the screw dislocation, illustrated in 
Fig. 20-39; each cube represents an atom or lattice site. The geometry of this may 



FIG. 20-39. (a) Screw dislocation. ( b) The slip that produces a screw-type dislocation. Unit 
slip has occurred over ABCD. The screw dislocation A D is parallel to the slip vector. (From W. T. 
Read, Jr., “Dislocations in Crystals.” Copyright 1953, McGraw-Hill, New York. Used by per¬ 
mission of McGraw-Hill Book Company.) 
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be imagined by supposing that a block of rubber has been sliced part way through 
and one section bent up relative to the other. A screw dislocation can be produced 
by slip on any plane containing the dislocation line AB [Fig. 20-39(b)], and the effect 
is that the crystal plane involved takes the form of a spiral ramp. A photomicro¬ 
graph of a carborundum crystal is shown in Fig. 20-40, illustrating emergent 
screw dislocations on the surface of the crystal. The presence of dislocations is 
often made evident by an examination of the crystal surface; it may help to subject 
it to a mild etching. 
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The density of dislocations is usually stated in terms of the number of dislocation 
lines intersecting unit area in the crystal; it ranges from about 10 8 cm -2 for “good” 
crystals to perhaps 10 12 cm -2 in cold-worked metals. Thus, dislocations are separ¬ 
ated by 10 2 -10 4 A; every crystal grain larger than about 100 A will normally have 
dislocations; one surface atom in 1000 is apt to be near a dislocation. Note the 
several dislocations evident in Fig. 20-32. 

Dislocations greatly reduce the mechanical strength of a crystal; a normal 
specimen of metal has an experimental elastic limit about 1000 times smaller than 
the value for the perfect crystal. Also, the presence of emergent dislocations on 
crystal surfaces is very important to crystal growth. A saturated melt or solution 
can form new crystals only with difficulty, because of the Kelvin effect (Section 8-9) 
whereby the surface energy of a small crystal adds to its molar free energy and 
hence changes its melting temperature or solubility. It is much easier for the atoms 
or ions to deposit on an existing crystal surface, and especially so if they can locate 
at a step. Crystals often grow by successive new layers starting and then sweeping 
across the surface. A screw dislocation is also very effective as a site for crystal 
growth since crystal units depositing at an emergent screw step merely rotate it. 
Surface screw dislocations have been observed to be turning slowly as a crystal 
grows, in direct confirmation of this mechanism. 


SPECIAL TOPICS 


20-ST-l Symmetry Notation for Crystals 

The crystallographer deals with the same symmetry operations as were defined 
in Chapter 17 in connection with molecular symmetry. The nomenclature is some¬ 
what different, however. A rotation axis is designated by the number giving its 
order, or relative to the Schoenflies symbols (Section 17-2), 1 = C x , 2 = C 2 , 
and so on. A rotation followed by an inversion through a center of symmetry is 
written T, 2, and so on. The symbol m denotes a plane of symmetry or mirror 
plane ; thus 2/m means the symmetry elements C 2 and o h . A succession of m’s 
means mutually perpendicular planes of symmetry; mmm denotes three mutually 
perpendicular planes. 

The lattice symmetries of the seven primitive lattices are given in the last column 
of Table 20-1. Not all the symmetry elements are generally listed, only those 
sufficient to define the lattice. Thus, for a primitive cubic lattice all other symmetry 
elements are implied by the designation m3m, which means a mirror plane, a 
threefold axis lying in the mirror plane, and a second mirror plane perpendicular 
to the first. 

The 32 point groups may be generated by considering the various symmetry 
operations consistent with each type of lattice. For example, the monoclinic 
lattice has the symmetry elements 2/m and the possible point groups are 2, m 
(or 2), and 2/m. The orthorhombic lattice has the symmetry 2/mm or mmm, and 
comprises the point groups 2m (mm2 or 2m), 22 (same as 222), and 2/mm. The 
lattice of the triclinic system has the full symmetry T but need have only the sym¬ 
metry 1. Each lattice type thus has a certain maximum possible point group sym¬ 
metry, with various lesser sets of symmetry features also being consistent with it. 
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From the point of view of a real crystal, the basis (see Section 20-1) may be 
consistent with the full lattice symmetry—a simple example being the case where 
an atom occupies each lattice point—or may be consistent with only some of the 
possible symmetry features. In this second case the crystal will belong to one of 
the less symmetric point groups for the lattice. 

A complication is that it is not sufficient to consider only point group symmetry 
elements. Some new symmetry operations enter which involve translation. The 
first is called a screw axis, designated by the integers p q , where p is the order of 
the axis (1, 2, 3, 4, or 6) and q/p is the fraction of a unit cell length whereby the 
point is translated following the rotation. Points 1, 2, and 3 in Fig. 20-41(a) 
show the operation 3 a . Points 2 and 3 are obtained by two successive 120° rota¬ 
tions and advancements of two-thirds of the unit distance. Points 1', 1", 2', and 
3' follow on carrying out unit translations. 

The second principal space symmetry element is that called a glide plane, which 
combines reflection in a mirror plane and translation parallel to the plane. A 
glide plane is designated by a, b, or c if the translation is a/2, b/2, or c/2. An a 
glide operation is shown in (010) in Fig. 20-41(b). A particular combination of 
lattice symmetry and point group symmetry, including translational operations, 
is called a space group, and the addition of the latter operations combines the 
32 point groups and the 14 Bravais lattices to yield 230 space groups. 

The nomenclature for space groups cannot be pursued very far here, but we 
can describe one scheme briefly. The first symbol is P, C, F, or I, designating the 
Bravais lattice type (see Table 20-1). This is followed by the point group symbol 
modified by the introduction of translational symmetry elements if needed. Thus 
P2Jc is related to the point group 2/m, and the space group is therefore in the 
monoclinic system. The designation indicates a primitive monoclinic lattice with 
a twofold screw axis and a glide plane perpendicular to it. 




FIG. 20-41 


Illustration of ( a ) the screw axis operation 3 2 and (b) a glide plane operation. 
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20- ST-2 X-Ray Diffraction Intensities 

We discussed in Section 20-5B how intervening (lll)-type planes of Cl" ions 
reduce, by interference, the intensity of scattering from the planes of Na+ ions in 
NaCl, and essentially cancel the intensity for K+ ion planes in KC1. The analysis 
can be put on a more general and a more quantitative basis as follows. 

We consider first a simple rectangular lattice with incident radiation such that 
reflections from (21) planes are in phase, as shown in Fig. 20-42(a), that is, the 
phase difference is 2tt. Recalling Eq. (16-25), the wave may be described by the 
mathematical form 

if) = Ae 2 ’ na/A , 

where, to avoid confusion, we use q to denote distance; A is the amplitude of the 
wave. For the set of rays shown as solid lines in Fig. 20-42, q = A, hence the state¬ 
ment that the phase difference is just 2it. Alternatively, if the point of reflection of 
the rays moves from (1) to (2), the phase of the reflected radiation changes by 2n. 
We can prorate this change; the distance from (1) to (2) is a/h, where h is the 
Miller index of the plane. A reflection from some intermediate plane, such as the 
dashed one shown, would be shifted in phase by the fraction x/(a/h ) times 2n or 
P x = (hx/a) 2 tt, where P x is the x component of the phase shift. The dashed plane 
also lies a distance y from the origin and, similarly, P y = (ky/b)2-rr. The total 
phase shift is then P x + P v — 2ir[(hx/a) + (ky/b)]. On extension to three dimen¬ 
sions, the result is 

p « - 2 ”(v + x + -f)- < 20 - 12 > 




FIG. 20-42. (a) Phase relation for scattering by a set of planes lying between (21) planes, 
(b) Scattering by an atom at position ( xja , yjb). 
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This turns out to be general for any lattice of unit lengths a, b, and c and any 
plane displaced from the point of origin of the lattice by lengths ( xja ), (y/b), and 
(z/c). 

The actual scattering is done by individual atoms of the lattice, and a unit cell 
having two kinds of atoms might appear as shown in Fig. 20-42(b). A plane of 
index (hkl) or, in the two-dimensional case, (hk) can then be passed through each 
atom, and the scattering amplitude per unit cell due to that atom is given by its 
atomic scattering factor f. The phase shift associated with reflections from the 
plane is given by Eq. (20-12), and the net amplitude for all reflections from the 
unit cell is obtained by summing each contribution to ifi in Eq. (16-25), 


F hkl = Yf e 2,rt t (hx/a)+(kvm+azlc) i. (20-13) 

i 

The quantity F hkl is called the structure factor of a crystal. The intensity of the 
diffracted radiation [due to that incident on (hkl) planes with the proper Bragg 
angle] is given by ] F hkl | 2 . Thus if an x-ray diffraction pattern can be indexed as to 
hkl values for each reflection, the measured intensity gives I Fhkl I 2 - 
We illustrate the use of Eq. (20-13) to calculate F hkl as follows. Consider first 
the case of a-Fe, which crystallizes in the bcc system. The repeating unit (which is 
what must be used) consists of iron atoms at positions (0, 0, 0) and (|, £), in 

units of the lattice unit distance a. Substitution into Eq. (20-13) gives 


F hkl = y Fe { e 2«[(A)(0)+(«(0)+(J)(0)] _|_ e 2™[<A)<i>+<*><i)+<!Xi>n 


(20-14) 


We can now calculate F for particular planes, remembering that e ix = 
cos x + i sin x. For example, the amplitude of scattering from (100) planes will be 


Fioo = (/re cos[27t[(1)(0) + (0)(0) + (0)(0)]] 
+ i sin[27r[(l)(0) + (0)(0) + (0)(0)]] 
+ cosPMOXI) + (0)(D + (0)(|)]] 
+ i sin[27r[(l)(!) + (0)(£) + (0)(|)]]} 
= / Fe [l + (0(0) + (—!) + (0(0)] = 0. 


Thus the intensity of reflections from (100) planes should be zero. This particular 
result could have been arrived at by qualitative reasoning, since in a bcc structure 
(100) planes would contain only half of the atoms, the rest lying on a second set 
of planes half way in between. Reflections from this second set would be exactly 
out of phase with those from the first set, so intensity cancellation should be 
complete. 

We next consider (200) planes and obtain 

F 2 oo =/Fe[l + (0(0) + (1) + (0(0)] = 2/ Fe . 

The amplitude is just that for the two atoms of iron in the unit cell. The amplitude 
for any other Miller index plane can be obtained by inserting the desired (hkl) 
values in Eq. (20-14). 

As a second example, we can use NaCl. The Na+ ions are at the positions 
(0, 0, 0), (|, 0, |), (|, 0), and (0, §, |) in the repeating unit and those of Cl - 
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are at (£, 0, 0), (0, £, 0), (0, 0, J), and (£, £). Equation (20-13) becomes 

=/ N + {e 2lr »[(A)(°)+(««»+< i HO)] _|_ e 2nj[(A)(l)+(J:)(0)+(i)(i)] 

_|_ e 2i7i[(A)(})+(A)(i)+(i)(0)] _j_ e 27rt[(ft)(0)+(Jfc)(J)+<J){I)]J 
_|_ / cl _{e2irf[(A)(I)+(W(0)+(M(0)] _|_ e 2iri[(A)(0)+(J:)(l)+(i)(0)] 

_|_ e 2ir<[(A)(0)+(«(0)+(i)(i)] _J_ e 2ir!'[(A)(i)+(*:)(i)+(I)(})]^ 

The amplitude for (111) planes becomes 


(20-15) 


fin = / Na +[1 + (0(0) + (1) + (0(0) + 1 + (0(0) + 1 + (0(0)] 

+ /ci-[-1 + (0(0) + (-1) + (0(0) + (-1) + (0(0) + (-D + (0(0)] 

= 4/ Na+ - 4 /ci-- 


There will be a net intensity, but one proportional to (/ Na + — /ci-) 2 > and thus 
reduced in value. This is illustrated in Fig. 20-27, which shows the Bragg intensity 
pattern for reflections from (lll)-type planes of NaCl. In the case of KC1,/ k+ is 
about equal to f c i-, hence the nearly zero intensity of first-order reflections 
from (lll)-type planes in this case. 

Returning to the NaCl case, note that F in could be either positive or negative, 
depending on the relative values of / Na+ and f cl - , but also on which set of ions 
is taken to be sodium. Standard tables of / values for atoms and ions allow the 
first point to be determined, but the sign of F in is needed to establish which ions 
are which in the unit cell. A basic problem in crystal diffraction measurements is 
that intensities give only | F hla \ 2 values and not the signs of the structure factors. 
As discussed in the Commentary and Notes section, it is the latter that are needed 
to obtain the actual assignment of atoms in the unit cell. 

It should be mentioned that the intensity of a diffraction line or spot depends not only on the 
Fhkl value for each plane but also on some essentially trivial geometric factors which have to do 
with the general angular dependence of diffraction. First, the intensity of scattering of electro¬ 
magnetic radiation is intrinsically angle-dependent [note Eq. (10-49)]. As a consequence, the 
intensity will, for this reason alone, vary as (1 + cos 2 28). Second, if we imagine a crystal being 
rotated through the Bragg angle for a given reflection, the time spent in the region of this angle is 
a function of 8. For powders we can speak alternatively of the fraction of randomly distributed 
crystals which are properly oriented for a given reflection. The factor allowing for this effect is 
of the form 1 /(sin 2 8 cos 8). The general scattering intensity will fall off with increasing 8 as a 
result of these factors, and the Bragg reflections thus appear as peaks on a descending curve of 
intensity. It is after correction for these geometric effects that one obtains actual F\ kl values. 


20-ST-3 Lattice Energies 


A. Rare Gas Crystals 


The total cohesive energy of a crystal may in principle be calculated if one has 
detailed knowledge of the forces of attraction and of repulsion between molecules. 
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In practice, the calculation has been limited almost entirely to lattices whose points 
are occupied by atoms or ions. 

A rare gas crystal represents about the simplest possible case. The structure is 
fee and the usual assumption is that the Lennard-Jones potential function 

e(r) = -ar- 6 + 0r~ 12 [Eq. (1-71)] 


is applicable. The first term on the right gives the attractive potential due to dis¬ 
persion (Section 8-ST-l), and the second amounts to a mathematically convenient 
way of providing a rapidly increasing potential at small distances. In the case of a 
cubic lattice, the distance d from an origin to some other point is just 

d = (x 2 + y 2 + z 2 ) 1/2 or d = a{m 2 + m 2 2 + m 3 2 y/ 2 , (20-16) 


where a is the side of the unit cell and the m’s are integers. The potential energy 
€ of an atom in the interior is obtained by summing the interaction potential over 
all lattice sites, 


2e = —a a 


1 


l ( m \ + m 2 + m 3 2 ) 3 

(m 1 +m 2 +m 3 ) even 1 i 3 ' 

1 


+ Pa ~ 12 E 




or 


2e = -aa~ e A a + pa~ 12 B a . 


(20-17) 


The sums are restricted to even values of ( m 1 + m 2 + m 3 ) since a fee structure cor¬ 
responds to a simple cubic one in which every other site is vacant; this means, 
however, that a is taken to be one-half the side of the full fee unit cell. The sums 
are set equal to 2e to compensate for the double counting of atoms, that is, each 
interaction is a mutual one, only half of which should be assigned to the particular 
atom in question. It is apparent that t is just the energy of vaporization of an 
atom, that is, the energy to remove one atom entirely from the lattice, the structure 
then closing up to eliminate the vacancy created. 

The sums A a and B a in Eq. (20-17) are geometric ones whose values are indepen¬ 
dent of a, and the coefficients a and /3 may be estimated from the nonideality of 
the behavior of the corresponding gas (Section 1-ST). It has been possible to make 
in this way fairly good calculations of energies of vaporization. 


B. Ionic Crystals 


The application of the foregoing procedure to ionic crystals has been of much 
more interest and importance. One now usually neglects the dispersion term, 
considering that the Coulombic attraction between unlike ions dominates the 
attractive part of the potential, which may be written as 


<r) 


ZiZ 2 e 2 _j_ be*_ 

~ n 


(20-18) 


where z 1 and z 2 are the charges on the ions in question and the repulsion term is 
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left open as to the exponent of r. The constant for this latter term is written as 
be 2 purely as a matter of algebraic convenience. 

In the case of NaCl, a sodium ion experiences repulsions from other sodium 
ions as given by 


2<=Na + -Na + — e * a 1 Y. 

1%+mj+n 

+ be 2 a~ n Y 


1 


{m ' + + W 3 2 ) 1/2 

1 _ 

. (wj 2 + m 2 2 + m 3 2 ) n / 2 

'even 


(20-19) 


(m 1 +wi2+m 3 ) ev en 


The attraction between Na+ and Cl - ions is given by a similar sum, but now 
restricted to (m l + m 2 + ni 3 ) olifi (why ?). Again the sums are geometric ones which 
can be evaluated, and the total potential energy for a pair of Na+, Cl - ions is 
usually written in the form 


€ 


Ae 2 Be 2 

a a n ’ 


( 20 - 20 ) 


where A and B are essentially these geometric sums, A being known as the 
Madelung constant and B also containing the constant b. Unlike the case with a 
rare gas crystal, it is difficult to evaluate b directly, and we therefore treat a as a 
parameter which is at the equilibrium value when de/da = 0. On carrying out the 
differentiation, an expression for B in terms of A is found, whereby the former 
may be eliminated from Eq. (20-20) to give 


«o = 



(20-21) 


where e 0 and a 0 are now the equilibrium energy and distance (again a 0 is half the 
side of the unit cell). The lattice energy E 0 is defined as the energy released in the 
formation of one mole of the crystal from the gaseous ions, E 0 = — N 0 e 0 . 

This approach may be extended to any ionic crystal, A now being the geometric 
sum appropriate for the lattice type, 


Eo 


N 0 Ae 2 Z 2 /j _ h 
a 0 \ n) 


(20-22) 


where Z is defined as the highest common factor of the ionic charges (one for 
NaCl, Na 2 0, A1 2 0 3 ,..., and two for MgO,Ti0 2 ,...). Table 20-4gives the Madelung 
constants of several common minerals. The repulsion exponent n may be estimated 
from the compressibility of the crystal; values range from 6 to 10 for various 
substances. A slightly better treatment appears to result if the repulsion term is 


TABLE 20-4. Madelung Constants 


Structure 

Madelung constant 

Structure 

Madelung constant 

NaCl 

1.7476 

Ti0 2 (rutile) 

4.816 

CsCI 

1.7627 

Ti0 2 (anatase) 

4.800 

ZnS (zincblende) 

1.6381 

Cdl 2 

4.71 

ZnS (wurzite) 

1.641 

Si0 2 O quartz) 

4.4394 

CaF 2 (fluorite) 

5.0388 

A1 2 0 2 (corundum) 

25.0312 
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written as the exponential be~ r/p , in which case the procedure yields 


N 0 Ae 2 Z 2 


1 - “I- 

- p > 


(20-23) 


Of course, a 0 is obtainable from x-ray diffraction studies, so the lattice energies 
of simple crystals may be calculated absolutely. Strictly speaking, the result is for 
0 K; the differential dG/da rather than de/da is needed otherwise to give the 
equilibrium condition, G being the lattice free energy. 


C. The Born-Haber Cycle 

Lattice energies can be related to other thermodynamic quantities by means of 
a cycle known as the Born-Haber cycle. The formation of a solid salt MX from 
the elements may be formulated in two alternative ways: 

MX(c) —~ E ° - M + Q?) + X-(*) 

AH, I-A (20-24) 

M(c) + iX 2 (g) S + iD > M(g) + X(g) 

where I is the ionization potential of the gaseous metal atom, A the electron 
affinity of the gaseous halogen atom, D the dissociation energy of X 2 (g), S the 
sublimation energy of the metal, and AH t the heat of formation of MX(c) from 
the elements. The change in energy must be independent of path, so AH t is equal 
to the algebraic sum of the other quantities: 

AH t = S+ \D + I-A -E 0 . (20-25) 


TABLE 20-5. Thermochemical Data and Electron Affinities at 0 K 1,1 


Salt 

-AH t 
(298 K) 

S 

(298 K) 

(298 K) 

H , e 

h 2 < 

I 

E 0 

(Theory) 

A 

[from Eq. 
(19-22)] 

NaF 

136.3 

25.9 

18.9 

3.0 

1.9 

118.4 

218.7 

79.7 

KF 

134.5 

21.5 

18.9 

3.0 

2.3 

100.0 

194.4 

79.8 

LiCI 

96.0 

38.4 

28.9 

3.0 

1.8 

124.4 

202.0 

84.5 

NaCl 

98.2 

25.9 

28.9 

3.0 

2.5 

118.4 

185.9 

85.1 

KC1 

104.2 

21.5 

28.9 

3.0 

2.8 

100.0 

169.4 

85.1 

RbCl 

103.4 

19.5 

28.9 

3.0 

3.0 

96.3 

164.0 

84.2 

CsCl 

106.9 

18.7 

28.9 

3.0 

3.3 

89.7 

155.9 

88.7 

NaBr 

86.0 

25.9 

26.8 

3.0 

2.8 

118.4 

176.7 

80.2 

KBr 

93.7 

21.5 

26.8 

3.0 

3.0 

100.0 

162.4 

79.6 

Nal 

68.8 

25.9 

25.5 

3.0 

3.1 

118.4 

165.4 

73.3 

KI 

78.3 

21.5 

25.5 

3.0 

3.2 

100.0 

153.0 

72.5 


* Data given in kilocalories per mole. 

6 Adapted from B. E. Douglas and D. H. McDaniel, “Concepts and Models of Inorganic 
Chemistry.” Ginn (Blaisdell), Boston, Massachusetts, 1965. 
c Enthalpy to take M(g) and X(g) from 298 K to 0 K. 

4 Enthalpy to take MX(c) from 298 K to 0 K. 










SPECIAL TOPICS, SECTION 4 893 


Equation (20-25) may be used in various ways. Since the electron affinity A is 
the least accurately known, one use of the equation is to obtain an indirect value 
for it. The various quantities are given in Table 20-5 for several alkali metal 
halides. Note that all of the quantities make an appreciable contribution to E 0 . 


20-ST-4 Ionic Radii 

It was pointed out in Section 20-4 that nearest-neighbor atoms or ions in a 
crystal are regarded as being in contact; the more correct statement is that they 
have approached to the point of being at the potential minimum or balance 
between attraction and repulsion. In effect, we define the crystal size of atoms or 
ions on this basis. Thus in NaCl the side of the unit cell is, by definition, equal to 
2r Na+ + 2r cl _ ; the body diagonal in CsCl is, again by definition, equal to 
2fcs+ "I - 2r c i_. 

Crystal lattice dimensions thus in general give a sum of radii for a pair of 
oppositely charged ions and some additional information is needed if individual 
ionic radii are to be obtained. Since molar refraction is a measure of atomic or 
ionic volume (Section 3-3), one method has been to use this as a basis for dividing 
the internuclear distance. The currently accepted procedure, however, is one 
due to Pauling whereby isoelectronic ions (such as K + and Ch, or Na+ and 
F _ ) are taken to have radii inversely proportional to their effective nuclear charge 
(Section 16-3). Thus for NaF, r Na+ + r F _ =2.31 A and the screening constant a 
is taken from spectroscopy to be 4.5, so that the respective Z en values are 
11-4.5 = 6.5 and 9 - 4.5 = 4.5. We write (C/6.5) + (C/4.5) = 2.31, whence 
the constant C = 6.14 for ions of the neon configuration. The radius of Na + is 
then 6.14/6.5 = 0.95 A and that of F _ is 6.14/4.5 = 1.36 A. One may proceed to 
estimate radii for a hypothetical ion, such as O - ; Z eft is now 8 — 4.5 = 3.5, so 
r 0 ~ = 6.14/3.5 = 1.75 A. 

By applying these assumptions to crystallographic data for sums of radii, Pauling 
has calculated a number of crystal radii for ions of various charges, a selection of 
which is given in Table 20-6. It is to be remembered that these rules are semi- 
empirical, so that particular sums of radii may come close to but will not in 
general give the measured crystallographic sum exactly. 


TABLE 20-6. Crystal Radii 


Li+ 

Be 2+ 

B 3 + 

C 4 + 

N 5+ 

N 3 - 

o 2 - 

F- 

Ne 

0.60 

0.31 

0.20 

0.15 

0.11 

1.71 

1.40 

1.36 

1.22 

Na + 

Mg 2+ 

Al 3 + 

Si 4+ 

p5+ 

P 3 - 

s 2 - 

ci- 

Ar 

0.95 

0.65 

0.50 

0.41 

0.34 

2.12 

1.84 

1.81 

1.54 

K+ 

Ca 2 + 

Sc 3+ 

Ti 4+ 

y6+ 

— 

Cr 6+ 

Mn ,+ 

— 

1.33 

0.99 

0.81 

0.68 

0.59 

— 

0.52 

0.46 

— 

Cu + 

Zn 2+ 

Ga 3+ 

Ge 4+ 

As 5+ 

As 3- 

Se 2 - 

Br- 

Kr 

0.96 

0.74 

0.62 

0.53 

0.47 

2.22 

1.98 

1.95 

1.69 


° Data given in angstroms. 

6 See L. Pauling, “The Nature of the Chemical Bond,” 3rd ed. Cornell Univ. Press, Ithaca, 
New York, 1960. 
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Points to notice are that in an isoelectronic series of ions the radius decreases 
steadily with increasing net positive charge, attributed to the increasing mutual 
attraction of the electrons. Conversely, ions increase in size with increasing net 
negative charge. The comparison between M s+ and M 3_ for the Group V ions 
dramatically illustrates this charge effect. Note, too, that the radius of O 2- is 
1.40 A as compared to 1.75 A for O - . 

Knowledge of the individual ionic radii helps to understand why certain MX 
crystals have the NaCl structure, others the ZnS one, and still others that of 
CsCl. Considering first the NaCl structure, the face of the unit cell appears as 
shown in Fig. 20-43(a), where r 2 is the radius of the smaller of the two ions, 
ordinarily that of the cation. The oppositely charged ions are in contact, but not 
the like charged ones. However, as r 2 is decreased relative to a point is reached, 
shown in Fig. 20-43(b), such that the larger, like charged ions have just come in 
contact. This condition is known as one of double repulsion, meaning that further 
approach will be resisted not only by Coulombic repulsion but also by the general 
strong repulsion of the electronic clouds [as given by the l/r n term in Eq. (20-18)]. 
One would expect the lattice energy of the crystal to decrease dramatically from 
this point on. The radius ratio r 2 jr x for this critical condition can be calculated 
from the geometry of the situation. The right angle triangle shown in the figure 
yields the relationship (2/ , 1 ) 2 + (2 r^f = (2r 1 + 2r 2 ) 2 , whence r 2 /r 1 = 0.41. 

The condition for double repulsion in the CsCl structure may similarly be cal¬ 
culated to be r 2 /r x = 0.73, and that for the ZnS structure to be 0.22. The energetics 
of the situation is illustrated in Figure 20-44. In the absence of double repulsion 
the CsCl structure should have the largest lattice energy since each ion has eight 
nearest neighbors. However, when the radius ratio drops to 0.73, double repulsion 
sets in, and the CsCl structure becomes unstable relative to the NaCl one, with six 
nearest neighbors. This in turn yields to the ZnS structure with four nearest 
neighbors when r 2 jr l drops below 0.22. 

These radius ratio effects, as they are called, can be invoked in explanation of a 
number of the shifts in structure that occur in the various series of MX, MX 2 ,... 
ionic lattices. 



FIG. 20-43. (a) Face of the unit cell of the NaCl structure. ( b) Condition of double repulsion — 
negative ion-negative ion contact just occurs. 
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r 2 I r l 

FIG. 20-44. Qualitative variation of lattice energy with radius ratio for CsCl, NaCl, and ZnS 
structures. 
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EXERCISES 


20-1 Explain what the Miller indices are for the planes of set III in Fig. 20-10. 

Ans. (130). 

20-2 Explain how many ions of each kind are present in the unit cell of (a) BN, (b) ZnS, and 
(c) ZnO. 


Ans. (a) two of each, (b) four of each, (c) two of each. 
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20-3 Explain how many ions of each kind are present in the unit cell of (a) CaF s , (b) Ti0 2 , 
and (c) diamond. 

Arts, (a) four Ca, eight F; (b) two Ti, four O; (c) eight. 

20-4 The element Po has a simple cubic structure of side a = 3.34 A. Calculate the density of 
Po. 

Ans. 9.4 g cm -8 . 

20-5 The density of solid Xe is 2.7 gem -8 at —140°C, the unit cell being ccp. Assuming no 
change in the radius of Xe, calculate the density of a bcc crystalline form. 

Ans. 2.48 gem* 8 . 

20-6 Show that d lm : d 110 : d nl = 1:1/ V2 : 2/V3, referring to type planes of a fee structure. 

20-7 Calculate the surface density of ions of either kind in (llO)-type planes of NaCl; a = 
5.627 A. 

Ans. 8.93 X 10 u ions cm" 8 . 

20-8 If a fee crystal of an element gives a diffraction peak at 0 = 6°30' for (240) planes (actual), 
at what angle will a peak occur for diffraction from (264) planes? 

Ans. 10°55'. 

20-9 Calculate the density of Pb from the data of Section 20-5C. 

Ans. 11.4gcm~ s . 

20-10 Extend the listing of h 1 + k 1 + / 2 values of Table 20-2 up to 35, giving for each the 
possible ( hkl) value(s). 

20-11 Show that the close packing of spheres leaves 26 % void space. 

20-12 Show that the diamond structure given in Fig. 20-19 does indeed lead to a C—C—C angle 
of 109°28'. 

20-13 The density of CaO is 3.35 g cm -8 . The oxide crystallizes in one of the cubic systems, 
with a = 4.80 A. How many molecules of CaO are in the unit cell and which type of 
cubic system is it? 

Ans. four; NaCl type. 

20-14 The element Mo crystallizes in one of the cubic systems. A diffraction experiment using 
1.089 A x rays and a powdered sample showed reflections at 9°58', 14°14', 17°31', 20°18', 
22°50', 25°13', 27°19' (and further ones at higher angles). Show which cubic system is 
involved and calculate the value of a (the side of the unit cell) and the density of Mo. 

Ans. bcc, 3.14 A, 10.3 g cm- 8 . 

20-15 The element Ta crystallizes in the bcc system. If d z , 0 (actual planes) is 0.900 A and 
0.400-A x rays are used, calculate (a) the density of Ta, and (b) the angle of incidence at 
which there should be the first-order Bragg reflection from (230 )-type planes (careful!). 

Ans. (a) 17.6 g cm - 8 , (b) 26°23'. 
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PROBLEMS 


20-1 The repeating unit for KI0 3 is a cube with edge a = 4.46 A. The atoms occupy the 
following points: K in (0, 0,0); I in (|, £); O in (0, |, ^), 0, ^), and ( 5 , 0). The 

values give the coordinates of the center of the atom in fractions of a. How many oxygen 
atoms are the closest neighbors of each I ? Of each K ? What spatial figure is formed by 
those oxygen atoms that surround an I atom? Find the shortest distance between I and 
O; between K and O. 

20-2 BeS is found to be cubic from microscopic examination. A powder pattern obtained with 
Cu x rays (1.539 A) gives lines at the following values of sin 2 6: 0.0746; 0.0992; 0.2011 ; 
0.2767; 0.3019; 0.4030; 0.4786; 0.5027; 0.6038; 0.6789. Show which type of cubic lattice 
is present (index the sin 2 8 values; that is, assign values of hkl to each). Calculate the 
side of the unit cell and the number of atoms per unit cell (the density is 2.36). 

20-3 The mineral spinel contains 37.9% Al, 17.1 % Mg, and 45% oxygen. The density is 
3.57 g cm -3 . The smallest unit (unit cell) in the crystal is a cube of edge 8.09 A. How 
many atoms of each kind are in the unit cell ? 

20-4 Cuprous chloride (CuCl) forms an NaCI-type lattice. Its density is 4.135 gem -3 and the 
strongest reflection of x rays was obtained from the set of ( 111 )-type planes at an angle of 
6°30'. Calculate the wavelength of the x rays. 

20-5 The distance between d 23 , planes in tantalum is 1.335 A. Tantalum forms a face-centered 
lattice. Calculate the density of tantalum. 

20-6 Calculate the size of the sphere which can be accommodated in the octahedral hole of the 
fee structure; cube edge = a, atom radius = r. 

20-7 Calculate the structure factors for the (111) and (213) planes of NaCI in terms of the atomic 
structure or scattering coefficients. See Section 20-ST-2. 

20-8 Show that the presence of one twofold axis at a lattice point of the two-dimensional 
oblique lattice implies all the other axes shown in Fig. 20-2(b). 

20-9 List the symmetry elements of a square lattice. Indicate these in the manner of Fig. 
20-2(b). (See also Section 20-ST-l.) 

20-10 Explain to what point group the mosaics of Fig. 20-1 belong. 

20-11 What is the highest order diffraction line of (100) that can be observed from a CsCl 
crystal with x radiation of 1.54 A? (Remember that sin 8 cannot exceed unity.) 

20-12 The sin 2 8 values observed ona sample of MgO powder with 0.710 A x rays are as follows; 
0.02134, 0.02857, 0.05734, 0.07846, 0.08613, 0.11437, 0.13671, 0.14358, 0.17219, 0.22939, 
0.25836. Show to which type of MX cubic lattice the data correspond and the side of the 
unit cell. The density of MgO is 3.58 gem -3 . [Data from Wyckoff (1931).] 

20-13 Using Eq. (20-4), calculate d hk ila as a function of eja for a tetragonal lattice. Cover the 
range eja = 2 to c/a = 0.2, and A 2 + k 2 + / 2 values up to 10. Plot the results as log 
(d hkl ja) versus c/a, using semilogarithmic graph paper. Graphs of this kind are useful in 
fitting powder diffraction data. As an example, the data of Problem 20-12 can be con¬ 
verted to a series of numbers proportional to the corresponding d’s. If these numbers are 
marked on a strip of the same semilogarithmic scale, the strip can be slid up and down 
along the c/a = 1 line until a match is obtained; the (hkl) values can then be assigned 
directly. 
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20-14 Spheres of 1.5 A diameter are in a close-packed arrangement. Calculate the side of the 
unit cell if the arrangement is ccp and the values of a and c if it is hep. 


SPECIAL TOPICS PROBLEMS 


Problems marked with an asterisk require fairly lengthy calculations. 

20-1 Calculate F htcl for the first four diffraction lines (of nonzero intensity) for diamond. 

20-2 Calculate F hkt for h 2 + k 2 + l 2 = 1, 2, 3, 4, 5 for a fee metal whose atomic scattering 
factor is 11. 

20-3 Explain the alternative symmetry notation for the point groups (a) C 26 , (b) 2 mm, (c) 
2 /m, 2/m, 2/m, (d) C 4V ■ 

20-4 Calculate the lattice energy for NaCl assuming n = 8. 

20-5 Calculate the lattice energy for CaF 2 assuming n = 8. The parameter a„ is taken to be the 
Ca-F distance. 

20-6 Calculate the lattice energy of AgCl from the following data. Heat of vaporization to 
give AgCl(^) is 54; heat of reaction Ag(g) + Cl(^) = AgCl(^) is —72; electron affinity 
of Cl is 84; ionization energy of Ag(g) is 174 (all values in kilocalories). 

20-7 Calculate the proton affinity for ammonia, that is, E for the process NH S (^) + H + (g) — 
NH« + (#), from the following data. Heat of vaporization of NH 4 C](s) to NH, + (^) and 
Cl-(^) is 153; proton affinity of Cl~(#) is 327; heat of formation of NH 4 Cl(.v) from 
HCl(^) and NH,(^) is —42 (values in kilocalories). 

20-8 Show that the value of the radius ratio rjr t for onset of double repulsion in CsCl is 0.73. 

20-9 Estimate from the data of Table 20-6 the screening constant that is used in proportioning 
ionic radii between ions isoelectronic with argon. 

20-10 ScN crystallizes in the NaCl structure. Calculate the side of the unit cell and the expected 
density. 

20-11* Evaluate the sums A a and B a of Eq. (20-17) using a sufficient number of terms to be 
reasonably assured of convergence. Using estimated values of o and jS (note Section 
1-ST-l), calculate the heat of vaporization of argon. 

20-12* Calculate the relative intensities for the NaCl reflections h 2 + k 2 + / 2 = 1, 2, 3, 4, 5, 
6 , 7, 8, 9,10. Include angular dependence factors of Section 20-ST-2; assume x rays of 
1.54 A and that the atomic scattering factors are 4 and 8 for Na + and Cl“, respectively. 



CHAPTER TWENTY-ONE 


COLLOIDS AND 
MACROMOLECULES 


The twin topics of this chapter have vast extensions into applied areas, ranging 
from the behavior of detergents, emulsions, suspensions, and gels, to the proper¬ 
ties of synthetic and biological polymers. We will be dealing with particles small 
enough or molecules large enough that their size, shape, and interfacial properties 
play a major role in determining behavior. Particle-particle interactions may be 
of great importance; these will be of the van der Waals type, including hydrogen 
bonding. One of the very significant contributions of colloid chemistry to funda¬ 
mental science has been to the elucidation of the nature and manner of propaga¬ 
tion of such secondary interactions. Modern colloid chemistry is in fact far more 
interesting and important than the meaning of the word colloid —gluelike— 
would imply! 

The physical chemistry of macromolecules overlaps with that of colloidal sys¬ 
tems. There are many experimental techniques which are common to the two 
subjects. In addition, however, polymer chemistry is concerned with reaction 
kinetics and with the stereochemistry of the primary or chemical bonding of the 
molecule. 

The plan of the chapter is as follows. We take up first the topic of lyophobic 
colloids—a more complex subject than might at first be imagined—then lyophilic 
colloids and an excursion into rheology. Because of the difficulty in covering the 
field in any really adequate way, only a few rather descriptive aspects of polymer 
chemistry are presented. We conclude with a Special Topics section on electro- 
kinetic phenomena, a part of surface chemistry not so far considered. 


21-1 Lyophobic Colloids 

The term “lyophobic” means solvent-hating, and the class of lyophobic colloids 
includes all dispersed systems in which the dispersed material is neither in true 
solution nor aggregated. A gold or silver iodide sol (a sol being a suspension of 
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solid particles in a liquid medium) is an example of a lyophobic system. The 
particles tend to stay separated from each other; they are not strongly solvated 
nor do they otherwise interact with the solvent, in contrast to gel-forming sub¬ 
stances. We consider here only one aspect of the subject, namely the theoretical 
explanation of why it is that lyophobic colloids are fundamentally unstable toward 
flocculation on the one hand, and why, on the other hand, the rate of flocculation 
may be very slow. As an example of this last point, some of Michael Faraday’s 
gold sols—not yet flocculated—are still to be seen in the British Museum. There 
must evidently be present forces both of attraction and of repulsion. 

The attraction is due to van der Waals forces, often mainly dispersion in type 
(see Section 8-ST-l), and the repulsion is due to the electric field around each 
particle. Both forces can be long-range, that is, extend over hundreds of angstroms. 
Being quite general in nature, these forces play an important role in any nonideal 
condensed system, which, incidentally, means virtually all biological ones. The 
importance of lyophobic colloids is partly that their study has served as a means 
for the experimental characterization of long-range forces. 


A. Long-Range Dispersion Forces 

The dispersion attraction between two like atoms is given by Eq. (8-61), which 
we will write in the simplified form 

«x)=-±, (21-1) 

where A = f/jv 0 a 2 , a. being the polarizability of the atom and hv 0 , its ionization 
potential. This is a general force of attraction, largely independent of the chemical 
nature of the atom; it arises from small, mutually induced perturbations in the 
electron clouds and is additive (to a first approximation). A representative value 
of A would be 10~ 80 erg cm 6 . 

A consequence of the additive nature of dispersion interactions is that an atom 
near a large body of matter experiences a total attraction given by integrating 
Eq. (21-1) over the length, breadth, and depth of the body. For a semi-infinite 
slab, the result is 

€ (-'-)atom-slab = ’ (21-2) 

where n is the number of atoms in the slab per cubic centimeter. To get the attrac¬ 
tive force between two slabs, we must consider a column of atoms in the second 
one, as illustrated in Fig. 21-1, and integrate over its depth. The result for two 
infinitely thick slabs is 

1 H 

^-"Oslab-slab = 12ir 3d* ’ (21-3) 

where H is called the Hamaker constant (alternatively given the symbol A), and 
is equal to 7r 2 n 2 A. For two closely approaching spheres, 

" - T§ • < 21 - 4 > 

where a is the radius and x is the surface-to-surface distance, assumed to be small 
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FIG. 21-1. Van der Waals forces between a surface and a column of molecules. [From A. fV. 
Adamson, “Physical Chemistry of Surfaces,” 3rd ed. Copyright 1976, Wiley ( Interscience ), New 
York. Used by permission of John Wiley & Sons, Inc.] 


compared to a. A typical value for H is about I0~ 13 erg. These interaction poten¬ 
tials are long-range in the sense that they fall off only slowly with distance, that is, 
as 1 /x 2 or as 1 /x. 

Consider two spherical colloidal particles of 1 ^ (10* 1 cm) radius, for which H is 10 _1> erg, 
so that from Eq. (21-4) c(jc) = —10 -18 /jc erg. At 100 A or 10"* cm separation, <x) is therefore 
—10 -12 erg. This is a small quantity, but much larger than the kinetic energy of the particles kT, 
which is 4 x 10~ 14 erg at 25°C. 

As the example demonstrates, once two colloidal particles are in each other’s 
vicinity, either as a result of diffusion or of the action of convection currents, they 
should drift together and seize. The repulsive potential that prevents this is now 
discussed. 


B. Electrostatic Repulsion. The Diffuse Double Layer 

We consider first a single particle, large enough for its surface to be treated as 
flat, and having a surface charge a 0 per square centimeter and corresponding 
potential </> 0 . The particle is in a liquid medium containing an electrolyte of con¬ 
centration n 0 , which we take to be uni-univalent in type. We further assume </» 0 to 
be positive so that negative ions of the electrolyte are attracted to the surface and 
positive ions are repelled. The potential energy of an ion in a potential tfi is just 
ei/j, so by the Boltzmann principle the concentration of ions in a region near the 
surface is 

n - = n ti e e ' I ‘ lkT , n + = n 0 e~ e ' ilkT , (21-5) 

where </> is the potential at some distance x away from the surface. The net charge 
density at this point is then 

p — e(n+ — n _ ) = —2n 0 e sinh (21-6) 

[remembering that sinh x = %(e x — e~ x )]. The derivation is so far entirely anal- 
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ogous to that of the Debye-Hiickel theory [compare Eq. (12-76)], and we proceed 
to invoke the Poisson equation (12-77), thus obtaining 

W-^sinhii [Eq. (12-78)], 


where D is the dielectric constant of the medium. 

The derivation now takes a turn from the Debye-Hiickel one since in the present 
case V 2 i/i is just d 2 i/i/dx 2 and Eq. (12-78) can be integrated directly. The result is 
somewhat complicated, but if etp/kT (for ions of charge z, zeipIkT) is small com¬ 
pared to unity, one obtains the simple result 

(21-7) 


where k is the Debye-Hiickel constant, defined for a uni-univalent electrolyte by 
Eq. (12-80), 


87rn 0 e 2 

DkT 


( 21 - 8 ) 


The potential thus decays exponentially with distance into the solution. 

The behavior of Eq. (21-7) is illustrated in Fig. 21-2 for >/i 0 = 25 mV (1 mV = 0.001 V); for a 
singly charged ion the corresponding potential energy is 23 cal mole -1 ; 25 mV therefore corre¬ 
sponds to about k T at 25°C. Notice that the range of i/j is about 100 A for fairly typical electrolyte 
concentrations, and that </> drops off more rapidly the higher the concentration and the higher 
the valence of the electrolyte ions. 

The physical situation is that for a surface of potential ifi 0 ; the nearby solution 
has an excess of negative over positive ions, or a net charge density p which, along 
with i/(, diminishes approximately exponentially with distance. The system as a 
whole is electrically neutral, so that the surface of the solid must have a surface 





FIG. 21-2. The diffuse double layer. 
[Courtesy K. J. My sets.] 
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FIG. 21-3. The diffuse double layer as equivalent to a plane of excess charge in solution at 
distance 1/k from a surface of equal but opposite charge. 


charge density as illustrated in Fig. 21-3, 

o 0 = — f pdx. (21-9) 

J o 


The picture is one of a positively charged surface and a counterbalancing net 
excess of negative charge in the neighboring solution. This last is diffuse, and the 
system is called a diffuse double layer. The potential i/j has decayed^ to 1/e of i/; 0 
at a distance 1/k, and consequently the electrical “center of gravity” of charge in 
the solution may be regarded as located at a distance 1 /k from the surface. In the 
case of the Debye-Huckel theory, 1/k is the radius of the ionic atmosphere. 

If two charged surfaces, such as those of two colloidal particles, approach, the 
repulsion depends on the value of >p at the midpoint. The derivation will not be 
given here [see Adamson (1976)] but only an approximate result: 

e(x) = 64n « kT . (21-10) 

where y = (e y °l 2 — l)/(e v<>i2 + 1), y 0 = zeifiJkT, n 0 is in molecules per cubic 
centimeter, and e(x) is the repulsion potential in ergs per square centimeter. 

Suppose that y 0 = 1, x = 10 -8 cm, and the concentration of uni-univalent electrolyte is 
0.001 M, so that « is about 10' cm -1 (and kx — 1). We obtain 


<(■*) = 


64(0.001 )(10 _3 )6.02 x 10 23 kT ( 1.65 - 1 


10 6 


/ 1.65 — 1 \ 2 

- 0.135 = 3.13 x lO 11 ^ erg cm - 

V 1.65 + 1 / 


C. Flocculation of Colloidal Suspensions 

The flocculation or coming together of colloidal particles can be examined in 
the light of the preceding estimates of the attraction and repulsion potentials. The 
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FIG. 21-4. The effect of electrolyte concentration on the interaction potential energy between 
two spheres. (From E. J. fV. Verwey and J. Th. G. Overbeek, “Theory of Lyophobic Colloids .” 
Elsevier, Amsterdam, 1948.) 


approximate net potential is given by the sum of Eq. (21-3) or Eq. (21-4) and 
Eq. (21-8), 


e(x) = 


64n 0 kT 

K 


y2^—2 KX 


1 H 
\h t x 2 ' 


( 21 - 11 ), 


The function e(x) is illustrated in Fig. 21-4. We assume particles of radius about 
10~ 5 cm or area about 3 X 10 _10 cm 2 in applying Eq. (21-3). At small k or low 
electrolyte concentration the electrostatic repulsion is strong and the colloidal 
particles will be virtually unable to approach each other; the suspension should 
be relatively stable. The barrier diminishes with increasing electrolyte concentration 
and eventually disappears. 

One may, in fact, calculate the critical electrolyte concentration such that the 
barrier is just zero from the condition that e(x) = 0 and de(x)/dx = 0. The result¬ 
ing equation gives n 0 ( orlt ) as proportional to 1/z 6 . Thus for a z-z electrolyte, equiv¬ 
alent conditions with respect to producing flocculation should be in the order 
1 '• d) 6 •' (s) 6 or 100 :1.6 :0.13 for 1-1, 2-2, and 3-3 electrolytes, respectively. This 
is essentially the experimental observation as embodied in what is known as the 
Schulze-Hardy rule. 

Another factor, not explicitly mentioned so far, is that while <ft 0 reflects the 
intrinsic nature of the particle-medium interface, it may be modified by adsorbed 
ions. The potential of colloidal Agl particles is, for example, very dependent on the 
concentration of Ag+ or I - ions in the solution and in general would be affected 
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by the presence of any other adsorbable ions. One may thus vary (/<„ as well as 
electrolyte concentration, and studies of this type have allowed approximate 
experimental values of the Hamaker constant H to be calculated from flocculation 
rates. 

The basis of the calculation is that the flocculation rate should be just the 
encounter rate given by Eq. (15-26) modified by the factor exp(— e*/kT), where 
e* is the height of the barrier (such as shown in Fig. 21-4). Thus e* may be cal¬ 
culated from the measured flocculation rate and, by means of Eq. (21-11), related 
to H. 

It should be mentioned that H has been measured directly as a weak force of 
attraction between a spherical surface and a plate. The force is very small, of the 
order of 0.01 dyn for a separation of about 10 -4 cm and the required apparatus 
is quite ingenious in design—the measurements come from the laboratories of 
J. Th. Overbeek in Holland and B. V. Derjaguin in the USSR. It is quite a triumph 
that the approximate wave mechanical theory, the direct measurements, and the 
indirect calculation through flocculation rates agree in value of H to within at 
least an order of magnitude. 


21-2 Association Colloids. Colloidal Electrolytes 

A solution of a soap or in general of a detergent will exhibit colloidal behavior 
under certain conditions. The qualitative phase diagram shown in Fig. 21-5 is 
typical for ordinary soaps (that is, sodium or potassium salts of long-chain fatty 
acids such as stearic or oleic acid). Below a certain temperature T K , known as the 
Kraft temperature , the soap exhibits a fairly normal solubility behavior, but above 
T k , there is a critical concentration beyond which the solution consists of colloidal 
aggregates plus free ions. These aggregates are called micelles and consist of 50 to 
100 monomer molecules in a more or less spherical unit, with about half of the 
cations bound and the rest present in an electrical double layer. A schematic 
illustration of a micelle is shown in Fig. 21-6. 



FIG. 21-5. Phase map for a colloidal electrolyte. [From W, C. Preston, J. Phys. Colloid Chem. 
52, 84 (1948). Copyright 1948 by the American Chemical Society. Reproduced by permission of 
the copyright owner.] 
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FIG. 21-6. Schematic representation 
of a spherical micelle. 


Micelles are in thermodynamic equilibrium with the monomer electrolyte and 
their formation occurs over a rather narrow range of concentration (as shown in 
Fig. 21-5); one therefore speaks of the critical micelle concentration. The presence 
of micelles seems to be necessary for, or at least to correlate with, detergent action. 
A soap below its Kraft temperature does not function well, for example. One 
explanation is that micelles are able to absorb or “solubilize” oily material such 
as is present in dirt and one function of a soap in washing is in detaching dirt 
particles from the fabric and then keeping them in suspension. 


21-3 Gels 

A semisolid system having either a yield value (see Section 21-4) or a very high 
viscosity is called a gel, jelly, or paste. It is easily understandable that very con¬ 
centrated suspensions should be semisolid or very viscous in behavior. It is pos¬ 
sible, however, for quite dilute colloidal systems to show such properties also; 
a few percent by weight of gelatin or agar in water can give a gel. Such systems are 
properly termed lyophilic in that the colloidal material is strongly solvated and 
individual units interact with each other through their solvation sheaths. Weakly 
bound aggregates result, which form a loose three-dimensional network. 


21-4 Rheology 

Rheology is the science of the deformation and flow of matter. It is that branch 
of physics which is concerned with the mechanics of deformable bodies, primarily 
those that are roughly describable as liquids or solids. We considered a simple 
rheological situation in the treatment of Newtonian viscosity (see Sections 2-7A 
and 8-10) defined by Eq. (2-57). An ideal or Newtonian fluid is one whose viscosity 
coefficient rj is independent of the value of dvjdx, that is, independent of shear. 

Another type of limiting behavior is that of an ideal elastic body. Such a body 
deforms or shows strain which is proportional to the applied unbalanced force 
or stress. The ratio of stress over strain is called the elastic modulus, and a crystal 
of cubic symmetry has three kinds of elastic modulus: Young’s modulus Y (change 
in normal stress divided by the resulting relative change in length), shear or 
rigidity modulus G (change in tangential stress divided by change in the resulting 
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FIG. 21-7. Diagrams explaining the definitions of the elastic constants, (a) Young's modulus Y; 
( b ) shear modulus G; and ( c) bulk modulus K. (sd is area, d is diameter, l is length, Vis volume, and 
f is force.) [From J. R. Van Wazer, J. W. Lyons, K. Y. Kim, and R. E. Colwell, “Viscosity and 
Flow MeasurementCopyright 1963, Wiley ( Interscience ), New York. Used by permission of 
John Wiley & Sons, Inc.] 


angle of extension), and bulk modulus K (change in hydrostatic pressure divided 
by resulting change in volume). These deformations are illustrated in Fig. 21-7. 
A less isotropic solid has moduli that are different for different directions of 
stress—up to a maximum of 21 in all. 

The subject of rheology is made considerably more complicated by nonideal 
behavior. A liquid whose viscosity decreases with increasing stress (such as increas¬ 
ing rate of flow or of stirring) is called pseudoplastic; if the viscosity increases with 
stress, the liquid is dilatant. These cases are illustrated in Fig. 21-8, in which rate 
of shear is plotted against the shearing stress. Referring to Eq. (2-57),f = -qs/ dv/dx, 
the quantity dv/dx is the rate of shear, and f/s/, the force differential per unit area, 
is the shearing stress. 



Shearing stress 


FIG. 21-8. Shear versus stress plots. (/) Newtonian fluid; ( 2 ) pseudoplastic fluid; ( 3 ) dilatant 
fluid; (4) Bingham plastic; (J) pseudoplastic with a yield value; and ( 6 ) dilatant material with 
a yield value. 
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An ideal elastic solid shows no shear at any shearing stress, but actual solids 
will have a yield point beyond which flow begins to occur. A solid is known as a 
Bingham plastic if, once flow takes place, the rate of shear is proportional to the 
shearing stress in excess of the yield value, illustrated by curve 4 in the figure. 
Curves 5 and 6 are those for pseudoplastic and dilatant materials showing a yield 
value. 

The measured viscosity of a system is given by the ratio ( fjsf)j(dvjdx ). Thus 
Bingham and pseudoplastic solids as well as non-Newtonian liquids have viscosities 
that are dependent on the rate of shear. 

The situation is yet worse than that described since the measured viscosity can 
vary with time as well as with shearing stress. A liquid which becomes more fluid 
with increasing time of flow is said to be thixotropic, while if the opposite is true, 
we say it exhibits rheopexy. 

Examples of these types of behavior are as follows. Gases and pure single¬ 
phase liquids exhibit Newtonian viscosity, while suspensions, slurries, and emul¬ 
sions are apt to show dilatant behavior—a common example being that of a 
thick starch paste. It is often difficult to distinguish between behaviors 2 and 5 
of Fig. 21-8, that is, between a pseudoplastic fluid and a pseudoplastic solid with 
yield value; the term pseudoplastic is therefore often applied without attempting 
to make the distinction. Materials in this general category include melts or solu¬ 
tions of high molecular weight solutes. Household paints are often pseudoplastic 
so as to brush easily, yet not run; the same is true for printing inks. 

Ordinary crystalline solids will always have a yield value, but often a very high 
one. That for metals is around 10-50 kg mm -2 , for example—flow begins to occur 
once this yield pressure is exceeded. 

Some gels are thixotropic—they will liquify on shaking. The same is true of 
certain types of suspensions, such as of bentonite clay. They settle very slowly on 
standing, but rapidly if tapped gently. 


21-5 Liquid Crystals. Mesophases of Matter 


There are a number of crystalline substances which show a very peculiar behav¬ 
ior on warming. For example, the compound 5-chloro-6-/7-heptyloxy-2-naphthoic 
acid, 



exists in ordinary crystalline form. On heating to 165.5°C, the crystals collapse 
to a turbid, viscous melt which adheres to the walls of the container. If this is 
spread on a flat plate, one may see steps or ridges; it is birefringent, showing 
colored areas under polarized light and having different optical properties parallel 
and perpendicular to the plate. Further heating of the compound produces a 
second change, at 176.5°C, to a fluid but turbid liquid. Only at 201 °C does final 
true melting to a clear liquid occur. 
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(a) (b) (c) 


FIG. 21-9. Molecular arrangements for (a) smectic mesophase, ( b ) nematic mesophase, and 
(c) isotropic liquid. 


This type of behavior is called liquid crystalline because of the combination of 
properties exhibited, and the phases involved are called mesophases (lying between 
crystalline and liquid). Liquid crystals tend to occur with compounds that are 
highly asymmetric in shape, often having well-separated polar and nonpolar 
portions to the molecule. The two types of mesophases described here are called 
smectic and nematic, and the type of order present is illustrated in Fig. 21-9. In the 
smectic phase the molecules have retained their parallel orientation but have lost 
the crystalline regularity in the spacing between them so that successive layers no 
longer match. In the nematic phase the molecules, while still parallel, have further 
lost their planar array. 

A great many biological structures might be called liquid crystalline—there is 
partial but not complete ordering between molecular units. Muscle fibers show 
double refraction; sperm cells may possess a truly liquid crystalline state; a solu¬ 
tion of tobacco mosaic virus contains nematic-type micellar units. At a simpler 
level, cholesterol and its derivatives may show both a smectic and a so-called 
cholesteric mesophase, the transition from the latter to isotropic melt occurring at 
around body temperature. The change from isotropic to cloudy liquid crystalline 
phase is very sensitive to electric fields and, in thin layers, to how the molecules 
orient in adsorbing at the boundary interfaces. Some phenomenal practical applica¬ 
tions have resulted; one example is in the display of time on watches. 


21-6 Polymers 

The great importance of polymers hardly needs to be stressed. Biological poly¬ 
mers such as proteins and nucleic acids are central to the functioning of living 
things. Natural polymers such as rubber and the host of synthetic ones such as 
polytetrafluoroethylene (“Teflon”), polyethylene, and polystyrene are vital mate¬ 
rials to our technology. 

There are perhaps three major aspects to the general subject. The first is that 
of the chemistry of polymers—their synthesis and degradation reactions; the 
second important subject is the physical chemistry of polymer solutions; and the 
third is that of the overall configurational structure of polymers. The material that 
follows is intended merely to be illustrative of each of these very large fields. 





910 CHAPTER 21: COLLOIDS AND MACROMOLECULES 


A. Polymerization Chemistry and Kinetics 

The characteristic feature of a polymer is that it is composed of a large number 
of identical or at least similar units which are chemically bonded together. The 
compound which forms the “repeating” unit is called the monomer. Thus in 
polystyrene, 

-CH-CH 2 -(CH-CH 2 )„-CH-CH 2 -, 

<t> <t> <t> 


the monomer unit is styrene, C 6 H S CH = CH 2 . Polymers of this type are called 
linear polymers. Other examples include polyethylene, polyvinyl chloride, poly¬ 
acrylic esters and biological polymers such as proteins and polysaccharides. If 
more than two polymer forming functions are present, as with divinyl benzene 
(CH 2 =CH—C 6 H 4 — CH=CH 2 ), then cross-linked chains form, yielding a three- 
dimensional network. Cross-linking may also be induced to occur in an already 
formed linear polymer. Thus in the case of rubber, 

-ch 2 -ch=ch-ch 2 -ch 2 -c=ch-ch 2 -, 

I I 

ch 3 ch 3 

the natural linear polymer chains may be tied at random positions by mixing in 
sulfur and heating to form C—S —C bonds bridging two chains. Irradiation of 
polyethylene with gamma rays knocks off hydrogen atoms at random points and 
the resulting active carbon atoms can then bond to a neighboring chain. 

Polymerization reactions generally occur by one of two types of mechanism. 
Vinyl monomers are polymerized by a free radical process such as that for ethylene, 

R 0 - + CH 2 =CH 2 R„-CH 2 -CH 3 - 

r„-ch 2 -ch 2 - + ch 2 =ch 2 - r 0 -ch 2 -ch 2 -ch 2 -ch 3 - (21-12) 


where R 0 - is an initiating radical produced by some catalyst such as a peroxy acid, 

O 

II 

RCOOH, 

or photochemically. Styrene will polymerize just on heating in the presence of 
oxygen. 

The formal kinetic scheme for the radical mechanism is as follows: 


Ro+M^f Mr 

(initiation). 

(21-13) 

m 2 - + m ^m 3 - 

(propagation). 

(21-14) 

M„ + M, (or M„ +t ) 

(termination). 

(21-15) 


Application of the stationary-state hypothesis (Section 14-4C) yields 


Ri — Rt = kt 


I (m.-; 

- 71 —\ 


= £t(M-) 2 , 


(21-16) 


where Ri and Rt are the initiation and termination rates, respectively, it being 
assumed that any two radical chains react to terminate with the same rate constant 
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kt ; (M ) denotes the total radical concentration, If we further assume 

that k x = k 2 = k n = k p for the reactions of Eq. (21-14), where k p is the common 
propagation rate constant, then the rate of disappearance of monomer is 

= (2M7) 

n 

On substitution for (M-) from Eq. (21-16), we obtain 


d(M) 

dt 



(21-18) 


In general each polymerization system must be subjected to separate kinetic 
analysis since the appropriate set of approximations may vary. A particularly 
simple special case of Eq. (21-18), however, is that in which R { is photochemical 
and therefore given by <f>I a , where <f> is the quantum yield for radical production 
and / a is the number of quanta of light absorbed per unit volume and time. A 
point implicit in schemes such as this is that after some time t there will be a 
distribution of polymer molecular weights. A more detailed analysis would predict 
both the average molecular weight and the breadth of the distribution. 

A second type of mechanism is that in which a Lewis acid such as A1C1 3 or an 
ordinary strong protonic acid such as H 2 S0 4 adds a proton to the monomer. A 
typical sequence is that for the production of butyl rubber by the polymerization 
of isobutylene, 


ch 3 ch 3 ch 3 ch 3 ch 3 ch 3 

I 1 I 111 

H + CH 3 =C *"'CH 3 =C *~'CH 3 =C -+ CH 3 —C—CH 3 —C—CHj—C . 

I I I I I I 

ch 3 ch 3 ch 3 ch 3 ch 3 ch 3 


(21-19) 


More recently, transition metal ions have been found to be excellent catalysts for 
polymerization reactions, often giving highly stereoregular or isotactic polymers. 
(A polymer such as polystyrene is isotactic if, when the chain is stretched out, all 
of the phenyl groups are on one side.) 

A related mechanism is that whereby water is eliminated between two functional 
groups. Thus a protein chain, 


R O R O R O 

I I! I II I II 

H—C—N—C —(C—N—C—)„—C—N—C—H, 


H H 


H H 


H H 


forms on elimination of water between RCOOH and RNH 2 groups. The R’s vary 
down the chain in natural proteins but may be the same in synthetic polypeptides. 
As another illustration, nylon results from the condensation of adipic acid 
(HOOC(CH 2 ) 4 —COOH) with hexamethylenediamine (H 2 N(CH 2 ) e NH 2 ). These 
various polymerizations follow kinetic schemes similar to that of Eqs. (21-13)— 
(21-15). 


B. Polymer Solutions 

The study of polymer solutions can be regarded as a branch of colloid chemistry. 
As with colloidal suspensions, one is interested in the distribution of particle sizes 
(in this case, polymer molecular weights), in the shape of the particles, in their 
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interaction with the solvent medium, and in the general physical properties of the 
system. 

1. Molecular Weight. The general methods for molecular weight determina¬ 
tion are discussed in Section 10-7. For polymers these include measurement of 
osmotic pressure, diffusion rate, sedimentation equilibrium and sedimentation rate, 
and light scattering. If a range of molecular weights is present, a given method 
will yield either a number-average or a weight-average molecular weight; if both 
types of average molecular weight can be determined, their ratio provides a 
measure of the broadness of the molecular weight distribution. 

2. Viscosity. There is an additional method of molecular weight estimation 
which makes use of viscosity measurements. Einstein showed in 1906 that for a 
dilute suspension of spheres in a viscous medium 

lim = 2.5, (21-20) 

where rj and r) 0 are the viscosities of the solution or suspension and pure solvent, 
respectively, and <f> is the volume fraction of the solution occupied by the spheres. 
The fraction is called the viscosity ratio or relative viscosity rj T , and 
[(vivo) ~ 1] is called the specific viscosity t] sp . In the case of a polymer solution 
the concentration C is usually given as grams per cubic centimeter and ^ sp /100 C 
is called the reduced viscosity and its limiting value as C approaches zero is the 
intrinsic viscosity [ij]. f Since <f> = v 2 C, where v 2 is the specific volume (strictly, 
the partial specific volume) of the polymer in cubic centimeters per gram, it follows 
from Eq. (21-20) that fa] = 0.025r 2 . The specific volume as determined from [ 17 ] 
will in general be larger than that obtained from the density of the dry polymer, 
the difference being attributed to bound solvent. 

The factor 2.5 in Eq. (21-20) applies to the case of spheres, and linear polymers 
are, of course, not spherical, in the sense of the molecule being a long chain. On 
the other hand, the completely extended configuration is a very improbable one, 
and the situation is more like that illustrated in Fig. 21-10, which shows various 
random coils. The problem is essentially the statistical one of calculating the most 
probable end-to-end distance d assuming the polymer to consist of n flexible links; 
d, as might be expected, turns out to be proportional to the square root of the 
chain length. The proportionality constant depends, however, on the balance 
between solvent-chain and chain-chain interactions. In a “good” solvent, the 
random coil will be very extended, while in a “poor” solvent, the chain prefers 
its own environment and therefore assumes a compact configuration. While none 
of these configurations is exactly spherical, Eq. (21-20) can still be used, but with 
an empirical parameter v in place of the Einstein coefficient 2.5, and v evidently 
will depend on the nature of the solvent as well as on that of the polymer. 

An alternative development of Eq. (21-20) is the following. If <f> 0 denotes the 
volume fraction calculated using v 2 for the dry polymer, then the correct <f> is given 
by <f> 0 f3, where /9 is the ratio of the hydrated to dry specific volumes. The dry 

f The definitions above are the traditional ones. The current recommendation is that 
be called the viscosity ratio and not relative viscosity; that [(yiho) — 1 ]/C be called the 
viscosity number; and that the limiting value as C approaches zero, or limiting viscosity number, 
be designated [ 17 ]. 
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FIG. 21-10. Random coils of the same length and same general configuration but of increasing 
tightness or in successively poorer solvents. 


volume of a polymer is, of course, proportional to its molecular weight M. The 
hydrated volume will be proportional to d 3 , or to A/ 3 / 2 , so /3 should be proportional 
to M 112 . Thus Eq. (21-20) can be put in the form 

fo] = KM 1 ' 2 . (21-21) 

If, however, the polymer were a rigid rod of length d, its effective volume would be 
that swept out by the tumbling of the rod. The “hydrated” volume is now propor¬ 
tional to M 3 , and jS is proportional to M 2 . 

The exponent in Eq. (21-21) can thus be expected to vary depending on the 
stiffness of the polymer, and in an equation proposed by M. Staudinger in 1932 
it is treated as an empirical parameter: 

[ v ] = KM a . (21-22) 

The experimental observation is that K and a are approximately constant for a 
given type of polymer and a given solvent. Polymers of about the same chemical 
composition may differ greatly in molecular weight and Eq. (21-22) allows the 
relative molecular weights of different preparations to be determined. If two 
preparations of different known molecular weight can be obtained, then K and a 
can be evaluated, and absolute molecular weights may then be found for any other 
sample. It might be mentioned that if a range of molecular weights is present in the 
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sample, then the value calculated by means of Eq. (21-22) will be an average lying 
between the number- and weight-average values. 

This type of study has been made for a number of types of polymer and values 
of a are usually in the range 0.5-1.1. As expected, a decreases if one goes from a 
good to a poor solvent. That is, the relatively compact configuration present in a 
poor solvent behaves more like a sphere than a rod. 

3. Thermodynamics. One approach to the statistical treatment of polymer solu¬ 
tions is to consider the solution as consisting of a number of cells or sites. Each 
site may be occupied by a solvent molecule or by one link or monomer unit of 
the polymer; as illustrated in Fig. 21-11, the requirement is that successive links 
occupy adjacent sites. One then treats the “solution” of links as a regular one 
(Section 9-CN-2) or essentially according to the model of Section 9-2E, but with 
the added aspect that the entropy of the links is reduced because of their having 
to remain connected. 

The vapor pressure or activity of the polymer is then given by an equation 
similar to Eq. (9-17) and varies with solution composition in a way similar to that 
shown in Fig. 9-9. Thus for a > 2, there is a maximum and a minimum, corre¬ 
sponding to partial miscibility; however, the effect of the entropy complication is 
to distort the behavior in the direction of making intermediate compositions less 
probable than for an ordinary regular solution. As a consequence, one finds that 
for a > 2, the dilute solution tends to be very dilute and the concentrated solution 
very concentrated, corresponding to slightly solvated polymer in equilibrium with 
a dilute solution. This explains the experimental observation that polymers tend 
to be either slightly soluble or quite soluble in a given solvent. 

The quantity a in Eq. (9-17) is actually an interaction energy w divided by kT. 
The critical condition is therefore that a = a )/kT c — 2, or T c — a>/2 k. This rela¬ 
tionship accounts for the common observation that below a critical temperature a 
polymer will not be very soluble, whereas above this temperature it is almost 
completely miscible with the solvent. 

4. Secondary Structure. The primary structure of a polymer is that of the 
chemically bonded chain itself, including its stereochemistry. Since we are dealing 
with a macromolecule, there is a second level of structure, namely that of the 
polymer chain as a whole. We saw in the preceding section that linear polymers 
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FIG. 21-11. Illustration of the statistical fitting of solvent molecules (open circles) and monomer 
units (shaded circles) on a two-dimensional lattice. 
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in solution assume a random coil configuration, for example. The coil becomes 
tighter the poorer the solvent or the more strongly interacting the polymer chain 
is with itself. 

As a limiting case of this last situation, amino acid polymers, that is, proteins, 
can form hydrogen bonds between various portions of the chain. L. Pauling 
proposed a now widely accepted structure known as the a -helix. The helix 
makes one turn for every 3.7 amino acid residues, thus allowing hydrogen 
bonding between the CO and NH groups of adjacent coils. 

In the case of the nucleic acids, the primary structure is that of a linear polymer 
in which adenine (A), guanine (G), cytosine (C), and thymine (T) rings are linked 
by phosphate groups; adjacent chains are hydrogen bonded as shown in 



(a) (b) 


FIG. 21-12. Structure of DNA. (a) Hydrogen bonding between adenine (A) and thymine (T) 
and between cytosine (C) and guanine (G). ( b ) Two strands held in a double helix by C-G and 
T-A hydrogen bonds. [See M. H. F. Wilkins and S. Arnott, J. Molec. Biol. 11, 391 (1965).] [Part 
(b) from A. White, P. Handler, and E. L. Smith, "Principles of Biochemistry," 4th ed. Copyright 
© 1968, McGraw-Hill, New York. Used with permission of McGraw-Hill Book Company.] 


u O 
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Fig. 21-12. The secondary structure is that of a double helix in which C-G 
and A-T pairs form hydrogen bonds. The detailed configuration of these hydrogen 
bonds is at present subject to some controversy. 

The ordinary denaturation of proteins and nucleic acids generally consists of a 
loss of the secondary structure but not of the primary structure. Intermediate 
situations are possible, too, in which part of the polymer has the helical configura¬ 
tion and part that of random coils. It has been possible in some cases to observe 
helix-coil transitions. 

Finally, one may speak of a tertiary structure. A protein helix is still a long 
unit and one which may fold in on itself. Regions which have few polar groups 
find water a poor solvent, and hence tend to approach each other—the effect has 
been rather misnamed as hydrophobic bonding. The consequence is that native 
proteins tend to form a tertiary structure which is more or less globular and with 
the nonpolar groups in the interior. 


SPECIAL TOPICS 


21-ST-l Electrokinetic Effects 

Several very interesting phenomena may occur if there is relative motion between 
a charged surface and an electrolyte solution; these are called electrokinetic effects. 
The surface is ordinarily either that of a solid particle suspended in the solution 
or the solid wall of tube down which the solution flows. What happens is essentially 
that a charged surface experiences a force in an electric field or, conversely, that a 
field is induced by the motion of such a surface relative to the solution. Thus if a 
field is applied to a suspension of colloidal particles, these will move or, alternative¬ 
ly, if a solution is made to flow down a tube an electric field develops. In each 
case there is a plane of shear between the surface and the solution, a plane which 
lies within the electrical double layer. The potential at this plane will not be i/j 0 , 
but some lower value called the zeta potential £. The zeta potential does give a 
measure of , however, and one important application of electrokinetic phenom¬ 
ena is to the measurement of £ and hence estimation of i/> 0 . 

There are four types of electrokinetic effect, depending on whether the solid 
surface is stationary (as a wall) or moves (as a particle) and whether the field is 


TABLE 21-1. 

Electrokinetic Effects 



Nature of solid surface 

Potential 

Stationary 0 

Moving 6 

Applied 

Electroosmosis 

Electrophoresis 

Induced 

Streaming potential 

Sedimentation potential 


° For example, a wall or apparatus surface. 
6 For example, a colloidal particle. 
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applied or induced. In electrophoresis an applied field causes suspended particles 
to move, while in the sedimentation potential effect the motion of the particles 
in a centrifugal field induces a field. If the solid surface is that of the wall of a 
tube, application of a potential gradient or field induces a flow of solution, or 
electroosmosis, while a forced flow of solution induces a potential gradient or 
streaming potential. The four effects are summarized in Table 21-1. We will 
consider only two of them, however, namely electrophoresis and the streaming 
potential effect. 


A. Electrophoresis 

The most familiar type of electrokinetic experiment consists of setting up a 
potential gradient in a solution containing charged particles and determining their 
rate of motion. If the particles consist of ordinary small ions, the phenomenon is 
one of ionic conductance, treated in Chapter 12. As shown in Section 12-5, the 
velocity of an ion in a field F is 

vt = z,eto,F [Eq. (12-27)], 

where co, is the mobility and v { will be in centimeters per second if e is in esu and 
F in esu volts per centimeter. Alternatively, by Eq. (12-28), v ,■ = m,-F, where m, 
is the electrochemical mobility and F is now given in ordinary volts per centimeter; 
also, by Eq. (12-31), A, = m,F. 

In the case of a macromolecule, the total charge z, is not known, and it is 
customary to refer to the motion of such molecules in an electric field as electro¬ 
phoresis. 

However, if the molecular weight is known, then the radius can be calculated 
assuming the shape to be spherical. This allows estimation of the friction factor 
/ from Stokes’ law, Eq. (10-33), and hence of a> = 1//. Alternatively, if the diffu¬ 
sion coefficient can be measured, then / can be obtained without any geometric 
assumptions from Eq. (10-41). The charge on the polymer molecule may then be 
calculated from the electrophoretic velocity using Eq. (12-27). 

As would be expected from the discussion of the acid-base equilibria of amino 
acids (Section 12-CN-3), the net charge on a protein is very pH-dependent. For 
each protein there will be some one pH at which z and hence the electrophoretic 
velocity is zero. Conversely, at a given pH each protein will have a characteristic 
velocity in an electric field, depending both on its molecular weight and on its net 
charge. A mixture of proteins will therefore separate into different velocity groups 
in an electrophoresis experiment. See Section 12-5D, and especially Fig. 12-5. 

We turn now to colloidal particles. As with macromolecules, the charge is not 
known; in addition, the size cannot be determined very accurately, although it 
may be possible to estimate particle radii from microscopic (optical or electron) 
examination. Ordinary molecular weight determination is, of course, not possible 
(why?) nor is the diffusion rate fast enough for a determination of/. As noted in 
the introduction to this section, we assume instead that the particle is large enough 
for its interface with the solution to be treated as planar, and apply electrical 
double layer theory. 

The complication mentioned at the beginning of this section is that, as illustrated 
in Fig. 21-13, there is undoubtedly a layer of solvent molecules and electrolyte 
ions which is strongly enough held that it moves with the particle rather than 
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FIG. 21-13. The diffuse double layer , showing the plane of shear at which <f> has the value £, 
the zeta potential. 


with the solution. We must deal, therefore, with the plane of shear rather than 
with the actual interface; the potential tp 0 is reduced to some value <p = £ at this 
plane, called the zeta potential, and a 0 , to some value a s . The remainder of the 
diffuse double layer must still balance «,, or, by Eq. (21-9), a s = p dx. The 
“center of gravity” of this portion of the double layer is taken to be at the point 
where tfi has dropped to 1/e of £, at distance r from the plane of shear. 

As a first approximation, the situation is likened to that of a parallel plate 
condenser, for which the standard formula gives A V — 4trqd/Dsf, where A V is 
the potential difference across the plates, d is their separation, s/ is their area, and 
D is the dielectric constant. One plate carries charge +q and the other carries —q. 
We now equate A V to £, d to r, and q/sf to a s to obtain 


<* s = 


Dl 

4m 


(21-23) 


We next proceed to balance the electrical force acting per square centimeter of 
the particle with that due to viscous drag. The first is just a s F, where F is the field, 
and the second may be obtained from the defining equation for viscosity, Eq. (2-57). 
We assume that the relative velocity between the particle and the solution drops 
linearly with distance from v at x = j to 0 at x = v and therefore write dvjdx = vjr, 
which gives the viscous force or drag per square centimeter as rj v/t. On equating 
the two forces, we obtain 


a s Fr 

v == —— 

V 


g s Fr 
300 t? ’ 


(21-24) 


where in the second form, F is expressed in volts per centimeter. An alternative 
form results on combination with Eq. (21-23): 

£Z>F 
4lT7] 


V 


(21-25) 
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All of the fundamental statements have been written in the esu system insofar 
as electrical quantities are involved, but one usually reports £ in volts (actually, 
millivolts), having measured F in volts per centimeter. If one converts £ to milli¬ 
volts by means of the factor 1000/300 and F to volts per centimeter by the factor 
1/300, one obtains a more practical form of Eq. (21-25): 

£=12.9y, (21-26) 

where, in addition, v is in microns per second and D and -q have been taken to be 
for water at 25°C. Thus if a colloidal particle moves 50 p. sec- 1 in a field of 
10 V cm -1 , its zeta potential is 65 mV, positive or negative depending on the 
direction of motion relative to the field. The field may be applied by means of 
nongassing electrodes at each end of a tube containing the colloidal suspension 
and the rate of motion of individual particles observed under a microscope; the 
instrument is called a zetameter. 

Most measured zeta potentials are in the range of ±100 mV for lyophobic 
colloids, but with actual values dependent on the nature and concentration of the 
electrolyte. Table 21-2 gives some data on a gold sol which show that the charge 
decreases and then reverses with increasing Al 3+ ion concentration. Note that the 
sol is stable if the particles are charged but flocculates rapidly if the zeta potential 
is small. 


B. Streaming Potential 

If an electrolyte solution flows through a tube, one observes a potential differ¬ 
ence between the inflowing and outflowing solution. The physical basis for the 
effect is that the flowing solution carries with it the charge density a s in the 
diffuse double layer, so that there is in effect an electrical current at the wall. The 
current is just i = 2jrra s v T , where v r is the streamline velocity at distance r from 
the wall; it is thus proportional to the surface area and, by Eq. (21-23), to the 
zeta potential. A potential drop E develops in the electrolyte solution until a 
counter current i = E/R, develops, where R is the resistance of the solution, 
such as to just balance the wall current. It is this steady-state potential that is called 
the streaming potential. 

The actual derivation is somewhat in the same vein as that of the Poiseuille 
equation given in Section 8-10. Assuming streamline flow, the velocity at a 


TABLE 21-2. Flocculation of Gold Sol 


Concentration 
of Al 8+ 

(equiv liter -1 x 10*) 

Electrophoretic velocity 
(cm V -1 sec -1 x 10 8 ) 

Stability 

0 

3.30 (toward anode) 

Indefinitely stable 

21 

1.71 

Flocculates in 4 hr 

— 

0 

Flocculates spontaneously 

42 

0.17 (toward cathode) 

Flocculates in 4 hr 

70 

1.35 

Incompletely flocculated after 4 days 
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radius x from the center of the tube is 

P(r 2 - x 2 ) 


v = 


At)1 


[Eq. (8-64)], 


where P is the pressure drop and r the radius of the tube, which is of length /. 
The double layer is centered at x = r — t, and substitution into Eq. (8-64) gives 


iM = 


t rP 
2t)1 


(21-27) 


if the term in r 2 is neglected. The current due to the motion of the double layer 
is then 


/ = 2nra s Vd 

(21-28) 

or 


nr 2 a s P 

' vi ■ 

(21-29) 

If k is the specific conductivity of the solution, then the actual conductivity of 
the liquid in the tube is C = i t^k/I and, by Ohm’s law, the streaming potential 
is just E = i/C. Combining these equations, we have 

ra s P 

E = -— 

tjk 

or, using Eq. (21-23), 

(21-30) 

E = ~ 1 ~. 

4tT7)K 

(21-31) 

A practical form of Eq. (21-31) is 


1 

O 

X 

p 

06 

ii 

u 

(21-32) 


where £ is now in millivolts and P in atmospheres; C is the electrolyte concentra¬ 
tion in equivalents per liter and A is the equivalent conductivity. Water at 
25°C is assumed. Thus for a pressure drop of 10 atm, a zeta potential of 50 mV, 
and 10 -s N aqueous NaCl at 25°C (equivalent conductivity 126), E = 32 V. As this 
example illustrates, the electrolyte must be quite dilute if an appreciable effect 
is to occur. 

Streaming potentials may cause trouble in the filtering of dilute electrolyte solutions, especially 
nonaqueous ones whose electrolyte concentration and hence specific conductivity may be quite 
small. A quite real hazard developed in the early days of jet aircraft—the high pumping rate of the 
kerosene fuel led to streaming potentials large enough to cause sparks. The problem has since been 
eliminated by incorporating small amounts of conducting solutes in the fuel. 
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EXERCISES 


Take as exact numbers given to one significant figure. 

21-1 Calculate the attractive potential due to dispersion forces between two platelets (say, of a 
colloidal suspension of a mica, vermiculite) for which H — 3.0 x 10 -13 erg and the surface- 
to-surface distance is 250 A. Express your result in units of kT (at 25°C). 

Ans. 3.1 X 10 10 cm" 2 . 


21-2 For what value of ^ is e<l>lkT ~ 1 at 25°C? 

Ans. 25.7 mV. 

21-3 A surface of potential 51.4 mV is in contact with a 0.1 M solution of NaCl at 25°C. Cal¬ 
culate the concentrations of Na + and of Cl - ions at the surface. 

Ans. (Na + ) = 0.0135 M, (Cl - ) = 0.739 M. 

21-4 Referring to Exercise 21-3, calculate <l> and (Na + ), (Cl - ), and the charge density p at a 
distance of 15 A from the surface. 


Ans. 10.8 mV, 0.0656 M, 0.152 M, 
0.0867 mole of charge liter -1 or 2.51 x 10 10 esu cm"’. 


21-5 Still referring to Exercise 21-3 (and 21-4), calculate the repulsion energy per square centi¬ 
meter between two charged surfaces for = 51.4 mV when in 0.1 M NaCl and 15 A 
apart (at 25°C). 

Ans. 0.144 erg cm -2 . 


21-6 Calculate the attractive potential between two slabs of area 10 - * cm 2 each when separated 
by 15 A. Using the result of Exercise 21-5, obtain the net interaction energy for these slabs 
(or colloidal platelets) when immersed in 0.1 M NaCl at 25°C. Assume H to be 3.0 x 10 -13 
erg. 


Ans. Attractive potential energy is 3.54 x 10 -10 erg; 
net potential energy is —2.10 x 10 -10 erg (attractive). 


21-7 A rheological study of a certain fluid gives y = 0.1 x 4- 2* 2 , where y is the rate of shear 
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in second -1 and x is the shear stress in dynes per square centimeter. Calculate the viscosity 
at a shear stress of lOdyncm -2 . What type of rheological behavior is being exhibited? 

Arts. 0.0498 P. 


21-8 Suppose that the polymerization kinetics of Eqs. (21-14) and (21-15) is followed, but that 
the initiation step is photochemical, with radicals produced by the process R —* 2M. 
Show that Eq. (21-18) becomes —d(M)/dt = kp(2<f>Ilk t ) ll2 (M), where 4> is the quantum 
yield and / the rate of absorption of light quanta. 


21-9 The relative viscosity of a solution of polystyrene has the following values: 

C'(g per 100 cm 3 ) 0.08 0.12 0.16 0.20 

i) z 1.213 1.330 1.452 1.582 

Find [tj] and estimate v 2 for the polymer. Calculate K of Eq. (21-21) if the molecular weight 
of the polymer is 250,000 g mole -1 , and calculate the relative viscosity of a 0.10 g per 
100 cm 3 of solution of polymer of molecular weight 500,000. (The slope of the plot of 
i) a p/100C should vary as [ 17 ] 2 .) 

Ans. fo] = 2.49, v 2 = 100 cm 3 g" 1 , K = 4.98 x 10 -3 , r, r = 1.395. 


PROBLEMS 


21-1 Derive Eq. (21-2) from Eq. (21-1) by carrying out the required triple integration. 

21-2 Calculate the interaction energy in calories per mole for an argon atom adsorbed on a 
hypothetical argon surface; assume the atom-surface distance to be 3.5 A. (Note Table 
8 - 8 .) 


21-3 The value of x for which #/i 0 is 1/e is called the double layer “thickness” r. Calculate r 
as a function of concentration of NaCl at 25°C up to 0.5 M and plot the result. 

21-4 Show that Eq. (21-9) can be phrased aso= —(2>/4w)(tf^/tf.x)x. 0 and further show that 
an approximate value for a is Dki/j 0 I4tt. 

21-5* Calculate, using Eqs. (21-3) and (21-10), the net interaction energy in units of kT for 
two colloidal platelets as a function of their distance of separation and for k = 10 5 cm -1 , 
10* cm -1 , and 10’cm -1 . Assume that H = 3 X 10 -13 erg, ip 0 = 25.6 mV, T = 25°C, 
and assume an aqueous NaCl medium. For each k value, plot your results as ejkT versus x 
in angstroms up to about 200 A. The area of each platelet is 10 - 9 cm 2 . 

21-6 The following data were obtained for the viscosity of nitrocellulose in butyl acetate: 

C(g per 100cm 3 ) 0.032 0.075 0.135 0.180 

i/r 1.540 2.323 3.964 8.025 

Calculate the intrinsic viscosity of this polymer and its specific volume. 

21-7 The following relative viscosities were measured for a polyisobutylene in cyclohexane. 

C(g per 100 cm 3 ) 0.050 0.152 0.271 0.441 

Vt 1.2895 2.067 3.312 6.579 

Calculate the molecular weight of the polymer if the constants in Eq. (21-22) are a = 0.73 
and K = 5.1 x 10 -4 . 

21-8 The viscosity of a globular protein is investigated at 5°C using an Ubbelohde viscometer 
(based on the Poiseuille equation. Section 8-10; note that P 2 — P 2 is proportional to 
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the density of the liquid). The following data are obtained: 


C (g per 100 cm 3 ) 

0 

2.10 

4.20 

6.30 

8.36 

10.45 

Density (g cm- 3 ) 

— 

1.0052 

1.0106 

1.0160 

1.0213 

1.0268 

Flow time (sec) 

42.1 

44.0 

46.3 

49.2 

53.7 

60.3 


The true density of the protein is 1.310 g cm' 3 . Making appropriate calculations, decide 
whether this protein is hydrated or not and if it is, about what volume of solvent is bound 
to (moves with) a gram of protein. 


SPECIAL TOPICS PROBLEMS 


21-1 While the result should not have very exact physical meaning, as an exercise, calculate the 
zeta potential of sodium ion, knowing that its equivalent conductivity is 50 cm 2 equiv -1 
ohm- 1 in water at 25°C. 

21-2 Calculate the expected streaming potential E for pure water at 25°C when flowing through 
a quartz tube under 10 atm pressure. Take £ to be 150 mV. 

21-3 A quartz particle of 1.5 x 10 _4 cm in diameter moves through water at a velocity of 
2.50 x 10 s cm sec -1 at 25°C under a potential gradient of 10.0 V cm -1 . Calculate the 
zeta potential of the particle in this medium. Assuming Stokes’s law to hold, what total 
charge does the particle appear to carry ? What is the equivalent conductivity of the particle ? 



CHAPTER TWENTY-TWO 


NUCLEAR CHEMISTRY 
AND RADIOCHEMISTRY 

22-1 Introduction 

The subjects of nuclear chemistry and radiochemistry are marked by many major, 
far-reaching discoveries. Three early lines of development are those relating to the 
electrical nature of matter, to radioactivity, and to the nuclear model for the atom. 
The modern subject has branched into the separate fields of radiochemistry and 
nuclear chemistry, radiation chemistry, and the physics of fundamental particles. 
The historical outline that follows will serve as a foundation for the more detailed 
and modern aspects taken up in subsequent sections. 


A. Electrical Nature of Matter 

Various studies on the emission of electrified particles into the evacuated space 
around a hot electrode were made in the 19th century; the device was called a 
Crookes tube. It was not until about 1898, however, that J. Thomson carried out 
a series of experiments which allowed the determination of the ratio of charge 
to mass of these particles (now known as electrons). As illustrated in Fig. 22-1, 
a collimated beam from a hot cathode (called a cathode ray beam) is deflected by 
an electric field E or by a magnetic field H. Application of the latter alone produces 
a force on the electrons in the beam given by Hev, where e is the charge on the 
electron and v is its velocity; the particle follows a curved path such that this 
force is just balanced by the centrifugal force mv 2 lr, r being the radius of the path, 
determined from the deflection of the beam. If an electrical field is also applied, 
just sufficient to annul the deflection, then Ee — Her. Elimination of v between 
these two relationships gives elm = E/H 2 r. The modern value of elm for the 
electron is 5.273 x 10 17 esu g _1 . 

Thomson also obtained an approximate value for e. Later, in 1909, R. Millikan 
obtained a precise value by measuring the rate of fall of individual oil droplets 
in air and the electrical field needed to just prevent their falling. The limiting 


925 



926 


CHAPTER 22: NUCLEAR CHEMISTRY AND RADIOCHEMISTRY 


Anode 


Magnet 



I Deflection 


field 


FIG. 22-1. Cathode ray tube for determining e/m of electrons. 


velocity of fall v is such that the frictional force 67 rrjrv [as given by Stokes’s law, 
Eq. (10-33)] is just equal to that due to gravity, where 7 ? is the viscosity of air. If 
an electrical field is now applied which is just sufficient to keep the drop from 
falling, it follows that Eq = btrqrv, where q is the charge carried by the drop. 
Millikan determined the drop radius by microscopic examination and measured 
v and E to obtain q. The measured q values for various drops were integral mul¬ 
tiples of a unit charge, that of the electron. Millikan’s value for e of 4.77 x 10 -10 
esu differs from the modern one of 4.803 X 10 -10 esu mainly due to an error in the 
then available value for the viscosity of air. 

The procedure for determining c/m for the electron may be applied to positive 
ions. That is, positive ions generated by a hot filament or by collisions with a 
beam of electrons may be accelerated electrostatically, the accelerated ions colli¬ 
mated into a beam by means of slits, and the bending of the beam by a magnetic 
field then determined. The procedure was first applied by J. Aston in 1919, with 
the arrangement of Fig. 22-2. The figure shows, in exaggerated fashion, how the 
positive ion beam is first deflected by a small angle 6 and then focused by a 
magnetic field. Aston’s work led to the discovery of stable isotopes and then to 
the precise measurement of isotopic atomic weights. 

Modern mass spectrometry is a highly instrumented science, now largely used in 
the analysis of the isotopic content of samples and in the study of the fragments 
produced in the electron bombardment of polyatomic molecules. Detailed, com¬ 
puter-assisted analysis of the distribution of the fragments from a sample consisting 
of a mixture of organic compounds allows its composition to be determined. 



FIG. 22-2. One of Aston’s early mass spectrographs. The beam of positive ions is collimated by 
slits Si and S 2 , then bent by an angle 6 by the electric field of the charged plates at a. A magnetic 
field at b bends the beam back, the geometry working out so that the ions come to a focus at c. 
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B. Radioactivity 

We turn now to a second line of discovery, that of radioactivity. W. Roentgen 
reported in 1895 that cathode rays (that is, an electron beam) generated a penetrat¬ 
ing radiation on hitting a solid target. X rays, as they were called, could penetrate 
matter and were not deflected by electrical or magnetic fields. The electromagnetic 
nature of x rays was later established, and in 1912 their wavelength was measured 
by crystal diffraction experiments (see Section 20-5). 

It was at first thought that x rays were a kind of fluorescence and it was for this 
reason that H. Becquerel looked for x radiation from naturally fluorescing min¬ 
erals. Among others he tried potassium uranyl sulfate, K 2 U0 2 (S0 4 ) 2 • 2H 2 0. His 
great discovery, in 1896, was that this mineral emitted penetrating radiation with¬ 
out any prior exposure to light. He called the phenomenon radioactivity. 

Chemical fractionation of U0 2 + solutions led Marie Curie (working with her 
husband, Pierre Curie) to the discovery first of polonium, and then, in 1898, of 
radium. By 1902, pure radium had been isolated and its atomic weight determined. 

Three types of radiation were characterized in due course. These are known as 
a, |3, and y radiation, in order of their penetrating power. We now know that they 
consist, respectively, of high-speed He 2+ ions, electrons, and short-wavelength 
electromagnetic radiation. It was recognized very early that these radiations are 
emitted from individual atoms. The early radiochemists also appreciated that in 
the process the atom disintegrates or is converted to some other kind of atom. 
The development of the nuclear model for the atom led to the realization that 
a, /3, and y radiation came from the nucleus itself, and permitted a precise formula¬ 
tion of the radioactive decay process. For example, the first two steps of the 
uranium decay series are written 

- ‘He (a particle) 4- ™Th, (22-1) 

2 soTh - _°(3 03- particle) + IJPa. (22-2) 

It is conventional to write the atomic number (or nuclear charge) Z as a lower 
left subscript and the mass number A (atomic weight to the nearest whole number) 
as a left superscript. Nuclear processes are balanced with respect to mass number 
and with respect to atomic number. 

The energy of nuclear radiations is usually expressed in electron volts (eV): 

1 eV is the energy gained by a particle of unit charge falling through a potential 
difference of 1 V; nuclear radiations may have energies as high as several million 
electron volts (MeV). It is not surprising that they ionize air or other matter in 
their path. A very useful application of this behavior is the cloud chamber which 
was developed by E. Wilson in 1912. The principle is that if a vapor is super¬ 
saturated, then the ionization caused by high-speed particles induces condensation 
to occur along the track of each particle. A spray of a particle tracks is illustrated 
in Fig. 22-3; notice that each particle travels a definite length before stopping. 

The cloud chamber helped E. Rutherford to make the discovery of nuclear 
transmutation; he observed tracks in a cloud chamber which terminated abruptly 
with the appearance of a new track which could only be that of a proton. Such 
an event is shown in Fig. 22-3. The reaction is 

“n + ‘He ^ 1 h + ‘sO. 


(22-3) 
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FIG. 22-3. Spray of a particle tracks in a cloud chamber. Each particle travels an essentially 
straight line path until it has lost nearly all of its energy; the bending that then occurs is known as 
straggling. Note that one particle has undergone a large angular deflection as a result of a nuclear 
collision. 


A number of such transmutations were studied during the period 1919-1930 and 
eventually a new type of penetrating radiation was noticed. This was identified 
in 1932 by J. Chadwick as a neutral particle, which he named the neutron. A 
typical neutron-producing reaction is 

”B + ‘He — Jn + l ?N. (22-4) 

The actual atomic weight of the neutron is 1.0086654 (see Table 22-1). About the 
same time C. Anderson discovered another new particle, the positron, a particle 
identical to the electron except for having the opposite charge. A further major 
discovery made in this very active period was that of artificial radioactivity. 
Irene Curie (daughter of M. and P. Curie) and her husband F. Joliot (both known 
as Joliot-Curie) observed reactions such as the following: 

“Mg 4- ‘He - «Si + In. (22-5) 

The isotope produced, ^Si, is radioactive, emitting positrons, 

Hsi-SAl + IfJ. (22-6) 

Up to this point the study of transmutation reactions was limited to the use of 
natural a particle emitters. Various electrostatic accelerating devices were devel¬ 
oped but the major advance came in 1932 with the invention of the cyclotron by 
E. Lawrence. The very clever principle involved was the following. If a charged 
particle is injected into the region of a magnetic field, it will follow a circular orbit 
of radius r — mv/He. The circumference of the orbit is 2nr, so that the frequency 
of revolution of the particle is w = vjlirr, or w = Hejlirm. The important point 
is that this frequency is independent of the velocity and hence of the energy of the 
particle. As illustrated in Fig. 22-4, the particles move inside hollow electrodes 
called “dees” (after their shape), crossing the gap between them twice on each 
revolution. Since the frequency of crossing is constant, one may impose an alter¬ 
nating potential on the dees such that the particle is accelerated each time it crosses 
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TABLE 22-1. Selected Isotopic Masses' 1 



Abundance 

Isotopic 




Species 

(%) 

mass 

Spin 

Half-life 

Decay mode 6 

e 

— 

0.0005486 

1 

2 

— 

— 

5 n 

— 

1.0086654 

1 

2 

12.8 min 

P~ 0.782 

JH 

99.985 

1.0078252 

1 

2 

— 

— 

2 H 

0.015 

2.0141022 

i 

— 

— 

S H 

— 

3.0160494 

1 

2 

12.26 yr 

P~ 0.0186 

jHe 

~1 x 10- 4 

3.0160299 

1 

2 

— 

— 

4 He 

100 

4.0026036 

0 

— 

— 

"He 

— 

6.01890 

0 

0.82 sec 

p- 3.51 

'Li 

7.42 

6.015126 

i 

— 

— 

’Li 

92.58 

7.016005 

3 

2 

— 

— 

8 Li 

- . 

8.022488 


0.84 sec 

p- 13 

JBe 

— 

7.016931 

— 

53.6 day 

EC; y 0.477 

8 Be 

— 

8.005308 

— 

10 -18 sec 

2 a’s 

»Be 

100 

9.01218 

3 

2 

— 

— 

10 Be 

— 

10.013535 


2.5 x 10 e yr 

p~ 0.555 

“B 

18 

10.012939 

3 

— 

— 

■‘B 

80.39 

11.0093051 

3 

2 

— 

— 

12 B 

— 

12.0143535 


0.020 sec 

j3~ 13.37 

u ,c 

— 

11.011433 

3 

2 

20.4 min 

P+ 2.1, y 0.72 

i’C 

98.893 

12.0000000 

0 

— 

— 

13 C 

1.107 

13.003354 

i 

— 

— 

14 C 

— 

14.0032419 

0 

5720 yr 

/S- 0.155 

18 N 

— 

13.005739 

i 

10.0 min 

P + 1.19 

14 N 

99.634 

14.0030744 

1 

— 

— 

is N 

0.366 

15.000108 

i 

— 

— 

I8 N 

— 

16.00609 


7.38 sec 

4.26, 10.4, 3.3; 






y 6.13 (others) 

■to 

— 

15.003072 

i 

2.0 min 

P+ 1.72 

■ 8 o 

99.759 

15.9949149 

0 

— 

— 

■’O 

0.0374 

16.999133 

f 

— 

— 

1SQ 

0.2039 

17.9991598 

0 

— 

— 

i» 0 

— 

19.003577 

— 

29.4 sec 

P~ 3.25, 4.60; 






y 0.20 (m) 

ioNe 

90.92 

19.9923304 

0 

— 

— 

21 Ne 

0.257 

20.993849 

a 

2 

— 

— 

22 Ne 

8.82 

21.991385 

0 

— 

— 

??Na 

— 

21.994435 

3 

2.58 yr 

P+ 0.544; EC; y 1.274 

23 Na 

100 

22.989773 

3 

2 

— 

— 

24 Na 

— 

23.990967 

4 

15.0 hr 

p- 1.39; y 1.368,2.753 

“Mg 

— 

23.99414 

0 

— 

— 

24 Mg 

78.79 

23.985045 

0 

— 

— 

26 Mg 

10.13 

24.985840 

A 

2 

— 

— 

26 Mg 

11.17 

25.982591 

0 

— 

— 

2, Mg 

— 

26.984354 

— 

9.5 min 

p- 1.75, 1.59; y 0.834, 






1.015 (others) 

SAI 

100 

26.981535 

5 

2 

— 

— 

28 A1 

— 

27.981908 


2.3 min 

P~ 2.87; y 1.78 

!ISi 

— 

26.98670 

— 

4.2 sec 

0 + 3.85; (y) 

28 Si 

92.21 

27.976927 

0 

— 

— 

2, Si 

4.70 

28.976491 

1 

2 

— 

— 

30 S j 

3.09 

29.973761 

0 

— 

— 

!?ci 

— 

33.97376 

— 

1.6 sec 

jS+4.4 

85 CI 

75.53 

34.968854 

3 

2 

— 

— 

88 CI 

— 

35.96831 

2 

3.0 x 10 s yr 

p- 0.714; (EC); 03+) 


(Continued) 
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TABLE 22-1 (cont.). 


Species 

Abundance 

(%) 

Isotopic 

mass 

Spin 

Half-life 

Decay mode 6 

37 C1 

24.47 

36.965896 

3 

2 

— 

— 

38 CI 

— 

37.96800 

— 

37.3 min 

/?- 4.81, 1.11, 2.77; 






y 2.15, 1.60 

39V 

93.10 

38.963714 

3 

2 

— 

— 

*°K 

0.0118 

39.964008 

4 

1.27 x 10 9 yr 

j3- 1.32; EC; y 1.46; 






0+) 

“K 

6.88 

40.961835 

3 

2 

— 

— 

42 K 

— 

41.96242 

2 

12.36 hr 

3.55, 1.98; y 1.52 

j'Fe 

91.66 

55.93493 

— 

— 

— 

\\Co 

— 

56.93629 

7 

2 

270 days 

EC; y (e-) 0.122, 





e _ (y) 0.0144 (m), 






(y 0.136) 

69 Co 

100 

58.933189 

7 

— 

— 

“Co 

— 

59.93381 

5 

5.26 yr 

j3- 0.32; y 1.173, 1.333 

SSr 

82.56 

87.9056 

0 

— 

— 

‘JJCd 

12.75 

109.90300 

— 

— 

— 

U3 Cd m 

— 

— 

— 

14 yr 

j3- 0.57 


— 

— 

— 

12.8 days 

|3- 1.02, 0.48; y’s 

‘“La 

— 

— 

3 

40.2 hr 

1.34; y’s 

T e Pr 

— 

139.90878 

— 

3.5 min 

EC; )3+ 2.4; y 1.2 

‘•’Au 

100 

196.96655 

3 

2 

— 

— 

” 2 Th 

100 

232.03821 

— 

1.39 X 10 10 yr 

y 4.01, 3.95; e~ (y) 






0.059 


99.274 

238.0508 

— 

4.51 x 10 9 yr 

a 4.19 (others); 






(y 0.045): (SF) 


« From G. Friedlander, J. W. Kennedy, and J. M. Miller, “Nuclear and Radiochemistry,” 
2nd ed. Wiley, New York, 1964. Beyond oxygen only selected stable isotope masses are given. 

b Energies of the indicated radiations are given in MeV; SF denotes spontaneous fission; 
the designation m stands for metastable; EC is electron capture. 


the gap. Its actual path is therefore the spiral one shown in the figure, and the 
particle eventually emerges through a window (such as one of thin mica) with very 
high energy. By using alternating voltages of 50,000-100,000 V, early cyclotrons 
quickly achieved the production of 20-MeV particles (protons and deuterons). 
Later models reached energies of several hundred MeV. Today we have very large 
doughnut-shaped cyclotron-type accelerators as well as linear accelerators in which 




particles 


FIG. 22-4. Schematic arrangement of a cyclotron. 
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the particle is accelerated through successive high-voltage gaps. Attainable ener¬ 
gies are now in the GeV (giga-electron volt = 10 9 eV) range. 

With the advent of artificially produced high-energy particles it became practical 
to generate high-intensity beams of neutrons and to study neutron-induced trans¬ 
mutations. Such studies culminated in 1939 with the discovery of uranium fission. 
Interestingly, it was a pair of chemists, O. Hahn and F. Strassmann, who made 
the discovery. The first nuclear chain reaction was demonstrated at the University 
of Chicago in 1942 and the first fission or “atomic” bomb in 1945. In 1952, an 
inventive contribution of E. Teller led to the first fusion or “hydrogen” bomb; the 
energy release comes from a reaction of the type 

,*H + *He + in. (22-7) 

The period from 1950 to date has been marked more by a steady exploitation 
of past discoveries than by major new ones. Nuclear weaponry and nuclear power 
have become rather exact technologies. Many new transuranic elements have 
been discovered; accelerating devices have become incredibly powerful machines 
capable of generating a host of transient new particles of the meson type. 


22-2 Nuclear Energetics and Existence Rules 

We consider nuclei to be made up of protons and neutrons moving in a mutual 
potential field. The number of protons must be just the nuclear charge Z and since 
the proton and neutron both have a mass number of unity, the total number of 
nucleons must be A, the mass number of the nucleus. The number of neutrons N 
is then A — Z. Nuclei of the same Z but differing N are called isotopes-, those of 
the same N but differing Z are called isotones. 


A. Existence Rules for Nuclei 

Figure 22-5 shows a plot of Z versus N for the stable isotopes. It is evident that 
the existence of stable nuclei is not random but is confined to a rather narrow zone. 
An important corollary is that one can predict the type of radioactivity an unstable 
nucleus should show. Figure 22-6 shows a portion of the isotope chart; the shaded 
squares mark stable isotopes. Consider the nucleus 24 Na. Possible modes of dis¬ 
integration are /?- emission, /3 + emission, electron capture (EC), a emission, and 
spontaneous fission. The last two modes are important only for heavy elements. 
The first three processes may be written for a general isotope £1: 


zl -*■ Z+lI' + P > 

(22-8) 

zi - z-lr + p + . 

(22-9) 

zl - z-il' (EC). 

(22-10) 


Electron capture is a process whereby a K- or an L-orbital electron is acquired by 
the nucleus. As in positron emission, Z decreases by one unit. 

It is evident that fjNa is most unlikely to decay by either £+ emission or EC 



932 CHAPTER 22: NUCLEAR CHEMISTRY AND RADIOCHEMISTRY 



FIG. 22-5. A plot of Z versus N for stable nuclei. (From G. Friedlander, J. W. Kennedy, and 
J. M. Miller, “Nuclear and Radiochemistry,” 2nd ed. Copyright 1964, Wiley, New York. Used 
with permission of John Wiley & Sons, Inc.) 


since the consequence would be to produce ^Ne, or an isotope yet further removed 
from the line of stability. We conclude (correctly) that the most likely process is 
that of emission to give stable ^Mg. Similar reasoning leads to the conclusion 
that jfNa should decay by either positron emission or EC; the former is the 
observed process. 


P 15 


Si 14 


A1 13 

0> _ 

x> 

| Mg 12 
c _ 

I Na 11 
o _ 

< 

Ne 10 


F 9 


O 8 


17 


18 


A 



FIG. 22-6. Illustration of how the atomic and mass numbers change for various types of dis¬ 
integration process. 
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B. Nuclear Energetics 

The energy change in a nuclear reaction is large enough to be measured as a 
gain or loss of mass using the Einstein relativity relationship E — me 2 , where c 
is the velocity of lights Accordingly, the table of isotopic masses (or “weights”) 
(see Table 22-1) may be used to calculate energy changes in a transmutation 
process. One mass unit corresponds to (1)(2.9979 X 10 10 ) 2 /(6.0225 x 10 23 ) = 
1.492 X 10 _3 erg. This may be related to the electron volt unit of energy: 1 eV 
corresponds to 1.602 X 10 _1 ® J; hence 1 MeV corresponds to 1.602 X 10~®erg 
and the energy equivalent of one mass unit corresponds to 932 MeV. 

Consider reaction (22-4). We calculate the energy release Q by adding the masses 
of the reactants and subtracting from the masses of the products: 

”b + ‘He - In + In [Eq. (22-4)] 

10.012939 4.002604 1.008665 13.005739 

14.015543 14.014404 

so that Q = 14.015543 - 14.014404 = 0.001139 mass units or (1.139)(0.932) = 
1.06 MeV. Thus about 1 MeV of energy is released, in the form of kinetic energy 
of the products. 

A similar calculation may be made for a disintegration process. Consider 

'JC-^N + e- (22-11) 

From Table 22-1, Q = 14.0032419 - 14.0030744 = 0.0001675 mass units or 
0.156 MeV. Most of this energy appears as kinetic energy of the j8" particle, 
although there is a small recoil energy of the 18 N. Notice that the mass of the 
j8- particle is not used. This is because isotopic masses are given for the neutral 
atoms; the value for ^C thus includes the mass of the six outer electrons, and that 
for X ,N includes the mass of its seven outer electrons. The extra electron in 
Eq. (22-11) is automatically taken care of. In the case of the positron emission, 
however, the mass of two electrons must be included in the products in order for 
the bookkeeping to be correct. 

A useful quantity is the mass defect A, defined as W — A, where W is the atomic 
weight of the isotope. The demonstration that Q = Z A reactants — Z-^products is 
left as an exercise. It may be noticed from Table 22-1 that the mass defects are 
initially positive, decrease to a minimum of about —0.07 near iron, and then 
increase to about 0.05 near uranium. The initial decrease can be explained as 
reflecting the mutual attraction between protons and neutrons. The minimum and 
subsequent rise is due to the increasing mutual electrostatic repulsion of the pro¬ 
tons. Also, as Z increases it becomes energetically favorable for nuclei to take 
on additional neutrons over the otherwise preferred 1:1 ratio, thus increasing the 
N/Z ratio and “diluting” the charge. 

The energetics of nuclei can be treated in terms of the nuclear binding energy 
<2b • This is defined as the energy released when a given isotope is assembled from 
the requisite number of protons and neutrons (actually, the neutral atom is 

+ A related consequence is that the mass of a particle increases with its velocity v and approaches 
infinity as v -*■ c. The equation obtained by Einstein is m = m„H 1 — (v/cf] 1 ' 2 , where m 0 is the 
mass at v = 0, called the rest mass. 
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assembled from hydrogen atoms and neutrons). Thus we write 

3 JH + 4 Jn -*• ^Li. (22-12) 

q b = (3)(1.007852) + (4)0.0086654) - 7.016005 = 0.04221 mass units or 39.3 
MeV. This last corresponds to about 6 MeV per nucleon, a figure which is roughly 
constant for the light elements. We may also speak of the binding energy for the 
addition or the removal of one neutron or one proton. A general observation is 
that the binding energy for an additional neutron is again 6-7 MeV. 

Empirical observation indicates that nuclei having 2, 8, 20, 28, 50, 82, or 126 pro¬ 
tons or neutrons are especially stable. These numbers have been called “magic” 
or closed-shell numbers. Their natural isotopic abundance of stable closed-shell 
nuclei is unusually high, as, for example, jHe, 1 gO, and 2 ®Ca, for which both 
proton and neutron numbers correspond to closed-shell values, and “Sr and ““Pb, 
for which the neutron number is magic. Tin, with Z = 50, has no less than ten 
stable isotopes, which is. taken as an indication of the stabilizing effect of the 
presence of a closed shell of protons. The two pips on the fission yield plot of 
Fig. 22-7 correspond to neutron numbers of 50 and 82—again closed-shell numbers. 

The presence of magic numbers has been explained in terms of a relatively 
simple wave mechanical model of the nucleus which assumes that protons and 
neutrons move in a spherically symmetric potential. The energy states are given 
by quantum numbers n and /, defined similarly to those for the hydrogen atom, 
although n does not now limit the possible / values. One can have Is, lp, Id, If,... 
states. In this scheme protons and neutrons have separate sets of energy levels, 
and the magic numbers are found to correspond to certain groupings of filled n 
and i shells. More elaborate theories permit the nucleus to be deformed from a 
spherical shape and allow yet more detailed calculations of nuclear properties. 


22-3 Nuclear Reactions 


A. Types of Reactions 


Observable nuclear transmutation reactions were at first confined to the Ruther¬ 
ford type, illustrated by Eq. (22-3). A given element was bombarded with a par¬ 
ticles, or, with the advent of accelerators, with protons or deuterons. The products 
typically consist of another light particle and a new element. Such reactions can 
be written £l(x, y)z'T, where x might be a, p (proton), or d (deuteron) and y 
might be a, p, or n. With the development of neutron sources, such as from (a, n) 
reactions, x could be n and y could be a, p, or y. In this last case the neutron 
simply adds to the initial isotope and the binding energy appears as a y photon, 
usually of 6-7 MeV energy. A further possibility for neutrons is the (n, 2n) reaction, 
for which Q is usually —6 to —7 MeV. 

The energy of the bombarding particle x must of course be at least equal to the 
Q of the reaction if Q is negative. However, if x is a charged particle, its energy 
must be at least several MeV even though Q is positive. The reason is that the 
particle x must have sufficient energy to surmount the Coulomb repulsion between 
it and the nucleus. An empirical formula gives 


0.9zZ 


^barrier 


A)J* + A\i* ’ 


(22-13) 
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where z is the charge number of ;t and E is in MeV. Thus the Coulomb barrier 
for Eq. (22-3) is 3.15 MeV. The Q for the reaction is —1.19 MeV, so that in this 
case the barrier determines the minimum or threshold energy of the a particles. 

With the development of the cyclotron and of other high-energy accelerators 
it became possible to make bombardments with particles of much higher energy 
than the 5-10 MeV needed for simple (x, y) reactions. Roughly speaking, each 
additional 7-10 MeV allows the escape of one additional small particle. With 
30-MeV a’s, for example, reactions of the type (a, 3n) and/or (a, 2p) become 
possible. If yet higher energies are used, the number of multiple small product 
nuclei increases. The process is now called a spallation. The mechanism is thought 
to be one in which the .v particle passes through the nucleus knocking out bits and 
pieces on the way. 


B. Fission 

Nuclei of very large atomic number show a new type of process: fission. The 
mutual Coulomb repulsion of the protons in such nuclei is so large that a spon¬ 
taneous breakup into two approximately equal fragments occurs. For example, 
an isotope of californium 2 ^Cf has a half-life for spontaneous fission of about 
60 days. 

It turns out that “aU is close to the point of being able to undergo spontaneous 
fission. The binding energy of about 7 MeV gained by the addition of a neutron 
is sufficient to make the product nucleus, 2 f|U, unstable. A typical fission process is 

«U + in - CUV] - W + llKr + 3 in. (22-14) 

The Q for the process is about 200 MeV; uranium has a large positive A while 



FIG. 22-7. Mass distribution of the fission products o/ m U. Note the two small peaks at “magic 
number” values of A (Section 22-2B). (From G. Friedlander, J. W. Kennedy, and J. M. Miller, 
“Nuclear and Radiochemistry ,” 2nd ed. Copyright 1964, Wiley, New York. Used with permission 
of John Wiley & Sons, Inc.) 
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the two fission products have negative J’s. Equation (22-14) is merely typical; the 
fission may occur in various ways, and the observed distribution of fission products 
is shown in Fig. 22-7. Since fission products tend to be neutron-rich, they lie 
below the line of stable isotopes and hence are j3 - emitters. The fission product 
140 Xe undergoes a succession of j8 - decays, for example, until stable 140 Ce is finally 
reached. 

Equation (22-14) makes clear the stoichiometric basis for a fission chain reaction. 
Each neutron that induces fission leads to the production of two or three new 
neutrons, or to one or two extra ones. A brief discussion of nuclear reactors is 
given in the Commentary and Notes section. 


C. Reaction Probabilities 

There are two distinct situations involved in the treatment of the probability 
of a nuclear transmutation reaction. The first is that dealing with charged particles. 
As discussed in Section 22-4, such particles steadily lose energy through Coulomb 
interactions with the orbital electrons of the atoms of the absorbing medium. 
As a consequence, charged particles such as a particles possess a definite range 
or path length. If a target thicker than this range is used, one observes that a 
certain fraction of the particles produce a transmutation. This fraction, called 
the yield, is typically around 10 -6 . 

In the case of neutrons, however, there is no Coulomb interaction with orbital 
electrons of the absorber, and neutrons disappear only by nuclear collisions (their 
natural decay time is long enough not to compete appreciably with transmutation 
processes). We write for each layer dx of absorbing medium 

-dl = lnvdx, (22-15) 

where I is the number of neutrons incident per square centimeter per second, n 
is the number of target nuclei per cubic centimeter, and a is the probability of a 
neutron capture process. The quantity cr is called a cross section and is usually 
expressed in units of 10 -24 cm 2 , called a barn (b). f Cross sections for transmutation 
reactions are often around 1 b so that o corresponds roughly to the physical target 
area of a nucleus. However, cr for some (n, y) reactions is hundreds to thousands 
of barns. Integration of Eq. (22-15) gives 

k — I 0 — I = 7,(1 — e™ x ), (22-16) 

where k is the rate of reaction per square centimeter of target bombarded. 

Suppose that a neutron beam of 10 8 neutrons cm -8 sec -1 strikes a gold sheet 0.2 mm thick and 
2 cm 8 in area. The capture cross section for the reaction ‘"Au(n, y)“JAu is 100 b. The density of 
Au is 19.3 gem' 3 and its atomic weight is 197.2. Thus n = (19.3)(6.02 x 10 23 )/197.2 = 5.89 x 
10 28 cm~ 8 and application of Eq. (22-16) gives (10 8 )(2){1 — exp[—(5.89 X 10 22 )( 100)(10 _24 ) 
(0.02)]} = 2.22 x 10’ 1M Au nuclei formed per second. 

Neutrons may lose their kinetic energy by collisions with nuclei, and if this 
occurs in a medium for which the capture cross section is small (as in graphite or 


1 The story, probably not apocryphal, is that in the early days of the atomic energy project, 
boron was a serious impurity because of its large capture cross section for neutrons. E. Fermi 
is said to have exclaimed at one point that boron had a cross section as big as a barn—and the 
term became the unit of cross section. 
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heavy water), the neutrons may reach thermal energy, that is, an average energy 
corresponding to the ambient temperature. Nuclear reactors, for example, are 
often constructed so that most of the fission product neutrons are reduced to 
thermal energy before they undergo any capture process. A sample inserted in a 
reactor is therefore immersed in some concentration n of thermal neutrons. The 
number hitting a target of 1 cm 2 cross section of sample is then ny per second, 
where v is the average neutron velocity. The quantity nr is called the neutron flux ; 
a typical value for an experimental nuclear reactor is 10 12 -10 14 neutrons cm -2 sec -1 . 
This quantity then replaces / in Eq. (22-15). 

Suppose 2 g of NaCl is placed in a nuclear reactor whose slow neutron flux is 10 13 neutrons 
cm -2 sec -1 . The cross section of 23 Na for the reaction 23 Na(n, y) 24 Na is 0.536 b. The rate of 
production of 24 Na is then k = [2(6.02 x 10 23 )/58.5]10 13 (0.536 x 10 -24 ) = 1.10 x 10 n atoms 
sec -1 . 


22-4 Absorption of Radiation 

Radiation, such as a particles, |3 particles, and y rays, is absorbed by matter 
due to interactions with orbital electrons. All such particles dissipate their energy 
to form ions, that is, positive and negative ion pairs, in the absorbing medium. 
On the average, 35 eV is expended per ion pair; a 1-MeV particle produces about 
30,000 ion pairs before its energy is lost. However, while the overall process is the 
same, the rate and the mechanism vary considerably. 


A. Charged Particles 

Charged particles lose energy continuously as they pass through matter, as a 
result of Coulomb interactions with the orbital electrons of atoms. As a conse¬ 
quence, a charged particle exhibits a definite range or distance it can traverse 
before coming to rest. In the case of heavy particles, such as high-speed a particles, 
protons, deuterons, and so on, the path is nearly straight, as illustrated in Fig. 22-3. 
Heavy charged particles are not very penetrating. The range of a 5-MeV a particle 
is only about 3 cm in air, for example; such particles cannot penetrate skin and 
would not be dangerous externally. 

Beta particles also have a definite range. An empirical equation by N. Feather 
gives 

R = 0.543F — 0.160, (22-17) 

where R is the range in aluminum in grams per square centimeter and E is in million 
electron volts. Note that R is about 100 times that for an a particle of the same 
energy. The range of [3 particles is hard to measure, however, since, being very 
light, they are easily deflected by the atoms of the absorber and therefore pursue 
a tortuous path. If the radiation from a emitter is measured through successive 
increases in thickness of absorber, the intensity is found to diminish approximately 
exponentially with distance for two or perhaps three half-thicknesses before 
beginning its rapid drop to zero as the range is approached. 

There is a second reason for the approximately exponential absorption curve 
for beta emitters. It turns out that the energy of a /3 - particle emitted from a given 



938 CHAPTER 22: NUCLEAR CHEMISTRY AND RADIOCHEMISTRY 


nucleus may have a value ranging from near zero up to a maximum, as illustrated 
in Fig. 22-8. It is this maximum energy that appears in Eq. (22-17). The reason 
for the energy distribution is that the total decay energy is shared with a neutrino 
which is also emitted. The neutrino is a neutral particle of zero or near zero rest 
mass and spin its interaction with matter, although very weak, has been detected. 

The situation with positrons is very similar to that with j3~ particles; similar 
absorption curves are found and a similar range-energy relationship. The positron, 
however, being “antimatter” in nature, eventually fuses with an electron, and the 
combined mass energy is converted into two y quanta. The atomic weight of an 
electron or of a positron is 0.00055 mass units, corresponding to 0.5 MeV. Thus 
positron emission is always accompanied by 0.5-MeV y radiation, known as 
annihilation radiation. 


B. Electromagnetic Radiation 

Gamma and x rays, being electromagnetic in nature, obey the same Beer- 
Lambert absorption law as does ordinary light (Section 3-2). The equation 

/ = l 0 e~ ux (22-18) 

applies, where p is the linear absorption coefficient. The corresponding half-thick¬ 
ness is 0.693//X. Figure 22-9 shows the variation of half-thickness with energy for 
various absorbers. For example, 1-MeV y radiation has a half-thickness of about 
10 g cm -2 in aluminum. 

The absorption process is primarily one of ionizing orbital electrons of the 
atoms in the absorbing material. The gamma quantum may impart all of its energy 
to the electron, in the photoelectric effect, or it may make an elastic collision with 
it, resulting in an accelerated electron and a gamma quantum of reduced energy, 
in the Compton effect. Gamma quanta of above 1.1 MeV energy may also, by 
interaction with the field of a nucleus, create an electron-positron pair; the effect 
is known as pair formation. 

If we consider gamma quanta of successively lower energy, we reach the x-ray 
region. The energy becomes comparable to that required to ionize a K or an 
L electron of the absorbing medium. As Fig. 22-9 shows, the half-thickness 
suddenly rises when the energy falls to just below that necessary to ionize a parti¬ 
cular type of electron. This happens first at the ionization energy of the K electrons 
of the absorber, then at that of the L electrons, and so on. The effect is known as 



FIG. 22-8. Shapes of j8 -particle 
energy distributions. 
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E, keV 

FIG. 22-9. Half-thickness for the absorption of y or x radiation in various substances. [Data 
from “Handbook of Chemistry and Physics” (C. D. Hodgman, ed.), 44th ed. Chem. Rubber Publ., 
Cleveland, Ohio, 1963.] 


critical absorption-, it allows one to select combinations of absorbers that will 
preferentially pass a particular energy range of x rays. 

X-ray emission occurs, of course, when an L electron falls into a K vacancy, 
or an M electron into an L vacancy. An alternative to such emission is the 
ejection of an outer electron in an intra-atomic photoelectric process known as the 
Auger effect. 


C. Dosage 

Radiation dosimetry is the measurement of the amount of energy expended in 
absorbing material; 1 rad is that radiation dose which deposits 100 erg in 1 g of 
material. An earlier, more complicated unit, is the roentgen (R), defined as the 
quantity of y or x radiation which produces ions carrying 1 esu of electrical 
charge per cubic centimeter of dry air at STP; 1 R corresponds to the absorption 
of about 84 erg of energy. The roentgen and the rad are thus roughly equivalent; 
1 g of radium gives a dose of about 3 rad hr -1 at a point 1 m away. 

The biological hazard of radiation varies with the type. Neutrons cause more 
damage per rad than does y radiation, for example. The dosage in rads is there¬ 
fore scaled accordingly to give dosage in rems (roentgen equivalent man). One 
rad of y or of /9~ radiation is equivalent to about 1 rem, but 1 rad of neutron 
radiation corresponds to 10 rem. 
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The allowed industrial radiation level is about 3 mrem hr -1 (mrem = millirem) for whole 
body exposure and about 30 mrem hr -1 for hands or feet only. The total accumulated dose should 
not exceed, in rem, about five times the number of working years or the person’s age minus 20. 
Acute and chronic exposure have different effects. A person might receive 150 rem over a working 
career with no harm, but 150 rem received all at once would cause some radiation sickness. 
The median lethal acute dose is about 500 rem (whole body exposure). 

The dosage from cosmic radiation, natural radioactivity in the earth and in bricks, and so on 
amounts to about 0.1 rem yr -1 or about 0.003 of the maximum industrial exposure. Radiation 
due to fallout from nuclear testing is even less than this. The matter has been much debated, 
of course, but it is questionable whether such low levels of radiation have even a statistical effect 
on human longevity or health [see, for example, Holcomb (1970)]. 

Radiation chemistry is the study of chemical change induced by high-energy 
radiation. It is customary to measure efficiencies in terms of the number of mole¬ 
cules destroyed or reacted per 100 eV of energy absorbed; this is called the G 
value. For example, irradiation of aqueous solutions leads primarily to ionization 
and dissociation of water as the primary processes. A typical sequence of events 
is that assumed for dilute, air-saturated, and acidic ferrous sulfate: 

H 2 0 — H + OH, OH + Fe 2+ — Fe 3+ + OH - , H + 0 2 — H0 2 , 

H+ + HO, + Fe 2+ — H 2 0 2 + Fe 3+ , H 2 0 2 + Fe 3+ -*■ OH + Fe(OH) 3+ (and so on). 

Thus for every H z O molecule decomposed in the primary reaction, four Fe 2+ ions 
are oxidized. 


22-5 Kinetics of Radioactive Decay 

Nuclear disintegration or decay is a statistical event. With a large enough sample, 
however, the observed decay rate approximates the most probable one and we can 
therefore treat it as a simple first-order rate process. Thus 

dN 

D = - = XN, (22-19) 


where D is the disintegration rate, N is the number of atoms present, and A is the 
decay constant. This is the same as Eq. (14-4), and the integrated forms, 
Eqs. (14-6) and (14-7), also apply. Equation (14-9) gives the half-life as ( 1/2 = 
0.6931/A. 

One ordinarily measures a radioactive material by its disintegration rate rather 
than by the number of atoms present. The curie (Ci) is defined as 3.700 x 10 10 dis¬ 
integrations sec -1 . As an example, the disintegration rate of 1 g of 14 C may be 
calculated by means of Eq. (22-19). The number of atoms present is 
(1)(6.02 x 10 23 )/14 = 4.30 x 10 22 ; t Vi = 5720 yr, so that 

A = 0.6931/(5720)(365.3)(24)(60)(60) = 3.8 x 10 -12 sec -1 . 

Then D = (4.30 x 10 22 )(3.8 x 10 -12 ) = 1.65 x 10 11 dis sec -1 g -1 or 4.46 Ci g -1 . 

An important special case is that in which a radioactive species is produced at 
some constant rate k. The differential equation is 


(22-20) 
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FIG. 22-10. Analysis of the composite decay curve for two independently decaying species. 


which integrates to give 

D = k{ 1 - e~ M ). (22-21) 

In the example of Section 22-3C, the rate of production of 24 Na is 1.10 X 10 11 sec" 1 . 
The half-life of M Na is 15.0 hr, and, for example, a 15 hr irradiation would yield 
D = kj2 or 5.5 x 10 10 dis sec -1 . With a sufficiently prolonged irradiation, D 
approaches k. The saturation activity is then 1.10 X 10 11 dis sec -1 . 

A second common situation is that in which a mixture of radioactive species is 
present. The case of two species, 1 and 2, is illustrated in Fig. 22-10. Each decays 
independently, and Dm = D 1 + D 2 ■ If species 1 is the longer-lived, then 
Dm -*■ D 1 at large times. As illustrated in the figure, subtraction of the Di line 
from Dm gives D 2 ; we thus find Dj° = 2000 dis sec -1 , t y2 {\) — 3 hr, and 
D g ° = 4000 dis sec -1 , <i / 2 (2) = 0.5 hr. 

The third case to be considered is that in which a parent radioactive species 1 
decays to a daughter 2 which is also radioactive, 

species 1 -A species 2 -A stable product. 
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This situation is discussed in Section 15-ST-2B; Eq. (15-86) may be written 

D 2 = - e_M )- ( 22 - 22 ) 

If A 2 > Aj, then at large times Eq. (22-22) reduces to that for transient equilibrium 

D 2 = ^'-y D, . (22-23) 

If A 2 A 2 , then at times large compared to 1/A 2 , species 1 has still not appreciably 
decayed and D 2 = Z)/ 1 . This situation is known as one of secular equilibrium. 

The experimental application of Eq. (22-22) may be illustrated as follows. We suppose that a 
sample of pure I40 Ba has been isolated. It decays with a half-life of 12.8 days into daughter 140 La, 
whose half-life is 40.2 hr; both emit jS~ particles. The plot of D iot versus time is shown in Fig. 
22-11; Dtot goes through a maximum due to the growth of the daughter 140 La but eventually 
becomes linear with time in the semilogarithmic plot. That is, 

Du>i(t large) - Df <?-V (l + — ) . (22-24) 

\ A2 Aj / 

The slope of the limiting line thus gives Ai, corresponding in this case to r x / 2 = 12.8 days. Sub¬ 
traction of the limiting line from D tot yields a difference line whose slope gives A 2 , corresponding 
to ft/a = 40.2 hr. 



FIG. 22-11. Analysis of the composite decay curve for the parent-daughter sequence 140 Ba 

12.8day. 140^3 ? 140(^ e 
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COMMENTARY AND NOTES 


22-CN-l Theories of Radioactive Decay 

The theoretical treatment of radioactive decay is in some ways similar to that 
of emission from a molecular excited state. Thus the emission of a gamma quantum 
from a nucleus is essentially a nuclear fluorescence or phosphorescence (see 
Section 19-4, although it is usually called an isomeric transition (IT). The emission is 
subject to selection rules; its probability depends on the change in nuclear angular 
momentum Al that occurs, and on whether or not a change occurs in the electric 
charge distribution in the nucleus. An allowed transition occurs in about 
10 -13 sec, but if Al is large, the half-life can be quite large. Thus, referring to 
Table 22-1, 113 Cd m decays to ground-state 113 Cd with a half-life of 14 yr. 

A complication is that an alternative to actual gamma emission is the ejection 
of an orbital electron which carries off the energy of the isomeric transition. The 
effect is called internal conversion (IC), and the probability that the decay will take 
this route increases with increasing Al. Thus in the case of 113 Cd m the actual 
emission is by IC, with monoenergetic 0.58-MeV electrons produced. 

Beta decay is also treated as an emission process, but with the complication 
that there is a simultaneous emission of two particles from the nucleus: an electron 
and a neutrino. The theoretical treatment of the lifetime of beta decay is somewhat 
complicated, but again the half-life increases with increasing Al for the transition. 

The treatment of a emission is quite different from the preceding two cases 
since the particle emitted is essentially a piece of the nucleus itself. The situation is 
sketched in Fig. 22-12. If we consider the process zl-^z-tl’ + |He, the reverse 
reaction has a 2 barrle r as given by Eq. (22-13). In the case of 2 j$Th this barrier 
amounts to about 20 MeV, so that it would require a 20-MeV a. particle to enter 
the 2 9 pTh nucleus to give ^“(J. Yet the reverse process is spontaneous and the 
emitted a particle has only 4 MeV energy. Clearly the emitted particles are never 
at the potential energy of the top of the Coulomb barrier. 

The explanation of this energy paradox constituted one of the first great triumphs 
of wave mechanics. The theory is that of a particle in a box with a finite barrier. 
It turns out that the wave function for the particle (the a particle in this case) has 
a finite value outside of the box (the Coulomb barrier), and the square of this 



FIG. 22-12. Quantum mechanical model for a emission. 
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value gives the probability of the particle being outside and hence of its being 
emitted. The process is known as “tunneling.” 


22-CN-2 Nuclear Reactors and “Atomic” Bombs 


A nuclear reactor is a device which allows a nuclear fission reaction to be self- 
sustaining. We consider first the problem of arranging this situation in the case 
of natural uranium, which contains 99.27% 238 U and 0.72% 235 U. According to 
Eq. (22-14), the slow neutron fission of 235 U produces additional neutrons which 
could, in turn, lead to further fissions. The problem is that 238 U also captures 
neutrons: 


238 

92 


U + „n 


239, , 0 239- . 0- 

92 23.5 min 941 P 2.35 day 


4 PU. 


(22-25) 


The result is the production of plutonium (half-life 2.44 X 10 4 yr). The capture 
cross section of 238 U for neutrons goes through a peak or resonance absorption 
region as the neutrons lose their energy, and the consequence is that a sample of 
natural uranium is unable to sustain a chain reaction; too many neutrons go into 
reaction (22-25). 

The solution to this problem that was found during World War II was to place 
the uranium in a lattice of highly purified graphite. Carbon does not absorb 
neutrons strongly, and the neutrons produced by the fission of 235 U wander through 
the graphite until they are slowed down by collisions to thermal energies before 
again encountering uranium atoms. Thus the dangerous resonance absorption 
region is spent in graphite and away from 238 U. A sufficient fraction of the neutrons 
produced by each act of 238 U fission now survives to carry the chain reaction. 
This fraction is called the reproduction constant k. 

If k is greater than unity, a chain reaction should occur. In any actual reactor, 
however, there is a loss of neutrons from the surface into surrounding space, so 
that the finite reactor has a practical reproduction constant k' < k. The importance 
of the surface effect diminishes with increasing size of the reactor, so that if a 
particular infinite reactor has k > 1, then there will be some critical size of an 
actual structure such that k' is just equal to unity. 

The lifetime of a neutron is about 10~ 5 sec; this is the time from its formation 
in a fission event to its eventual capture by another 235 U nucleus. Since the concen¬ 
tration of neutrons in a reactor should increase by the factor k' with each genera¬ 
tion, this means that the neutron concentration and hence the power output of 
the reactor should increase by (A:') 10 * per second. If this were actually the case, the 
situation would be extremely dangerous. As soon as construction of the reactor 
exceeded its critical size, the power would rise catastrophically in a fraction of a 
second. No actual explosion would occur in ordinary reactors; the reactor would 
be ruined, however. 

There is a most fortunate natural situation which prevents this catastrophe from 
happening. It so happens that about 1 % of the neutrons produced in fission are 
tied up in isotopes called delayed neutron emitters. These are energetic f3~ emitters 
decaying to excited nuclear states that then promptly emit a neutron. The half- 
lives of the f3~ emitters range from milliseconds to seconds. Thus if k' is less than 
about 1.01, the effective generation time is not 10~ 5 sec but about 1 sec. A reactor 
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that is just critical in size thus increases its power only slowly and may easily be 
controlled by moving neutron-absorbing control rods inward so as to bring k' 
back to unity whenever the power level is to be stabilized. 

The original reactors of World War II were intended not to produce power, 
but to produce 239 Pu by reaction (22-25). The reason was that 239 Pu was expected 
to fission easily, like 235 U, and being chemically different from uranium, could be 
concentrated into the pure element. The alternative approach used was to fraction¬ 
ate natural uranium into relatively pure 235 U by isotopic fractionation procedures. 

Atomic bombs (strictly speaking, nuclear bombs) consist of relatively pure 239 Pu 
or 235 U. One modern arrangement is to have a sphere of the material which has 
just too much surface area for k' to exceed unity. The sphere is surrounded by a 
conventional high explosive and when this is detonated it compresses the sphere, 
thereby reducing its area and making k' greater than unity. The ensuing chain 
reaction is very rapid in this case since the neutrons need not be slowed down; 
the generation time is much less than 10 -5 sec and the result is the incredible 
nuclear explosion. 

Contemporary power-producing nuclear reactors may use plutonium or 235 U 
enriched uranium. Uranium- or plutonium-containing ceramic rods may, for 
example, be spaced in a bath of heavy water, or, if sufficiently enriched, in ordinary 
water. The fission energy appears ultimately as heat, of course, and heat exchangers 
transfer this heat to a working fluid which is then used for power generation. 


22-CN-3 Nuclear Chemistry 

The term nuclear chemistry applies to the study of the properties of nuclei and 
of “fundamental” particles. It is possible, for example, to draw inferences about 
the size, shape, and ease of deformation of nuclei from a study of how they scatter 
high-energy particles such as protons or neutrons. It appears that most nuclei are 
not spherical but are prolate ellipsoids. Scattering experiments also allow a map¬ 
ping of nuclear energy states. These states are quantized and charts of them look 
much like those from atomic spectroscopy. 

We have considered nuclei to be made up of neutrons and protons, with the 
implication that these last are fundamental particles. Actually, the experiments of 
high-energy physics have disclosed some 80 “fundamental” particles. These may 
be classified as baryons, which are heavy particles and include the proton and the 
neutron, mesons, whose rest masses range down to about 0.1 mass units, and 
leptons, which comprise the electron, the mu particle, and the neutrino. The study 
of the properties of these particles has led to the formulation of several quantities 
which are conserved in nuclear processes. In addition to charge, mass number, 
spin angular momentum, and parity, quantities called hypercharge, isotopic spin, 
and strangeness have been defined [see Chew et al. (1964)]. 

It also appears that for every elementary particle there is an antiparticle; the 
two annihilate each other in a collision. Thus the positron is the antimatter equiv¬ 
alent of the electron. Antiprotons and antineutrons as well as various other anti- 
baryons have been discovered. It is possible, then, to imagine a hydrogen atom 
consisting of an antiproton nucleus and an orbital positron—or, indeed, an anti¬ 
matter universe. The detection of astronomical antimatter seems impossible at 
present. Stellar spectra cannot be used, for example, since these should be invariant 
with respect to the type of matter involved. 
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22-CN-4 Quantum Statistics 

The usual Boltzmann expression is actually a limiting case of more general 
expressions. Particles whose wave function is antisymmetric, such as the electron 
or proton, obey the Pauli exclusion principle in that no two can have the same wave 
function. In an assemblage of such particles, detailed analysis gives the probable 
number N ( of particles having energy e ( as 


N,= 


gi 


ae e ‘ l kT + 1 


(22-26) 


where g { is the degeneracy of the state and a is the normalization factor required 
to make N t = l. Equation (22-26) reduces to the Boltzmann expression if 
ae ( i !kT j^> 1. It turns out that a can be identified with the reciprocal of the absolute 
or rational activity (Section 9-CN-3), and the condition for Eq. (22-26) to reduce 
to the Boltzmann law is therefore that either e^kTor that there are many particles, 
so that a. is large. The analysis giving Eq. (22-26) is known as Fermi-Dirac statistics. 
Particles to which it applies are called fermions. 

If a particle contains an even number of fermions, such as deuterium or a helium 
nucleus, then its wave function is symmetric and the Pauli exclusion principle 
does not apply; any number of such particles may be in a given state. The change 
puts -1 instead of +1 in the denominator of Eq. (22-26). The analysis is known 
as Bose-Einstein statistics and the particles obeying these statistics are called bosons. 
Interestingly, it is found that photons obey Bose-Einstein statistics, which suggests 
that they are not simple particles but are somehow composite. 


22-CN-5 Experimental Detection Methods 

Most detection devices are based on the ability of high-energy radiation to ionize 
matter. A quartz fiber may be electrostatically charged, for example, so as to be 
repelled from its support. Radiation ionizes the air, rendering it somewhat con¬ 
ducting so that the charge leaks away and the fiber slowly returns to its rest posi¬ 
tion. The rate of such return is a measure of the intensity of the radiation. Such 
electroscopes are widely used for personal dosimeters; they can be constructed in 
the size and shape of a fountain pen. 

Photographic film is exposed by high-energy radiation and is much used, of 
course, in medical x-ray examinations. Film has the two advantages of providing 
a cumulative measure of radiation and of mapping its intensity distribution. How¬ 
ever, the photographic method is inconvenient to use for accurate measurements 
or where discrimination among different kinds of radiation is desired. 

The ionization produced by radiation may be measured electronically. A poten¬ 
tial of several hundred volts is applied through a high resistance to a pair of elec¬ 
trodes separated by an air gap. The ions produced by the radiation collect on the 
electrodes to generate a small current, which drops the voltage, and this voltage 
change can be amplified by a dc amplifier. Since each high-speed particle produces 
a burst of ions, the current actually occurs in pulses, and each pulse can be ampli¬ 
fied by means of an ac amplifier. Discrimination between different kinds of par¬ 
ticles is now possible since the pulse sizes will be different. It is thus possible to 
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“count” a particle pulses in the presence of a heavy background of fj~ or of y 
radiation. 

If the potential between the electrodes is raised to about 1000 V, the ions prod¬ 
uced by the radiation are so strongly accelerated as to produce further ionization. 
The result is a cascade of ions and a very large pulse—one that can be detected 
with little amplification. The device is known as a Geiger counter. It does not, of 
course, discriminate among kinds of particles since all pulses are now the same. 

Perhaps the most common modern detection device is the scintillation counter. 
Materials such as crystalline anthracene and sodium iodide [with a trace of T1(I)] 
emit light under irradiation; each high-speed particle produces a quick burst of 
photons and the light pulse is detected by means of a photomultiplier. The use of 
Nal(Tl) is particularly advantageous for the detection of y rays since the heavy 
I atoms absorb electromagnetic radiation strongly. Moreover, each photoelectron 
has the energy of the y quantum, and the light pulse resulting from such electrons 
is proportional to their energy. It is thus possible to measure the energy spectrum 
of incident y radiation. Semiconductors have also been used. Each ionizing particle 
produces a current pulse very nearly proportional to its energy. 


22-CN-6 The Mossbauer Effect 

Gamma rays emitted in an isomeric transition ordinarily have less than the true 
energy difference between the two nuclear states involved. Conservation of momen¬ 
tum demands that some energy go into a recoil of the emitting nucleus. The dis¬ 
covery by R. Mossbauer in 1958 was that if the emitting isotope is embedded in a 
fairly stiff crystal lattice, then part of the time the emission is recoilless. In effect, 
the recoil momentum is absorbed by the crystal as a whole, and the recoil energy 
loss of the emitted y ray becomes negligible. 

The energy of such y quanta is now exactly that between the two nuclear states, 
and such gammas show a strong resonance absorption by ground-state nuclei. 
The wavelength spread of the recoilless radiation is so narrow that if the source is 
moving even a few centimeters per second, the Doppler effect is enough to destroy 
the resonance absorption by a stationary absorber. 

Much as with nmr, the Mossbauer effect, although remarkable, would have a 
limited application except that gamma energies are measurably affected by the 
density of orbital electrons in the vicinity of the nucleus, and hence by the chemical 
environment of the atom. There is thus a chemical shift in the energy of the recoil¬ 
less y emission. If the source and the absorber atoms are in different chemical 
states, resonance is destroyed. 

A typical experimental procedure is as follows. Some 57 Co (270 day half-life) 
is deposited on the surface of some cobalt metal. This isotope decays to an excited 
state of iron 57 Fe m which then emits a 14.4-keV y quantum. The absorber consists 
of iron in the chemical state to be studied, and one looks for resonance absorption 
by stable 57 Fe. With source and absorber stationary there will in general be no 
resonance because their chemical states are different, and one therefore puts the 
source through a periodic velocity cycle (it may be driven by a loudspeaker cone, 
for example). At those velocities at which the Doppler shift restores resonance, 
absorption is strong, and the intensity of radiation passing through the absorber 
decreases. A Mossbauer spectrum is shown typically as a plot of radiation intensity 
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through the absorber versus source velocity. The general flavor of Mbssbauer 
spectrometry is similar to that of nmr, and the derived information is somewhat 
analogous. 


_ SPECIAL TOPICS _ 

22-ST-l The Natural Decay Series. Age Dating 


An early triumph of radiochemistry was the working out of the rather complex 
sequences of successive decays that occur with the heavy elements. The best known 
of these series is that beginning with 238 U. It may be summarized by the equation 

«U - *£Pb + 8*He + 6)3-. (22-27) 

Isotopes of Th, Pa, Ra, Rn, Po, Bi, and T1 constitute intermediate members of 
the series, but the important point is that 238 U is the longest-lived of all, with a 
half-life of 4.49 X 10 10 yr. The series therefore comes to secular equilibrium; for 
each uranium atom that disintegrates, on the average eight a particles (ending up 
as He) and six /3~ particles are released by daughter nuclei. 

The time elapsed since a uranium-containing mineral first crystallized may be 
determined from the amount of the entrapped helium. Thus N v + iA He gives the 
original number of uranium atoms present, or N v = ( N v + §A He ) e~ Au ‘. A 
determination of the ratio N m /N v in a rock sample thus allows a calculation of t. 
Alternatively, the ratio 206 pb/ 238 U may be used. Very old minerals have shown 
ages up to about 10 9 yr by this method. 

Since change in mass numbers occurs only by a emission, the members of the 
uranium series have mass numbers which may be written as 4 n + 2, where n is 
an integer. The thorium series belongs to the An family, and is, in summary, 

2 »oTh - 2 °*Pb + 6 ^He + 4/5". (22-28) 

The actinium series begins with 235 U and thus belongs to the An + 3 family. A 
fourth series, the An + 1 series, has been pieced together only relatively recently. 

Age dating on a more modest time scale is possible from measurement of the 
14 C content of organic matter. Cosmic radiation is constantly generating 14 C, 
probably through the reaction 14 N + Jn —> “C + }H, so that a low level of this 
isotope is always present. W. Libby realized that this circumstance permitted a 
determination of the age of wood or of other biological material. The living 
organism continuously incorporates 14 C in its structure, but, once killed, biological 
activity ceases and the radiocarbon begins to decay away. The half-life is 5720 yr, 
so that quite ancient objects can be dated. It is assumed that cosmic ray intensity 
has remained constant, so that a piece of, say, early Egyptian wood with half the 
proportion of 14 C to 12 C as in present-day wood must be 5720 yr old. 

Tritium is also produced in the atmosphere at a low concentration, probably 
by the reaction 14 N + Jn -*■ + ^H. The time scale is now a very contemporary 

one since the half-life of tritium is only 12.26 yr. However, ground waters have 
been dated by means of their tritium content (and also some good wines!). 

It must be emphasized that these cosmic-ray-produced radioactivities are at a 
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minute and entirely nonhazardous level of concentration. Quite sophisticated 
instrumentation is needed even to detect their presence. 


22-ST-2 Statistical Fluctuations in Radioactive Decay 

Consider N atoms of a radioactive substance. The probability that any arbitrarily 
selected set of exactly m nuclei will decay during an interval t is 

(1 — e-^YUg-xtyf-m _ pmgN-m ; (22-29) 

where p m is the probability that the m nuclei will decay and q N ~ m is the probability 
that the other N — m nuclei will not. The probability given by (22-29) must be 
multiplied by the number of ways of picking m nuclei out of N total ones. This 
is iV!/(iV — m )!. However, since the order of picking the m nuclei is immaterial, 
we must divide by the ways of permuting m objects, m\. The final equation for the 
probability lV(m) is 

p-i"- . < 22 -») 

We can relate this result to the standard deviation of a measurement of m. In 
general, the standard deviation a of a series of n measurements of a quantity x is 
given by 

** = \ t (*, - *) 2 - (22-31) 

Expansion of the sums leads to the alternative form 

cr 2 = 3? - x 2 . (22-32) 

That is, ct 2 is given by the difference between the average value of x 2 and the 
square of the average value of x. 

The quantities m and m 2 may be evaluated from Eq. (22-30). It turns out that 
in = N{\ — e~ M ), which reduces to Eq. (22-19) if / is small. Also, (N — 1) Np 2 = 

m 2 — m, and insertion of these results into Eq. (22-32) gives a 2 = rnq. If m is 

small compared to N, then q is essentially unity, and a = in 1/2 . Thus the standard 
deviation of a measurement of the disintegrations occurring in time t is just the 
square root of the average value. 

If a particular sample of radioactive material registers 1000 disintegrations in 10 min, we 
assume that the figure of 1000 is close to the true in, and estimate a to be (1000) 1/2 or 31.6. The 
activity is then reported as 100 ± 3.2 dis min -1 , or ± 3.2 %. Were 10,000 disintegrations observed 
over 100 min, <7 would be 100 and we would now report 100 ± 1 dis min -1 , or an uncertainty 
of 1 %. Thus the more total disintegrations or emitted particles counted, the smaller is the per¬ 
centage of error in the measurement. 
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EXERCISES 


Take as exact numbers given to one significant figure. 

22-1 What is the field H required to cause electrons to follow a path of radius 2 cm if the 
compensating electric field to prevent such curvature is 10* V cm -1 ? 

Ans. 170 G. 

22-2 Calculate E in volts per centimeter required to maintain from falling a water droplet 
which, in the absence of the field, falls at the rate of 10 -1 cm sec -1 . Assume the drop 
carries three units of electronic charge and the viscosity of air to be 1.85 x 10 -1 P. 

Ans. 0.67 V cm -1 . 

22-3 Calculate the specific activity of 238 U in disintegrations per second per gram. 

Ans. 1.23 X 10* dis sec -1 g -1 . 

22-4 A sample of 38 CI (as NaCl) shows 1 Ci of activity initially. What should be the activity in 
disintegrations per second 3 hr later ? 

Ans. 1.3 X 10 9 dis sec -1 . 

22-5 Calculate the high-voltage frequency for the cyclotron acceleration of deuteron in a 
field of 10,000 G and the maximum radius achieved by the spiraling deuterons if the final 
energy is to be 10 MeV (neglect relativistic effects). 

Ans. 7.6 MHz, 65 cm. 

22-6 What is the relativistic increase in mass of a 10-MeV deuteron, of a 10-MeV electron? 
What is the velocity of a 1-MeV electron? 

Ans. 0.533%, 19.6-fold, 0.94 c. 

22-7 Explain how it is possible that 38 C1 may decay by either /3 - or j8+ emission. How should 
J 9 S decay? 

22-8 Calculate Q for Eq. (22-7). 

Ans. 7.21 MeV. 


22-9 Calculate Q for Eq. (22-6). 


Ans. 3.8 MeV. 


22-10 Calculate the binding energy of the last neutron added to (a) le O, (b) 17 0. Comment 
on the difference between the two values. 

Ans. (a) 15.7 MeV, (b) 4.14 MeV. 

22-11 Calculate the Coulomb barrier in the bombardment of 209 Bi with a particles. 

Ans. 19.9 MeV. 


22-12 The cross section for the reaction S9 Co(n, y)“°Co is 20 b. Calculate the number of 80 Co 
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atoms formed if 2 g of metal foil is exposed to a neutron flux of 1.5 x 10 13 neutrons 
cm -2 sec -1 for 10 min, and the resulting radioactivity in millicuries. 


Ans. 0.415 mCi. 

22-13 Calculate the dosage in roentgens per hour 1 m away from a 1-Ci source of 1-MeV y 
radiation. [Note: Estimate the absorption coefficient per centimeter of air from Fig. 
22-9 to determine the fraction of the y radiation absorbed per centimeter and hence the 
energy dissipated; this gives the number of ions produced. The number of ions per cubic 
centimeter 1 m away can then be calculated, and thence the dosage.] 

Ans. 1.30 R hr" 1 . 

22-14 31 Si is formed at the rate of 2 x 10* atoms per second by the neutron irradiation of 
silica. How many millicuries will be present (a) immediately after a 5-hr irradiation, and 
(b) 10 hr after the irradiation is over? What is the saturation activity? 

Ans. (a) 3.96 mCi; (b) 0.281 mCi; 5.41 mCi. 

22-15 The total activity is followed as a function of time for a sample suspected of consisting 
of two or more independently decaying radioisotopes. Find the half-life of each com¬ 
ponent and the number of disintegrations per minute of each component present at 
zero time. 


t (hr) 

0 

0.5 

1.0 

1.5 

2.0 

2.5 

Dis min -1 

7300 

4500 

2900 

1950 

1350 

990 

/(hr) 

3.0 

3.5 

4.0 

5.0 

6.0 

7.0 

Dis min- 1 

740 

580 

480 

370 

310 

280 

/(hr) 

8 

10 

12 

14 



Dis min- 1 

255 

210 

180 

155 




Ans. (a) / l/2 = 0.7 hr, D° — 6800; 
(b) t m = 8.2 hr, D° = 470. 

22-16 148 Ce decays by beta emission to 148 Pr, with t 1 / 2 = 14 min; the ll8 Pr decays in turn to 
stable l48 Nd with 4/ 2 = 25 min. A sample consists initially of 0.5 mCi of pure l48 Ce. 
Calculate the activity of l48 Ce and of 148 Pr present 30 min later. Is this a case of secular 
equilibrium ? 

Ans. Di = 0.113 mCi, D a = 0.385 mCi. 


PROBLEMS 


22-1 The specific activity of a sample of pure "Tc is 10 5 dis sec -1 mg -1 . Calculate the half-life 
of 88 Tc. 

22-2 Calculate the isotopic mass of 2 {$Hg from Eq. (22-33) and also the Q for adding one 
neutron to obtain 2 JJHg. 

22-3 What is the average binding energy of a proton in 28 Na? 

22-4 Calculate the Q for the reaction 9 Be(a, n) 12 C. 

22-5 Derive the equation for the total binding energy of an isotope in terms of its mass number 
for isotopes of optimum charge. Use the equation 


£( MeV) = 11.6 A-—(A- 2 Zf - 0.06Z 2 
A 


(22-33) 
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22-6 


22-7 

22-8 

22-9 

22-10 

22-11 

22-12 

22-13 

22-14 

22-15 


22-16 


to find Za = f(A) such that ( 8E/8Z)a = 0. By means of this result make a plot of 
the mass defect against A; also compare your result with the plot for stable isotopes 
as actually found (compare with Fig. 22-5). 


By means of the equations developed in Problem 22-5, calculate the energy of a emissions 
for 


when A = 200. Estimate the average number of betas per alpha for a decay series around 
A = 200. 


When a magnetic field of 5000 G is imposed in a cloud chamber, the electrons and positrons 
formed by pair production from incident y radiation are found to follow a path of 2 cm 
radius of curvature. What is the energy in MeV of the y ray ? 

How many centimeters of lead absorber are needed to reduce the intensity of a source 
of 5-MeV y radiation 100-fold (absorption coefficient, n = 0.30 cm -1 )? 

What is the dosage in roentgens per hour 1 m away from a 100-Ci point source of 1-MeV 
gamma rays of absorption coefficient fi — 7 x 10 -6 cm -1 in air? Assume that only singly 
charged ions are formed and that 30 eV are required to produce each ion pair. 

The high voltage across the dees of a cyclotron has a frequency of 12 MHz. What must 
the magnetic field be if deuterons are to be accelerated? 

What is the most energetic decay process for 10 C, and how much energy is liberated? 

A radioelement of half-life 7) yields a daughter of half-life 7) . Assuming that at zero time 
no daughter is present, derive the expression for the time of maximum combined 
activity (that is, disintegrations per unit time) of parent plus daughter. 

What is the cross section for the formation of 14 C by (n, p) reaction if, on irradiation of 
100 liter of 0.1 M ammonium nitrate for 1 wk at an average pile power of 3000 kW, 
0.1 mCi of 14 C is obtained? (Assume 10 5 neutrons cm -8 sec -1 W -1 .) 

If the cross section for the reaction 31 P(n, y)“P is 0.32 b, what will be the saturation activity 
for 1.0 g of P irradiated in a neutron flux of 1.2 X 10 12 neutrons cm -2 sec -1 ? 


The following decay data are obtained on a sample suspected of containing several 
radioelements: 


/(hr) 

0.0 

0.5 

1.0 

1.5 

2.0 

3.0 

4.0 

5.0 

6.0 

8.0 

Dis min -1 

8000 

1875 

850 

543 

410 

288 

211 

168 

139 

108 

/(hr) 

10 

12 

14 








Dis min -1 

90 

80 

73 









Analyze the data graphically to obtain the half-lives of all the radioelements present, 
and the percentage of the initial total activity due to each. 

A sample of radioactive zirconium is obtained in pure form by an appropriate processing 
of a fission product mixture. The activity of the sample increased with time, as shown 
by the tabulated activity (total disintegrations per minute), due to the growth of a niobium 
daughter. Analyze the data to determine the half-lives of the parent and the daughter. 

/(days) 0 20 40 60 100 150 200 300 400 500 

Z) tot (dis min -1 ) 2000 2250 2200 2050 1600 1050 666 240 82 28 
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22-17 A sample of 140 Ba is allowed to come to transient equilibrium with its daughter 140 La: 

i4° Ba — 140 La + p~ half-life 12.5 days, 

140 La ->- 140 Ba (assume to be stable) + 0“ half-life 40 hr. 

A chemical separation is then made, giving two fractions containing the following weight 
percentages of the total Ba and La: (a) 90% of the barium, 10% of the lanthanum; 
(b) 10% of the barium, 90% of the lanthanum. At the time of the chemical separation 
the sample contained 3 x 10* dis min -1 due to the combined Ba and La activities. Calculate 
the total number of disintegrations per minute for each fraction 2 days and 25 days after 
the separation. 


SPECIAL TOPICS PROBLEMS 


22-1 A meteorite contains 1.5 x 10“ 3 % U. Calculate its minimum age in years if 0.066 cm 3 of 
He (STP) can be extracted from 10 g of the meteorite. 

22-2 A counter has a background of about 35 counts min' 1 . How long should a sample of 
approximately 1000 counts min -1 be counted and how long a background count should 
be taken in order that the net count can be determined in a minimum total counting time 
with a probable standard deviation of less than 1 %? 

22-3 The age of some pitchblende U 3 O s is estimated by weighing out a small sample of the 
crushed mineral and determining the alpha activity. The measurement is made one week 
after crushing and gives 21 dis sec' 1 mg' 1 . It is to be assumed that no gases or other 
materials escape from the mineral during its geological existence, but that on crushing, 
the radon and helium present escape freely, but nothing else. Neglecting any complications 
due to 236 U or 234 U present, calculate the age of the mineral. [Note: The ore is assumed to 
have been pure U 3 0 8 originally, although in the course of time its composition may well 
have changed appreciably.] 

22-4 The standard deviation of a counts per minute determination on a sample is 10%. Neglec¬ 
ting background, what was the activity in counts per minute after the sample had been 
counted for 5 min? 

22-5 A counter has a measured background rate of 600 counts in 25 min. With a sample in place 
the total measured rate is 1050 counts in 20 min. Give the net counting rate per minute 
for the sample and its standard deviation. 

22-6 Estimate the age of a rock which is found to contain 4 x 10' 6 cm 3 of helium at STP and 
3.5 x 10' 7 g of uranium per gram. 




SUBJECT INDEX 

Many subjects are listed both under their name(s) and under the general category to which they 
belong. Thus, all material relating to crystals is collected under Crystalline state ; and all types of 
potential are listed under Potential. The Index therefore provides summaries of related subjects 
as well as the locations of specific items by name. Tables are indicated by page numbers 
followed by (T). 


A 

Abbreviations, glossary, 841 
Absolute rate theory, see Theory 
Absolute temperature, 3 
Absolute zero, 6 
attainment of, 209 
Absorbance, 77 
Absorption 

of charged particles, 937 
coefficient, see Coefficient(s) 
critical, 939 

of electromagnetic radiation, 76, 827, 937 
resonance, 947 

Acceptor (in photosensitization), 803 
Acetic acid 
dimer, 262 
dissociation, 458(T) 

Acid(s), 478 
Br0nsted, 480 
conjugate, 480 

dissociation constants, 468(T) 
hard (soft), 481 
Lewis, 481,911 
weak, 470, 489 

Acid—base reactions, see Reaction(s) 
Actinium series, 948 
Activated complex, 573, see also Theory 
Activation energy, 563, 566 


Activation parameters, 572(T) 
Activity, 317 
absolute, 336 
calculation, 321 
conventions, 362, 379 
of electrolytes, 453 
mean, 455 
rational, 245, 336 
of solutions, 319 
Activity coefficient, 216, 317 
calculation, 321 
chemical equilibrium and, 243 
conventions, 362, 379 
determination, 458, 508 
of electrolytes, 453, 460(T), 476 
of gases, 316 
mean, 455 

reaction rate and, 626 
from solubility, 456 
of solutions, 319 
Additive property, 75 
kinetic studies and, 551 
Adiabatic calorimeter, 148 
Adiabatic demagnetization, 210 
Adiabatic process, 112 
Adsorption, 588 

chemical, see Chemisorption 
Gibbs equation, 208, 342 
Langmuir equation, 588 


II 
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Adsorption (corn.) 
negative, 334 
physical, 588 
Aerosol, 301 
Age dating, 948 

Alkali metal halides, see Crystalline state 
Alpha helix, 915 
Alpha particle emission, 943 
Amagat’s law, 10 
Ampere (unit), 88,430,432 
Angular quantum number, see Quantum 
number 

Anharmonic oscillator, 137, 646 
Anisotropy factor, 838 
Annihilation radiation, 938 
Anode, 430, 500 
Anomalous water, 285 
Anthracene structure, 875 
Antibonding, see Orbital(s) 

Antimatter, 945 
Appearance potential, 583 
Aromaticity rule, 782 
Arrhenius equation, 563 
Arrhenius parameters, 568(T) 

Associative law, 728 
Athermal solution, 335 
Atmosphere, ion, 463 
Atomic bomb, 931,944 
Atomic energy states, 703 
Atomic number, 927 
Atomic unit of energy, 661 
Atoms, enthalpies of formation of, 165(T) 
Aufbau, building up, 773 
Auger effect, 939 
Austenite, 417 
Average quantities, 49, 372 
Avogadro hypothesis, 8, 66 
Avogadro number, 66,430 
Azeotropic mixture, 327 
Azimuthal quantum number, see Quantum 
number 


B 

Balmer series, 658 
Bam (unit), 936 
Barometric equation, 10 
Baryon, 945 
Base, 478 
Brpnsted, 480 
conjugate, 480 

dissociation constants, 468(T) 


hard (soft), 481 
Lewis, 481 
weak, 470 

Battery, see Electrochemical cell 
Beattie-Bridgman equation, 26 
Benson—Golding equation, 26 
Benzene, resonance energy, 164, 779 
Berthelot equation, 26 
Beta emission, 931,943 
Bimolecular collision frequency, 54 
Bimolecular reaction, see Reaction(s) 

Binary, see Phase diagram, two-component 
Binding energy of nuclei, 933 
Bingham plastic, 908 
Biot (unit), 834 
Blackbody radiation, 708 
Bohr orbit, radius of, 661 
Bohr magneton, 94, 815 
Bohr theory, 659 
Boiling point 
apparatus, 358 
diagrams, 324 
elevation, 354, 359(T) 
normal, 253 

critical temperature and, 258 
Bolometer, 148 
Boltzmann distribution, 40, 64 
of nuclear spin states, 816 
verification, 65 

Boltzmann principle, see Principle(s) 

Bond (chemical), 694, 744, 759 
as basis for representation, 744 
coordinate, 581 
dipole moment, 86(T) 
force constant, 810(T) 
hydrophobic, 916 
pi, 748, 769, 775 
sigma, 744, 769, 771 
strength, 161, 165(T) 

Bom-Haber cycle, 892 
Bom-Oppenheimer approximation, 760, 796 
Bose—Einstein statistics, 946 
Boson, 946 

Boyle temperature, 14,20 

Boyle’s law, 3,4 

Box, particle in, 127, 669, 801 

Bragg equation, 869 

Bravais lattice, see Crystalline state 

Brillouin zone, 881 

Brpnsted acid and base, 480 

Brpnsted equation, 622, 624 

Buffer, 472 

Bulk modulus, 906 

Burgers vector, 883 
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c 

Cage, solvent, 252, 291,612 
Calomel electrode, 507 
Caloric, 103, 179 
Calorimetry, 147 
Canonical ensemble, 209 
Capillary 
constant, 274 
rise method, 273 
Carnot cycle, 177 
Carnot, S. (biography), 177 
Cartesian coordinates, 666 
Cast iron, 418 
Catalysis 

acid—base, 622 
chemical equilibrium and, 241 
enzyme, 634 
heterogeneous, 551,587 
Catalytic constant, 635 
Cathode, 430, 500 
Cathode ray, 925 
Cavitation, 26 

Cell, see Electrochemical cell 
Cementite, 417 
Chain reaction, 560, 586 
Character table, 737(T) 

Charge, molecular distribution of, 89 
Charge transfer transition, 800 
Chemical equilibrium, 227 
Chemical kinetics, 543, 603 
Chemical potential, 312 
Chemical shift, 817 
Chemisorption, 587 
Chirality, 838 
Cholesteric phase, 909 
Chromophore, 78, 798(T) 

Circular dichroism, see Optical activity 
Clapeyron equation, 253, 263 
Clausius equation, 26 
Clausius—Clapeyron equation, see 
Equation(s) 

Closed shell, 692 
Cloud chamber, 927 
Clusters (in water), 284, 448 
CNDO method, 783 
Cobalamin, 878 
Coefficient(s) 
of absorption, 76 
absolute, 827 
Einstein, 828 
activity, see Activity 
of compressibility, 16, 214, 282(T) 
of dichroic absorption, 838 


of diffusion, 59, 365, 370(T) 
mutual, 61 
self-, 384 
extinction, 77, 828 
friction, 364, 917 
Joule, 136 

Joule-Thomson, 137,214 
sedimentation, 365, 370(T) 
temperature, 563 
thermal conductivity, 61 
thermal expansion, 17, 214, 282(T) 
transfer, 531 
virial, 17, 31 

viscosity, see also Viscosity, 57 
Cofactor, 635 

Colligative properties, 353, 354(T), 357, 373 
Collision 

versus encounter, 615 
frequency 

bimolecular, 54 
in mixtures, 71 
surface, 50 
theory, 567, 614 

Colloids, 301,448, 899, see also Detergent 
association, 905 
flocculation, 903, 917 
lyophilic, 899 
lyophobic, 899 
as phase, 413 

Combustion, enthalpy of, 150(T) 

Communal entropy, 336 
Commutative law, 728 
Complex ions, 447, 486, 823 
Component, 302, 393, 413 
Composition units, 302 
Compound 
eutectic, 396 

in freezing point diagram, 398 
Compressibility 
coefficient, 16, 282(T) 
factor, 13, 215 
Compton effect, 938 

Concentration cell, see Electrochemical cell 
Condensation, 14, 22 

Conductance, 434, 917, see also Conductivity 
Conductivity 

equivalent, 433, 437(T), 453(T) 

metallic, 880 

photo-, 881 

specific, 432 

thermal, 61 

Congruent melting, 398 
Consecutive reactions, 639 
Consolute temperature, 330, 419 
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Constant(s) 

boiling point elevation, 356 
Boltzmann, 12, 53 
capillary, 274 
Faraday, 430 
force, 810(T) 

freezing point depression, 356 
gas, 6(T) 

Hamaker, 900 
Henry's law, 307,311 
Madelung, 891(T) 
mass action equilibrium, 228 
Pascal, 93, 94(T) 

Planck, 656,710 
reproduction, 944 
rotational, 812, 840 
Rydberg, 658 

screening, 664, 683, 702, 817 
crystal radii and, 893 
Stefan—Boltzmann ,710 
Constituent, 302 
Cooling curve, 396 
Coordinates 
Cartesian, 666 
elliptical, 763 
polar, 677 

Coordination compounds, 447,486, 823 
emission from, 822 

Coordination number, see Crystalline state 

Correlation diagram, 769 

Corresponding state, 17, 24, 31,258 

Cosmic radiation, 940 

Cotton (unit), 834 

Cotton effect, 839 

Cottrell boiling point apparatus, 357 

Coulomb, 88,432 

Coulomb integral, 763, 776 

Coulomb’s law, 88, 287 

Coulometer, 485 

Critical absorption, 939 

Critical behavior, 13 

Critical constants, 15, 18(T) 

Critical opalescence, 27 
Critical phenomena, 24 
Critical point, 15, 27 
in ternary systems, 419 
Critical temperature, 15 
of miscibility, 312 
normal boiling point and, 258 
in ternary systems, 419 
Crookes tube, 867, 925 
Cross-differential, 111, 196,213 
Cross section (nuclear), 936 
Cryohydric point, 401 


Crystal field, 751,784 
Crystalline state, 849 
of alkali metal halides, 859 
of anthracene, 875 
basis of unit cell, 853, 885 
of benzene, 861 
of biological molecules, 878 
Bom-Haber cycle and, 892 
Bragg equation, 869 
Bravais lattices, 850, 852(T) 
Brillouin zones, 881 
Burgers vector, 883 
cleavage, 867 
cohesive energy, 889 
coordination number, 861 
of covalent solids, 862 
crystal planes, 854 
cubic close packing, 857 
defects, 881 
of diamond, 862 
diffraction, 870 
dislocations, 882 
double repulsion, 894 
electron density projections, 875 
electron diffraction, 876 
face centered cubic, 859 
Fourier series representation, 875 
geometric calculations, 865 
of graphite, 862 
habit of, 855 
heat capacity, 138 
of hemoglobin, 879 
hexagonal close packing, 857 
hydrogen bonded structures, 864 
of ice, 864 

interplanar distances, 866 
of ionic crystals, 859 
ionic radius, 893(T) 
lattice energy, 889 
lattice types, 849 
layer structures, 862 
of metals, 880 
Miller indices, 854 
of molecular solids, 863 
mosaics and, 850 
of MX compounds, 859 
of MX 2 compounds, 861 
nearest neighbors, 861 
neutron diffraction, 876 
point groups, 851 
powder patterns, 871 
precession method, 874 
of rare gases, 889 
repeating unit, 852, 888 
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rotation—oscillation method, 874 
of semiconductors, 879 
space groups, 851 
of spheres, 857 
stoichiometry, 861 
structure determination, 873 
structure factors, 888 
surface density in planes, 867 
symmetry notation, 885 
type planes, 866 
unit cell, 850 
Weissenberg method, 874 
x-ray diffraction, 867, 887 
Crystals, see Crystalline state 
Cubic close packing, 857 
Curie (unit), 940 
Cyclic voltammetry, 536 
Cyclotron, 930 


D 

Dalton’s law, 9, 301 
Daniell cell, 501 
de Broglie principle, 657, 664 
Debye (unit), 79 

Debye equation (polarization), 83 
Debye-Hiickel theory, 461,476, 626, 902 
Debye theory of heat capacity, 139, 211 
Defects, 881 

Degeneracy, 125, 201,673, 777 
Degree of freedom, 123, 392 
Delocalization, 778 
Del squared operator, 666 
Demagnetization (adiabatic), 210 
Denaturation, 916 
Desalination, 377 
Detachment methods, 276 
Detailed balancing, see Microscopic 
reversibility 
Detergent 

critical micelle concentration, 906 
Kraft temperature, 905 
surface tension of solutions, 333 
Deviation, standard, 64, 949 
Diamagnetism, 92 
Diameter, molecular, 66(T) 

Diamond structure, 862 
Dielectric constant, 88 
Dieterici equation, 26 
Differential 
exact, 107 
partial, 109 


Differential heat of solution, 339 
Diffraction, see Crystalline state 
Diffuse double layer, 901 
Diffusion, 59, 365, 370(T), 384, 449 
controlled reaction, 618(T) 
current, 535 
Einstein equation, 59 
of gases, 59 
of ions, 481 
potential, 482 
theory of, in solution, 384 
Dilatancy, 907 
Dilatometer, 608 
Dilution, heat of, 149, 341 
Dipole moment, 80, 85(T), 86(T), 91, 287 
intermolecular forces and, 286 
of transition, 828 
Direct product, 753, 830 
Dislocation, see Crystalline state 
Dispersion force, 289, 890, 900 
Dissociation 
calculation of, 439, 514 
constants, 468(T) 

Dissymmetry factor, 838 
Distillation, 327 
steam, 329 
Distribution 
Boltzmann, 40, 64 
radial, 252 

Domain, 692, see also Orbital(s) 

Donnan equilibrium, 469 
Donor, in photosensitization, 803 
Doppler effect, 947 
Dosimetry, 935 
Double layer, 901 
shear plane, 916 
Drop weight method, 275 
Duhem - Margules equation, 380 
Dulong and Petit law, 138 
du Nouy tensiometer, 277 


E 

Effect(s) 

Auger, 939 
Compton, 938 
Cotton, 839 
Donnan, 469 
Doppler, 947 
electrokinetic, 916 
electrophoretic, 483 
Joule, 136 
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Effect(s) (cont.) 

Joule—Thompson, 137 
Kelvin, 274 
Mossbauer, 947 
photoelectric, 656, 938 
relaxation, 483 
Stark, 813 
tunnel, 944 
Zeeman, 662 

Efficiency of heat engine ,181 
Effusion, 52 
Eigenfunction, 680 
Eigenvalue, 680 
Einstein (unit), 656, 805 
Einstein, A. (biography), 648 
Einstein absorption coefficient, 828 
Einstein diffusion equation, 59 
Einstein heat capacity law, 138 
Einstein relativity equation, 933 
Elastic body, 906 
Electrical definitions, 434(T) 

Electrical nature of matter, 925 
Electricity, galvanic, 429 
Electrocapillarity, 526 

Electrochemical cell, 499, see also Electrode(s) 
calomel, 507 
concentration, 514 
with liquid junction, 528 
Daniell, 501 
diagram, 500 

dissociation constants and, 514 

fuel, 524 

galvanic, 429 

Jungner, 524 

Leclanche, 524 

primary, 523 

secondary, 523 

solubility product and, 513 

standard, 506 

storage, 523 

thermodynamics, 503 

Weston, 506 

Electrochemical mobility, 443 
Electrode(s) 
calomel, 507 
dropping mercury, 535 
glass, 519 

hydrogen, 500, 508, 519 
kinetics, 521 
polarized, 521 

potential, standard, 508, 511(T) 
process, irreversible, 520 
quinhydrone, 519 
reference, 507 


Electrodeposition, 520 
Electrokinetic effect, 916 
Electrolyte(s) 
activity, 453 

activity coefficient, 453,460(T), 476 
colloidal, 905 
dissociation, 475 
solution, 429 
surface tension of, 333 
strong, 437 
swamping, 467 
weak, 438 
Electron(s) 
affinity, 892 
capture, 931 

charge to mass ratio, 925 
diffraction, 876 
magnetism, 94 
naming of, 430 
pair formation, 938 
solvated, 800 
spin 

function for, 692 
resonance, 821 
volt, 502, 660 
Electronegativity, 85 
Electronic transition, see Transition(s) 
degenerate, 201 
Electroosmosis, 916 
Electrophoresis, 449, 917, 933 
Electrophoretic effect, 483 
Electroscope, 946 
Elliptical coordinates, 763 
Elliptically polarized light, 838 
Emission, 802, see also State, excited 
effect of pressure on, 823 
resonance, 797 
stimulated, 829, 831 
Emissive power, 709 
Emulsion, 301 
Encounter, 612 

charge effect on, 619 
complex, 617 
Endothermic reaction, 147 
Energy 

of activation, see Activation 
atomic unit, 661 
binding, of nuclei, 933 
delocalization, 778 
dissociation, 892 
versus enthalpy, 146 
exchange, 763 
first law and, 104 
function, 164 
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of hydration, 447, 476 
internal, 105 
ionization, 663(T) 
lattice, 476, 889 
mass equivalent, 933 
resonance, 164,778 
temperature dependence, 155 
threshold, for nuclear reaction, 935 
units, 660 

zero point, 131,595, 676 
Ensembles, 209 
Enthalpy, 115 , see also Heat 
of chemical reaction, 146 
of combustion, 151(T) 
of dilution, 149 
versus energy of reaction, 146 
of formation, 154(T) 
of aqueous solutes, 156(T) 
of atoms, 165(T) 
of ions, 156(T) 
function, 164, 217, 244 
of fusion, 259(T) 
of hydrogenation, 151(T) 
of mixing, 318—320 
of solution, 149, 151(T), 339 
integral, 151 
relative, 840 
of sublimation, 266 
surface, 271 

temperature dependence of, 155 
of vaporization, 259(T) 

Entropy, 176 

calculations of changes in, 185 
communal, 336 
of formation, 240 
of ice, 212 

for irreversible processes, 188 
of mixing, 318-320 
for phase changes, 188 
probability and, 196 
production, 632 
for reversible processes, 185 
as state function, 185 
statistical thermodynamic, 210(T) 
surface, 271 
third law, 210(T) 
translational, 204 
unit, 185 

of vaporization, 259(T) 

Enzyme catalysis, 624 
Eotvos equation, 278 
Equation(s) 

Arrhenius, 563 
barometric, 10 


Beattie-Bridgman, 26 

Benson—Golding, 26 

Berthelot, 26 

Boltzman, 40, 53, 946 

Bragg, 869 

Brpnsted, 621,624 

Clapeyron, 253, 263 

Clausius, for gases, 26 

Clausius-Clapeytron, 254, 323, 393, 590 

colligative property, 354(T) 

Debye (polarization), 83 
Dietetic i, 26 
Donnan, 469 
Duhem—Margules, 380 
Einstein 
diffusion, 59 
heat capacity, 138 
relativity, 933 
viscosity, 912 
Eotvos, 278 
Fourier, 61 
Gibbs 

adsorption, 316, 342 
phase rule, 393 

Gibbs-Duhem, 316, 320, 337, 363, 379, 
454, 458 

Gibbs-Helmholtz, 503 
Hermite, 674 
Kelvin, 23, 279 
definition of phase and, 413 
Langmuir adsorption, 588 
Laplace, 271 
Margules, 310 
Nemst, 504 
diffusion, 482 
phenomenological, 3 
Planck—Einstein, 656 
Poiseuille, 57, 280, 290, 919 
Poisson, 462, 902 
Poisson-Boltzmann, 462, 902 
Rayleigh-Jeans, 710 
Ritz, 658 

Sackur—Tetrode, 204, 211, 262, 577 
Schrodinger, 664, see also Wave mechanics 
free particle, 668 
harmonic oscillator, 673 
hydrogen atom, 677 
particle in box, 669 
rigid rotator, 706 
secular, 697, 776 
Smoluchowski, 619 
of state, 2, 17, 26 
reduced, 17 
thermodynamic, 214 
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Equation(s) (cont.) 

Staudinger, 913 
Stirling, 42, 201 
Sutherland, 68 
Tafel, 522, 530 

van der Waals, 17, 24, 254, 288 
two-dimensional, 345 
van’t Hoff, 235,258 
virial, 13, 20 
Young’s, 272 
Equilibrium 
chemical, 227 
emf and, 512 
second law and, 241 
criteria for, 192 
Donnan, 469 
heterogeneous, 391 
inert gas effect, 232 
ionic, 466,487 
isopiestic, 358 

kinetics of perturbation from, 607 
N2O4 dissociation, 9 
osmotic, 359 

oxidation-reduction, 512 
PCI 5 dissociation, 236 
phase, 251 

criterion for, 315 
at high pressure, 264 
pressure effect, 243 
secular, 942 
sedimentation, 369 
solid—gas, 237 

statistical thermodynamics, 244, 593 
transient, 640, 942 
Equilibrium constant 
determination, 231 
mass action, 228 
rate constants and, 630 
temperature variation, 234 
thermodynamic, 229 
Equipartition 
energy, 124, 581 
principle, 122 

Equivalent conductivity, see Conductivity 

Error function, 64, 949 

Euler relationships, 111, 196,213 

Euler theorem, 337 

Eutectic 

in boiling point diagrams, 396 
in freezing point diagrams, 395 
mixture, 398 
in ternary systems, 409 
Exact differential, 107 
Excess thermodynamic quantities, 320 


Exchange rate law, 643 
Exchange reaction, 557 
Excited state, see State 
Excluded volume, 19 

Exclusion principle, 663, 694, 703, 765, 946 
Existence rules, 931 
Exothermic relactions, 147 
Explosions, 159, 586 
Extinction coefficient, 77, 828 


F 

Fallout, 940 

Faraday constant, 430 

Fast reactions, see Reaction(s) 

Fermi—Dirac statistics, 946 
Fermion, 946 
Fick’s law, 59, 365, 696 
Filled shell, 692 
Film pressure, 345 
First law of thermodynamics, 101 
statements, 107, 207 

statistical thermodynamic treatment, 125, 
134 

First order reaction, see Rate law 
Fischer-Tropsch reaction, 587 
Fission, 935, 944, see also Nuclear process 
Flames, thermochemistry of, 159 
Flash photolysis, 557 
Flickering clusters, 284, 448 
Flocculation, 900, 903, 917(T) 

Flow, see also Viscosity 
Knudsen, 52 
Newtonian, 57 

Fluidity, 57, 282, see also Viscosity 
Fluorescence, 802, 822 
quenching, 803 
yield, 805 

Forbidden transition, 676, 830, see also 
Transition 

Force 

dispersion. 289, 890. 900 
intermolecular. 286 
Keesom. 288 

London. 289, see also Force, dispersion 
long range, 900 
newton as unit of, 87 
orientation, 288 
van der Waals, 259, 286, 900 
Force constant, 810(T), see also Vibrational 
Formal concentration, 434 
Formaldehyde excited states, 799 
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Formality, 302 
Formation 
enthalpy, 154(T) 
free energy and entropy, 240 
Fourier series, 875 
Fourier thermal conductivity law, 61 
Fractional distillation, 218 
Franck—Condon principle, 795 
Free electron model. 672 
Free energy, 191 
calculation, 194 
of elements, 218 
of formation, 240 
function, 217, 218(T), 244 
Gibbs, 191 
Helmholtz, 191 
of ions (aqueous), 525 
linear relationships, 620, 624 
of liquid and its vapor, 268 
of mixing, 318, 320 
surface, 271 
Free particle, 668 
Free radical, 583 
Freedom, degrees of, 123, 392 
Freezing point 
depression of, 356, 359(T) 
solubility and, 375 
Freezing point diagrams, 395 
with compound formation, 398 
cryohydric point in, 401 
with immiscible components, 395 
with partial miscibility, 414 
quadruple point in, 403 
ternary, 405 

unstable compound formation in, 398 
Frenkel defect, 882 

Frequency factor, 563, see also Kinetics, 
Reaction(s) 

Fresnel rhomb, 839 
Friction coefficient, 364, 917 
Fuel cell, 524 
Fugacity, 214, 243 
Fundamental particles, 945 
Fusion, 259(T), 931 


G 

g factor, 816 

Galvanic cell, see Electrochemical cell 
Galvanic electricity, 429, see also Potential 
Galvanometer, 429, 434 
Gamma function, 49 


Gamma radiation, 938, see also Radiation 
Gas 

constant, 6(T) 
diffusion, 59 
ideal, 1 

entropy changes for, 186 
law first and, 116 
mixtures of, 8, 316 
partition function for, 127 
statistical thermodynamics of, 203 
two-dimensional, 204, 345 
kinetic molecular theory, 39 
liquefaction, 138 
molecular weight, 7 
nonideal, 1,13 
fugacity of, 214, 243 
self-diffusion in, 59, 62(T) 
solubility, 307 

thermal conductivity, 61,62(T) 
transport properties, 62(T) 
viscosity, 56, 62(T), 69 
Geiger counter, 947 
Gel, 906 
Gerade, 744, 769 
Gibbs, J. W. (biography), 208 
Gibbs-Duhem equation, see Equation(s) 
Gibbs equation, see Equation(s) 

Gibbs free energy, 191 

Gibbs-Helmholtz equation, 503 

Gibbs monolayers, 345 

Gibbs phase rule, 391 

Gian prism, 839 

Glass elctrode, 519 

Glide plane, 886 

Gouy balance, 92 

Graham’s law, 52 

Grand canonical ensemble, 209 

Graphite, 863 

Grotthus mechanism, 448,475, 618 
Group theory, 718, see also Symmetry 


H 

Habit, see Crystalline state 
Half-cell, 509, see also Electrode 
Half-life, 546, 940, see also Rate law 
Half-wave potential, 535, see also Potential 
Hamaker constant, 900 
Hamiltonian operator, 666 
Hard acid (base), 481, see also Acid 
Hard sphere model, 30, 54 



110 SUBJECT INDEX 


Harmonic oscillator. 135, 673, see also 
Oscillator 
Hartree (unit), 661 
Hartree—Fock method. 702 
Heat, see also Enthalpy 
capacity, 112, 157(T) 

Debye theory of, 139, 211 
difference, 282(T) 

Einstein theory of, 138 
molecular basis for, 122 
rotational, 130 
of solids, 138 

temperature dependence of, 157(T) 
vibrational, 132 
of dilution, 149, 341 
latent, 105 
machines, 177 
mechanical equivalent, 103 
of mixing, 319 
pump, 183 
of solution, 149, 339 
specific, 112 

theorem (of Nemst), 207, 209 
Heisenberg principle, 657, 700 
Helium atom, 701 

Helmholtz free energy, 191, see also Free 
energy 

Hemoglobin, 879 
Henry’s law, 306, 363 
Hermite polynomials, 674 
Heterogeneous catalysis, 551,587 
Heterogeneous equilibrium, 391, see also 
Phase 

Hexagonal close packing, 857, see also 
Crystalline state 
Hittorfmethod, 451,483 
Hiickel method, 775 
Hund’s rule, 706, 752, 778 
Hybrid orbital, 694, see also Orbital(s) 
Hydration energy, 447, 476, see also Energy, 
Enthalpy 
Hydrogen 
atom 

energy levels, 662 
wave equation for, 677 
bomb, 931 
bond, 262 

electrode, 500, 508, 518 
iodide excited states, 794 
molecule, 761 
excited states, 791 
molecule ion, 765, 791 
Hydrogeneration enthalpies, 151 (T) 
Hydrogen-like atom ,661,683, 691 


Hydrolysis, 472 
Hydrophobic bonding, 916 
Hydrostatic pressure, 10 
Hypercharge, 945 
Hypothesis, see Principle!s) 


I 

Ice, see also Crystalline state 
calorimeter, 148 
entropy, 212 
structure, 283, 864 
Iceberg model for water, 284 
Ideal gas, see Gas 
thermometer, 6 
Ideal solution, 304, 318, 335 
Identity operation, 718 
Immiscible liquids, distillation of, 328 
Impact parameter, 69 
Improper rotation axis, 721 
Incongruent melting, 398 
Indeterminancy principle, 657, 700 
Index of refraction, 78 
Induced attraction, 288 
Inertia, moment of, 134, 812 
Infrared absorption, 807 
Inhibition, 561, see also Kinetics 
Integrals 

Coulomb, 763, 776 
overlap, 763 

resonance, 763, 772, 776 
Interfacial tension, see Surface tension 
Interionic attraction, 441, see Debye—Hiickel 
theory 

Intermolecular forces, 286, 290(T) 

Internal conversion, 802, 943 
Internal energy function, 164 
Internal pressure, 133, 282(T) 

Intersystem crossing, 802 
Intrinsic viscosity, 912, see also Viscosity 
Inversion point, 137 
Iodine molecule, 796—797 
Ionic character, 85 
Ionic crystals, see Crystalline state 
Ionic diffusion, 481 
Ionic equilibrium, 466, 486 
Ionic radii, 893 
Ionic reactions, see Reaction 
Ionic strength, 458 
effect of, on reaction rate, 627 
Ionization, see Energy, Potential 
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Ions 

association of, 430, 477 
atmosphere of, 463 
complex, 447, 486, 823 
enthalpies of formation of, 156(T) 
free energy of, 525 
hydration of, 447, 476 
mobility of, 442, 446(T) 
pairing of, 477, see also Mobility 
thermodynamics of aqueous. 524, 525(T) 
Iron, cast, 418 

Irreversible process. 108, 175 
entropy change, 188 
Isobar, 16 

Isobaric process, 112 
Isochoric process, 112 
Isolated system, 187 
Isolation method, 554 
Isomeric transition, 943 
Isometric, 16, see also Isostere 
Isopiestic equilibrium, 358 
Isostere, 16 
Isotactic, 911 
Isotensiscope, 254 

Isotherm, 16, 588 , see also Adsorption 
Isothermal Joule-Thomson effect, 144 
Isotone, 931 
Isotonic, 376 
Isotope, 931 
effect, 601 
mass, 929(T) 


J 

Joule coefficient, 136 
Joule effect, 136 
Joule experiment, 116 
Joule—Thomson coefficient, 137,214 
isothermal, 144 
Joule—Thomson effect, 137 
Junction 

liquid, 501,507, 527 
potential, 507, 519, 529 
Jungnerbattery, 524 


K 

Kayser(unit), 660 

Kekule structure of benzene, 164, 779 

Kelvin effect, 279, 885 

Kelvin equation, see Equation!s) 


Kinetic molecular theory, 39 
summary, 62(T) 

Kinetics, 543, 603 
of excited state processes, 805 
experimental methods, 551,608 
flash photolysis, 557 
gas phase, 543 

of heterogeneous catalysis, 587 
inhibition in, 561 
of nuclear disintegration, 940 
shock tube method in, 557 
of small perturbation, 607 
of solution reactions, 603 
stoichiometTy and, 555, 558 
Knudsen flow, 52 
Kraft temperature, 905 


L 

Lagrange method of undetermined multipliers, 
42, 43 

Laguerre polynomials, 681 
Lambert’s law, 76 
Lande splitting factor, 821 
Langmuir equation, 588, see also Adsorption 
Laplace equation, 271 
Laplace operator, 666 
Larmor precession, 820 
Lasers, 808, 831 
mode-locked, 833 
Q-switched, 832 
Latent heat, 105 

Lattice, see Crystalline state. Energy 
Law(s) 

Amagat, 10 
associative, 728 
Beer, 77 

Beer-Lambert, 77, 938 
Boltzmann distribution, 40, 65, see also 
Principle(s) 

Boyle, 3, 4 

Charles, 3 

commutative, 728 

of constant heat summation, 151 

Coulomb, 88, 286 

Dalton, 9, 301 

Debye—Hiickel, 461,476, 626, 902 
Dulong and Petit, 138 
of electrode kinetics, 521 
Fick, 59, 365 

first, of thermodynamics, 101, 107 
statistical treatment of, 125, 134 



112 SUBJECT INDEX 


Law(s) (cont.) 

Fourier, 61 
Graham, 52 
Henry, 303, 306, 363 
Hess’s, 151 
ideal gas, 3, 53 
Lambert, 76 
of mass action, 227 
Newton, 87 
Ohm, 432 

Ostwald dilution, 439, 475 
of photochemical equivalence, 656 
Raoult, 303, 304, 336 
of rational intercepts, 855 
of rectilinear diameter, 27, 262 
second, of thermodynamics, 173 
chemical equilibrium and, 241 
statistical treatment of, 199 
Stokes, 364, 443, 446, 917 
Tate, 276 

third, of thermodynamics, 173, 196, 209 
Le Chatelier’s principle, 239 
Leclanche cell, 524 
Legendre polynomial, 680 
Lennard—Jones potential, 30, 68, 890 
Lepton, 945 

Lever principle, 309, 327, 331 
in ternary diagrams, 404 
Lewis acid (base) ,481,911 
Lifetime, 805 
Ligand field theory, 784 
Light, absorption of, 76 
Light scattering, 370 

Lindemann—Christiansen mechanism, 570, 
573, 576, 581, see also Reaction(s) 
Linear combinatin of atomic orbitals, 772 
Linear free energy relationships, 624 
Liquefaction of gases ,138 
Liquid crystals, 908 
Liquid junction, 501,527 
Liquid—solid phase diagrams, 263, see also 
Phase diagram(s) 

Liquids 

immiscible, distillation of, 329 
phase equilibria of, 251 
statistical thermodynamics of, 262, 336 
surface tension of, 264, 278(T) 
thermodynamic coefficients of, 282(T) 
vapor pressure of, 253 
viscosities of, 280, 281(T), 290 
Logarithmic diagrams, 486 
London force, see Force 
Lyman series, 658 
Lyophilic, lyophobic, see Colloids 


M 

McLeod gauge, 35 
Macromolecules, see Polymers 
Madelung constant, 891(T) 

Magnetic balance, Gouy, 92 
Magnetic moment, spin, 94 
Magnetic permeability, 88 
Magnetic properties of matter, 92 
Magnetic quantum number, 662, see also 
Quantum number 
Magnetic resonance 
electron spin, 821 
nuclear, 815 
proton, 818 

Magnetic susceptibility, 94 
Magnetism, 93 
Magneton 
Bohr, 94,815,821 
nuclear, 815 
Margules equation, 310 
Mass action law, 227 
Mass 

defect, 933 

energy equivalent, 933 
number, 927 
reduced, 55, 659, 675 
rest, 933 

spectroscopy, 926 
Matrix notation, 730 
Maximum boiling point diagram, 326 
Maximum vapor pressure diagram, 309 
Maxwell—Boltzmann principle, see 
Principle(s) 

Mean free path, 55, 63 
in mixtures, 71 
Mean life, 547 

Mechanical equivalent of heat, 103 
Mechanism of reaction, see Reaction(s) 
Melting point, see also Freezing point 
congruent, 398 
incongruent, 398 

Membrane, semipermeable, 359, 469 
Meson, 945 
Mesophase, 908 

Metals, see also Crystalline state 
conductance of, 880 
ductility of, 859 

Metastable phase equilibria, 267 
Metastable state, 190 
Method 

capillary rise, 273 
CNDO, 783 
drop weight, 275 
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Hartree—Fock, 702 
Hiickel, 775 
isolation, 554 
molecular orbital, 765 
perturbation, 707 
scientific, 6 
stop flow, 609 
temperature jump, 609 
undetermined multiplier, 42, 43 
valence bond. 761 
variation, 646,775 
Wilhelmy slide, 277, 345 
Micelle, 413, 906 

Michaelis—Menten mechanism, 634 
Microcanonical ensemble, 209 
Microscopic reversibility, 242, 565, 580, 582 
Microtome, 344 

Microwave spectroscopy ,812, see also 
Spectroscopy 

Miller index, 854, see also Crystalline state 
Minimum boiling point diagram, 326 
Minimum vapor pressure diagram, 309 
Miscibility 

critical temperature for, 312 
gap,419 
partial, 329, 342 

Mixing, excess thermodynamic quantities for, 
320 

Mixtures of ideal gases, 8,316 
Mobility, 442 
electrochemical, 443 
of electrons, 880 
ionic, 442, 446(T) 

Model 

band, of solids, 879 
Bohr, 659 
free electron, 762 
Modulus, 906 
Molality (unit), 302 
mean, 455 

Molar absorption, 77 
Molar polarization, 81 
Molar refraction, 78 
Molarity (unit), 302 
Molecular beam, 583 
Molecular bonding, 759 
Molecular charge distribution, 89 
Molecular crystals, 863, see also Crystalline 
state 

Molecular diameter, 66 
Molecular orbital, 761, 16%,see also 
Orbital) s) 

Molecular size, 368 
Molecular spectroscopy, 789 


Molecular weight 
average, 372 
determination of, 364 
of gases, 7 

of polymers, see Polymers 
Molecules 

excited states of, 790 
geometry of ground and excited states of, 
812,821 

molecular orbital method for, 765,782 
rotational spectra of, 812, 839 
vibrational spectra of, 807, 839 
Moment 

dipole, 79, 80, 85(T) 
of inertia, 129,134,812 
quadrupole, 91 (T) 

Monolayers, Gibbs, 345 
Monomer, 910 

Monomolecular films, see Monolayers 
Mossbauer effect, 947 
Mosaics, 850 

Moving boundary method, 445 
Mu particle, 945 

Multiplication table, see Symmetry element 

Multiplicity, 703, 765 

Mutual diffusion coefficient, 61 


N 

Natural disintegration series, 948 
Nematic phase, 909 
Nemst equation,ice Equation(s) 
Nemst heat theorem, 207, 209 
Neutrino, 938, 945 
Neutron, 928 
diffraction, 876 
flux, 936 

Newton (unit), 7, 87 
Newton’s first law, 87 
Newton’s viscosity law, 57 
Nicol prism, 839 
Nitrogenase, 635 
NO 2 —N 2 O 4 equilibrium, 9 
Nonbonding, see Orbital(s) 
Noncrossing rule, 769 
Nonelectrolytes, 301 
Nonideal gases, 13 
fugacity of, 214, 243 
Nonideal solutions, 310, 317, 373 
Normal boiling point, 255 
Normal mode (of vibration), 133, 808 
Normalization, 44, 671 
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Nuclear binding energy, 933 
Nuclear bomb ,931, 944 
Nuclear chemistry, 945 
Nuclear disintegration 
kinetics of, 940 
modes of, 931 
theories of, 943 
Nuclear energetics, 931 
Nuclear existence rules, 931 
Nuclear g factor, 816 
Nuclear magnetic resonance, 815 
Nuclear magneton, 815 
Nuclear process 
alpha emission, 943 
annihilation, 938 
beta emission, 931, 943 
Compton effect, 938 
electron capture, 931 
fission, 935, 944 
fusion, 931 

internal conversion, 943 
isomeric transition, 943 
pair formation, 938 
photoelectric effect, 938 
positron emission, 93' 
spallation, 935 
Nuclear reactions, 934 
cross section for, 936 
Rutherford type, 934 
Nuclear reactor, 944 
Nucleation, 279 
Nucleic acids, 364, 878, 915 
Nucleon, 931 

Number average molecular weight, 373 
Nutrition, thermochemistry of, 160 
Nylon, 911 


O 

Octahedron, 724, see also Symmetry 
Ohm’s law, 432 

One-component systems, 392—393 
Opal, 280 
Open system, 312 
Operational definition, 6, 67 
Operators, 667 
Optical activity, 834 
chirality, 838 
circular dichroism, 837 
circular polarization, 835 
coefficient of dichroic absorption, 838 


dextrorotatory, 834 
dissymmetry factor, 838 
instrumentation, 839 
levorotatory, 835 
molar rotation, 834 
rotatory dispersion, 837 
theory, 835 
units, 834 
Optical density, 77 
Orbital(s), 683 
antibonding, 769 
as basis for representation, 736 
domain representation, 692 
hybrid, 694 
hydrogen-like, 683 
linear combination of atomic, 772 
molecular, 768 
excited states and, 789 
nonbonding, 745, 771 
overlap, 764 
Orientation force, 288 
Orthogonal, 772 
Orthonormal, 680 
Oscillator 

anharmonic, 135, 676 
harmonic, 135, 673, 807 
strength, 828 
Osmosis, reverse, 378 
Osmotic 

effect, 359, 454, 469 
pressure, 360, 376 
and solvent tension, 377 
Ostwald dilution law, 439, 475 
Ostwald viscometer, 280 
Overlap, 764, 772, see also Integrals, 
Orbital(s) 

Overvoltage, 521, see also Potential 
Oxidation potential, 511(T), 517(T), see also 
Potential 

Oxidation—reduction reaction, 516, see also 
Reaction(s) 

Oxide donor (acceptor), 481 
Oxygen 

excited states, 793 
singlet, 824 


P 

Pair formation, 938 
Parachor, 99 
Paramagnetism, 92 
Partial differential, 109 
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Partial miscibility, 329, 342, 419 
Partial molal quantities, 314, 337 
Partial molal volume, 332, 338 
Partial pressure, 8 
Partial volume, 10 
Particle 

in box, 127, 669, 801 
alpha emission and, 943 
free, 668 

Partition function, 125, 166, 199 
electronic, 127 
internal, 129 
rotation, 129, 134 
translation, 127 
vibration, 131 
Pascal constant, 94(T) 

Pascal (unit), 7 
Paschen series, 658 

Pauli principle, see Exclusion principle 
Peritectic, 401,415 
Permeability, magnetic, 88 
Permittivity (of vacuum), 89 
Perpetual motion machine 
first kind, 106 
second kind, 174, 242 
Perturbation theory, 707 
pH meter, 518 
Phase 

colloidal suspension as, 413 
definition, 391,412 
change, entropy of, 188, 258 
equilibrium, 263, 315 
metastable, 267 
map, see Phase diagram(s) 
micelles as, 413 
reaction, 396 
rule, 391 
Phase diagram(s) 

acetone—chloroform, 305, 321 

acetone—phenol—water, 418 

Au—Si, 398 

benzene, 264 

benzene—ethanol, 310 

benzene—toluene, 304 

Bi —Pb—Sn, 408 

CaCh—CaF 2 , 404 

carbon dioxide, 257 

construction rules, 401 

detergent, 905 

Fe-Au, 416 

Fe—C, 418 

FeCh—water, 404 

KCl-NaCl-water, 410 

lever principle, 309, 327, 331,409 


liquid—solid, 263 
liquid—vapor, 307 
LhS 04 —(NH 4 ) 2 S 04 — water, 412 
NaCl— Na 2 SC> 4 — water, 411 
Na 2 SC> 4 — water, 402 
NH4NO3, 394 
Pb-Bi, 416 
peritectic, 416 
phenol-p-toluidine, 404 
phosphorus, 394 
quadruple point, 403, 406 
sulfur, 266 
solid—solid, 263 
three-component, 405,410 
triangular graph paper for, 405 
two-component, 394 
water, 264, 266 
Phenomenological equations, 3 
Phonon,629 

Phosphorescence, 802, 822 
Photochemistry, 789 
processes, 803, 805 
Photochromism, 825 
Photoconductivity, 881 
Photoelectric effect, 656, 938 
Photographic detection of radiation, 946 
Photolysis, flash, 557 
Photoreversibility, 805-807, 825 
Photosensitization, 803 
Physical adsorption, see Adsorption 
Pi bond, 748, see also Bond 
Planck—Einstein equation, 656 
Plasmolysis, 376 
PLAWM trough, 345 
Point defect, 882 

Point group, see Crystalline state. Symmetry 
Poise (unit), 57 

Poiseuille equation, 57, 200, 290, 919 
Poisson equation, 462, 902 
Polar coordinates, 677 
Polarimeter, 834 

Polarizability, 79, 85(T), 696, 900 
intermolecular forces and, 288, 900 
Polarization 
activation, 522 
concentration, 522, 532 
at electrodes, 530 
molar, 81 
residual, 521 

Polarography, 520, 530, 534 
Polonium, 927 
Polymers, 909 
isotactic, 911 
kinetics of formation, 910 



116 SUBJECT INDEX 


Polymers (cont.) 

molecular weight, 912 
secondary structure, 914 
thermodynamics, 914 
viscosity, 912 
Positron, 928 
Potential 
absolute, 526 
appearance, 583 
decomposition, 521 
diffusion, 482 
Donnan, 470 

electrochemical, and equilibrium, 512 

electrode (absolute), 526 

galvanic, 429, 527 

half-wave, 535 

ionization, 892 

junction, 507, 509, 529 

over-, 521 

rational, 526 

sedimentation, 916 

standard electrode, 510, 511 (T), 522 

standard oxidation, 508, 511(T), 522 

streaming, 919 

zeta, 916 

Potential energy function 
hard sphere, 30 
Lennard-Jones, 30, 68, 890 
oscillator, 135,673 
Potentiometer, 505 
Powder pattern, see Crystalline state 
Precession, 819 

Precession method, 874, see also Crystalline 
state 

Predissociation, 797 

Preexponential factor, 563, see also Kinetics, 
Reaction(s) 

Pressure 
critical, 15 
effect 

on chemical equilibrium, 243 
on emission, 823 
on phase equilibrium, 264 
on reaction rate, 646 
on vapor pressure, 269 
hydrostatic, 10 
internal, 133, 282(T) 
osmotic, 360, 376 
partial, 8 
reduced, 17 
surface, 345 
two-dimensional, 345 
Principal axis, 721, see also Symmetry 
Principal quantum number, 658, 661,681 


Principle(s) 

Avogadro, 8 

Boltzmann, 2, 12, 40, 197, 462, 882, 901 
corresponding states, 17, 24, 258 
de Broglie, 657, 664 
detailed balancing, see Microscopic 
reversibility 
equipartition, 122, 808 
exclusion, see Exclusion principle 
Franck—Condon, 795 
Heisenberg uncertainty, 657, 700 
ionic strength, 458 
Le Chatelier, 239 
lever, 309,327,331,404 
Maxwell—Boltzmann ,see Boltzmann 
principle 

microscopic reversibility, 242 
Pauli exclusion, see Exclusion principle 
Planck—Einstein, 656 
uncertainty, see Heisenberg principle 
Probability 

entropy and, 196 
thermodynamic, 201 
weight, 197 
Protein 

electrophoresis, 450 
molecular weight, 364 
structure, 879,915 
Proton 

donor (acceptor), 480 
magnetic resonance, 818 
transfer reactions, 619(T), see also 
Reaction(s) 

Pseudoplastic, 907 
Pulse amplifier, 946 
Pyrolysis, 561 


Q 

Q-switching, 832 
Quadruple point, 403, 406 
Quadrupole moment, 91(T) 
Quantum number 

angular (or azimuthal), 662, 767 
magnetic, 662 
principal, 658, 661,681 
rotational, 706 
spin, 662 
vibrational, 675 
Quantum statistics, 746 
Quantum yield, 551,805 
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Quenching (of fluorescence), 803 
Quinhydrone, 519 


R 

Rad (unit), 939 
Radar, 812 

Radial distribution, 252 
Radiation 

absorption of, 76, 827, 937 
annihilation, 938 
blackbody, 708 
chemistry, 940 
cosmic, 940 
detection, 946 
dosage, 939 
emission, 797, 827 
gamma, 938 
x, 939 

Radiationless deactivation, 803 

Radical, 583 

Radioactivity, 927 

Raman spectroscopy, 807, 831 

Random coil, 913 

Random walk, 59 

Range, 937 

Raoult’s law, 303, 304, 336 
Rare gas crystals, 889 

Rate, see also Kinetics, Rate law, Reaction(s) 
constant, 544 

equilibrium constant and, 630 
ionic strength dependence, 627 
pressure dependence, 646 
temperature dependence, 562 
initial, 555 
Rate law, 545, 550 
first order, 545 
branching, 637 
pseudo, 549 
reversible, 604 
sequential, 639 
isotope exchange, 643 
order of, 545 

reaction mechanism and, 557 
second order, 547 
reversible, 642 
in solution, 614(T) 
zero order, 550 
Rational activity, 245, 336 
Rational potential, 526 

Reaction)s), see also Kinetics, Rate, Rate law 
acid—base, 620 


association, 557 
bimolecular, 544 
chain, 560, 586 
coordinate, 575 
decomposition, 557 
degree of advancement, 575, 633 
diffusion controlled, 618(T) 
elementary, 544, 557 
entropy production, 632 
exchange,557 
fast, 556, 609, 619(T) 
first order, see Rate law 
Fischer—Tropsch, 587 
of ions, 826 
mechanisms, 544, 545 
in heterogeneous catalysis, 587 
intimate, 573 

Lindemann—Christiansen, 570, 573, 
576,581 

Michaelis—Menten, 634 
rate laws and, 557 
nuclear, 934 

oxidation—reduction ,516 
phase, 396 
profile, 573 
proton transfer, 619(T) 
pyrolysis, 501 
rate, see Rate, Rate law 
reversible, 604, 642 
second, order, see Rate law 
simple, 558(T) 
spallation, 935 
surface, 587 
termolecular, 579 
trajectory, 583 

unimolecular, 544, 569, 572(T) 

Reactor (nuclear), 944 
Rectilinear diameter law, 27, 262 
Reduced mass, 55,659, 675 
Reduced variables, 17 
Reduced viscosity, 912 
Reference electrode, 507, see also Electrode 
Reference state, see Standard state 
Refraction 
index of, 78 
molar, 78 
Refrigerator, 183 
Regular solution, 335 
Relative viscosity, 912 
Relativity, 656, 933 
Relaxation 
effect, 483 
longitudinal, 820 
methods, 609 
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Relaxation (cont.) 
spin—lattice, 816, 820 
time, 607 
transverse, 821 
Rem (unit), 939 

Repeating unit, 852, 888, see also Crystalline 
state 

Representation, see Symmetry group 
Reproduction constant, 944 
Resistance, 432 
Resonance, 765 
absorption, 944 
emission, 797 
energy, 164, 778 
integral, 763, 772, 776 
Rest mass, 933 
Retrograde solubility, 412 
Reverse osmosis, 378 
Reversible process, 114, 175 
entropy change, 185 
rate law, 604, 642 
Reversible work, 113 
Rheology, 906 
Rheopexy, 908 
Rigid rotator, 706 
Rochan prism, 839 
Rockets, thermochemistry of, 159 
Roentgen (unit), 939 
Rotation 

optical, see Optical activity 
partition function, 129, 134 
representations, 809 
symmetry number, 134 
wave mechanics, 706 
Rotational constant, 812, 840 
Rotational degree of freedom, 123 
Rotational temperature, 130, 206 
Rotational transition, 795 
Rotatory dispersion, $31, see also Optical 
activity 
Rubber, 910 
Rule(s) 

aromaticity, 782 
Hund, 706, 752, 778 
noncrossing, 769 
phase, 391 

phase diagram construction, 401 
Schulze—Hardy, 904 
selection, 792, 830 
Trouton, 259(T), 261 
Walden, 368, 385 
Russell—Saunders coupling, 703 
Rydberg (unit), 661 
Rydberg constant, 658 
Rydberg progression, 790 


s 

Sackur—Tetrode equation, 204, 211,262, 577 
Salt bridge, 507 
Saturation activity, 941 
Scattering 
factor, 888 
light, 370 
reactive, 584 

Schoenflies symbol, 722, 885, see also 
Symmetry group 
Schottky defect, 882 
Schrodinger equation, see Equation(s) 
Schulze—Hardy rule, 904 
Scientific method, 6 
Scintillation counter, 947 
Screening constant, see Constant)s) 

Screw axis, 884 
Sea water, 377 

Second law of thermodynamics, 173 
chemical equilibrium and, 241 
emf and, 503 
statements, 177, 207 
Second order reaction, see Rate law 
Secular equation, 697, 776 
Secular equilibrium, 942 
Sedimentation 
coefficient, 365, 370(T) 
equilibrium, 369 
potential, 916 
velocity, 364 
Selection rule, 792, 830 
Self-consistent field, 702 
Self-diffusion 
coefficent, 384 
of gases, 59 
of ions, 481 
Semiconductors, 879 
intrinsic, 881 

as radiation detectors, 947 
Semipermeable membrane, 359 
Shear rate, 907 
Shell (closed or filled), 692 
Shock tube, 557 
SI (system of units), 87 
Siemens (unit), 434 
Sigma bond, 744, 771 ,see also Bond 
Similarity transformation, 729 
Simple reaction, 558(T) 

Simple solution, 335 
Singlet state, 765 
Size, molecular, 54, 364 
Slip plane, 882 
Smectic phase, 909 
Soap, see Detergent 



SUBJECT INDEX 119 


Soft acid (base), 481, see also Acid(s) 

Sol, 280, 899 
flocculation, 919 
Solar energy, 824 
Solid state, see Crystalline state 
Solid-solid phase diagrams, 263 
Solubility 

activity coefficients from, 456 
diagrams, three-component, 410 
equilibria, 468 

freezing point depression and, 375 
of gases, 307 

product, 442, 456, 468(T), 513 
retrograde, 412 
Solute (definition), 375 
Solution, see also Mixing 
enthalpy of, 149, 151 (T), 339 
entropy of, 319 
free energy of, 319 
heat of, 149 

Solutions, 301,353,429 
athermal, 335 
definition of, 301 
diffusion in, 334 
electrolyte, see Electrolyte(s) 
ideal, 303,317,335 
molar volume, 332 
nonelectrolyte, 301,353 
nonideal, 310, 319, 373 
polarization of, 84 
polymer, see Polymers 
properties of, 332 
regular, 335 
simple, 335 

statistical thermodynamics of, 336 
surface tension of, 334, 342 
vapor pressure of, 303, 323 
viscosity of, 333 
Solvay conferences, 699 
Solvent cage, 252, 291,612 
Sound absorption of, 611 
Space group, see Crystalline state. Symmetry 
Space suits, 162 
Spallation reaction, 935 
Specific conductivity, 432, see also 
Conductivity 
Specific heat, 112 
Specific resistance, 432 
Specific viscosity, 912 
Spectroscopic constants, 206(T) 
Spectroscopy 
mass, 926 
microwave, 812 

magnetic resonance, see Magnetic 
resonance 


molecular, 789 
Raman, 807, 831 
vibration—rotational, 839 
vibrational, 807 
Sphere(s) 

close packing of, 857 
hard, 30, 54 

Spherical harmonics, 692 
Spin 

conservation, 945 
electron, 692, see also Electron 
—lattice relaxation, 816, 820 
magnetic moment, 94 
nuclear, 815 
quantum number, 662 
Square terms, 581 
Square well potential, 30 
Standard cell, 506, see also Electrochemical 
cell 

Standard deviation, 64, 949 
Standard state, 153, 317 , see also Activity 
Standing wave, 660, 665, 667, 679 
Stark effect, 813 
State(s) 
atomic, 703 

corresponding, 17, 24, 31,258 
delocalized, 801 
excited, 789 
chemistry of, 821 
emission from, 827 
of formaldehyde, 799 
geometry of, 821 
of hydrogen atom, 662 
of hydrogen iodide, 794 
of hydrogen molecule, 791 
of hydrogen molecule ion, 765, 791 
of iodine molecule, 796, 797 
of oxygen molecule, 793 
processes of, 801 
structure of, 821 
of sulfur molecule, 743 
thermal equilibration of, 803 
functions, 107 
multiplicity of, 765 
reference, see Standard state 
singlet, 765, 802 
standard, see Standard state 
of system, 106 
thexi, 802 
triplet, 765, 802 

Stationary state approximation, 559 
Statistical thermodynamics 
equilibrium and, 244, 593 
first law quantities, 125, 134 
J.W. Gibbs and, 208 
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Statistical thermodynamic s f cont.) 
ideal gas, 203 
liquids, 262, 336 
nature of, 102 
reaction rates and, 577, 593 
second law quantities, 199 
solutions, 336 
transition state theory, 593 
Statistical weight, 41, 125 
Statistics 

nuclear disintegration, 949 
quantum, 946 

Steady state approximation, 559 
Steam distillation, 329 
Steam engines, 178 
Steel, 417 

Stefan—Boltzmann constant, 710 
Stereographic projection, 725(T), see also 
Symmetry 
Steric factor, 569 
Stimulated emission, 829, 831 
Stirling’s formula, 42, 201 
Stoichiometry 
of chemical equations, 145 
in crystals, 861 
in kinetics, 558 

Stokes law, 364, 443, 446, 917 
Stokes shift, 798 
Stop flow method, 609 
Strain, 907 
Strangeness, 945 
Streaming potential, 919 
Stress, 907 
Stripping, 585 
Structure factor, 888 
Sublimation, 266 

Sulfur molecule excited states, 743 
Supercooling, 279 
Supersaturation, 23 
Surface 

collision frequency, 50 
concentration on crystal planes, 867 
pressure, 345 
tension, 264, 272, 278(T) 
measurement of, 272 
Parachorand, 99 
of solutions, 334, 342 
Surfactants, 334, see also Detergents 
Susceptibility, magnetic, 94 
Suspension (definition), 301 
Sutherland equation, 68 
Swamping electrolyte, 467 
Symmetric top, 813(T) 

Symmetry, 759 

of crystals, see Crystalline state 


elements, 718 

associative multiplication law for, 728 
class of, 729 

commutative multiplication law for, 728 
multiplication table for, 727 
octahedron, 724 
reciprocal, 728 
tetrahedron, 723 
group, 725(T) 
bonds as basis for, 744 
C 3v , 730 

C 4v , direct product for, 753 
character table for, 737(T) 
definition, 727 

irreducible representation of, 735 
naming, 722 
orbitals as basis for, 736 
order of, 728 
properties of, 728 
reducible representations of, 735 
representation of, 729, 735 
Schoenflies’ symbols for, 722, 885 
stereographic projection, 719, 725(T) 
trace of representation of, 734 
Hiickel theory and, 781 
notation for crystals, 885 
number, 134 
operations, 718 
direct product, 753 
horizontal plane, 721 
identity, 718 
improper axis, 721 
principal axis, 721 
secondary axis, 721 
vertical plane, 721 
point group, see Symmetry, group 
space groups, 722, 886 
transformation, matrix notation for, 730 
System (open), 312 
Systeme International d’Unites, 87 


T 

Tafel equation, 522, 530 
Tate’s law, 276 
Teflon, 909 
Temperature 
absolute, 3 
Boyle, 14, 20 
coefficient, 563, 566 
consolute, 330, 419 
critical, 15 

in ternary systems, 419 
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dependence 

of equilibrium constants, 234 
of heat capacity, 157(T) 
of rate constants, 562 
eutectic, 395 
jump method, 609 
reduced, 17 
rotational, 130 
vibrational, 131 
Tensile strength, 23, 26 
Tensiometer, 277 
Termolecular reactions, 579 
Ternary, see Three-component systems 
Tetrahedron, 723, see also Symmetry 
Theory 

absolute rate, see Theory, transition state 

Bohr, 658 

caloric, 103, 179 

collision, 544, 567, 614 

crystal field, 751 

Debye—Hiickel, 461,476, 626, 902 
encounter, 628 
kinetic molecular, 39, 63(T) 
ligand field, 784 
nuclear disintegration, 943 
overvoltage, 521 
relativity, 656, 933 
transition state, 573, 628 
for solutions, 619 

statistical thermodynamics of, 577, 593 
Thermal analysis, 396 
Thermal conductivity, 61 
Thermal equilibration, 802 
Thermal expansion, 17, 282(T) 
Thermochemistry, 145 
Thermodynamic equation of state, 214 
Thermodynamic equilibrium constant, 229 
Thermodynamic probability, 201 
Thermodynamic properties of liquids, 282(T) 
Thermodynamic relationships (summary), 212 
Thermodynamics, see also First, Second, 
Third laws of thermodynamics 
of aqueous ions, 524, 525(T) 
first law, 101 
laws, 207 
of polymers, 914 
second law, 173, 177 
statistical, 125, 199 
chemical equilibrium and, 244, 593 
nature of, 102 
of surfaces, 270 
Thermometer (ideal gas), 3 
Thexi state, 802 

Third law of thermodynamics, 173, 196,207, 
209 


verification of, 210(T) 

Thixotropy, 908 
Thompson, B. (biography), 103 
Thorium series, 948 
Three-component systems, 405 
critical temperature, 419 
lever principle, 409 
partial miscibility, 419 
solubility, 410 
Tie-line, 309 
Titration 

conductimetric, 473 
curves, 472, 490 
Top, symmetric, 813(T) 

Total differential, 107 
Trace, 734, see also Symmetry group 
Transfer coefficient, 531 
Transference number, 446, 449, 451 (T) 
Hittorf method for, 451,483 
Transient equilibrium, 640, 942 
Transition 

allowed, 828, 830 
charge transfer, 800 
electronic, 795 
forbidden, 676, 828 
internal conversion, 802 
intersystem crossing, 802 
moment, 828 
parity forbidden, 830 
phosphorescent, 803 
radiationless deactivation, 803 
rotational, 795 
selection rules, 830 
vertical, 796 
vibrational, 795 

Transition state theory, see Theory 
Translation 

degree of freedom, 123 
entropy, 204, see also Sackur—Tetrode 
equation 

partition function, 127 
Transport number, see Transference number 
Transport properties of gases, 56,63(T) 
Triatomic molecules, 774 
Triboluminescence, 822 
Triple point, 266, 394 
Triplet state, 765 
Trouton’s rule, 259(T), 261 
Tunnel effect, 944 
Turbidity, 372 
Turnover number, 635 
Two-component systems, 392, 394 ,see also 
Freezing point 
Two-dimensional gas, 204 
Two-dimensional particle in box, 672 
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U 

Ultracentrifuge, 365 
Ultraviolet catastrophe, 710 
Uncertainty principle, 657, 700 
Undetermined multipliers, 42,43 
Ungerade, 744, 769 

Unimolecular reaction, 544, 569, 572(T), see 
also Reaction rate 
United atom, 769 
Units 

of energy, 661 
SI system of, 87 
Unsold’s theorem, 691 
Uranium series, 948 


V 

Valence bond method, 761 
Van der Waals constants, 25(T) 

Van der Waals equation, see Equation(s) 

Van der Waals forces, 259, 286 
Van’t Hoff equation, 235, 258 
Van’tHoff; factor, 374,455 
Vapor, 15 

composition diagrams, 307 
free energy, 268 
Vapor pressure, 14,251 
diagrams, 303, 304 
lowering, 354 
pressure effect on, 264 
temperature dependence of, 254, 323 
Vaporization, enthalpy and entropy of, 259(T) 
Variation method, 696, 760 
Velocity 

averages, 49, 50 
probable, 48 
selector, 65 

Vertical transition, 795 
Vibrational degree of freedom, 124 
Vibrational force constant, 675, 810(T) 
Vibrational heat capacity, 132 
Vibrational normal mode, 133, 808 
Vibrational partition function, 131 
Vibrational quantum number, 675 
Vibrational—rotational transitions, 840 
Vibrational spectroscopy, 807 
Vibrational temperature, 131 
Vibrational transitions, 795 
Virial coefficient, 13,31 
Virial equation, 13, 20 
Viscometer, 280 


Viscosity 

coefficient, 56, 912 
gas, 56, 62(CT) 
intrinsic, 919 
liquid, 280, 281(T), 290 
Newtonian, 56, 906 
number, 912 
polymer solution ,913 
ratio, 912 
reduced, 912 
relative, 912 
solution, 333, 912 
specific, 912 
Vitamin B 12 , 878 
Volt (unit), 432 
Voltaic pile, 429 
Voltammetry, 536 
Volume 

excluded, 19 
partial, of gases, 10 
partial molal, 332, 338 
reduced, 17 


W 

Walden inversion, 645 
Walden’s rule, 368 
Walsh diagram, 774 
Water 

anomalous, 285 
conductivity, 441 
desalination, 377 
dissociation, 441 
repellency, 275 
structure, 283, 448 
Wave mechanics, 655 
alpha emission, 943 
free particle, 668 
harmonic oscillator. 673 
hydrogen atom. 677 
nature of, 667 
particle in box, 669 
postulates of, 667 
rigid rotator, 706 
Wavenumber, 658. 660 
Weak electrolyte, 438, see also Acid(s), 
Electrolyte(s) 

Weight average molecular weight, 373 

Weissenberg method, 874 

Weston cell,506. see also Electrochemical cell 

Wheatstone bridge, 435 

Wilhelmy slide method, 277, 345 

Work (reversible), 113, 503 
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X Young’s equation, 272 

Young’s modulus, 906 

X radiation, 927, see also Radiation 
X rays 

diffraction. 867, 887, see also Crystalline 

state - 


Y 

Yield (of nuclear reaction), 936 
Yield point, 908 


Zeeman effect, 662 

Zero point energy, 131,595,676 

Zeta potential, 916 

Zetameter, 449, 916 

Zimm plot, 372 

Zwitterion, 479 


A 

B 

C 

D 9 
E 0 
F 1 
G 2 
H 3 
I 4 
J 5 



